
�lename n04418.tex Version of 27.4.04Independene-prealibers of measure algebrasD.H.Fremlin & G.PlebanekUniversity of Essex, Colhester, England; Wro law UniversityNotation We follow Fremlin 06?. In partiular, �� is the usual measure on f0; 1g�, N�its null ideal and (B�; ���) its measure algebra.1 De�nition (a) Let A be a Boolean algebra and �, � ardinals. We say that (�; �) is anindependene-prealiber pair of A if whenever ha�i�<� is a family of distint elementsof A then there is a � 2 [�℄� suh that fa� : � 2 �g is Boolean-independent. If (�; �) is anindependene-prealiber pair of (A; ��) we will say that � is an independene-prealiberof (A; ��).(b) Let (A; ��) be a measure algebra and �, � ardinals. We say that (�; �) is ameasure-independene-prealiber pair of (A; ��) if whenever ha�i�<� is a family in A suh thatinf�<�<� ��(a� 4 a�) > 0 then there is a � 2 [�℄� suh that fa� : � 2 �g is Boolean-independent. If (�; �) is a measure-independene-prealiber pair of (A; ��) we will say that� is a measure-independene-prealiber of (A; ��).Remark Of ourse any independene-prealiber (pair) of a measure algebra is a measure-independene-prealiber (pair). If (�; �) is a measure-independene-prealiber pair of atotally �nite measure algebra (A; ��), and �! < � for every � < �, then (�; �) is anindependene-prealiber pair of A. PPP If ha�i�<� is any family of distint elements of A,then fa� : � < �g must have density � for the measure metri, and therefore must have ametrially isolated subset of size �, whih will have a Boolean-independent subset of size�. QQQ (See Proposition 11 below.)2 Proposition ! is a measure-independene-prealiber of every probability algebra.proof Let (A; ��) be a probability algebra and hanin2N a sequene in A suh that ��(am 4 an) �Æ > 0 whenever m 6= n. Let u 2 L2�� be a luster point of h�anin2N for Ts(L2��; L2��), andset  = [[0 < u < 1℄℄. Then  6= 0. PPP??? Otherwise, u = �a for some a. Now there must bein�nitely many n suh that��(a4 an)R (u� �an)� (�a� �(1 n a)) < Æ2 ,whih is impossible. XXXQQQWe an therefore hoose indutively a stritly inreasing sequene hnkik2N suh that0 < ��(ank \ b) < ��b whenever 0 6= b �  and b belongs to the algebra generated byfg [ fani : i < kg; in whih ase fank : k 2 Ng will be Boolean-independent.3 Lemma Let � be an unountable ardinal and (A; ��) a probability algebra. Let Dbe a losed subalgebra of A suh that A is relatively atomless over D, and a 2 A nD; setÆ = �(a;D). Then there are a sequene henin2N in A and a  2 A suh thatTypeset by AMS-TEX1



2 ��en = 12 for every nthe en are stohastially independent of eah other and Da,  belong to the losed subalgebra B generated by D [ fen : n 2 Ngtaking  : B ! B to be the measure-preserving automorphism suh that d = d for every d 2 D,  e0 = 1 n  e0,  en = en for n > 0, then   =  \ e0 � 1 n a,  n e0 � a�� � Æ.proof De�ne u 2 L1(D) by saying that Rd u = ��(a \ d) for every d 2 D. Set d0 = [[u > 12 ℄℄.Let e00 � a be suh that ��(e00 \ d) = 12 ��(d \ d0) for every d 2 D (331B); let e000 � 1 n a be suhthat ��(e00 \ d) = 12 ��(d n d0) for every d 2 D; set e0 = (d0 n e00) [ e000 , so that ��(e0 \ d) = 12 ��dfor every d 2 D. Now hoose en, for n � 1, suh that ��(en \ d) = 12 ��d for every d in thealgebra generated by D[fei : i < ng, and a belongs to the losed subalgebra B generatedby D[fen : n 2 Ng. [To see that this is possible, start from any sequene hbnin2N in A ofelements of measure 12 stohastially independent of eah other and of D, and let B be thelosed subalgebra of A generated by D[ fa; e0g [ fbn : n 2 Ng; use Fremlin 02, 333C tosee that (B; ���B) an be identi�ed with the probability algebra free produt of (D1; ���D1)and (B!; ��!), where D1 is the subalgebra of A generated by D[fe0g.℄ Beause (B; ���B)is equally isomorphi to the probability algebra free produt of (D; ���D) and (B!; ��!), wehave a unique measure-preserving automorphism  : B ! B suh that  d = d for everyd 2 D,  e0 = 1 n  e0 and  en = en for n > 0.Set 0 = d0 n a, 00 = a n d0. Then at least one of 0, 00 has measure at least 12Æ; all this�; set  = � [  �, so that  2 B and   = .If � = 0 then � � d0 \ e0,  � � d0 n e0 � a,  \ e0 = 0 is disjoint from a,  n e0 = 0 � a and �� = 2��0 � Æ. If � = 00 then � \ e0 = 0, \ e0 =  � � e0 n d0 = e000 � 1 n a, n e0 = 00 � a and �� = 2��00 � Æ.. So we have what we need.4 Corollary If � is an in�nite ardinal, (A; ��) a Maharam homogeneous probabilityalgebra, and ha�i�<� a family in A suh that inf�<�<� ��(a� 4 a�) = Æ > 0, then there area family he�ni�<�;n2N, a funtion � : �! � and a family h�i�<� in A suh that��e�n = 12 for all �, n,he�ni�<�;n2N is stohastially independent,a�(�), � belong to the losed subalgebra B of A generated by fe�n : � < �,n 2 Ng for every �,if �� : B ! B is the measure-preserving automorphism de�ned by setting��(e�0) = 1 n e�0 and ��(e�n) = e�n for all (�; n) 6= (�; 0), then ��� = �,��� � 12Æ for every �,� \ e�0 � 1 n a�(�),  n e�0 � a�(�) for every �.proof If D � A is a losed subalgebra with Maharam type less than �, then there mustbe a � < � suh that �(a�;D) � 12Æ. We an therefore hoose D�, e�n, �,  � and �(�)indutively, as follows. D0 = f0; 1g. Given that D� is the losed subalgebra of A generatedby fe�n : � < �, n 2 Ng, let �(�) < � be suh that �(a�(�);D�) � 12Æ; using Lemma 3,



3hoose e�n, of measure 12 , stohastially independent of eah other and of D�, and �, suhthat a�(�) and � belong to the losed subalgebra D�+1 generated by D� [ fe�n :n 2 Ng,��� � 12Æ,� \ e�0 � 1 n a�(�), � n e�0 � a�(�),taking  � : D�+1 ! D�+1 to be the measure-preserving automorphism suhthat  d = d for every d 2 D�,  �e�0 = 1 n  �e�0,  �e�n = e�n for n > 0, then � = �.Let B = D� be the losed subalgebra of A generated by the stohastially independentfamily he�ni�<�;n2N. This works.5 Proposition If �, � are in�nite ardinals, � � !2 and (�; �) is a measure-prealiberpair of a totally �nite measure algebra (A; ��) then it is a measure-independene-prealiberpair of (A; ��).proof (a) To begin with, suppose that (A; ��) is a Maharam homogeneous probabilityalgebra, that (�; �) is a measure-prealiber pair of (A; ��) and that ha�i�<� is a family inA suh that ��(a� 4 a�) � Æ > 0 whenever � < �. Take he�ni�<�;n2N, B, � : � ! � andh�i�<� as in Corollary 4. For eah � < � let J�� be the minimal subset of ��N suh that �belongs to the losed subalgebra generated by fej : j 2 Jg, and set L� = f� : (�; n) 2 Jg.As in Fremlin 06?, 534Je, (�; 0) =2 J�� . By Hajnal's Free Set Theorem there is a �0 2 [�℄�suh that � =2 L� for all distint �, � 2 �0. If I, J � C are disjoint �nite sets and = inf�2I[J �, then  is stohastially independent of the e�0, for � 2 I [ J , and��( inf�2J a�(�) n sup�2I a�(�)) � ��(inf�2I(e�0 n a�(�)) \ inf�2J a�(�) n e�0))� ��(inf�2I(� \ e�0) \ inf�2J � n e�0))= ��( \ inf�2I e�0 n sup�2J e�0) = 2�#(I[J)��:Now, beause (�; �) is a measure-prealiber pair of (A; ��), there is a � 2 [�0℄� suh thatf� : � 2 �g is entered, in whih ase ha�(�)i�2� is Boolean-independent.(b) For the general ase, we have only to note that, for a totally �nite measure al-gebra (A; ��), (�; �) is an (independene-)measure-prealiber pair of (A; ��) i� it is an(independene-)measure-prealiber pair of every Maharam homogeneous prinipal idealof (A; ��) (f. Fremlin 06?, 524Ha).6 Proposition If ! � � � � and (�; �) is a measure-independene-prealiber pair ofevery probability algebra then it is a measure-prealiber pair of every probability algebra.proof Let (A; ��) be a probability algebra and ha�i�<� a family in A suh that inf�<� ��a� =Æ > 0. Let (C; ��) be the probability algebra free produt of (A; ��) and (B�; ���), and he�i�<�a stohastially independent family in B� of elements of measure 12 . Set � = a� 
 e� foreah �; then ��(� 4 �) = ��(a� [ a�) � Æ whenever � < �. There is therefore a � 2 [�℄�suh that h�i�2� is Boolean-independent, in whih ase fa� : � 2 �g must be entered.



4 7 Lemma Let n � 1 be an integer, � a regular unountable ardinal, X � (f0; 1gn)�a losed set, and f� : f0; 1gn ! f0; 1g a funtion. Set f(x) = hf�(x(�))i�<!1 for x 2 X.If f [X℄ = f0; 1g�, there are i < n and C 2 [�℄� suh that �iC [X℄ = f0; 1gC , where�iC(x)(�) = x(�)(i) for x 2 X, � 2 C, i < n.proof Indue on n. If n = 1 then every f� has to be surjetive, therefore bijetive, andf is a bijetion, so we an take C = �, i = 0. For the indutive step to n + 1, identify(f0; 1gn+1)� with (f0; 1gn)� � f0; 1g�, so that we have X � (f0; 1gn)� � f0; 1g� andf� : f0; 1gn � f0; 1g ! f0; 1g suh that f [X℄ = f0; 1g�, where f(x; y)(�) = f�(x(�); y(�))for � < �, x 2 (f0; 1gn)�, y 2 f0; 1g�. Let X 0 � X be a minimal losed set suh thatf [X 0℄ = f0; 1g�.Set Y = fy : (x; y) 2 X 0g, so that Y is a losed subset of f0; 1g�. SetA = f� : � < �; 8 y 2 Y 8 I 2 [�℄<! 9 y0; y00 2 Y;y0�I = y00�I = y�I; y0(�) = 0; y00(�) = 1g:If I 2 [A℄<! and u 2 f0; 1gI there is a y 2 Y suh that y�I = u (indue on max I), sofy�A : y 2 Y g = f0; 1gA and if #(A) = � we an take C = A, i = n and stop. Otherwise,for � 2 � n A take y� 2 Y , I� 2 [�℄<! and v(�) 2 f0; 1g suh that y(�) = v(�) whenevery 2 Y and y�I� = y��I�. Let J 2 [�℄<!, u 2 f0; 1gJ be suh that B = f� : � 2 � n A,I� = J , y��I� = ug has ardinal �. For � 2 B, s 2 f0; 1gn set g�(s) = f�(s; v(�)).Now onsider f(x; y) : (x; y) 2 X 0, y�J = ug. This is a non-empty open subset of X 0and f�X 0 is irreduible, so there is an open ylinder set V � f0; 1g� suh that y�J = uwhenever (x; y) 2 X 0 and f(x; y) 2 V . Let K 2 [�℄<! be suh that V is determinedby oordinates in K. Set D = B n K, Z = fx�D : (x; y) 2 X 0g, g(z) = hg�(z(�))i�2Dfor z 2 Z. If w 2 f0; 1gD, there is a w0 2 V suh that w0�D = w; there is an element(x; y) 2 X 0 suh that f(x; y) = w0; now y�J = u so y�B = v�B andg�(x(�)) = f(x(�); y(�)) = w0(�) = w(�)for every � 2 D, that is, g(x�D) = w. Thus g[Z℄ = f0; 1gD, while Z � (f0; 1gn)�.By the indutive hypothesis, there are C 2 [D℄� and an i < n suh that �iC [Z℄ =f0; 1gC ; now, re-interpreting the formula �iC appropriately, we have �iC [X℄ = f0; 1gCand the indution ontinues.8 Proposition LetM be a set, � a regular unountable ardinal and X a losed subsetof f0; 1gM . If there is a ontinuous surjetion h : X ! f0; 1g�, then there is a C 2 [M ℄�suh that x 7! x�C : X ! f0; 1gC is surjetive.proof Shrinking X if neessary, we may suppose that h is irreduible. For eah � < �,fx : x 2 X, h(x)(�) = 1g is an open-and-losed set in X, so there is a �nite set I� � �suh that h(x)(�) = h(x0)(�) whenever x, x0 2 X and x�I� = x0�I�. Let A 2 [�℄� besuh that hI�i�2A is a onstant-size �-system with root I say. Let u be any member offx�I : x 2 Xg; then there is a ylinder set V � f0; 1g� suh that x�I = u whenever x 2 Xand h(x) 2 V ; shrinking A slightly if neessary, we an suppose that V is determined byoordinates in � nA. For � 2 A, set J� = I� n I and de�ne f� : f0; 1gJ� ! f0; 1g by sayingthat f�(v) = h(x)(�) whenever x 2 X, x�I = u and x�J� = v. Now observe that for any



5w 2 f0; 1gA we have a w0 2 V extending w, so that there is an x 2 X with h(x) = w0,x�I = u and f�(x�J�) = w(�) for every � 2 A.We an therefore apply Lemma 7 to fx�S�2A J� : x 2 Xg, identifying S�2A J� withn�A where n is the ommon value of #(J�) for � 2 A, to see that there is an unountableC � S�2A J� suh that fx�C : x 2 Xg = f0; 1g�.9 Corollary If !1 has Haydon's property then !1 is a measure-independene-prealiberof every probability algebra.proof Let (A; ��) be a probability algebra and ha�i�<!1 a family in A suh that inf�<�<!1��(a�; a�) > 0. Then we have a Radon probability measure � on f0; 1g!1 de�ned by sayingthat �fx : x�I = ug = ��(inf�2I;u(�)=1 a� n sup�2I;u(�)=0 a�)whenever I 2 [!1℄<! and u 2 f0; 1gI . Let Z be the support of �. Sine � has Maharamtype !1, there is a ontinuous surjetion from Z onto [0; 1℄!1; so we an �nd a losedsubset Z 0 of Z and a ontinuous surjetion h : Z 0 ! f0; 1g!1 . By Proposition 8, thereis a C 2 [!1℄!1 suh that fz�C : z 2 Z 0g = f0; 1gC. But this means that ha�i�2C isBoolean-independent.10 Proposition Suppose that there is a family hW�i�<!1 in N!1 suh that everylosed subset of f0; 1g!1 nS�<!1 W� is sattered. Then !1 is not a measure-independene-prealiber of every probability algebra.proof As in Fremlin 06?, 534N (following Plebanek 97), there is a zero-dimensionalompat Hausdor� spae X suh that !1 2 MahR(X) but there is no ontinuous surjetionfrom X onto f0; 1g!1. Let � be a Maharam homogeneous Radon probability measure onX with Maharam type !1 and (A; ��) its measure algebra. Beause X is zero-dimensional,there is a family hK�i�<!1 of open-and-losed sets inX suh that �(K�4K�) � 13 whenever� < �; now hK�i�<!1 has no Boolean-independent subfamily of size !1, so hK�� i�<!1 hasno Boolean-independent subfamily of size !1.11 Proposition Suppose that � and � are ardinals suh that max(2 ; �!) < f � �� � 2�. Then � is an independene-prealiber of every totally �nite measure algebra.proof D�zamonja & Plebanek p04, Theorem 6.3.Remark Note that if we have only�! < f � � � � 2�then � is a measure-prealiber of every measure algebra (D�zamonja & Plebanek p04,4.7; Fremlin p06?, 524V), therefore a measure-independene-prealiber of every proba-bility algebra (D�zamonja & Plebanek p04, 6.6). If �! < � for every � < �, then anyfamily of size � in any metri spae has a disrete subfamily of size �, so � will be anindependene-prealiber of every probability algebra. But the result here also overs thease � = 22 = !!+1.



6 12 Problem From Fremlin 06?, 534L, and Propositions 2, 5 and 6 above, we see thatfor � � !2 the following are equiveridial:� is a measure-independene-prealiber of every probability algebra;� is a measure-prealiber of every probability algebra;� has Haydon's property.By Proposition 10 and the remarks in the notes to x534 of Fremlin 06?, it is possiblethat !1 is a measure-prealiber of every probability algebra,!1 is not a measure-independene-prealiber of every probability algebra.By Corollary 9, we see that if !1 has Haydon's property then it is a measure-independene-prealiber of every probability algebra. But we do not know whether the onverse is true.ReferenesD�zamonja M. & Plebanek G. [p04℄ `Prealibre pairs of measure algebras', 2.4.04Fremlin D.H. [02℄ Measure Theory, Vol. 3: Measure Algebras. Torres Fremlin, 2002.Fremlin D.H. [03℄ Measure Theory, Vol. 4: Topologial Measure Theory. Torres Fremlin,2003.Fremlin D.H. [06?℄ Measure Theory, Vol. 5: Set-theoreti measure theory, in prepara-tion. Partial drafts available via http://www.essex.a.uk/maths/staff/fremlin/mt.htm;paragraph numbers indiated here are not to be trusted.Plebanek G. [97℄ `Non-separable Radon measures and small ompat spaes', Funda-menta Math. 153 (1997) 25-40.


