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Definition. A family {a¢ : £ < k} in a Boolean
algebra 2 is

(i) centred if A¢crag 7 O for every finite I C k;

(ii) independent if \¢cral'® # 0 for every fi-
nite I C k and every ¢ : I — {0, 1}.

Definition. A cardinal number k is a precali-
bre of a Boolean algebra A if for every family
{ag 1 € < K} C AT there is X € [k]* such that
{ag 1 £ € X} Is centred.

Definition. A cardinal number k is an inde-
pendence precalibre of a Boolean algebra 2
if for every family {a¢ : § < w} of distinct
elements of 2 there is X € [k]® such that
{ag 1 £ € X} is independent.



Definition. For a measure algebra (2, u) a car-
dinal number k is a measure precalibre if in
every family {ag : £ < v} C R withinfe , u(ag) >
O there is a centred subfamily of size k.

Definition. For a measure algebra (2, u)

(i) a family {a¢ : £ < k} C % is separated if
there is € > 0 such that u(ag A an) > ¢ for

§EFmn,

(ii) a cardinal number k iS a measure inde-
pendence precalibre of 2 if every sepa-
rated family {a; : § < sk} C 2 contains an
independent subfamily of size k.



Definition. « is (*)—precalibre of measure al-
gebras if for every (,p) and {ag : § <k} C2
satisfying (A) there is X € [k]" such that {ag¢ :
£ € X} has property (P), where

(*) (A) (P)
precal. ag 7 0 centred
ind. precal. ag # an independent
m. precal. plag) > € centred
m. ind. precal. | u(ag A ap) > € | independent

Remarks.

(1) If cof(k) > w then k is a measure precalibre
iff x is a precalibre (of measure algebras).

(2) Every measure independence precalibre of
measure algebras is a measure precalibre.

(3) No k < c is independence precalibre of
measure algebras.



Measure precalibres.
(1) w is a measure precalibre.

(2) kK < € may be (under MA +non CH) and
may not be (under CH) a measure precalibre;
Fremlin vol. 5 of Measure Theory or DZamonja
& G.P. [04].

(3) Problem. (Haydon) Let «, be regular
and precalibre of measure algebras. Is Kk =
SUPp<w kn @ Measure precalibre?

(4) Problem. (Fremlin) Is it rel. consistent
that every regular k is a precalibre of measure
algebras?

Fact. (Shelah, Argyros & Tsarpalias, Frem-
lin) If cof(x) = w and 2% = kT then st is not
a precalibre of measure algebras.



Measure independence precalibres.

(1) Fact. w is a measure independence pre-
calibre.

(2) Theorem. (Argyros & Tsarpalias [82])

Assume that kK = cof(k) and ™ < k for T < K
(for instance: k = ct. Then k is an indepen-
dence precalibre of all ccc Boolean algebras, so
in particular of all measure algebras (Haydon

[77]).

(3) Theorem. (Shelah [99]; Dzamonja &
G.P. [04]) Suppose that for some 0,

0 = 0¥ < cof(k) < k < 27.

Then k is a measure independence precalibre.
If, moreover, k > 2€ then k is an independence
precalibre of measure algebras.



Theorem. (Fremlin & G.P.)
For k > wy TFAE

(i) k is a measure precalibre;

(ii) k is @ measure independence precalibre.

Theorem. (Fremlin [97]) Under MA + nonCH,
w1 IS @ measure independence precalibre.

Theorem. (G.P. [97]) It is rel. consistent
that wq Is a measure precalibre but not measure
independence precalibre.



About the proof.

Theorem. (Hajnal’s free set theorem) If
kK > wy and J 1 k — [k]SY is a set mapping
such that £ ¢ Jg for every § < k then there is
X € [k]" such that n ¢ J¢ for all n,§ € X.

(1) Lemma. Let k > wp have uncountable

cofinality. If {s¢ : £ < k} C [k]<¥ is a pairwise
disjoint family, {Je : € < r} C [k]=% are such
that s¢ N J; = 0 for every £ < k then there is
X C k of cardinality x such that sg N Jy = ()
whenever £, € X.

(2) Lemma. Let B C {0,1}" be a measurable

set and X C k be such that B" ¢ A[X]. Then
there are a finite set s C K\ X, a countable set
J C k\s, nonempty clopen sets C(0),C(1) ~ s,
aset Z~ J with A\(Z) >0 such that ZNnC(i) C
B* for i =0, 1.



Consider a separated family {Bg : £ < s} of
subsets of {0,1}". Let B ~ I¢, I € [k].
We can assume that

Bg% Q[[Xg], where X&- = U J77'
n<§

Apply Lemma 2 to every Bg ¢ QL[Xg]: there are
pairwise disjoint finite sets s¢ in k, nonempty
clopen sets C¢(0),C¢(1) ~ s¢, and sets Zg of
positive measure, where every Zg ~ Je C K \ S¢-
We can assume that

JeNsy =0 for all &,n,

{Z¢ 0 £ <k} is centred in 2.

For any finite set a C k and ¢ : a — {0, 1}

AN BED) > AN Zen Ce((6))) =
£€a £€a

=[] Ze) - ][] MCe((€))) > 0.

£€a £€a



Haydon’s property. Say that x has Haydon's
property if every compact space K that carries
a Radon measures of Maharam type k can be
continously mapped onto [0, 1]*.

Theorem. (G.P. [97] 4+ Haydon 4+ Frem-
lin) For Kk > wo, TFAE

(a) k has Haydon’s property;
(b) k is a measure precalibre.

(c) k is a measure independence precalibre.

Theorem. (Fremlin [97]) Under MA + non
CH, w1 has Haydon'’s property and (therefore)
IS a measure independence precalibre.



Theorem. (G.P. [97]) Let N be the null
ideal of the measure on {0,1}*1. Suppose that
CoOV(N) > wy but there is a family {Ng : £ <
w1} € N such that Ug.,,, Ne meets every per-
fect set in {0,1}%1. Then wy is a measure pre-
calibre but does not have Haydon’s property
and (therefore) is not a measure independence
precalibre.

Theorem. (Kunen & van Mill [95] for (b) —
(a); G.P. [95] for (a) — (b)) TFAE

(a) w1 is a measure precalibre;

(b) every Radon measure on a first—countable
(compact) space is of countable type.

Problem. Can we replace in (b) “first—countable”
by “countably tight”?



Problem. Suppose that wq is a measure pre-

calibre; let {a¢ : £ < w1} be a separated family

in a measure algebra. Can we find X € [wq1]¥1

such that {a¢ : £ € X} is free, i.e. Necrag N

Nee ag %+ 0 for every finite I, J C X with maxI <
minJ?



