
Topological dynamics in model theory. List 10.

Let C be a monster model of a complete theory T .

Problem 1.

(i) Prove that every set A ⊆ C is contained in an ambitious model of cardinality
at most |A| + |T | + ℵ0. In particular, every countable theory has a countable
ambitious model.

(ii) Prove that if G is a group which is ∅-type-de�nable in C, then there is a count-
able G-ambitious model.

Problem 2. Prove that if a small model M ≺ C is ambitious and m̄ is its enumer-
ation, then the function f̂ : E(Sm̄(M)) → GalL(T ) given by f̂(η) := σ/AutfL(C),
where σ ∈ Aut(C) is any automorphism such that η(tp(m̄/M)) = tp(σ(m̄)/M), is
onto.

Problem 3. Prove the descriptive set theoretic lemma from page 64.

Problem 4. Let p(x̄) ∈ S(∅), ᾱ |= p, and let E be a strong type on p(C)
(i.e. a bounded, invariant equivalence relation on p(C)) coarser than EKP . Let
r[ᾱ]E : GalKP (T )→ p(C)/E be given by r[ᾱ]E(σ/AutfKP (C)) := [σ(ᾱ)]E. Prove that
r[ᾱ]E is a topological quotient map

Problem 5. Let (G,X, x0) be any G-ambit. Let π0 : E(X) → X be given by
π0(η) := η(x0).

(i) Prove that for every η1, η2 ∈ E(X) we have π0(η1η2) = η1(π0(η2)).

(ii) Let ≡ be the �ber equivalence relation of π0 on E(X). Let M be a minimal
left ideal of E(X) and u an idempotent in M. Let D := [u]≡ ∩ uM. Prove
that D is a τ -closed subgroup of uM.
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