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J. Dziubański 1, P. G lowacki ∗

Institute of Mathematics, University of Wroc law,
50-384 Wroc law, pl. Grunwaldzki 2/4, Poland

Abstract

The aim of this note is to prove the following theorem.

Let
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exist constants C1, C2 > 0 such that

‖P (D)αf‖Lp + ‖V αf‖Lp ≤ C1‖Aαf‖Lp
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‖Aαf‖Lp ≤ C2‖ (P (D)α + V α) f‖Lp

for f ∈ C∞
c (Rd).

We take advantage of the Christ inversion theorem for singular integral operators
with a small amount of smoothness on nilpotent Lie groups, the maximal subelliptic
L2-estimates for the generators of stable semi-groups of measures, and the principle
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Key words: Schrödinger operators, nilpotent Lie groups, Sobolev spaces, singular
integrals, stable semigroups of measures, maximal subelliptic estimates

∗ Corresponding author.
Email addresses: jdziuban@math.uni.wroc.pl (J. Dziubański),
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1 Introduction

Let

∆ = −
d∑
j=1

∂2

∂x2
j

be the (positive) Laplace operator on Rd. Let

Lf(x) = ∆f(x) + V (x)f(x)

be a Schrödinger operator with a nonnegative polynomial potential V . The
following maximal Lp-estimates

‖∆αf‖Lp + ‖V αf‖Lp ≤ C1‖Lαf‖Lp (1)

and
‖Lαf‖ ≤ C2‖ (∆α + V α) f‖Lp (2)

for 1 < p < ∞ and α > 0, attracted attention of a number of authors. Let
us briefly recall some results. The estimate (1) is due to Nourrigat [16] (p = 2
and α = 1), Guibourg [14] (1 < p < ∞, α = 1) and Zhong [18] (1 < p < ∞,
α > 0). In the case of the Hermite operator estimates similar to (2) were
recently obtained for positive integers α by Bongioanni and Torrea [2] by
using the Mehler kernel.

Under much less restrictive assumption that V belongs to the reverse Hölder
class Bq, Shen [17] obtained the estimates (1) for α = 1, 1/2, q > d/2, d ≥ 3,
and the range of p depending on q. These were subsequently generalized by
Auscher and Ben Ali [1] for 0 < α ≤ 1, q > 1, and 1 < p < 2(q+ ε). They also
succeeded in obtaining the estimates

‖Lαf‖ ≤ C3 (‖∆αf‖Lp + ‖V αf‖Lp) , 1 < p <∞, α = 1/2.

Note that if V is a polynomial, then V ∈ ⋂
q>1Bq, and the estimates (1) of

Auscher-Ben Ali hold for all 1 < p <∞.

Nourrigat uses the method of representations of nilpotent Lie groups, whereas
Guibourg works with the machinery of Hörmander’s slowly varying metrics.
The methods applied by Shen and Auscher-Ben Ali include the Fefferman-
Phong inequalities, the Calderón-Zygmund decompositions, and various tech-
niques of interpolation.

Let
δtx = (tm1x1, t

m2x2, ..., t
mdxd), x = (x1, x2, ..., xd),

be a family of dilations on Rd, where m1,m2, ...,md are positive integers. Let
P (x) be a homogeneous polynomial such that

P (ix) > 0 for x 6= 0. (3)
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We consider the Schrödinger type operator

A = P (D) + V (x)

on Rd with a nonnegative polynomial potential V (x).

The aim of this note is to prove the following theorem.

Theorem 1 For every 1 < p < ∞ and every α > 0 there exist constants
C1, C2 > 0 such that

‖P (D)αf‖Lp + ‖V αf‖Lp ≤ C1‖Aαf‖Lp (4)

and
‖Aαf‖Lp ≤ C2‖ (P (D)α + V α) f‖Lp (5)

for f in the Schwartz class S(Rd).

The estimate (5) with the full range of α > 0 seems to be new even for
P (D) = ∆. A typical example of a constant coefficient homogeneous differen-
tial operator occurring in the theorem is

P (D) =
d∑
j=1

(−1)nj
∂2nj

∂x
2nj

j

, P (ix) =
d∑
j=1

x
2nj

j ,

The essential part of our considerations is limited to the analysis on homo-
geneous nilpotent groups. We take advantage of the Christ inversion theo-
rem for singular integral operators with a small amount of smoothness, the
maximal subelliptic L2-estimates for the generators of stable semi-groups of
measures, and the principle of transference of Coifman-Weiss. We believe that
the combination of the above-mentioned means applied in this context may
be interesting.

2 Preliminaries

Let N be a finite-dimensional homogeneous group endowed with a family of
dilations {δt}t>0 and a homogeneous norm x 7→ |x| which is smooth away
from the identity. Let dx denote Haar measure on N and D the homogeneous
dimension of N . Thus d(δtx) = tDdx. Let

Σ = {x ∈ N : |x| = 1}

be the unit sphere relative to the homogeneous norm. For a nonzero x ∈ N ,
let

x̄ = δ|x|−1x.
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There exists a unique Radon measure dx̄ on Σ such that for all continuous
functions f on N with compact support∫

N
f(x)dx =

∫ ∞

0
rD−1

∫
Σ
f(δrx̄)dx̄dr.

Since N is connected and simply connected nilpotent Lie group it may be
identified via the exponential map with its Lie algebra. We shall stick to this
identification throughout the paper and think of N as being a nilpotent Lie
algebra with the Campbell-Hausdorff multiplication. Let us remark that our
convention implies that the origin 0 plays the rôle of the group identity and
−x is the inverse of x ∈ N . Moreover, the dilations δt are also automorphisms
of the Lie algebra structure of N . For more on homogeneous groups the reader
is referred to Folland-Stein [9].

Let V be a homogeneous (that is invariant under dilations) ideal in the Lie al-
gebra N and S its homogeneous linear complement. There exist homogeneous
polynomial mappings

ν : N → V, σ : N → S

such that every element a ∈ N decomposes uniquely as a = ν(a)σ(a), while
the multiplication

x ◦ y = σ(xy), x, y ∈ Ñ ,

makes S into a homogeneous group isomorphic to N/V with σ being the
canonical homomorphism. Dilations on S are simply those of N restricted to
S.

Let ω be a linear functional on the vector space V. Then the representation
π(V,ω) = πω of N induced by the character ei〈ω,v〉 on V is defined by

πωa f(x) = ei〈ν(xa),ω〉f(σ(xa)), (6)

where f ∈ S(S). It goes without saying that πω can be understood as a
uniformly bounded representation of N on the Banach space Lp(S) for every
1 ≤ p <∞. If p = 2, then πω is unitary.

A tempered distribution T on N is said to be a kernel of order r ∈ R if it
coincides with a Radon measure away from the origin and satisfies

〈T, f ◦ δt〉 = tr〈T, f〉

for f ∈ C∞
c (N ) and t > 0. Note that, by homogeneity, any kernel of order

r > 0 coincides with a bounded measure outside any neighbourhood of the
origin and thus extends to a continuous linear form on the space C∞

b (N ) of
bounded smooth functions on N with natural topology. A kernel T of order
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r ∈ R is called regular if it coincides with a C∞ function away from the origin.
Any kernel T of order r gives a rise to a convolution operator f 7→ f ?T which
will be denoted by the same symbol T . If T is regular and symmetric, then the
operator T is essentially selfadjoint on L2(N ) with S(N ) for its core domain.
If T is a kernel of order r > 0, then the operator

πT = πωT : S(S) → L2(S)

is defined by
〈πTf, g〉 = 〈T, ϕf,g〉, f, g ∈ S(S),

where ϕf,g(x) = 〈πxf, g〉 is in C∞
b (N ). The operator πT is closable.

A real distribution T on N is said to be accretive if

〈T, f〉 ≥ 0

for all real f ∈ C∞
c (N ) that take on their maximal value at the identity. It

follows directly from the definition that such a T coincides with a negative
Radon measure away from the origin which is bounded on the complement of
any neighbourhood of the origin. Thus every accretive T extends by continuity
to a linear form on C∞

b (N ).

A distribution T is accretive if and only if there exists a unique continuous
semigroup of subprobability measures {µt}t>0 for which −T is the generating
functional, that is,

〈T, f〉 = − d

dt

∣∣∣∣
t=0
〈µt, f〉

for f ∈ C∞
c (N ). If, in addition, T is a kernel of order r > 0, then µt are

probability measures.

Recall that if T is a symmetric accretive kernel of order r > 0 with the
semigroup {µt}, then for every 0 < a < 1 the formula

〈T a, f〉 =
1

Γ(−a)

∫ ∞

0
t−1−a〈δ0 − µt, f〉 dt

where δ0 stands for the Dirac delta at the origin, defines an accretive kernel T a

of order ar. An arbitrary positive power T ` of a regular accretive distribution
T is defined by T ` = T n ? T `−n, where n is the integer part of ` > 0.

3 Singular Integrals

For q ∈ (1,∞) let Aq denote the set of all operators T : S(N ) → S ′(N ) of the
form Tf = cf+f ?K, where K is a principal value distribution that coincides
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with a locally Lq-function away from the origin, that is,

〈K, f〉 = lim
ε→0

∫
|x|>ε

Ω(x)

|x|D
f(x) dx, (7)

where Ω is a homogeneous function of degree 0,
∫
Σ Ω(x̄)dx̄ = 0, Ω ∈ Lq(Σ).

Let η ∈ C∞
c (N ) be such that η(x) = η(|x|), supp η ⊂ {x : 2−1 < |x| < 2},∑

j∈Z η(δ2jx) = 1 for x 6= 0. Set kj(x) = η(δ2jx)Ω(x)|x|−D. For integersN ≤M
let KN,M(x) =

∑M
j=N kj(x). Obviously,

〈K, f〉 = lim
N→−∞,M→∞

∫
KN,M(x)f(x) dx, f ∈ S(N ).

Much of our argument relies on the following results of M. Christ.

Theorem 2 Let 1 < q <∞. If T ∈ Aq, then f 7→ f ? T extends to a bounded
operator T : Lp(N ) → Lp(N ) for every 1 < p <∞. Moreover, Aq is a Banach
algebra with the norm |T |q = |c|+ ‖Ω‖Lq(Σ).

This is a compilation of Propositions 1 and 2 of Christ [3].

Theorem 3 Let 1 < q < ∞. If T ∈ Aq is invertible on L2(N ), then its
inverse T−1 belongs to Aq as well.

This is Theorem 3 of Christ [3].

Theorem 4 Let 1 < q < ∞ and K be of the form (7). For every p ∈ (1,∞)
there exists a constant Cp such that for every integers N ≤M ,

‖f ? KN,M‖Lp(N ) ≤ Cp‖f‖Lp(N ). (8)

Moreover, the kernels kj satisfy the assumptions of the Cotlar-Stein lemma,
that is,

‖f ? kj ? k∗i ‖L2(N ) + ‖f ? k∗j ? ki‖L2(N ) ≤ C2−ε|j−i|‖f‖L2(N ). (9)

This is a compilation of Lemma 2.10 of Christ [3] and Lemma 7 of Christ [4].

The purpose of the following considerations is to justify apparently obvious
definitions concerning representations of some unbounded convolution opera-
tors and their seemingly obvious algebra. The reader not interested in tech-
nical details may skip the remaining part of this section provided he accepts
Propositions 8 and 9.

¿From now on we assume that K is a principal value distribution of the form
(7).
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Proposition 5 For every ϕ ∈ S(N ) there exists a homogeneous of degree 0
function Ω̃ ∈ Lq(Σ), such that

sup
N,M

|KN,M ? ϕ(x)| ≤ Ω̃(x)

(1 + |x|)D
. (10)

PROOF.

By the mean value theorem (cf. Folland-Stein [9], page 28), for every m > 0
there exists a constant Cm (that depends also on ϕ) such that

|ϕ(yx)− ϕ(x)| ≤ Cm|y|(1 + |x|)−m for |y| ≤ 2.

Hence for j ≥ 0 one has

|kj ? ϕ(x)| =
∣∣∣∣ ∫

kj(y
−1)(ϕ(yx)− ϕ(x)) dy

∣∣∣∣
≤ C ′

m2−j(1 + |x|)−m.
(11)

Set F (x) =
∑
j<0 |kj(x)|. Then F (x) ≤ C|Ω(x)|(1 + |x|)−D, and, consequently,

F ∈ Lq(N ). Thus F ? |ϕ| is a bounded continuous function. For m > 2D,

F ? |ϕ|(x) ≤ C
∫
N

|Ω(xy−1)|
(1 + |xy−1|)D

(1 + |y|)−m dy

≤
∫
|y|≤|x|/C

+
∫
|x|/C≤|y|≤C|x|

+
∫
|y|>C|x|

= I1 + I2 + I3,

(12)

where

I1 + I3 ≤ C(1 + |x|)−D
∫
N

|Ω(xy−1)|
(1 + |y|)m

dy ≤ C(1 + |x|)−DMΩ(x), (13)

with M standing for the Hardy-Littlewood maximal function, and

I2 ≤ C(1 + |x|)−m/2
∫
N

|Ω(xy−1)|
(1 + |y|)m/2

dy ≤ C(1 + |x|)−DMΩ(x). (14)

Since MΩ is homogeneous of degree 0 function and belongs to Lqloc(N ), we
get the assertion.

Recall that D is the homogeneous dimension of N . Let D1 and D2 be those
of V and S, respectively. Of course, D = D1 +D2.
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Lemma 6 Let 1/p+1/p′ = 1, where p, p′ > 1. Let k be a measurable function
on N such that

|k(a)| ≤ Ω(a)

(1 + |a|)D−δ
, (15)

where Ω ∈ Lp(Σ) is homogeneous of degree 0, and 0 < δ < D2/p
′. Then, for

every φ ∈ Lp′(S), ∫
N
|k(a)φ(σ(a))|da ≤ C‖φ‖Lp′ (S).

PROOF. Let us pick ε such that

(p− 1)D1

D − δ
< ε < p− D

D − δ
. (16)

Let v = ν(a), s = σ(a). Then

I =
∫
N
|k(a)φ(σ(a))|da ≤ C0

∫∫
V×S

Ω(a)|φ(s)| ds dv
(1 + |v|+ |s|)D−δ

,

where |v|, |s| are homogeneous norms in V and S respectively. Therefore, by
a double application of the Hölder inequality,

I ≤ C0‖φ‖Lp′ (S)

∫
V

( ∫
S

Ω(v, s)p ds

(1 + |s|+ |v|)p(D−δ)
)1/p

dv

≤ C0‖φ‖Lp′ (S)

∫
V

1

(1 + |v|)ε(D−δ)/p
( ∫

S

Ω(v, s)p ds

(1 + |s|+ |v|)(p−ε)(D−δ)

)1/p

dv

≤ C1‖φ‖Lp′ (S)

( ∫
V

dv

(1 + |v|)εp′(D−δ)/p
)1/p′( ∫∫

V×S

Ω(v, s)p ds dv

(1 + |v|+ |s|)(p−ε)(D−δ)

)1/p

≤ C‖φ‖Lp′ (S)

since, by (16),

εp′(D − δ)/p > D1, (p− ε)(D − δ) > D.

Proposition 7 Let p > 1. Let k, l be measurable functions on N such that

|k(a)| ≤ Ω1(a)

(1 + |a|)D
, |l(a)| ≤ Ω2(a)

(1 + |a|)D
, (17)

where Ωj ∈ Lp(Σ) are homogeneous of degree 0. Let φ ≥ 0 be a measurable
function on S such that ∫

S
φ(s)p

′
(1 + |s|)εp′ ds <∞

for some ε > D2/2p
′. Then∫
N

∫
N
|k(x)l(y)φ(σ(xy))| dx dy <∞.
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PROOF. By diminishing ε, if necessary, we may assume that

D2

2p′
< ε <

D2

p′
. (18)

By using the inequality

1 ≤ C(1 + |σ(x)|)−1(1 + |σ(y)|)(1 + |σ(xy)|),

we get
|k(x)l(y)φ(σ(xy))| ≤ C1|k1(x)l1(y)φ1(σ(xy))|,

where

k1(x) = (1+ |σ(x)|)−εk(x), l1(y) = (1+ |σ(y)|)εl(y), φ1(s) = (1+ |s|)εφ(s).

Thus, by (18), l1 satisfies (15), while

( ∫
S
φ1(σ(xs))p

′
ds

)1/p′

= ‖φ1‖Lp′ (S) <∞, x ∈ N .

Recall that σ(xσ(y)) = σ(xy). Applying Lemma 6 we get∫
N

∫
N
|k(x)l(y)φ(σ(xy))| dy dx ≤ C2‖φ1‖Lp′ (S)

∫
N
|k1(x)| dx.

It remains to prove that k1 ∈ L1(N ). To this end, note that k1(x) = k2(x)φ2(σ(x)),
where

k2(x) = k(x)(1 + |σ(x)|)ε, φ2(s) = (1 + |s|)−2ε,

where, by (18), k2 and φ2 also satisfy the assumptions of Lemma 6. Therefore,∫
N
|k1(x)| dx =

∫
N
|k2(x)φ2(σ(x))| dx ≤ C1‖φ2‖Lp′ (S),

which completes the proof.

It follows from (8) and (9) that for every f ∈ Lp(N ) the limit

lim
N→−∞,M→∞

cf + f ? KN,M (19)

exists in Lp-norm and defines a bounded operator Tf = f ∗ T on Lp(N ).

Let π be an induced unitary representation of N as defined by (6). Since
KN,M are compactly supported L1(N )-functions, the estimates (8) and (9)
combined with the transference principle of Coifman-Weiss [5] imply that for
every p ∈ (1,∞) there exists a constant Cp such that

‖πKN,M
‖Lp(S)→Lp(S) ≤ Cp. (20)
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Moreover, the limit

lim
N→−∞,M→∞

πcδ0+KN,M
f (21)

exists in the Lp(S)-norm for f ∈ Lp(S) and defines a bounded operator on
Lp(S) denoted by πT .

Proposition 8 Let T = cδ0 +K, T ′ = c′δ0 +K ′ belong to Aq. Then

πTπT ′f = πT ′?Tf for f ∈ Lp(S). (22)

PROOF. There is no loss of generality in assuming that c = c′ = 0. Note that
the left and the right-hand side of (22) define bounded operators on Lp(S).
Hence, it suffices to prove (22) on a dense set of Lp(S). This will be done if
we show that for ϕ, ψ ∈ S(N ) and f, g ∈ S(S) one has

〈πTπT ′πϕf, πψg〉 = 〈πT ′?Tπϕf, πψg〉. (23)

Set T ′ ? T = c′′δ0 +K ′′. By Theorem 2, T ′ ? T ∈ Aq. Then

〈πTπT ′πϕf, πψg〉 = lim
N→−∞,M→∞

〈π
ϕ?K′

N,M?KN,M?ψ̃
f, g〉, (24)

〈πT ′?Tπϕf, πψg〉 = lim
N→−∞,M→∞

〈π
ϕ?K′′

N,M?ψ̃+c′′ϕ?ψ̃
f, g〉, (25)

where ψ̃(a) = ψ(a−1). Observe that

ϕ ? K ′
N,M ? KN,M ? ψ̃ and ϕ ? K ′′

N,M ? ψ̃ + c′′ϕ ? ψ̃

converge pointwise to ϕ?T ′ ?T ? ψ̃. Therefore, by applying Propositions 5 and
7, as well as the Lebesgue dominated convergence theorem, we get (23).

Proposition 9 Let R and Q be kernels of order r > 0. In addition, let R
be regular and let R−1 be a regular kernel of order −r such that R−1 ? R =
R?R−1 = δ0. Then Q?R−1 is a kernel of order 0, and for every f ∈ S(S) we
have

πQR−1πRf = πQf. (26)

PROOF. Let ϕ be a compactly supported smooth function on N such that∫
N
ϕ(a) da = 1.

Set ϕt(a) = t−Dϕ(δt−1a). Then, for f ∈ S(S), the functions πϕtf converge in
S(S) to f as t→ 0. Hence limt→0 πTπϕtf = πTf in Lp(S) norm for T = R,Q.
Moreover,
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πQR−1πRπϕtf = πQR−1πϕt?Rf = π(ϕt?R)?(QR−1)f

= πϕt?Qf = πQπϕtf.

Taking the limit as t tends to 0, we obtain (26).

4 Maximal Estimates

Denote by 1 = d1 < d2 < · · · < dm the exponents of homogeneity of dilations
on N . Then

N =
m⊕
j=1

Nj,

where
Nj = {x ∈ N : δtx = tdjx, t > 0}.

The subspace Ñ =
⊕m−1

j=1 Nj is a homogenous linear complement to Nm. It has

been explained in Section 1 that Ñ may be identified with the quotient group
N/Nm, and σ : N → Ñ with the corresponding quotient homomorphism.

For λ ∈ N ?
m, let

πλ = π(Nm,λ).

Then, as is easily seen, the right-regular representation ρ of N decomposes as

ρaf(x) =
∫
N ?

m

e2πi〈ν(x),λ〉πλaf
λ(σ(x)) dλ, (27)

where
fλ(σ(x)) =

∫
Nm

f(vσ(x))e−2πi〈v,λ〉 dv

for f ∈ C∞
c (N ).

If T is a kernel of order r > 0 on N , then

〈T̃ , f〉 = 〈T, f ◦ σ〉

defines a kernel T̃ of order r on Ñ such that

ρ̃
T̃

= π0
T ,

where ρ̃ is the right-regular representation of Ñ .

Lemma 10 Let T be a regular kernel of order 0 on a homogeneous subgroup
M of N . Then for every unitary representation π of N , the operator πT is
bounded.
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For the proof it is sufficient to remark that any unitary representation of N
restricted to M is also a unitary representation on the same Hilbert space.

Recall that a kernel T of order r > 0 is said to satisfy the Rockland condition,
if for every nontrivial irreducible unitary representation π of N the operator
πT is injective on the domain of its closure (cf. Section 1). The pivotal point
of the whole of our consideration here are the following two estimates (see
Theorems 11 and 12 below).

Theorem 11 Let M1 and M2 be homogeneous subgroups of N . Assume that
M1 ∪M2 generates the whole of N . Let Q1 and Q2 be positive regular kernels
of order ` > 0 on M1 and M2 respectively such that Q = Q1 + Q2 satisfies
the Rockland condition. Then for every symmetric kernel H of order `, there
exists a constant C such that

‖Hf‖L2(N ) ≤ C‖(Q1 +Q2)f‖L2(N ), f ∈ C∞
c (N ). (28)

PROOF. As a matter of fact, the proof is implicitly contained in [11] and
[13]. For the convenience of the reader we will indicate how it can be made
more explicit.

Suppose first that N is Abelian. Then the Fourier transform Q̂ of the tempered
distribution Q is a continuous function on N ? which is homogeneous of degree
` and does not vanishes except at the origin. Therefore, there exists a constant
C > 0 such that

|Q̂(ξ)| ≥ C|ξ|`, ξ ∈ N ?,

which implies the assertion of the theorem in the Abelian case.

Now we proceed by induction. We assume that our assertion holds true for
Ñ = N/Nm. Once we prove that it holds for N as well, our proof will be
completed.

Let H be a symmetric kernel of order s = r`. By the induction hypothesis,

‖π0
Hf‖L2(Ñ )

≤ C0‖π0
Qf‖L2(Ñ )

, f ∈ C∞
c (Ñ ).

The first important step is to extend this initial estimate to

‖πλHf‖L2(Ñ )
≤ C

(
‖πλQf‖L2(Ñ )

+ ‖f‖
L2(Ñ )

)
, f ∈ C∞

c (Ñ ).

To this end one can imitate the proof of Theorem 3.19 of [11], where Lemma
3.18 of [11] is replaced by Lemma 10.

From now on we may follow the course of the proof of Theorem 3.1 of [13],
where we take advantage of the homogeneity of the kernels in question and
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the Rockland condition, until we reach the final estimate

‖πλHf‖L2(Ñ )
≤ C‖πλQf‖L2(Ñ )

valid for all λ ∈ N ?
m with the same constant C > 0. From here our assertion

follows by (27).

Theorem 12 Let R be a symmetric regular kernel of order ` > 0 such that
for every nontrivial irreducible unitary representation π of N , the operator πR
is injective on the space C∞(π). Then for every symmetric kernel H of order
s ≤ `, there exists a constant C > 0 such that

‖Hf‖L2(N ) ≤ C
(
‖Rf‖L2(N ) + ‖f‖L2(N )

)
, f ∈ C∞

c (N ). (29)

Moreover, if s = ` then

‖Hf‖L2(N ) ≤ C‖Rf‖L2(N ), f ∈ C∞
c (N ). (30)

PROOF. The proof is very similar to that of Theorem 11 but slightly simpler.

Corollary 13 Let R be as in Theorem 12. Then R and all its positive integer
powers RN satisfy the Rockland condition.

Let R be as in Theorem 12 and positive definite. Since −R is essentially self-
adjoint, it generates a continuous convolution semigroup of bounded operators
Pt on L2(N ). By Theorem (12), its corollary, and the argument of the proof of
Theorem 1.13 of [7], Ptf = f ? pt, where pt(x) = t−D/`p1(δt−1/`x) are smooth
functions satisfying the estimates

|∂p1(x)| ≤ C∂(1 + |x|)−D−`−|∂|

for every differential operator ∂ homogeneous of order |∂|. The last estimate
implies that for every 0 < α < 1

〈Rα, f〉 =
1

Γ(−α)

∫ ∞

0
t−1−α〈δ0 − pt, f〉 dt

defines a regular kernel of order α` which also satisfies the Rockland condition.
Similarly, if 0 < ` < D, then

〈R−1, f〉 =
∫ ∞

0
〈pt, f〉 dt (31)

is a regular kernel of order −` such that R ? R−1 = R−1 ? R = δ0.

13



5 Proof of the main theorem

Let
δtx = (tm1x1, t

m2x2, ..., t
mdxd), x = (x1, x2, ..., xd),

be a family of dilations on Rd, where m1,m2, ...,md are positive integers. Let
P (x) be a homogeneous of degree r polynomial such that

P (ix) > 0 for x 6= 0.

Let V (x) =
∑
β≤γ cβx

β ≥ 0. We define a nilpotent Lie algebra g as follows (cf.
[8], [6]). As a vector space g is generated by the linearly independent vectors

{X1, . . . Xd, Y
[β] : 0 ≤ β ≤ γ}

whose nontrivial commutators are

[Xk, Y
[β]] =

Y [β−ek] if β − ek ≥ 0,

0 otherwise,
(32)

where ek is the d-tuple consisting of zeros except for a 1 in the kth position.
The detailed discussion of the form of irreducible unitary representations of
G can be found in [6].

Let {δt}t>0 be the one-parameter group of authomorphic dilations on g deter-
mined by

δtXi = tmiXi, δtY
[γ] = trY [γ].

If we regard g as a nilpotent Lie group G with multiplication given by the
Campbell-Hausdorff formula, then the dilations δt are also automorphisms of
the group structure on G. The Lie algebra g of the Lie group G is identified
with that of the left-invariant vector fields.

Let S and V denote the spans of Xj’s and Y [β]’s respectively. Then S = Rd

and V are Abelian subgroups of G invariant under δt, and V is a normal
subgroup of G. Every element a of G can be uniquely written as a = ν(a)σ(a)
(cf. Section 2), where ν(a) ∈ V, σ(a) ∈ S are polynomial mappings from G
to V and S respectively. It is not difficult to check that if a1 = (v1, x1), a2 =
(v2, x2) ∈ G = V × S then σ(a1a2) = x1 + x2.

Let

Q1 = P (X1, X2, ..., Xd), Q2 =
(
(Y [γ])∗(Y [γ])

)1/2
, Q3 = −iY [γ]. (33)

Of course, Q1 and Q3 are regular kernels of order r, whereas Q2 is accretive.

14



Moreover, Q2 is regular on the one-dimensional subgroup of G generated by
Y [γ].

By the same argument as in Section 2 of [8], we conclude that there exist a
functional ω on V and a regular symmetric kernel R of order r that satisfies
the Rockland condition with the properties that

πωQ1
f = P (D)f, πωQ2

f = πωQ3
f = V f. (34)

〈f ? R, f〉 ≥ 0 for f ∈ S(G), (35)

πωRf = (P (D) + V )f. (36)

The construction of R presented in [8] is based on ideas of [6] and Theorem 2
of Hebisch [15].

We shall need a lemma.

Lemma 14 The kernel Q = Q`
1+Q`

2 satisfies the Rockland condition for every
` > 0.

PROOF. Let π be a nontrivial irredicible unitary representation of G and
πQξ = 0 for some ξ in the domain of π`Q. Then ξ sits in the intersection of the
domains of π

Q
`/2
1

and π
Q

`/2
2

, and

π
Q

`/2
1
ξ = 0 = π

Q
`/2
2
ξ,

whence

πQ1ξ = 0, πQ2ξ = 0.

The latter operator is injective unless it is zero in which case the representation
π is one-dimensional and corresponds to a character X 7→ ei〈X,w〉 for some
w 6= 0. Then, however, πQ = πQ1 is just multiplication by P (iw) > 0, which
proves our case.

Proof of Theorem 1. Fix α > 0. There exist a nilpotent Lie group G of
homogeneous dimension D, a functional ω, and a regular symmetric kernel R
of order r that satisfies the Rockland condition such that (33) - (36) hold. We
may always construct the group G in such a way that D > rα.

The distribution Rα is a regular kernel of order ` = rα satisfying the Rockland
condition so, by (31), there exists a regular kernel R−α of order −rα such that
Rα ? R−α = R−α ? Rα = δ0. Note that the kernel R−α is locally in Lq(G) for
1 ≤ q < D/(D − rα).

15



It follows from (30) that the homogeneous of degree 0 operators

Qα
1R

−αf = f ? R−α ? Qα
1 , Qα

2R
−αf = f ? R−α ? Qα

2 , (37)

are bounded on L2(G). One can check that their convolution kernels

R−α ? Qα
1 and R−α ? Qα

2

are principal value distributions that coincide with locally Lq-functions away
from the origin for every 1 ≤ q < D/(D − rα). Therefore, by Theorem 2, for
every 1 < p <∞ there exists a constant C such that

‖Qα
1R

−αf‖Lp(G) + ‖Qα
2R

−αf‖Lp(G) ≤ C‖f‖Lp(G). (38)

Hence, by the transference principle of Coifman-Weiss (see Section 3),

‖πωQα
j R

−αf‖Lp(S) ≤ C‖f‖Lp(S), j = 1, 2. (39)

Applying (26) we obtain

‖πωQα
j
f‖Lp(S) ≤ C‖πωRαf‖Lp(S) for j = 1, 2, (40)

which, by (34) and (36), gives (4).

We already know that the operator T = (Qα
1 +Qα

2 )R−α is bounded on Lp(G)
for 1 < p <∞ and belongs to Aq for some 1 < q <∞. The Theorem 11 implies
that it is also invertible on L2(G). Hence, by Theorems 3 and 2, T is invertible
on Lp(G) for every 1 < p <∞, and its inverse T−1 belongs to Aq. Therefore,
by Proposition 8 and the transference principle, for every 1 < p < ∞ there
exists a constant C > 0 such that

‖f‖Lp(S) = ‖πωT−1πω(Qα
1 +Qα

2 )R−αf‖Lp(S)

≤ C‖πω(Qα
1 +Qα

2 )R−αf‖Lp(S).
(41)

By application of (26), (34), and (36), we obtain (5).
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