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1 Introduction

The main aim of this thesis is to study convergence rate to stationarity of selected Markov chains. Some
stress we put on the property of stochastic monotonicity introduced by Daley in [12]. Expressing speed of
convergence depends on how we measure the distance. The measures we use are total variation distance,
separation distance and Lo(7) distance. If we write about some distance at time instant ¢ (either real or
discrete), we always mean the distance between the distribution of the chain at time ¢ and its stationary
distribution.

Many authors faced such problems. For example, Fisz [21] using matrix analysis showed geometric rate
of convergence in total variation distance for finite state space assuming only that transition matrix P
is regular. Feller [19] and Kingman [29] used another approach: they incorporated renewal equations
to Markov chains and using some facts from the number theory he showed when ergodicity holds.
The classical theorem of Perron and Frobenius (which can be found for example in Seneta [43]) can
be used to show that for finite state spaces, geometric rate of convergence holds (see e.g. Cinlar [9]).
Having second-largest eigenvalue one can have upper bound for total variation distance. However,
calculating eigenvalues, even in quite simple cases, is rather difficult. For reversible Markov chains there
are established ways to bound it, for example the techniques using Cheeger’s or Poincare’s constants.
We give an example of calculating Poincare’s constant for symmetric random walk on the cube and both
constants for random walk on Z,. This technique was investigated by many authors, see for example
Diaconis and Stroock [16], Chen and Wang [7], Fulman and Wilmer [22], Chung [8]. However, till 1991
most of the research on random walks has concerned only reversible Markov chains. In 1991, Fill [20]
showed that one can use symmetrization: multiply matrix of original (potentially non-reversible) process
X and matrix of time-reversed process X. That way one obtains a matrix of some new reversible process
which is useful to bound total variation distance in original X. We give details of proofs in this thesis.

The coupling method is well known and widely used method in examining the rate of convergence
in Markov chains. The idea is to construct a joint process {(X,,Y,),n > 0} such that marginally
{Xy,n > 0} is a Markov chain with given matrix P and arbitrary initial distribution x, and {Y,,n > 0}
is also a Markov chain with the same matrix P but with initial distribution 7 being its stationary
distribution. Then observe the chains till the first time they meet (this is random variable T' called
coupling time). By estimating the tail of coupling times, one is able to bound the total variation
distance for convergence. Classical references for coupling are for example Lindvall [34], Liggett [32] and
Thorisson [46].

Strong Stationary Times give a probabilistic approach to bounding the rate of convergence to stationarity
for Markov chains. They were introduced by Aldous and Diaconis in [2], were they gave sharp bounds
in examples which were not amenable to other techniques such as spectral analysis or coupling. The
same authors in [3] develop this technique, showing for example that Minimal Strong Stationary Time
do always exists for ergodic Markov chains. Other references on Strong Stationary Times are: book of
Diaconis [13], thesis by I. Pak [37], Saloff-Coste [40] and Diaconis and Bayer [14]. Diaconis and Fill in
[15] show that there always exists a dual chain, in which first hitting time to some absorbing state is
equal, in distribution, to Strong Stationary Time in the original chain. We give detailed proofs of most
important theorems, some known examples to illustrate the method and use it to show that 2nlogn+cn
steps are enough to make the total variation distance in example of “matching in graph” smaller then
1/c?, where 2n is the number of vertices and ¢ a positive constant.

We study also factorization of first passage times distributions in presence of some monotonicity prop-
erties in Markov chains. Under some assumptions the first passage time from initial distribution g to
a selected state € has the same distribution as the sum of two independent random variables: Yz (with
distribution function P(Yz < n) = %) plus the first passage time from stationary distribution to
€. Such factorization leads to explicit formulas for Minimal Strong Stationary Time and for separation
distance. We give some special cases for such factorizations. One of them is when the time-reversed
process is stochastically monotone. Such monotonicity was studied for example by Keilson and Kester
[28], Aldous [1] and Tweedie and Roberts [47]. We exploit this property in two examples: non-symmetric



random walk on d—dimensional cube and in the closed tandem with 3 servers and N customers. While
studying a preprint of Brown [5] we found a false statement. The conditions on the parameters of the
random walk given by Brown do not guarantee stochastic monotonicity. We elaborate this topic and
give conditions for stochastic monotonicity and conditions to have factorizations. For random walk on
the cube we also indicate the following phenomenon: in discrete time we need some (quite sophisticated)
conditions on parameters in order to have described factorizations, whereas in continuous time we always
have them (assuming just things which guarantee irreducibility and ergodicity).

It is also worth noting, that some monotonicity properties in Markov chain play important role in
“coupling from the past “, the algorithm which returns unbiased sample from distribution being stationary
distribution of given chain, for details see Propp and Wilson [38], Haggstrom [23].

In more complicated systems, especially for chains with infinite state space, like queueing networks, it is
difficult to estimate exact convergence rate in general. It is desirable to know if there exists geometric
rate of convergence under some natural assumptions. Fayolle, Malyshev, Menshikov, Sidorenko [18]
showed (using Foster-Lyapunov criteria) that there exists geometric rate of convergence in total variation
distance in Jackson networks, provided the service intensities p;(-) = p; are constant, i.e. they do not
depend on the number of customers waiting to be served and that mean service time is shorter then
mean time of waiting for new customer. In the same year, Hordijk and Spieksma [24] showed similar
result also obtaining geometric rate of convergence, but measured in a different distance.

The unreliable Jackson network is the network where some nodes can be broken or repaired. The
breakdowns and repairs events are of rather general structure. In case when nodes are broken, there are
several rules what can be done. Most often routing matrix is changed. For full details of such networks
see Sauer and Daduna [42], and Sauer [41]. In the latter also a rich historical overview of such networks
can be found. Sauer in her thesis [41] showed (using techniques of Malyshev et al.) that in case of
constant service rates p;(-) = p; and without rerouting (i.e. customers are allowed to join the queue at
broken server, where it waits till repair, the stationary distribution is not known in this case) there is
geometric rate of convergence in total variation distance under some conditions.

Stationary distribution of Jackson network has one nice property: it is of product form. Sauer and
Daduna [42] showed that the same property has stationary distribution of unreliable Jackson network.
Product form of stationary distribution is the crucial property used in proof of our main result on the
existence of spectral gap for general networks.

The only article about spectral gap for Jackson networks with non-constant service rates u;(-), as far as
we know, is McDonald and Iscoe [36]. They show, working on a different problem, that if a stationary
distribution is a product of light-tailed distributions, then the spectral gap exists.

In this thesis we present the stronger, “if and only if”, result which holds in both standard and unreliable
Jackson networks: spectral gap exists if and only if stationary distribution is a product of light-tailed
distributions, i.e. there is surely no spectral gap when at least one of these distributions is heavy-tailed
and surely there is spectral gap when all of them are light-tailed. It is worth noting that in general it does
not need to be the case: there are processes with positive spectral gap, although stationary distribution
is heavy-tailed. Our proof differs from the one of McDonald and Iscoe, for comparison we also include
their proof.

All facts taken from literature have bibliographic citations.

In section 3 we prove Theorem 3.1.4, which is a known fact from the number theory, but we did not
succeed in finding a complete proof of it. Theorem 3.4.1 is a reformulated result of Fisz [21], where in our
proof we stressed the role of total variation distance. We introduce Lemma 3.8.5 (for reversible chains
and 3.9.3 for non-reversible), where we give necessary number of steps needed to make total variation
distance arbitrary small, given we have Poincare’s or Cheeger’s constant calculated. In subsection 3.8.1
we calculate Poincare’s bound for symmetric random walk on d-dimensional cube. In subsection 3.9.2
(clockwise random walk on Z,,, example of Fill [20]) we give full details in calculating Poincare’s and
Cheeger’s constant and we compare them. Subsection 3.11 is fully taken from paper of the author of
this thesis et al. [17], where classical methods to study speed of convergence in an applied model are
used.

Section 4 is a reformulation and recompilation of papers by Aldous and Diaconis [2], [3], Diaconis and Fill
[15] and thesis of Pak [37]. The proof of Lemma 4.1.5 is given with full details. Besides known examples,



where Strong Stationary Time was used to find the mixing time, we give new example “matching in
graph” is subsection 4.6.

In section 5 we give some factorization of passage time distributions and exact formulas for separation
distance. It is based on a preprint by Brown [5], but we introduce notion of ratio minimality and utilize it
in statements. Proofs of Lemma 5.1.3 and 5.3.3 are completely different then the ones of Brown. Brown
proved everything in continuous time. In Lemma 5.1.13 we show that positive spectrum of transition
matrix implies (by Lemma 5.1.5) some factorizations, and in Lemma 5.1.14 we show that if we observe
only every second step of a reversible Markov chain, then we always have some factorizations.

In subsection 5.4 we investigate example of Brown “non-symmetric random walk on d-dimensional cube”
and indicate that he was wrong in his preprint [5], where his conditions did not imply stochastic mono-
tonicity. We introduce another partial ordering and give sufficient conditions in Theorem 5.4.2. We
also discover a phenomena in non-symmetric random walk on cube: the difference in behaviour between
continuous and discrete time. In discrete time we have to have some conditions on parameters in order
to have ratio minimality (we give an example which did not fulfill these conditions and in which there is
no ratio minimality), whereas these conditions are not needed in continuous time, as stated in Theorem
5.4.5.

In subsection 5.5 we give one more example illustrating tools introduced in section 5. We investigate
closed tandem of 3 servers and N customers and we introduce partial ordering of state space and show
that time-reversed process is stochastically monotone what implies ratio minimality and thus exact
formula for separation distance.

Further results of the thesis are in section 6. Under some natural assumptions, we show that spectral
gap exists (and thus we have geometric rate of convergence) in Jackson network if and only if each of
marginal distributions is light-tailed. This is done for both: standard (Theorem 6.5.2) and unreliable
(Theorem 6.5.6) Jackson networks. The idea of proof is to take process which is a product of independent
birth and death processes. This process has the same stationary distribution as original network process,
and it is easier to show that spectral gap for this process exists if and only if stationary distributions
of birth and death processes are light-tailed. The main part of proof is to conclude that if spectral gap
for this process is equal to zero, then the same holds for original process, and that existence of spectral
gap for this process implies existence of spectral gap for original process. This is done by comparing
Cheeger’s constants of both processes, and can be done due to the fact, that stationary distribution is
of product form.



2 Markov chain definitions and notation, discrete time

2.1 Notation

For a Markov chain X = {X,,,n > 0} with a state space F, by m we denote the stationary measure,
and by, i we denote initial measure on E. We assume FE is finite or enumerable and its elements will be
denoted FE = {ey,ey,...}, and in the case when we have linear ordering: F = {1,2,...}.

We use the following notation:

0eP"(B) = Po(X,€B)=P(X,€B|Xo=e) — Probability of hitting B at, time n starting from
Xy = e (de denotes atom at e)

Te(B) = inf{n:X, € B,Xo=-e} —  First passage time to B starting from Xo = e
u(B) = [y 7e(B)du(e) —  First passage time to B starting with X ~ p
wP™"(B) = P,X, € B) —  Probability of hitting B at time n starting with

Xo~p

If set B will be one state set, i.e. B = {e}, it will be shortly written B := e.

We denote the Laplace transform of discrete, real-valued random variable Y by

o0

Py (s) = Z e "P(Y =n).

n—=—oo

We assume that the state space E will be partially ordered with an ordering <. Set A is an upper
(denoted by A 1), if x € A and z < y implies y € A. Similarly set B is a lower set ( B |), if x € B and
y < z implies y € B.

Function h: E — R is increasing relative to < if © < y = h(z) < h(y).

We define stochastic ordering by:

p=av = VAD pA) <va)

Y(f increasing/fd,ug /fdy). (2.1)

Define transition matrix P with elements being probabilities of getting from one state to another. We
will shortly write P(i,j) := P(e;,ej) = P(X,41 = €| X, = €;). If E = {1,2,...,} then we will use

pij == P(i, ).
The distribution of the chain, which started with initial distribution w, at k—th step will be denoted by

pP* ().

Markov chain {X,,,n > 0} with transition matrix P is stochastically monotone if

V(w <st V) uP < VP ( = V(f increasing) P is increasing). (2.2)

If |[E| = N, and < is the linear ordering, then stochastic monotonicity is equivalent to condition:

t'Pt >0 = ¢t HTPtT >0, P = [pi;], (2.3)
where t is of size N x N and is defined as follows:
1 0 0 0 0 0 1 0 00 0 O
1 1. 0 0 0 0 -1 1 00 0 O
g1 1 1 0 0 0| 4ga_| 0O "L 1TO 00
1 1 11



2.2 Distances: total variation norm, separation distance

Let p,v be measures on E = {ej,es,...}. One of the most popular distance between two probability
measures is given by the total variation norm:

(s, v) = max [u(B) = (B). (2.4)

On Figure 1,

pe-ma 0

T —

Figure 1: Example: d(u,v)

the length of arrows denotes p(e;) — v(e;) and orientation show if it is positive or negative. Of course
all the arrows sum up to 0, so looking closer at the definition of d(u, ) we have the following equivalent
equalities:

d(p.v) = max|u(B) —v(B) = 3. (ue)—ve)= 3. (v(e)—ple)) =

BCE
e:u(e)>v(e) ew(e)>u(e)

Y (ule) —vle), =) (v(e) —ule)), = % Y lule) —vie)l. (2.5)

eck eckE ecE

We define separation distance as follows:
s(p,v) = max (1 - %) ) (2.6)
where % := 00. Or equivalently s(u,v) is the smallest s > 0 such that:
w=(1-2s)V+sV, (2.7)
for some distribution V.
Note that s is not a metric, it is possible that s(u,v) # s(v, u). If the support of p is contained in that

of v then s(u,v) is equal to 1.
A useful property of s is that it is an upper bound for d:

d(u,v) =Y (v(e) = ule), = Y vle) (1 - %) < v(e)ma (1 - 5E§Z§>
X ,

eckE eckE

So we have

d(ji,v) < 5(1,0). (2.8)
There is no general inverse inequality: let for example v be uniform distribution on finite £ and p
uniform distribution on F \ {e}. Then d(u,v) = ﬁ, while s(u,v) = 1.



3 Classical ergodic theorems for Markov chains

3.1 Facts from number theory

We will use 3 equalities:

(%) amodn:a—L%Jn,
(%) dlaidlb = d|(ax+ by) Y(z,y € Z),
(3 * x) ged{a, b, c} = ged{ged{a, b}, c},

where |z] =sup{n € Z: z < n}.
We shall use the following theorem, which we give with a proof for completeness.

Theorem 3.1.1 (Cormen et al. [10]). If a and b are any integer numbers not both equal to 0, then
ged{a, b} is the smallest positive element of the set {ax + by : x,y € Z} - linear combination of a i b.
Proof. Let s be the smallest such combination, i.e. let s = ax + by for some x,y € Z. Let ¢ = {%J Then
from equation (x):

a mod s =a—qgs =a—q(ax + by) = a(l — gx) + b(—qy),

thus @ mod s is also a linear combination of a and b. But @ mod s < s therefore @ mod s = 0, because s
is the smallest positive linear combination. So s|a and analogically (i.e. considering b mod s) s|b, so s is
a common divisor of both numbers and therefore s < ged{a, b}, thus from (xx) we have that ged{a, b}|s
and it is enough to take d = ged{a, b} - of course then d|a and d|b, and s is a linear combination of a
and b, so we have s > ged{a,b}.

If s > ged{a, b} and s < ged{a,b} then s = ged{a, b}. O

Conclusion 3.1.2. For any integers a and b such that they both are mot equal 0 there exist x,y € Z
such that
ged{a, b} = ax + by.

O

Lemma 3.1.3. For any positive integers a,b and k and for ¢ = k - gcd{a, b} there exist z,y € N\ {0}
such that
axr — by = c. (3.9)

Proof. From Conclusion 3.1.2 there exist 2/, y’ € Z such that
ged{a, b} = az’ + by’
Multiplying both sides by k we obtain
c=k-ged{a,b} = akz’ + bky'.
Observe that « = bh + k2/, y = ah — ky’ for any h € N are solutions to the (3.9):
ar — by = a(bh + ka') — b(ah — ky') = abh + akaz’ — abh + bky' = akz’ + bky' = k - gcd{a,b} = c,

and we can take any h, so take such that both x and y are positive.
O

The next theorem is a known fact from the number theory, but the author of this thesis did not succeed
in finding a complete proof of it, therefore a proof is provided here.

Theorem 3.1.4. Let ai1,...,an, be any natural numbers > 2 such that a; # a; for i # j. Then
any number k being multiplicity of ged{ai,...,am} and k > ay---a,, can be written in the following
representation: k = a1x1 + + ... + @mTm, where x;,j =1,...,m are integer and positive.



Proof. By induction:

Form =2

We want to write k as a linear combination: k = r - gcd{a1, a2}. From Conclusion 3.1.2 there exist y}
and y4 such that ged{a1, a2} = a1y} + aayhs. Multiplying both sides by r we have

k=r-ged{ai,as} = airy] + asrys = a1y1 + asya,

where y1 = ry1, ya = Y5

If y; and y2 are non-negative the proof is finished. Otherwise one of y; and ys is negative (both cannot).
Assume y; > 0 and y2 < 0. Then add +ajas — a1as:

k= aiy1 + asys + araz — a1az = a1(y1 — az) + as(y2 + a1).
If yo + a1 > 0 we are done, otherwise again we add +ajas — ajas. Generally we can add +sajas — saja2:

k = a1y1 + agy2 + saraz — saraz = a1 (y1 — saz) + az2(yz + saq)

Y1
as long as Y3 — sag > 0, so s < {EJ

Consider two cases:
Y Y1

Take s = {—Z;J So we have y; — sas > 0 and
k = ai <y1 — \‘—le a2> =+ ag (yg + \\—le al) .
a9 a9

y2+{£Ja1>O, /'(1,2
az

What is left is to show :

azy2 + {EJ asay > 0.
as

Using LgJ a> (% — 1)a = b — a we obtain

Then take s = z—; — 1. We have y; — sas > 0 and
k=a (yl - (2 - 1)a2> + a2 (yQ + (2 - 1)a1> .
a9 a9
What is left is to show: "
y2+(a—2—1)a1>0, /- a2

1
asys + (z— —1)aga; >0,
2

ay2 + (% — 1)agay = azys + a1y1 — a1a2 = k — ayas > 0.
2



The proof for m = 2 is finished.

For m > 2
Assumption of induction: Each natural number k' greater than a; - ... - a;,—1 being multiplicity of
ged{ay,...,am—1} (i.e. k=7r-gecd{as,...,am—1}) can be written as

K =x101 + 2209 + ...+ Tpm—1Am—_1- (310)
And we want to show that any number k > ged{aq,...,an} and k = s-ged{aq,...,an} can be written
as

k=x1a1 + 2202 + ...+ TyQom,-

Denote d = ged{ay,...,am—1}, so that k = s - ged{d, a,, }. Because of Lemma 3.1.3 there exist z,, 3’ €
N\ {0} such that

amxh, —dy' = k. (3.11)

Dividing both sides by da,, we obtain

x! ! k a1ag -+ Gy

_m _ y_ — > 12 m—1 c 7.

d Am  Qmd d

Denote h := % From above inequality there exist h consecutive integer numbers t,t+1,...,t+
h — 1 such that

y/ /

Y octct+l<.. . <t4h—1<Zm
Am, d

Thus we have
Y <tam < ({E+h—1an,
t+h—-1)d <a,.
Take:

z,, — (t+h—1)d,
=@t+h—1Da, -y

Tm

<
|

We have z,, > 0,y > 0 and
AmTm +dy = am [z, — (t+h—1)d] +d[(t +h—V)am —y'] = anzl, —dy =k.
Thus it is now enough to find natural positive numbers x1, zs, ..., Z;_1 such that
a1x1 4+ asxo + ...+ Ap_1Tm—1 = dy, (3.12)
because combining this with a.,,x,, + dy = k would finish the proof:
AmTm + dy = a121 + a2s + ... + G—1Tm—1 + GmTm = k.

To prove (3.12) we will use induction assumption (3.10). We have k' = dy = y - ged{a1,a2,...,am—1}
so0 it is a multiplicity of this ged, what is left to show is that k' > a1as - @m_1.

dy=d|[{t+h—1Day, —y]=dltam + ham — am —y') > dy + ham — am —y') = dhay, — dap,

=102 A — Ay, > 0102+ A1 = G (@102 - Gm—1 — d) > @102+ - Gm—1 —d > 102 * -~ Am—1,

because a,, > 2.

O
Conclusion 3.1.5. Let ay,...,an be any natural numbers > 2 such that a; # a; for ¢ # j and
ged{ay,...,am} = 1. Then any natural number k > ay---a., can be written in the following repre-

sentation:
k=a1x1++...+ amTm,

where x; are integer and positive.



3.2 Renewal equation

The following theorem gives the limit of so-called renewal equation.

Theorem 3.2.1 (Feller [19]). Let a sequence of {fn}n>0 such that fo = 0, f, > O,an =1 and

n>0
ged{n : f, > 0} =1 be given. Define renewal sequence:
ug = 1, Up = kaunfk = fitn—1+ foun—2 + ... + fruo (3.13)
k=1

and set p = Z nfn. Then

n>1

1 1
Up — =
n>1

moreover, if Z nfn, = oo then u, — 0.

1 n— oo
Define generating function: F(s) = Z fas™ U(s) = Z Ups" =1+ Z fns™. Note that

n=0 n=0 n=1

1+ F(s)U(s) =1+ <Z fns"> <Z uksk> =1+ Z s" <Z fkun_k> =1+ Z ups™ = U(s),
n=1 k=1 n=1 k=1 n=1

i.e. U(s) = 17;(5), Then coefficients of the generating function U(s) at s™ (i.e. uyn) converge to % with

n — o0.

Proof. Define

A (3.14)
so that: o
infn=f1+2-f2+3-f3+...:(f1+f2+f3+...)+(f2+f3+...)+(f3+...)+...
ie. 7

"= Z T (3.15)
n=0
We have: f,, =r,_1 — r,. Putting it to (3.13) we have (ro = 1):
Up = (10 — 1 )Un—1 + (11 — T2)Un—2 + ...+ ("1 — Th)Uo

=ToUnp + T1UR—1 + T2UR—2 F ... + TRUY = TQUn—1 + T1UR—2 + ... + Tp—_1Uo-

If we denote left hand side by A,, then the right hand side is A,,—; and we have:
AnZAn_l :An_QZ...ZAO:?“OuO:l.

For each n we have:
ToUp + M Up_1 + ...+ Tpug = 1. (3.16)

We also have u,, < 1 (by induction: up = 1 < 1, assume that u,—1 < 1 then w, = fiup—1 + foun—2 +
et fauo < firl+forl+o o+ 1< fi+...+ fn <1) and u, is bounded, so the limit

A = limsup u,
n



exists such that for each e > 0 and n large enough, all elements are less or equal to A ¢ i.e.: u, < A4¢
and there exists convergent subsequence u,, — A, as n — oo.

Let j be such that f; > 0. We will prove that then u,, 6 _; — A. Assume contradiction. Then we could
find n as big as we want that simultaneously the following conditions would hold:

Up > A=,  Up—j <N < (3.17)

Let N be such that ry < e. ur <1 so for all n > N we have:
Un = foun + fitn—1 + ... + fNU—N + fN41UR—N—1+ ... + fruo

< foun + fiun—1+ ...+ fNUn—N + N1 1+ fnse- 14+ 4+ - 1,
i.e.
Up < fotn + frun—1+ ...+ fNUn—N + €. (3.18)

For n big enough each wu,_; on the right hand side is smaller than A + ¢ and from our assumption
Un—; < X, so we have:
Un < foun + frun—1+ ... fi—1Un—(j—1) + fitn—1+ fis1tn_(j+1)+
o NN+ e < (fot o fimiF fi A )M ) + N Fe <
1=fi)A+e)+ fiN+e<A+2e—f;(A=N). (3.19)

Take e such that 3e < fj(A —X'), then u, < A+2¢—3e =X—¢, so u, < XA — ¢, what is a contradiction
with the assumption that u, > X\ —e ( (3.17)), so the assumption that A < X was false. So we proved
that if w,, — A then also u,,—; — A. Iterating this reasoning: if f; > 0 and u,, — A = limsup,, u,
then

Uny—j = Ay Up,—25 = A, Un,—35 — A,
Consider two cases::

Case: f1 > 0.
We can take j = 1 and then u,, _; — A for each fixed k. Put n := n, to the (3.16) :

ToUn, + T1Un,—1 + ...+ Tp, %0 < ToUn, + T1Un,—1+ ... +T"NUL,—N < 1. (3.20)

For fixed N all above uy,,— — A, so A(ro+7r1+...+7rn) < 1. N was chosen arbitrary, so A(ro+r1+...) <
1,ie. A< % = Zrlzfn' If u=> nf, = oo the proof is finished, because u, — 0.

Let p = > nf, < oo and let v = liminf u,,, then for large enough n we have u,, > v —e. The same
reasoning shows that if u,, — v then also u,,_r — 7: if opposite was true we would find so large n
that simultaneously following two conditions would hold:

Up < Y+E  Up_1>7 >7. (3.21)
Let again NV be such that ry < e:

Up = flun—l + +fNun—N++fnu0 Z flun—l + ---+fNU'n—N >

(it +fimatfimt+. N —e)+ i =
(it i+ N =)= filv—e)+ [y =
(I=rn)(v—e) = filv—e)+ v > (A —e)(y—¢) = fi(y =)+ i7" >
Y+ =) —e—ye =+ fi(7 =) — 2
If we take ¢ such that f;(7y" — ) > 3e then we obtain:

Uy >v+3—2e=7+c¢,

10
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which contradicts the first inequality in (3.21). Thus up—; — 7.
Now further: from (3.16):

ToUn, + T1Un,—1 + ...+ 'NUp,—N +€ > 1. (3.22)

All above u,,—r — A so that (ro +... 4+ rny)y +¢& > 1, thus uy > 1, but we had pA < 1 and from
definition y < Asoy= A= Zl

nfn”
Case f1 =0.
Consider set of numbers j for which f; > 0. From this set we can chose finite subset a1, as,...a, such
that ged{ai,...,am} =1 and a; > 2,4 = 1,...,m. We know that if u,, — A then also u,,—z,.a; —
A, Un, —z9-a5 — A €tc. - for each fixed 1 > 0,22 > 0,..., 2, > 0 we also have

Uy — 2101~ T2 Q2T -Gy~ A

In another way: if k is of form: k = z1a1 + ... Tmam, (x; > 0) then w,,_r — A. From Conclusion 3.1.5
any number larger than product ajas...a, can be written in this representation. It means that for
k > aiasz...a,, we have u,,_r — A. Use (3.16) with n = n, + a1as...a,, to obtain (3.20).

O

3.3 Ergodic theorem for enumerable state space

We will utilize Theorem 3.2.1 for ergodicity of Markov chains. Consider a Markov chain X = {X,,,n > 0}
with enumerable state space E = {ej,es,...}. We focus on a fixed state e; € F and will examine
asymptotic behaviour of P™(¢,i) as n — oo. Denote ugf) = P"(i,i) for any n > 0,e; € E (setting
PO(i,i) = 1), i.e. the probability of being in state e; after n steps if we started also in e;, and for any

n > 1, let ff(f) denote the probability that Markov chain X returns from state e; to e;, for the first time

exactly after n steps. Let us also denote d¥) = ged{n : uld > 0}. Of course series u? is a renewal

sequence as defined in (3.13), i.e
=1 =S
Definition 3.3.1. We call state e; aperiodic if d9 =1 and we call Markov chain X aperiodic if all
states are aperiodic.
Before proceeding with the main theorem, we will need the following
Lemma 3.3.2. d¥) = ged{n : ul? > 0} = ged{n: £ 0}.

Proof. Let s be the smallest integer number such that fs(i) > 0. Then it is also the smallest integer
number such that P*(i,7) > 0 (because it can return for first time after s steps). Denote:

ds\i,)l =ged{n:s<n<N: JARSS 0},
d%) =ged{n:s<n< N:P"(i,i) >0}
Note that dg)l = dg)”, because P*(i,i) = S(i). We will show by induction that: ds\i,)l = dg\i,)”. Assume
that d = dY . We will show that di, | = d%, :
o fnp1>0 — PNH( ) >0 = a0, =al,
o fnt1=0=PNT(4,i) = d§v+1 = dz\l/)+1a

e fni1 =0, PY*L(i4) > 0, then J1<p<n : fuPN+1-0 > 0 (because v can be either 1 or N)
= dg\l,) divides v, d% divides N + 1 —v and both numbers divide N +1 (because of dg\l,) = dg\l,) ).
Thus d;, = d¥ = dP" = d¥;,.

O
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Definition 3.3.3. The state e; € E is called recurrent if and only if

fj =1
n=1

Markov chain is called recurrent, if all its states are recurrent.
Theorem 3.3.4 (Feller [19]). Let e; be a recurrent state.

a) If A =1 then

1 1
lim P"(i,i) = ~ 0" a0
n>1
b) For general:
d d
lim P"(i,i) = ——— = 5
n—oo Z nféz) /_L(l
n>1

where p = Z nfi),

n>1
Proof. 4 ,
a) Taking u,, = ugf') and u,, = ugf) in the Theorem 3.2.1 we have:
1 1
u, = P"(i,1) — = —.
Z nfn 13

b) From Lemma 3.3.2, d¥ = gcd{n : £ > 0}, so FO(s) = Ef,g,i)sn has non zero’s coefficients
only at powers (s%)°, (s?)!, (s%)2,.... Thus F(®(s) = Zf,g,l)sn = Efr(lgs"d and FO)(s1) = Zfr(lgs”.
Let Fl(l)(s) = FO(sa). Fl(l)(s) is a power series with positive coefficients and Fl(l)(l) = 1, so the

assumptions of Theorem 3.2.1 are fulfilled. This implies that coefficients of Ul(i)(s) = L converge

1-F{"(s)

to —. Keeping in mind that pd = Z nf{) = F(i),(l), we have:
1251

n>1
A . (4)
() _ p' (1) = 2 p@ (1) = X
We have shown that ufj()i — Z((L; = L@), because U (s) = Ul(i)(sd).
>l
n>1

O

Definition 3.3.5. Markov chain is called irreducible if for any e;,e; € E, i # j there exists finite
N; ; such that PNui(i,§) > 0. In other words: for any ej,e; € I, e; # e; there is positive probability
that at some time in the future the chain will be in state j given it is was .

Definition 3.3.6. We call Markov chain ergodic if it is both: irreducible and aperiodic.

Lemma 3.3.7. If Markov chain with transition matriz P is ergodic, then

V(er,e; € E) lim P"(k,j) = lim P"(j,j) =

P =

12



Proof. Let us denote ﬂg,i’j ) _the probability of getting from 7 to j for the first time exactly after n steps.
o0

We have Zf]gi’j) =1 and

k=1
n

P (i j) = f PR ).

k=1
Taking lim and using theorem 3.3.4 we have
. n.._oo(i’j)" n—k(: N _ 1. 1: ”_k"—i
A P (Z’])_;fk Jim PR, G) = 1- lim PR 5) = o

3.4 Geometric ergodicity for finite state space

The next theorem provides us with information about speed of convergence. The presented proof follows
ideas of Fisz [21], but is modified to stress a role of total variation distance in it.

Theorem 3.4.1 (Fisz [21]). Let P = [P(i, )] be a transition matriz of a Markov chain X = {X,,,n > 0}
with finite state space E : |E| = N.
If there exists g such that:

o rori o -~
#{].121£1NP (1,7) =0>0} =85y > 1 (3.23)

then the following equalities hold:

lim P"(i,j) ==(j) (j=1,...,N), (3.24)

where w(j) > & for those j for which (3.23) holds. Moreover Zévzl m(j) =1 and
[P (i, 5) = ()] < (1= sp,8)"/70 7" (3.25)
Proof. Denote min and mazx in j—th column after v steps:

b = min P“(i,j), Bj= max P"(i,j).

1<i<N 1<i<N
We have:
N N
b+ = in PUt(i, j) = Inin, P(i, k)P (k, j) > 1ggignNkzl P(i, k)bY > b,
ie.:
byt > by
Similarly
B;ﬂrl < B;,
therefore
by <b2<...... < B! < Bj. (3.26)

Let p;° denote the i-th row of matrix P™. Note that it is a probability distribution. Denote maximal
total variation distance between two rows in matrix P by

d'(P) = max d(pi.,pm.).

Let n > rg. Consider difference:

13



N N

n_n: nis \__ : — To n—ro _ To n—ro
B} —b; 12&;}5\[P (i,7) 1SII£I§1NP (m,j) = 121:;&2)5\[ P (i, k)P (k,7) mln ZP m, k)P (k,7)

N
:1<1;{17?L}2N (P O(i,k)—PO(m,k))P 70(kaj)
T
= Jhax < Z (P (i, k) — P™(m, k)P (k, 5)+
= kP70 (i,k) > PTo (m, k)

> (P (i, k) — P™(m, k))P"”)(k,j)>

kP70 (i,k)>P70 (m,k)

< To (5 _ T n—ro _ e _ TO (7 n—ro
< Jnax > (P™(i,k) — P™(m, k))B} > (P (m, k) — P (i, k))b]
- k:P7o (3,k) >Pro (m,k) k:P7o (3,k) <PTo (m,k)

From (2.5) we have

_ n—ro __ 0 0 n—ro
1<rzn7?":<N (d(pz P )Bj d(Pz- 7pm~)b] ) :

= (BT =) max | d(p) = (B) T~ 6T (PT)

So for n > rg we have
B} — b < (B;l_r0 — b?’_ro)d*(PTO). (3.27)

We need yet to estimate d*(P"0):

* o\ __ o .TO\ __ To (1 0 ro _ —1_
a (P )_1§€‘I}%§Nd(pi"pm')_1grzl%§1v d (P™ (i, k)—P"™(m, k))+ _121255\]{ZP zk} Sro0 = 1—85,0.

(estimation in < : replace s,, expressions —P"(m, k) with ¢ (minimum of these expressions, the rest
set to 0).
Finally:

d*(P™) < 1 — s,,0. (3.28)
From (3.27) and (3.28) we have the inequality:

Bl — b7 < (1—s.,0)(B] " —b;7").
Similarly (with n > 2r¢)
Bl =% < (1 —5,,0)(B; 7" = b;7") < (1 —5,0)(1 — STO(S)(B;FQTO — b;»k?ro)
= (1= 5p,0)(By 7270 — b 720).

Iterating it [:] times we get:

[F5lro =[5

B =t < (1= sp,0)M/ml(B; 0 —p 0, (3.29)
From the fact that P" is stochastic it follows that 0 < s,,0 < 1, i.e.

0<1-s10<1.

14



From formula (3.26) we conclude existence of limits of series {0} } and { B}, and from (3.29) we conclude
that they have a common limit. So:

lim max P"(i,7) = lim min P"(i,j) = n(j), (3.30)

n—oo 1<i<N n—oo 1<i<N
and we have proved (3.24).
From (3.26) and (3.29) we have:
PG = ()| < Bf = b < (1= sp,0)"/ 7

Using the above inequalities we can bound the total variation distance between de, P™ and m:

l\.’)lb—\

N N
1 1
d(éeiPnaTr) = 5 E : |Pn(7’a.7 - 7T E 1 - ST n/rofl = EN(l - Sro(s)n/mil'
j=1 j=1

3.5 Eigenvectors and eigenvalues

Another classical approach to ergodic theorems for Markov chains goes via spectral theory. We recall
basic facts.

Consider n x n matrix A. Recall that eigenvalues are the solutions to the characteristic equation
det(A — AI) = 0. There are n solutions: A1, As ..., A,. and some of them can be complex not real.
Assume they are labelled in such a way that |[A;| > |A2| > ... > |\l

If f1 is an eigenvector which corresponds to eigenvalue A1 then f; is linearly independent of all eigen-
vectors which correspond to eigenvalues different than A;. So if all Aq,..., A\, are different, then cor-
responding eigenvectors fi,..., f, create linearly independent set. Then there exists inverse matrix
to N = [f1,..., fn] le. N~!. For one f; we have Af; = A1 f1 - and for all fi,..., f, we can write:
AN = ND - where D - diagonal matrix with values A1,..., A\, on the diagonal. So we have:

A =NDN % (3.31)

In the other direction assume there exist: D - diagonal and invertible matrix N such that A = NDN .
Then all numbers on the diagonal of D are eigenvalues A, j-th column of N is a right eigenvector
corresponding to A; in D, and i-th row in N ™! is the i-th left eigenvector corresponding to \; (because
AN = ND)

If a matrix can be written in the form (3.31) it is said to be diagonalizable.

So, if all eigenvalues of matrix A are different, then the matrix is diagonalizable. But the condition that
all eigenvalues are distinct is not a necessary for A to be diagonalizable (all is needed is that there exists
m linearly independent eigenvectors for eigenvalues of multiplicity m).

Representation (3.31) is useful while calculating powers of A,

if A=NDN™!, then A2= NDN !NDN~! = ND?N~! and by induction:

A¥ =ND*N-!, k=0,1,... . (3.32)

In order to calculate eigenvalues it is not necessary to calculate determinants (can be computationally
hard). The following equality is useful:

AR =3 k=01, . (3.33)
i=1

Note that ¢tr(AB) = tr(BA), indeed

tr(AB) =Y (AB)(i,i) = Z Z A(i,j)B

i

15
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DD BU,)A(i.j) = D _(BA)(j,j) = tr(BA).

Thus: tr(AF) = tr(N(D*N~1)) = tr(D*N7IN) = tr(DF) = 37 A}

i=1 """

3.6 Spectral representation

We limit ourselves to diagonalizable matrices. Assume that A can be written A = NDN™!, where D
is diagonal. Denote:

HA) o (1) A1 0
N=| - .. |, D= ' : (3.34)
filn) ... fa(n) 0 An
m(l) ... m(n)
N—l _ . .
(1) ... w(n)
NN =1 so we have
0 if j#Ek,
Tifx = <Z Wj(i)fk(i)> = (3.35)
i 1 if j=k.
Let By - be a matrix received from multiplying vector f; and my, i.e.
fr(1) Sr@me(1) o fe(Q)me(n)
By = co | Ime(D), - me(n)] = : : : (3.36)
fk(n) fk(n)wk(l) N fk(n)wk(n)
From (3.35) it follows that:
0 if J#Fk,
B;By. = fimjfrmi = (3.37)
B; if j==k.
Finally:
S Aifim(1) . 305 Aifi(1)mi(n)
A=NDN '=. = : :
S Aifilm)mi(1) o 3L Aifi(n)mi(n)
In other words:
A=)\B;+...+\,B,. (3.38)
The above representation is called spectral representation.
From (3.37) we have:
AF = (MBi4 ...+ B = MB 4+ ...+ \B,,. (3.39)

Example: Let

0.8 0.2
P_{usoj}

A1 = 1 is an eigenvalue corresponding to eigenvector:
fi= ( 1 ), because P1 = 1.

From (3.33) tr(P) = 0.84 0.7 = 1.5 = Ay + A2 = 1 4+ A2 - thus Ay = 0.5. 7 = (0.6,0.4) is a left
eigenvector, because m; P = 17 corresponding to A\; = 1, so By = fym thus:

16



0.6 0.4
Bl_[o.es 0.4]

B, we will compute using (3.39) for k = 0 i.e. PY =1 = B; + Bs, and from here::

0.4 —0.4
B, = [ —-0.6 0.6 } '

So the spectral representation for P* is following:
pr_[06 047 (1 To04 —04
[ 06 04 2 —0.6 06 |
(%)k — 0, when k — oo, thus we have:

o opk_ [ 06 04
P==lnP _{0.6 0.4]

Look at the difference:
k
o ok |[06 04 1 0.4 —04] [06 04]]_
P P"Ho.ﬁ 0.4}“(2 ~0.6 0.6 06 04 ||~

0.6(1)F —0.4(3)* 0.6(2)F 0.4(1)k
it o.4<§>ka{o-6é>k i

Each element of last matrix can be bounded by (0.6)(3)* so we have exact speed of convergence:

1

k
|P*(i, j) — P>(i,7)| < (0.6) <§) , k=0,1,....

3.7 Geometric ergodicity via spectral gap

Definition 3.7.1. A square matriz P is called regular if for some integer ko all entries of P* are
strictly positive.

The proof of the following classical theorem can be found in [9]. Recall that P(i, j) stands for P(e;, e;).
Theorem 3.7.2 (Perron - Frobenius). If n X n matriz P is reqular then:

o (M| >N, i=2,...,n

e i eR, A >0

e cigenvector fi corresponding to A1 has all components strictly positive ( > 0 ) and is designated
uniquely up to multiplying constant

We will limit ourselves to the case when Markov chain X is irreducible and aperiodic.

Theorem 3.7.3 (Cinlar [9]). Let P be irreducible and aperiodic transition matriz of Markov chain X.
Then:
V(e e; € E) Jim P*(i,j) = n(j) > 0. (3.40)

Vector  is the only solution to the:

P=m Y w(j)=1 (3.41)

i
Moreover, speed of convergence in (3.40) is geometric.: There exists constant o > 0 such that:

P*(i, ) —7(j)] < alhof®, k=1,2,... (3.42)
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Proof. We will only proof the case when P is diagonalizable. The largest eigenvalue of P is A\; = 1,
its right eigenvector is f; = [1,...,1]7, and its left eigenvector is the one fulfilling (3.41). We have in
spectral representation (3.38):

At =1, By = fim =m, thus Bi(4,5) = m(j). (3.43)

So we have:
P*=B,+MBy+...+ B, k=0,1,... (3.44)
Matrix P is aperiodic - thus from Perron-Frobienius Theorem ( (3.7.2)) eigenvalues |Az, ..., |\,| are all

strictly less than 1, what finishes the proof of (3.40), because we have:
lim P* = B;.
k

Look at the difference:

P¥(i, 5) = 7(j)] = [A5Ba(i, j) + ... + AiBn (i, 4)] <

A2 l*[Ba(i, )] + ..+ Al Ba (i, )]

We had eigenvalues labelled: |A1| > [A2] > ... > |A,], thus we have

P*(i,5) = ()| < al*(IBa(i, )] + - - + Bu(i, 1))
Finally taking o = sup; ;{|B2(i, j)| + ... + [Bn(4,5)|} we have

P¥(,5) — m(j)] < afAalF.

As the conclusion from previous Theorem we have:

Lemma 3.7.4. Let P be a strictly substochastic (i.e. there is at least one row which sums up to number
< 1), irreducible and symmetric. Then

P(i, 5) < ",
where « is as in (3.42).

Proof. Goes exactly like proof of Theorem 3.7.3 but involves fact that all eigenvalues (including A;) are
strictly less than 1. O

Remark: —L =1 — P is called discrete Laplacian of P. If P has eigenvalues A1, ..., Ay (assume they
are ordered as earlier: in absolute values), then —L has eigenvalues s1 = (1—X1),82 = (1—X2),..., sy =
(1 — Ay). We call s2 the spectral gap. When it is positive, we say that spectral gap exists, what is
equivalent to |A2| < 1 and implies, as seen in this section, geometric rate of convergence.

3.8 Bounding second largest eigenvalue: Cheeger’s and Poincare’ constants
for reversible Markov chains

In this section we consider finite state space |E| = N < co. We start with

Definition 3.8.1. We say that Markov chain with transition matric P and stationary distribution m is
reversible if Ve;,e; € E we have n(i)P(i,j) = w(5)P(4,1).

In this section we consider only reversible Markov chains (comprehensive source on such chains is Aldous
and Fill [4]).

Denote the eigenvalues of P by A’s ordered: 1 = |\1| > |A2| > ... > [An| > —1.

As we have seen in Theorem 3.7.3, having A2 we have a bound of convergence rate in L' i.e. |P"(i,j) —
m(7)] < ajre|*,n = 1,2,.... In that Theorem « is hard to calculate. The exact bound on the total
variation distance is given in the following corollary from Theorem 3.9.2 which will be given later.
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Corrolary 3.8.2. Let P be a transition matriz of a reversible Markov chain with finite state space.
Then
d(6cP", ) <

| 2|n.

_2\/_

Unfortunately, in most cases calculating A, is rather difficult. But it is enough to have upper bounds on
this eigenvalue.

Often, eigenvalues of Laplacian I — P are considered. We have the following minimax characterization
of the second largest eigenvalue which is defined for enumerable state space (see e.g. Horn & Johnson
[25]):

£(,9)
Var(¢)

B2 =1 —|X2| = inf{ D s non—constant} , (3.45)
where for A(i, j) = w(i)P(i, j) and ¢(e;) = ¢(j)

E@.0) = 3 > (80) —o()’7()PG,5) =35 D> (6()— ¢(6)*Al, ),

e;,e;ck e;,e; €l
Var(¢,0) = 5 Y (6(5) — 0(0))’w(i)7()-
e;,e; €k
In case of finite state space Ao coincides with 1 — 02 and we have 3; :=1—\; fori=1,..., N.

Define Cheeger’s constant by

Y. > w@PG,))

i A(A X AC) . e, €A e;€AC
min —_— = min
Amm(a)<iy2 - w(A) S:m(A)<1/2 m(A)

Often (as it will be done in section 6.2 (Markov Jump Process)) there is used another version of Cheeger’s

constant:
Z Z w(2)P(2
i . A(A X AC) X e, €A e;€AC
= min _— = min
Am(A)e(0,1) T(A)T(A)  Ax(9)€(0,1) w(A)m(A)
‘We have then: W
5 <k<kK. (3.46)

Next theorem gives bounds (lower and upper) on |\z| using Cheeger’s constant k. Since this result is
useful to show the existence of spectral gap in a class of Markov processes we give it with a proof.

Theorem 3.8.3 (Diaconis & Stroock [16]). Let Ag : [A2| = 1 — |82 be the second largest eigenvalue of a
reversible, ergodic Markov chain X. Then

1
1—2k§|/\2|§1—§k2.

The above inequality is often called Cheeger’s inequality.

Proof.

First, we will show: 1 — 2k < |Ag].

To prove it take for a function ¢ in (3.45), ¢4 (i) = ¢a(e;) := Ia(e;) (indicator function) with a fixed A
such that w(A) < 1/2. Then we have

E(pa, ¢a) = Z > (Ball) — ¢a(i)*Ali, )

eEEeJEE
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= %( SO A-1PAG)+ D> D W=0PA6 )+ Y. > (0—1)2A%, )+

e;€Ae;€E e;€EA e_jGAC e, €AC e;€EA
> (0-02A6.9))
e,ieAC ejEAC
(and because A(i,5) = A(4,1))
=3 Y Aij) = A(A x A9).

e;€Ae; €AC

And similarly

Var(¢a)= Y > w(i)n(j) = m(A)m(A7),

e,€A e;€AC
and using m(A)m(A°) > 17(A) we obtain
E(pa, A(A x A€ A(A x A€
1_|A2|:|62|S (¢A ¢A): ( C)SQ ( )
Var(¢a) — m(A)m(AY) m(A)
Thus A(A x A©)
X
A|>1-2———~
=1
Above is true for any A so especially:
[A2] > 1 —2k.
Now we prove the second part:
1
Ao| <1-— 51&.

Recall we have Ly (i) = >, L(i, j)¢(j), -L =1-P.
Define inner product

(6, 9)r = ) dle)d(e)n(e).

eckE
We have:
Lyp(i) =Y L, 5)0(G) = > (T =P)p() = > 10, 5)e() — Y P, 5)v())
= P(i) = > P, ) ()
and
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(¢, L) x = Z ZL i, )

€;

= 2wl ZP )Y
= f}(z‘ww) =Y AP 00)
= SRl - Z AG, )66 ()
(50, Plij)=1) = Z ZP ) Y AG9)860)
= Z (i) ) — Zexj(i,j>¢(i>w(j>
S (¢<i>w<i> - ¢<¢>¢<j>fXZ,j>
(revers.) .S (#(0)0@) = 66)() — 6V (0) + B(7)V() ) Al )
= 3 :ijjw(j) = 6(0)(W(5) = Y(D))AG, ) = E(, V).

Fix ¢ € L?(7), denote by 1 a positive part of ¢, set S(v)) = {e; € E : (i) > 0}.
FIRST OBSERVATION: For any ¢ € L?(w) such that S() # 0 and 8 € [0, 00) we have

Bll+llz = E@Wr,vy) i Lip < By on S(¥).
For (i) > L1 (i) for any e; € S(¢) we have

Bllr|2 = Bos,dhy)r =B i (i)’m(i) =B > (@) m(i)+ 8 > 0*n(i)

e, cE e, €S e, €SC

= > Br(@w()) > > w@) L)) = Y (i) L)+ > w(i) L) -0

e, €S e, €S e, €S e)ieSc
= > @) Lp(i)s (i) = Y w(i) Lp()9h (i) = (¥4, Lh)x
e, €F e, €S

and using (3.47) we get
Bl |Pm > (s, Lp)r = E(s, ).
Note that

EWr ) =2 Z(¢+( ) — ¥4 () (W) — (@) A 5)

ei,ej

> 3 3 @)~ U (0)*A) = EWr ),

where we used
(14 (1) = o @D (G) = $(0) = (¥4 (5) — ¥4 ().
Thus we proved fS||¢4]2 > E(Y4, ¥4 ) ie. (3.48).
SECOND OBSERVATION: For any ¢ € L?(r) with S() # 0 we have
k)2 19+ 17 A(S x 89)
2 ’ 7(S)

EWy,by) > where k(¢) = inf{

We will use Cauchy-Schwartz inequality:

2
<Z f(el,eg)g(el,e2)> < Z f*(er,e2)- Z g*(e1,e2).

€e1,€e2 e1,€e2 €1,€e2
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Taking: f(e;,e;) = DIVAGE, F) and g(3, 5) DIVA(i, j) we obtain

2 2
(Z £, 5)g ) (Z 02 (i) — () AG, J))

<22 S ) — v)PAG) - 3 (W0 + () Al )
= 26(,¢) Y (i) +¥(5)* Al ).
Thus : 12
> () |Au<f\/—w(z RNG >)
5 » J
< V2VEW,¥) ( D WA + 3 ())AG, j)) = V2V/E%,¢) <2~2~ > W i)n(i)P
Ly 1/2 EaeV)
=22VEW, ) | Y im@) Y Plij) | =22VEW ) [[¢]]n.
€; €j ~-
At the same time left hand side can be rewritten as
>R (i) DIAG ) =2 Y @) —¥*(0)Al, 5)
e BIEAE

¥(J) S
(/d)(i) tdt) A(i,7) :/0 t ( e; A(z,])) dt.

B> B(i)<t<P ()
And using
Z A(i,7) = A(S x SC) with S = {i:w() >t} CS®),
b Lt v
we have

> o Y O e °°7T A(S x SY)
/Ot( Z A(z,j))dt/o tA(SxS)dt—/O t(S)iﬂ(S)

B <tLP()
[e%e) k 2
> k) [ ot o) > opar = 0,
0
Combining (3.48) and (3.49) we obtain:
k 2 2
B2 2 o) > "IV 1 < gy on ()
Thus
k(;ﬂ)Q <3

1/2
@,j))

(3.50)

for any 3 € [0,00) and any 1 € L?(m) on S() # 0. To get lower bound take 3 = 32| = 1 — |Xa| and 1
as normalized eigenfunction for B5. Because 1 must have m-mean-value 0, we can always arrange that
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0 < m(S(¥)) < % and therefore k(1)) > k. Hence, the desired lower bound follows directly from (3.50)
with this choice of 3 and .
O

Define a graph G = (V, E) with vertex set E and edges V = {{e;, e;} : A(,7j) > 0}. For given vertices
e, and e; we deterministically choose path (without loops and repeated edges) and refer to it as the
canonical path I'(e;, e;) from e; to e;. Define length of the path

Cleie;) == Y 1,

eel(e;,e;)

where the sum is over oriented edges € in the path. Define A(é) = A(¢,j) = n())P(4, j) if € = (ey, €;).
Define Poincare’s constant

1 . .
K = max w Z |F(eiyej)|7r(l)7r(])

e
(ei,e)):€€T(e;,e;)

if P is irreducible and K := oo otherwise. So for fixed edge é we have to sum up over all possible paths
from e; to ey containing é and calculate the above constant.

Next theorem gives an upper bound for (3; using K.

Theorem 3.8.4 (Diaconis & Stroock [16]). The second largest eigenvalue B2 of a finite state, reversible
Markov chain P with respect to everywhere positive stationary distribution m satisfies
1
2] <1 - e

The above inequality is called Poincare’s inequality.

Proof. For an edge é = (e;,e;) denote ¢ = e;, €~ = e; and A(é) = 7(i)P(¢,7). Define ¢(€) =
¢(e") — ¢(e7).

Var(¢>=% > (¢(z‘>—¢(j>>2w(i>w<j)=§ > > 6@ | mimG) =
e, e;CE e;,e;EE \écl'(e;,e;5)

1
5 f\/ (@o(e) | w(i)m(j)
2 €;,e (eEl"(e, e;)

Y| Y @)l X @00 <
e€T (e

e;,e;€EE I'(ei.e;) écT'(e;,e5)

l\D|’—‘

e\ g X Wlene)lr@n(i) ¢ 5 3A@FE =K 53T A@FE)

e;,e;j:e€l(e;,e;) ¢
=K-3 Y (06) — o)(i)P(,5) = K -£(9,0)
e;,e;ck
Le. 1 _E6.9)
K = Var(¢)

for any ¢ so especially for ¢ which realizes infimum in (3.45), thus
1

1
— A Ao <1 — —.
P — A2 = A < %
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Next lemma gives us information how many steps should be done in order to make d(6.P*, ) less or
equal to e.

Lemma 3.8.5. For a finite state, reversible, aperiodic and irreducible, Markov chain on finite state
space E with transition matriz P with finite state space we have

d(deOP""‘(e),ﬂ) <e, for ni(e) = 2 log <%>
€

and

d(86, P"5 &) 71) < ¢, for ng(e) = Klog (

1
2eﬁ/w(e0)> ’
where h is the Cheeger’s constant and K is the Poincare’s constant.

Proof. :

In (*) we will use fact that 1 —z < e™® for x € R\ {0}.
Using Corrolary 3.8.2 and Theorem 3.8.3 we have

1 1 1 1 1 i (€) 1 1 1 2 log( ——A—
d((seopnk(e)yﬂ) <= |)\2|nk(€) <= (1 _ —k2) _1 (1 B —k2> % (2 TS 0)>
2 \/m(eo) 2 \/7(eo) 2 2\ /r(eo) 2

* 2 1o 1 e
(S) l - [ei%]ﬂ - g(%m) = 171 e 1 g(ZE\/jr(TT))> = 171 2e/m(eg) = €.
2 77(90) 2 77(90) 2 W(eo)

Using Corrolary 3.8.2 and Theorem 3.8.4 we have

1 1 1 1 1 nk(e) 1 1 1 K log . 71r .
d(deOPnK(E)”n’) < = |)\2|nK(€) <= <1 . _> _ = (1 B _) (2 m)
2 /n(eo) 2 \/m(eo) K 2 /7 (eo) K
* Klog( — A — .
(S) N [ei%} g(%m) _L 1 g(k\/’l'To)> _L o m(eg) = €.

Remark: A number n(e) for which d(de, P™®),7) < ¢ is called mixing time and usually denoted by
Teo (€)-

3.8.1 Poincare bound for symmetric random walk on d-dimensional cube

In order to illustrate Poincare’s technique we present this example.
Take the state space E = {0,1}%. Let 2 € E. Transition probabilities of symmetric random walk on
cube are defined as follows:

5. P(x+s;) = g7 forz; =0,
0. P(x —s;) = d%‘_l for z; =1, (3.51)
5P(r) = i,
where s; = (0,...,0,1,0,...,0) with 1 at position i. It means that when random walk is in the state

x = (x1,...,24),x; € {0,1} then it changes i-th coordinate from z; to 1 — x; with probability 1/(d+ 1)
or with the same probability it stays at the same position. The stationary distribution is uniform :
m(x) = 2%

We will compute Poincare’s constant for deterministic canonical paths.
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Let x = (z1,...,24),y = (y1,-..,Yn) € E and define canonical path I'(z, y) in such a way: change consec-
utively coordinates in z to get y from left to right. For example for d =8 and x = (1,1,0,1,1,1,0,1),y =
(1,0,0,0,0,0,0,0) the canonical path is:

z = (1,1,0,1,1,1,0,1)
— (1,0,0,0,0,0,0,1)

) — (1,0,0,0,1,1,0,1) — (1,0,0,0,0,1,0,1)

—
—

We want to calculate

Fix ¢ = (a,b), where a = (a1,...,a4) and b = (u1,...,ui—1,1 — ws, Uiy1,...uq). We have: A(€) =
m(a)P(a,b) = 57 - 41, 7(x) = 7(y) = 57.
Thus
1 ., 11
K = max @E Y T@ylr@)ny)| p=2%d+1)- 24 94 > IN@)l
) (w,y):E€T (z,y) (w,y):E€T (z,y)

We have to calculate how many states « and y there are such that é € I'(z,y). Look at previous example
once more (say a = (1,0,0,0,1,1,0,1),5 = (1,0,0,0,0,1,0,1), thus i = 5)

¢ = (1,1,0,1,[1], 1,0,1 ) — (1,0,0,1,[1],1,0,1) —  (1,0,0,0,[1],1,0,1) — (1,0,0,0,[0],1,0,1)

Tit1,--3Td a b
- (1,0,0,0,[0],0,0,1)  — (1,0,0,0,[0],0,0,0) =y
Yiy--5Yi—1

Thus we see that = and y must fulfill the following conditions:

LTitlye-+sTd = UWUitly.--,Ud,
xX; = Uy,
Yi = 1 — Uyq,
Yiyor oy Yim1 = Uly..., Uj—1.
So only x1,...,z;—1 and y;+1,...,yq are not determined. Thus the number of possible  and y such

that é = (u,v) € I'(x,y) is 271 - 2977 = 241 The length |T'(x, y)| is at most d, so we have:
d+1 dd+1 d(d+1
@) i) e dde

11
K:=2Yd+1)- o555 Y [Py < 5d 5

od
(z,y):e€T (z,y) (z,y):e€T (z,y)

Let us calculate ng (e) from Lemma 3.8.5 for some fixed state g € E:

1 d(d+1) 1 d(d+1) < 1)

£) =K1 < 1 = log (22— | =

i (€) o8 <26\/7T(£E0)> - o8 % /% 2 & 2¢e
dd+1) [d 1 > d? 1
T<§“‘)g(z—g>)~z+51‘)g %)

This tells us that mixing takes about d®/4 steps (i.e. after so many steps we have d(§,,P"*,7) <¢). It
is of order ~ d3.

SN

Later we will see better bounds (via coupling or strong uniform times) and correct answer: mixing takes
in this example about dlogd steps.

For another example where both, Poincare’s and Cheeger’s constants are calculated see subsection 3.9.2,

where problem of non-reversible Markov chain is reduced to calculating these constants for modified
reversible chain.
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3.9 Bounding second largest eigenvalue: non-reversible Markov chains
3.9.1 Symmetrization

The results of subsection 3.8 had not been applicable to non-reversible Markov chains till 1991 when J.
Fill developed bounds for these chains in [20]. Some of results are interesting in their own.

For any transition matrix R define:
Ro(e;) := Y _ Rlei,e;)d(e;).
e;cll
Given functions ¢ and v define the Dirichlet form
1
Er(0:9) = 3 D (B(er) — dley))(w(er) — vle)))m(e)R(es €))
e,;,ejEE

based on a given reversible R with stationary distribution 7.
For P define P to be time-reversal of P, i.e.:

Plei,e)) = %

)

and define multiplicative reversiblization M (P) :
M(P) := PP.
It has the same stationary distribution as P and is time-reversible, i.e. w(e;)M (P)(e;, e;) = w(e;) M (P)(e;, €;).

Theorem 3.9.1 (Mihail’s identity). Let P be an ergodic transition matriz on a finite state space E with
stationary distribution w. Then for any function ¢ we have

Var(¢) = Var(P) + Erie (6, 6). (3.52)

Proof. Without loss of generality we can assume that ¢ has 0 mean under , i.e. (¢,1), = 0. Note that
for reversible R we have:

(6. (1= R)o)x = 3 éle)I — R)ole)n(e) = 3 oe)n(e) — 3 mler)Pler, e;)blen)dle;) =
5 3 (9ler) — (es)*(en)Ples, ;) = En(6,9),

€i,€;

thus
Eni@y (6,0) = (¢, (T — M(P))¢)x = Var(¢) — (¢, PPg) = Var(p) — (Pp, Po)r = Var(¢) — Var(Pg),

where we have used fact that P is the adjoint of P on L2(m).
O

Define chi-square distance from stationarity for a non-reversible Markov chain:

oy P(e) —nle)

Xn ° ﬂ(e)
Theorem 3.9.2 (Fill [20]). Let P be an ergodic transition matriz on a finite state space E with stationary
distribution m. Let Ao(M) denotes the second largest eigenvalue of M(P). Then

1 1
d(uP", ) < Sxn < 52 (M) 0.

e

In particular, for u = de we have

d(6cP™, 1) < = Ao(M)["/? Ao (M)["/2.

|
3

—~
¢}

SN—



Proof. Take function p,(e) = ”1;;() ). Its mean value is Do “W(e() )7r(e) = 1. Calculate its variance:

Var(pn) = Z <'uf::e()e) — 1) w(e) = Z <%) e) = Z (MPH(';)(;)W(E)) _ Xfr

e e

Calculate also
/.LP" €o,
Ppn E P (e,€9)———— E —e) = pnt1(e).

Thus from Mihail’s identity (3.52) we have

X?l = X?lJrl + SM(P)(pna pn)'

By the minimax characterization (3.45) for 81 (M) we have that

Eni(e) (Pns pn) = (1= P2(M))Var(pn) = (1 = 2(M)])x5-
Thus
Xo = Xog1 T Em@)(Pns pn) = X0 + (1= X2 (M)]) X5
From above we obtain
X?v,—i—l < |)\2(M)|X727,-
Iterating it:
X < Pa(M)["xG.

Now from Cauchy-Schwarz inequality:

2
d(pP", ) = % (Z uP"(e) — w(e)|> - % <Z /(o) - w> -

n(e) —m(e)|? 12 1/2
(o) () o s o

e

For p := de, we have

[0e, PO (e) — m(e)[> _ |1—7re0 O—m@P _ 1 oy ey b
O_Z 8 e; @) = leo) 24+7(ep)+1—7(ep) 1

Remark: When P is time-reversible then P = P and |A\2(M)| = |\2|? and we have d(uP™, 7) <
e
217217 Xo0-

We have the extension of Lemma 3.8.5 for non-reversible Markov chains:

Lemma 3.9.3. For a non-reversible, aperiodic and irreducible, Markov chain on finite state space E
with transition matriz P of size n X n we have

d(deOPnL(E)yw) <e, for nj(e) = = log <2
5

1
\/7T(90)>

and

/ 1
d(66,P"x ) 1) <, for ny(g) = 2K log <7> :

28\/ W(EO)

where k is a Cheeger’s constant and K is Poincare’s constant of M(P).
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Proof. In (x) we will use fact that 1 — 2 < e™® for z € R\ {0}.
Using Theorems 3.8.3 and 3.9.2 we have

’ , ny,(e)/2 5 log T
d(5 OPnk(E) 7'(') < 1 ! |)\2(M)|”k(5)/2 < l 1 (1 _ lk2> _ l 1 (1 . lkg) k (2 V' (eo)
2 \/m(eo) 2 \/(eo) 2 2"/ (e0) 2
* 2 1o 1 1o
(S) 5= {6_%162} = g<25V“<eo>> — 1 1 e : g<2€\/’1f<T0>> = l ! 2e/m(eg) = ¢
2 W(eo) 2 W(eo) 2 7r(e0

n'x(€)/2 K log
/ 1 1 / 1 1 1 K 1 1 1 e/ (e
d(0e, P ) < = o (M5 (/2 < = ( _ _> _1 (1 3 _> (2 g 0))
2 \/7(eo) 2 \/m(eo) K 2 \/m(eo) K
21 1 pgpelam) 1L ) 1L
T2 W(eo) 2 W(eo) 2 77(60)

3.9.2 Example: Clockwise random walk on 7Z,

To illustrate above techniques for non-reversible Markov chain X = {X,,,n > 0} we give an example,
originally described by Fill [20]. We will give full details here, calculating both, Poincare’s and Cheeger’s
constants.

For p € (0,1) we have matrix p; ; = 1—p and p; j+1 = p, where j+ 1 is modulo n. Thus we have random
walk on circle {0,1,...,n — 1} with uniform stationary distribution, i.e. w(j) = %,j =1,...,n, which is
non-reversible.

1—p p 0 0 0 0 0 1—p 0 0 0 0 0 p
0 1-p p 00 0 0 P 1-p 0 00 0 0
P= 0 1-p p O 0 0 . P= 0 P 1-p 0 0 0 o0 ,
P 0 00 ... 0 1—p 0 0 00 ... p 1l—p
2 .2
p°+q pq 0 0o 0 ... O pq
pg  p*+¢®  pg 0 0 ... 0 0
M(P) = 0 pg  p*+¢ pg 0 ... O 0
pq 0 0 0 ... pg p*+¢°
CHEEGER
Calculating Cheeger’s constant for M (P) we obtain:
L DD t@MPay) A5 By M)
 Si(8)<1/2 7(S) C Si(S)<1/2 %
B . aes2yesc P4 2pq  4pg
= min —//2—/2 === -
S:m(S)<1/2 |S] 5 n
because min is achieved for for S = {a,a +1,...,a+ % }.
POINCARE
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Let us calculate Poincare constant for our M (P). Because of symmetry, for each é value of A(€) is the
same. We can choose & = (0,1) and A(é) = m(€)M (P)(0,1) = Lpq, and of course 7(z) = 7(y) = 1 for
any x,y. Thus

1 1 11
K := max E T (z, y)|7(z)m(y) =g—== E T (z, y)|
¢ Afe) 2pgnn
(@,y)ie€T(z,y) n (@,y)ieel(z,y)

We will choose paths deterministically, taking the shortest one from z to y. We have to calculate how
many possible path with e on it there is, and calculate their lengths. Let [a,b] denote path {a,a+1,a+
2,...,b}. For definiteness let n be odd (otherwise for x = 0 and y = n/2 we would not have the shortest
path).

Of course there is one path of length 1 containing €, simply [0,1]. There are two paths of length 2
containing € : [0,2] and [n — 1,1]. Generally: there are ¢ paths of length 4, namely: [n —i+1,1],[n —

i+2,2],...,[0,4] and the longest is of length 25+. Thus, using ", = w we have

n—1

D241 1) ()

: n=1) (n=1
Ll gy LIy LICR) RNy (
pam (z,y):6€T (z,y) pgn — pgn = oan

1
a 24pq

(n? —1).

Comparing cheeger and poincare
To compare it take n to be odd. Then Cheeger s constant is slightly different then calculated earlier,
namely k = 4pq (because now |S| = “51). And we can compare (using Theorems 3.8.3 and 3.8.4))

Poincare [\(M(P))| <1-4+ =1- 224

Cheeger |[M(M(P))| <1-1ik? =1- (8753(11))22.
Which is better? It depends on p and n. Cheeger’s is better when

8 2
(n(]jqi)z <1l- n2 —

24pq
— <
1 P = 3

1
(n+1)

To see if there is significant difference in order of steps calculate nj (¢) and n/y (¢):

1 0n () () - 2 (2),

=2 () = o (4) < - (0 1 (1))

We see that in both cases number of steps of order ~ n?log(y/n) is enough to make total variation
distance small. But in this case we have:

1—

, , 3 1
Nk S N < — Z 1-— 5>
pq n
and = 12 for p € [0, 1],thus estimation by Poincare’s constant is better, regardless of value of n and
p.
Remark: Note that in both cases minimum (as one could expected) is achieved for p = %, then

nj.(e) = 4n? (log (v/n) + log (%)) and (much better) n’(g) = 2 _1 (log (v/n) + log (2_15))

Some examples where exact rates of convergence for non-reversible Markov chains are calculted can be
found in Wilmer [48].
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3.10 Geometric ergodicity via coupling for enumerable state space

Theorem 3.10.1 (Liggett [32]). Let P = [P(i,5)] be a transition matriz of Markov chain X = {X,,,n >
0} with enumerable state space E, which initial distribution is p. If matriz P is reqular (see Def. 3.7.1)
then limait

Pu(Xy =ej) = > pule:)P¥(i,j) — 7 (j) (3.53)
e, cFE

exists for any e; € E. The limit is independent from the initial distribution ;v and the following equality
18 fulfilled:

> 7P 5) = 7). (3.54)

e, €E
Moreover
d(uP", ) < (1 — )"/ L, (3.55)
where ko is from Def. 8.7.1 and § = min P (i, j) > 0.
€;,e;

Proof. The idea of coupling is to take independent chain Y = {Y,,,n > 0} with the same transition
matrix as X (i.e. P) but with the initial distribution 7 (stationary for P) and observe process X till
first time they meet, later on taking Y process.

Let Y = {Y,,n > 0} be a Markov chain independent from X with transition matrix P and initial
distribution 7 (this is so called stationary version of {X,,,n > 0} process).

Define:

Zn:{X” if n<T, (3.56)

Y, if n>T,

where
T = mkin{k Xk = Y5}

is so called coupling time. We state that:
i) {Xn,n >0} and {Z,,n > 0} have the same distribution,
ii) The following inequality holds:
VY(n>0,B CE) |P.(Zy € B) — Pr(Y,, € B)| < P,(T > n),
i) P, (T < o0) = 1.
Proving 1), ii), iii) finishes the proof of (3.53) because

iii)

i) ii)
|Pu(Xn = €j) —m(ej)| = [Pu(Zn = €j) — Pr(Y, = €j)| < Pu(T" > n) — 0.

Proof: i)
For &k > n we have

P(Z():{Eo,...,Znan,T:k):P(Xo:xo,...,anxn,T:k),
and for k <n (using the independence of X, and Y,, and Markov’s property)
P(Zy=x0,.. s Zn=an,T=k)=PXo=w0,.-.,Xp =2k, Y = Xp,..., Y =2, T = k)

= P(XO = xO) R 7Xk - xkﬁT = k)pl'k7fl,'k+1 te 'pmn_l,mn
= P(Xo :{E(),...,Xn :{En,T: k)

Proof: ii)
|P.(Z, € B) — Pr(Y,, € B)| =
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=|Py,(Z,€ B,T<n)+P,(Z, € B,T>n)—P(Y,, € BT <n)—P:(Y, € BT >n)| =

Y \P.(Z, € BT >n)— Pa(Yo € B,T >n)| < Pu(T > n).

In (*) first and third expressions where equal in absolute values, whereas in (x*) we were subtracting
two non-negative numbers, both less than P, (T > n).

Proof: iii)

Pu(T < ko) > Y pPro(k)ynPro(k) = Y (Z u(eﬁP’“(i,k)) mer) > Y <Z ,u(ei)5> m(ex) =611 = 6.

keE ex,€FE \e,€F ex,€FE \e,€FE

So we have
P(T>ky)<(1-96) and P,(T>m-ko)<(1—-0)™

For any n we have
n n ['n]
PM(T>n):PM(T>k—-k0)§PM(T> o ko) < (1 —6)' ko,
0 0

And because our assumption was é > 0 so we have

lim P,(T>n)=0, ie P,(T <o0)=L1

n—oo

Assertion (3.55) we obtain from i), ii) and iii)
d(uP",7) = sup |P(X, € B) = 7(B)| < P,(T > n) < (1 - )%,
BCE

O

Remark: For coupling defined in (3.56) statements i) and ii) do always hold. The problem is thus to
determine whether P,(T < co) = 1 or not. In the above theorem assumption min P* (i, j) = § > 0

€e;,e; €
assured it.

One of the inequalities obtained while proving last theorem is quite important, so we state it separately.

Lemma 3.10.2. For coupling defined in (3.56) so called coupling inequality holds:
d(pP"™,m) < P,(T > n).

Proof. See proof of Theorem 3.10.1. O

3.10.1 Symmetric random walk on d-dimensional cube

We revisit the cube example in order to compare Poincare and coupling technique.

Consider again random walk with state space F = {0, 1}¢ and transition probabilities given in (3.51).
The random walk is in state = (z1,...,2q),z; € {0, 1} then it changes i-th coordinate from z; to 1 —x;
with probability 1/(d + 1) or with the same probability it stays at the same position. The stationary
distribution is uniform : 7(z) = 2.

Define coupling like in (3.56) taking independent processes: {X,,,n > 0}, with initial distribution u, and
{Y,,n > 0} with initial distribution 7 being stationary for this chain. Now let these chains evolve in
the following way: we choose random variables {U,,} which are independent and uniformly distributed
on {1,2,...,d,d+1,...2d} and set:

1 if U,=2k-1,

0 if U, =2k
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It means, that if U,, = 2k — 1 then we set kth coordinate of both X,, and Y,, to 1; if U,, = 2k then we set
kth coordinate of both processes to 0 leaving other coordinates unchanged. Of course these processes
are independent and both governed by the (3.51). Now let T}, = min{n : X,, = ¥,,}. An upper bound
for this coupling time is the time until all coordinates will be chosen at least once. It is equivalent to the
following scheme. We have 2d urns; what is the probability that after n steps there exists at least one
urn not chosen so far? It is exactly well known Coupons Collector Problem. Define V' to be the number
of drawings till the time when each ball is drawn at least once. For each ball ¢ define

1 ball i was not drawn in the first m experiments,
A; = (3.57)
0 otherwise.

Set n = dlogd + cd.

IN

d
P(V >n)=P(|J4)

=1

d 1 m
> PA)=d <1 - E) <de”F =eC.
i=1
Thus, using Lemma 3.10.2 (coupling inequality) we have

d(pP™,m) < P(T, >n) < P(V >n)<e™ “ forn=dlogd+cd.

Remark: In subsection 3.8.1 we have shown (calculating Poincare’s constant). that after d® steps
process is well mixed, whereas via coupling we obtained much better result, that it takes about dlogd
steps. However, in practice, finding good coupling is harder then calculating Poincare’s (or Cheeger’s)
constant.

3.11 Maintaining Communication Between an Explorer and a Base Station

Eigenvalue aproach presented in subsecion 3.5 was used in [17] to show the speed of convergence of some
Markov chain in the field of robotic intelligence. We present here the main part of the paper.

We consider a (robotic) explorer starting an exploration of an unknown terrain from its base station. As
the explorer has only limited communication radius, it is necessary to maintain a line of robotic relay
stations following the explorer, so that consecutive stations are within the communication radius of each
other.

We construct a graph modeling the base station, the explorer and the relay stations with vertices. The

vertices are always logically organized in a path (vy,vs,...,v,—1,v,), where vy corresponds to the base
station, v, to the explorer and wvs,...,v,—1 to the relay stations. To represent the path we introduce
undirected edges (v;,vi41) for every i € {1,...,n — 1}. The communication is routed along this path

from vy to v, or in the other direction. The graph is embedded on a plane, thus we will use the notion
of a position p(v) of a vertex v. Distances between vertices are given by the Ly norm and described by
(i, vig1)-

The goal of a strategy minimizing the distance between the relay stations is to arrange the relay stations
on the line between v; and v,, in equal distances from each other, or, in other words, to bring the relay
stations as near to this optimal positions as possible.

We require every edge on the path vy, ..., v, to have at most length d, so that the maximum transmission
distance of d is not exceeded and communication links between partners on the communication path can
be hold up. We assume that the terrain is without obstacles.

The following GO-To0-THE-MIDDLE strategy is executed repeatedly by every relay station. Relay station
i observes the positions p(v;—1) and p(v;4+1) of its communication partners and moves itself into the middle
of the interval from v;_1 to v;41.

For simplification of the analysis we will assume that the strategy is invoked in discrete time steps. Each
time step is subdivided into two shorter substeps. In the first one, all relay stations check the positions
of their neighbors. In the second substep all relay stations move to the middle of the observed positions
of its neighbors as described above.

32



v; Vit1

Figure 2: Node v; executes GO-TO-THE-MIDDLE strategy by moving into the middle of the interval
between v;_1 and v;11.

Since the explorer moves, it may be necessary to extend the path of relay stations. We perform this
at the end of the path, between the last relay station and the explorer. This happens every time the
distance between v,_; and v,, increases to more than d. We rename the vector v appropriately, so that
Un+1 describes the explorer and v,, the new relay station. The new relay station is inserted in the middle
of the interval connecting the last relay station and the explorer.

Assume that the explorer can carry a sufficiently large pool of relay stations. Then this strategy is easily
executed, since new relay stations are available at the explorer’s position.

It is easy to proove that with this strategy the path in each step is valid, i.e. the maximum transmission
distance d is not exceeded.

We analyze the convergence rate of the GO-ToO-THE-MIDDLE with additional assumption: the explorer
does not move. There are n stations, the positions of v; and v, are fixed. For a node v; we define
dk(vi) to be the distance of node v; to the straight line crossing nodes v; and v, before k—th step of the
execution of GO-TO-THE-MIDDLE

Distance of a point to a line is defined in the usual geometrical way, as depicted in Fig. 3.

V10

base station worker robot

Figure 3: Relay stations and the area of diameter £ around the straight line

We assume that at the beginning all nodes (relay stations) are on one side of the line connecting the
explorer and the base station. If not, the nodes can be divided into distinct segments, and the analysis
can be applied in each segment separately. The case, when all nodes are on one side yields the worst
case.

We will need one more

Lemma 3.11.1. Let L be n x n matriz defined as follows: L(i,j) = 1 for all i,j such that |i — j| = 1.
For all other i,j we have L(i,75) = 0 (it is shown later in (3.62))
The eigenvalues of the matrixz L are

Jm ,
Aj = — =1,...n.
j COS(n—i—l)’ J N )

The corresponding eigenvectors are

(i) = sin (

=1,... =1,... .
n+1)) 1 K )n7 .] ) )n
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Proof:

We will show that the specified eigenvalues and eigenvectors actually correspond to the matrix L. Thus
for each pair of eigenvalue \; and eigenvector z; it must hold

Lz = Xz} . (3.58)

Let us fix some j and prove Eq. (3.58) for this pair A;, z;. Recall that we claim that
A;j = cos J7T ,
n+1
. gm . 25 . 37 . njm
sin | —— | ,sin (| —— ] ,sin ,e .., 8N .
n+1 n+1 n+1 n+1
From Eq. (3.58) the following system of equalities must hold
L. 29 _ o JT . gm
Ebm(n_’_l) = COb(n—l—l)bm(n—i—l)’ (3.59)
L. ((i—1)jm L. (+1)jm) NV igm
251n( i )—|—251n( i = cos| g )sin{ =) (3.60)
1. [(n=1)jm jm ) njm
— —_— = . ].
2sm< —— ) COS(n—i—l sin| =) (3.61)
where Eq. (3.60) must hold for all i =2,...,n — 1.

Observe that one of the basic trigonometric identities is sin(2a) = 2 sin «cos . With its help Eq. (3.59)
follows easily. Similarly we have

sina + sin 8 = 2sin (OCTM) cos <a_;5> ,

Zj

which can be used to prove Eq. (3.60) for each i =2,...,n — 1.
For Eq. (3.61) we first note that sin(ajn) = sin((1 — a)jm) for any j € N and 0 < a < 1. From this we

have
. [ (n—=1)j7 ) 2jm
sin | —=— | =sin{ —— | ,

n+1 n+1

and
. ngm . Jm
sin = sin .

n+1 n+1

This reduces Eq. (3.61) to Eq. (3.60) which has already been shown. O

Now we may proceed with the main theorem of the example.

Theorem 3.11.2. Consider a valid communication path with n — 2 relay stations. Then after at most
9In?log %n steps for every i it holds d(v;) < e for any e > 0.

Proof:

Obviously it holds d*(vi) = d*(v,) = 0 for all k > 1. We define A* := [d*(v2)...,d*(v,_1)] to be the
vector of distances of relay stations to the straight line. A® describes the start configuration.
Then after one step of GO-TO-THE-MIDDLE the distance

dF " (wi1) + d" (i)
2 b

d*(v;) =

for all 1 < i < n, which effectively means that d*(v2) = d*~1(v3)/2 and d*(v,_1) = d*(v,_2)/2 since
d*(vy) = d*(v,) = 0.

We can describe the changes of the vector A¥ by multiplying it with an appropriate transition matrix L
so that A¥ = A*=1L = A°L*. This n x n matrix is defined as follows: L(i,j) = 3 for all 4, j such that
|i — j| = 1. For all other ¢, j we have L(i, j) = 0.
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1/2
1/2 1/2
1/2
1/2 1/2 (3.62)
1/2
1/2 1/2

1/2

Matrix L is symmetric, substochastic and irreducible. By Lemma 3.11.1 all eigenvalues of L are different
and thus L is diagonalizable. From Lemma 3.7.4 we have that after k steps we have L¥(i, j) < " for
any 1, j, sticking to the definitions of @ and 3 from that lemma. As all entries of L are not larger than
1 we have a < n-1. The value of | cos #—-:1| is the largest for j/(n + 1) approaching 0 or 1. Without loss
of generality we set j = 1. Then we have § = cos T

Now assuming that the communication distance between nodes is d, we know that A° can contain an
entry as big as dn. On the other hand we know that entries of L* are always non-negative. Recall
that A*¥ = A°L*. Then to have d*(v;) < ¢ we must have each element of L* smaller than -=5 since
d°(v;) < dn.

We thus have to find a k such that LF(i, ) < 7 for all 4,j. Using Lemma 3.7.4 we should then have
n-1-pF < 7= and accordingly pr < 7=3. We still have to find an upper bound on 3. As argued before,
0 is largest, when 7/(n+ 1) approaches 0. Thus let us expand cos z around z = 0 from the Taylor series.

We obtain cosz <1 — 3”2—2 + %, and set = 7/(n + 1). Since 72/2 > 1 and 7*/24 < 5 we obtain

cos T < 1-— m + ™
n+1 = 2(n+1)2  24(n+1)*
< 1- 1 +5 ! .
- (n+1)2 (n+1)*

Since —2+ < for a sufficiently large n we have cos 2= < 1

1 1 .
T S I 1 < = s This lets us conclude
that for k = 2(n + 1)? we obtain 8% < 1/e and for k = 2(n + 1)? - In 2dn® we get 8% < =5, Assuming
that d is constant and upper bounding 2(n + 1) with 3n we have that ¥ < 05 for k= 9n?In %n This

proves that after k = 9n?In 1n steps we have d*(v;) < e.
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4 Strong Stationary Time

4.1 Introduction

Definition 4.1.1. Random variable T is a stopping time for chain X = {X,,,n > 0} if it is a function:
T:X — NU{oo},
such that T(X) is independent of Xp(x)4+1, X1(x)+2) - - -

We can think of stopping time as of an algorithm which observes Markov chain X and according to some
stopping rule it stops it at some moment. This rule can be a very complicated function of the past,
but it cannot depend on the future. The above definition of T" we can rewrite as a running time of the
following algorithm:

Algorithm 4.1.2 (stopping time).
o At time k, (Xo, X1,...,Xk) was observed
e Calculate f(Xo, X1,...,Xg), where fj : (X0, X1,...,X%) — {0,1}
o If f1.(Xo,X1,...,Xx) =1 then Stop
e Observe next step and return to the beginning

We call randomized stopping time the running time of the following:

Algorithm 4.1.3 (randomized stopping time).

o At time k, (Xo, X1,...,Xk) was observed

Calculate fi(X), where fi : (X0, X1,...,Xg) — [0,1]

Flip a coin with probability of getting Head equal to p = fi(Xo, X1, ..., Xk)

If we got Head then Stop

e Observe next step and return to the beginning

The difference is that randomized algorithm can at each step decide whether to stop or not using
independent randomization, for example flipping a coin.

Note that when in the Algorithm 4.1.3 the functions f; return only 0 or 1 then it is equivalent to the
Algorithm 4.1.2. From now on we will identify stopping time with randomized stopping time.

Introduce the following

Definition 4.1.4. Random variable T,, is Strong Stationary Time for a Markov chain X = {X,,,n >
0} with transition matrizc P and initial distribution p, when it is a stopping time and the following equality
holds:

VeeFE) P,(Xp=elT,=k)=m(e).

When the stationary distribution is uniform, this random variable is called Strong Uniform Time.

We have the following very useful

Lemma 4.1.5 (Aldous, Diaconis [3]). If T, is a Strong Stationary Time for X = {X,,,n > 0} then

s(uP™, m) < P(T,, > n). (4.63)
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Proof.

3
£
Il
P
v

P(X,=e;,T, <k) P(X,=e;,T, =)

Il
.
> | Mx-
o

= P(Xk:ei,Tu :j,Xj:es)

j=0eseE
k

= XY P(i=eill, =X, =) P(T, = . X; = e)
Jj=0 es
k

= P =eilTy = X; =) P(X; = elT, = j) - PT, = j)
j=0 es
k

- ZP(Xk:ei|T/‘:j7Xj:es)'ﬂ(es)'P(T/J«:j)
Jj=0 es

(4.64) b

= ZP(Xk:ei|Xj:es).ﬂ-(es),P(11u:j)
j=0 es
k .

= Zﬂ'(es)(sest*J (e;)-P(T, = j)
Jj=0 es

=n(e;) (7P=m)

k
= w(e) Y P(T =) = w(e) P(T, < k) = n(e))[L — P(T, > b,

Thus:
P(Xk = ei)

TS

< P(T, > k).

The above is true for any e;, so it is for maximum:

max (1 — M) = s(uP"*, 1) < P(T, > k).

What is left is to prove:
P(Xk :ei|TH:j,Xj :es):P(Xk =ei|Xj :es). (464)

In order to do this we will use following two equalities: (k > j)

P(X;=e,T=j)=> P(X;=e,X;1=2a],,...Xo=xp), (4.65)

P(Xk = ei|Xj = eS,Xj_l = xj—l; . ,X() = 1‘0) = P(Xk = ei|Xj = es). (466)

Equality (4.65) follows from fact, that T}, is a stopping time, thus the event {7, = j} depends only on
Xo,X1,...,X;, and (4.66) is the Markov property.
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Thus:

P(Xk = ei|Xj = eS,TH :])

P(Xk = ei,Xj :es,TH :])
P(XJ 26877-‘/1. :j)

(4£5) ZTP(Xk:ei,Xj:es,Xj,l:ngl,...,onxS)
Zr P(XJ = es,Xj_l = .23;71, .« -XO = ],‘6)

ZTP(X]C :ei|Xj :es,Xj,1 :xg_l,...,Xo ng) P(Xj = eS,Xj,1 ng_l,...,Xo = {EG)

Zr P(Xj = es,Xjfl = x;—l’ X = x6)

(4£6) P(Xk = e7;|Xj = es) Er P(Xj = eS,Xj_l = 1‘;_1, P ,XQ = ],‘6)

>, P(X) =es Xjo1 =27y, Xo = af)

= P(Xk:e7|XJ:eg)

Lemma 4.1.5 together with equality (2.8) gives useful bound on total variation distance:

d(pP", ) < s(uP",m) < P(T,, > n).
We will need the following

Lemma 4.1.6. For an ergodic Markov chain X = {X,,,n > 0} and any initial distribution p, separation
distance s(uP™ ) is a decreasing function of n.

Proof. We will use equivalent definition of separation distance (equality (2.7), i.e. s(uP™,m) is the
smallest number s,, such uP™ = (1 — s,)7 + 8, V,,, where V,, is some distribution). So we have:

pP"the) = (1—spp1)7(e) + snp1Vata(e),
uP"(es) = (1 —sp)m(es)+ spVi(es).

We can calculate:

uP"He) = D pPM(es)de. P(e) = Y [(1— su)m(es) + saVa(es)] b, Ple)

e;€E es€E

=(1=s,) Y m(es)de,Ple) + 50 > Vile)de,P"(e) = (1—sp)m(e) +sn Y Vales)de,P"(e),

es€elE e;€E es€E

thus
Spy1 = s(uP"T(e), ) < sp.

O

Definition 4.1.7. Random variable T}, is called Minimal Strong Stationary Time (shortly MSST)
for Markov chain X = {X,,n > 0} if it is Strong Stationary Time for which equality in (4.63) holds,
i.e. for which:

s(uP",m) = P(T,, > n).

Again, when stationary distribution is uniform, T, is called Minimal Strong Uniform Time.

Does there always exist such a Strong Stationary Time? Does there exist a Minimal Strong Uniform
Time for given chain? The answer is given by D. Aldous and P. Diaconis in [3] in form of the following
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Lemma 4.1.8 (Aldous, Diaconis [3]). Let X = {X,,,n > 0} be ergodic Markov chain with state space
E. Then, for any initial distribution p, there exists Minimal Strong Stationary Time T,, for this chain.

| 4 1
HP"(e) (set ap = min —).
7(e) e m(e)
T, is defined as follows: at time n, given that random walk X is in state e flip a coin with probability

of heads

Proof. We will construct the desired random variable T},. Define o, = min
e

_ Op — Qp—1
Pale) = gt
THe)  Gn-1

If heads comes up, stop, otherwise flip again with probability pr+1(e) and so on. Denote the first time
when head occurs by T),, i.e. P(T, = n|X,, =e,T > n—1) = py(e). Notice that p,(e) > 0 for all
e € E;n > 0. Let k be the smallest integer such that ay > 0, of course then we have ps(e) =0 for s < k

and
A _P(THZk,XkZe)

T uPe) P(Xp=e)

pr(e) =P(T, =k|X; =e).
We also have
P(T,=k)=Y P(T,=kXy=e)=Y P(I,=klXy=e)P(X;=e)

- ze: %P(Xk =e) =,

thus
o7 (e) _
P(Xy=e1T,=k P(T, =n|X, =e)P(Xy = oS P(Xk =e)
P(Xy=e|T,=k) = (X =e Ty =k) _ P(Ty=nlXy=e)P(Xy =€) _ Pli=e) = m(e).
P(T,=e) P(T,=k) Qg
By induction we will show that
P(X,=e1T,=n)=mn(e)(an —an_1), n>k, eck. (4.67)

It is equivalent to
P(X,=e|l,=n)PT,=n)=mn(e)(an —an-1), n>k eck.
Forn >k
P(X,=eT,=n)=PT,=n|X,=e¢T,>n—-1)P(X,=e,T,>n—1)=

Qp — Op—1

= uP7 (e) ’ [P(XW = e) - P(Xn = e7Tu <n-— 1)] . (468)
( w(e) Oén—l)
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We yet need to calculate

PX,=eT,<n—1) = P(X,=eT,=j) = P(X,=eT,=jX;=e,
F F / J

(4.67) .
= Z Z P(Xn = e|Ty, = j7Xj = eS)ﬂ-(eS)(aj - Oéjfl)

(4.64) Z Y P(X, =e|X; =e)m(es) (o — aj_1)

=n(e) (nP=m)

= m(e)(aj — aj—1) = m(€)an_1.

<.
Il
—_

Using this in (4.68) we obtain (P(X,, =€) = uP"(e))

P(X, =eT, =e)= (L’z;f’;ll) - [uP"(e) — m(e)an_1]
(&) n
B Qy — Oy P"(e) B W
C(ZR o) 0 (S )] = e o) (469
So we have
P(T,=n)= ZP(T =n,X,=e)= Zw(e)(an —Qp_1) = Qp — Qp—1, (4.70)
thus

P(X, =eT,=n) 4.69) m(e)(an, — an_1) (4.70) m(e)(n — n_1)

P(X, =e|T, =n) = -6
( elTy =n) P(T, =n) P(T,=n) Qp — Q1

= (e),

what finishes the proof.

4.2 Example: Random walk on Z,

0
3 1

2
Figure 4: Zy4

Random walk starts at 0 (Xo = 0), E = {1,2,3,4}. Later the chain stays at the same state with
probability % or goes left or right with probability %. This can be written as:

X = Xg_1 + 0, mod 4,
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where 61, 0,, ... are iid random variables with distribution: P(6; =1) = P(6; = —1) = i, PO, =0)= %
Here is an algorithm which running time is Strong Uniform Time for above random walk:

Algorithm 4.2.1 (for Z4).
e Observe X = (Xo, X1,...,X,,) till first time when X, € {1, 3}
e Do one step more

e Stop

Of course the running time of above algorithm is a stopping time. To prove that it is Strong Uniform
Time, let us assume that T' = k. Because of symmetry in step k — 1 random walk wast either in 4 or in
1 with the same probability, i.e.:

P(Xp 1 =1T =k) = P(X)1 =3|T =k) =3,
Thus for any ¢ = 0,1, 2,3 we have
1
P(Xp=ilT=k) = §P(Xk—1 =T =k)

1

+Z[P(Xk,1 =i+ 1T =k)+P(Xp1=i-1UT =k)] =1 = -

In order to have a bound on d(uP™,7) and to use lemma 4.1.5 we have to calculate:

e § (0 5 Q) - - ()

1
i=k+1 k+1 2

Thus:

k
d(pP*, 7)) < s(uP* 1) < 2. (%) .

4.3 Example: Random walk on Z,

The example is similar to the example of Diaconis and Fill [15].
Assume n = 2™. For n = 16 it is a random walk on n-points circle:

15 0 1
14 2
13 3
11 5
10 6
9 o7

Figure 5: Zq¢
Similarly as in previous example we can write:
X = Xp_1+ 0, mod n,
where 01,0, ... are iid with distribution: P(6; = 1) = P(#; = —1) = £, P(6; = 0) = 3.

Here is an algorithm which running time is Strong Uniform Time for above walk:
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Algorithm 4.3.1 (for Z,,).
e Observe X = (X, X1,..., X, till first time (71) when X,,, € {2m~2,3.2m~2}

e Observe random walk till first time after 77 when it gets to state which is in distance of 23 from
X7, (call this moment T)

e Observe random walk till first time after 7, when it gets to state which is in distance of 2% from
X7, (call this moment T3)

e Observe random walk till first time after 7T,,,_o when it gets to state which is in distance of 1 from
X7, _, (call this moment T),_1 - at this time random walk is in state which is an odd number)

e Observe one step more (T' = T,,)
e Stop

Of course running time of this algorithm is a stopping time. Assume that T3 = ki, then, because of
symmetry, X, is in one of the states from {272, 3.2™~2} with equal probability (all paths iy, i, ..., ik,
such that at time k — 1 are first time in state 22 or 3-2™~2 are equally likely). The same is at moment
Ty, and because of symmetry Xr, has uniform distribution on {2m~2 4 2m=3 2m=2 _ gm=3 3. 9m=2 4
2771737 _2m72 _ 2m73}.

So, because of symmetry, at time 7}, the distribution of X7, , is uniform on all possible odd numbers,

i.e.
1

om—1"

P(Xp =2+ 1T 1 =k) =

To calculate P(Xy = i|T = k) consider separately cases when i is odd and even. If i is odd, then the
step earlier it had to be in the same state and had to stay in it. If ¢ is even, then a step earlier it had
to be in some neighbouring odd states and in one step it had to get to i. So we can calculate:

1 1

| =

1
P(Xp=2i+ 1T =k) = 5 P(Xpm1 = 20 + 1Ty = h) = 5 5oy = 5

1 1
P(Xy = 20T = k) = 7 P(Xpm1 = 20 = 1Ty = k) + g P(Xpm1 = 20+ 1[T01 = )
1 1 1 1 1

BT R T T
Thus T is a Strong Uniform Time. To estimate P(T' > k) we will use Markov’s inequality (for ¥ >
0, P(Y >k)<£Y) and the following lemma:

Lemma 4.3.2 (Feller [19]). For random walk on integers starting from 0 and moving +1 or —1 with
probability g, and staying in the same state with probability 1 — 0, expected time of getting to b is %,

O

In random walk on Z,, we first have to get to state in distance £2™~2, later to state in distance +273

etc., last time to state in distance 1 and to make one step more. Here 6 := % so:

ET=202""%)"+2(2" %) +...+2 (2m—<m—1>)2 Lo(emmy 4

=2(4m P44 3 4 4 1)41=2. ——— ==

gm=t 1 2/1
4-1 3

Let k = cn?, c€ {1,2,..}. Then

ET 1
d(uP* ) < s(uP* n1) < P(T>k)<=—=5—_3 < —|
(uP¥,m) < s(uP*,m) < PT > k)< =0 = 878 < o
So the speed of convergence is of order n?, we have to make ¢ - n? steps to be near to the uniform
distribution.
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4.4 Example: Shuffling cards : top-to-random
This example is from Aldous and Diaconis [2], calculations can be found in Diaconis [13].

We have n cards (underlines denote n gaps between cards)

k17_7k25_7k35_5' R ) kn—l;_7kn;_

Shuffling cards top-to-random is a procedure which takes first card from the top (at the beginning: k1)
and puts it randomly (i.e. with uniform distribution) in gaps. So the probability it gets into fixed
position is %, in particular this is the probability of card getting under k,, or staying in the same (first)
position.

The state space here is a set of all permutations of these cards: E = {ej1,es,...,ex}, where N = nl.
The stationary distribution is a uniform one. How many steps are required to be ”near” stationary

(uniform) distribution (to mix cards well)?

Algorithm 4.4.1 (for shuffling cards top-to-random).
e Observe X = (Xo, X1,...,X,,) till first card get under k,, (denote this moment by 77)

e Observe random walk till second card get under k,, (denote this moment by T5)

e Observe random walk till there will be n — 1 cards under k,, (i.e. card k, is on the top, denote this
moment by T,,_1)

e Do one step more
e Stop

Of course T is a stopping time. The proof that it is a Strong Uniform Time is by induction. At each
moment, conditioned on cards which are under k,,, every permutation of them is equally likely.

Not formally: Let us look at the moment when second card (k;) goes under k,, (at moment T5). Assume,
that now there are two cards k; and k;. Two arrangements are possible: (k;, k;) or (kj,k;). Card k;
could get under or over k; with the same probability (%), so both arrangements are equally likely.
Formally, the position can be described in the following way:

{AM, {kiy, - kiy b, s}y

where: M - number of cards under k,,
Kiyy...kiy, - cards under k,,
My :A{1,...,M} — {ki,... ki, } - permutation.

Lemma 4.4.2. At each moment, conditioned on M,{k;,,... ki, } the permutation Iy is uniform.

Proof. By induction:
Of course it is true when M =0 or M = 1.
Assume it is true for M = r, it remains true till next card k; _,, gets under k,:

ki17_a kiza_a kiga_a ceey kir,«717_7 k%.a_

Because of assumption before this new card gets under k,, the distribution over r cards is uniform. New
card has the same chance to get into every gap between cards ki, , ..., k; ., so each of new arrangements
are equally likely, i.e. the probability of each permutation IIy;y; has the same probability.

O

Lemma 4.4.3. In the above model let k = nlogn + cn. Then

d(uP* U) <e© for ¢>0,n>2.
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Proof.
Notice that T' can be rewritten as (defining Tp=0)

T=T,—Tps+Tp—Too+...+T1—Tp. (4.71)
~——

Xn Xn—1 X1

Random variable X; has geometric distribution with parameter L (what we will denote: X1 ~ Geo(1)),
it is waiting time for first success which is when first card gets under k,. In general: X; ~ Geo(%).

At first we proof weaker result using Chebyshev’s inequality ( P(|T — ET| > co) < %2)

To do that calculate ET and VarT.

n o n n "1
ET=n+_-4+-+4+...+—= E - ~nl
ntgtg - nili nlogn

VarT = zn:VarXi - zn: 1(%,_)5 = Xn: (1 - %) (%)2 -

i=1 =1

n

9 1 1, 9

=n g fQ—ng -~ —n"—nlogn~n
i 1 6

i=1 i=1

For k = nlogn + cn from Chebyshev’s inequality we obtain:
d(uP*, 7) < s(uP*, ) < P(T > k) =

= P(T >nlogn+cn)~ P(T >ET +cVVarT) < 4.

To finish the proof consider drawing balls from urn with replacement. There are n different balls. Let
V' denotes number of drawings till time each ball is drawn at least once. For each ball 7 we introduce

1 ball ¢ was not drawn in first m experiments,
A; = (4.72)
0 otherwise.

Set m = nlogn + cn.
i=1 i=1
V' can be rewritten as
V:(V_anl)""(vnfl_van)"‘+(‘/2—V1)+‘/1,

where Vj is the number of experiments till j different balls are chosen at least once. After j different
balls are drawn the chance that new drawing will give new ball is “=* so Viy1 — V; has a geometric
distribution with parameter 1 — % It follows that 7' and V have the same distributions, thus

P(T >nlogn+cn) <e “.
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4.5 Example: Symmetric walk on d—demensional cube
This example can be found in Aldous and Diaconis [3]. We give no prove here.

State space: E = {0,1}%. Denote s = (s1,...,84),8 = (s},...,s,) € E, where s;,s. € {0,1}. Probabil-
ity transition matrix P in this case is of form:
ﬁ if 2?21 |si —s;]=0 or 1,
P(s,s') = (4.73)
0 otherwise.

L.e. in one step from state s only states which differs on one coordinate can be reached, each with
probability d+-1 or with the same probability chain can stay in the same state.

The state space for case d = 3 and possible movements (arrows) from state (0,0,0) are shown in Figure
6.

=

o L

N[
=

Figure 6: Example: Random Walk on 3D cube

It turns out that in this case the speed of convergence is exactly the same as in shuffling cards top-in-
random. Here the Strong Uniform Time T as in (4.71) can be written in the following way:

T=T3—Tg 14+Tg3-1—Tgo+...+17 —Tp,
—_——— N——— ——
Xa Xa—1 X1

where X; are iid with distribution Geo(3). So after k = dlogd + cd steps we have:

d(pP*, 1) < s(uPF, 1) <e~c.
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4.6 Example: matching in graph
We start with the following

Definition 4.6.1 (Matching in graph). The set of edges having no common vertex, such that each vertex
belongs to some edge from this set (graph with odd number of vertices can have one vertex not belonging
to matching).

Here are all 3 possible matchings for 4 vertices:

1 2 1 2 1 2
*r—e
4 3 4 3 4 3

Figure 7: Possible matchings for 4 vertices

We will be looking for random matching in given complete graph with even number of vertices. In such a
graph if we label vertices from 1 to 2n matching can be defined as division of set {1,2,...,2n} into n 2-
elements subsets. So matchings from Figure 7 can be represented as: {1,2}{3,4};{1,3}{2,4};{1,4}{2,3}
Number of matchings can be counted in following way: we put all 2n numbers one next to another and
take consecutive pairs as matching’s elements; we can arrange 2n numbers in (2n)! ways, this we have
to devide by 2" (the order in pairs does not count) and devide it by n! (order of pairs does not count

either). So we have N = (22::3!!

We consider Markov chain with state space F = {set of matchings} which evolves in the following way:
from state s; € E in one step it can go to state sy which differs only this, that in only two pairs vertices
were exchanged, or it stays in the same state.

More precise: Being in state sy = {i1,i2}, ..., {i2n—1,%2,} we chose 2 pairs uniformly at random. If the
same pairs are chosen we do nothing, otherwise we flip a coin: assume that pairs {i1,4i2} and {j1, j2}
were chosen: if Head then we exchange vertices in these pairs to get {i1,j1} and {4j1,42}; if Tail then we
exchange vertices to get {i1,j2} and {j1,42}.

So the probability transition matrix P = [P(s;,s;)](; j=1...n) is following:

matchings in graph with 2n vertices.

% if S; = Sj,
P= P(sis;)=1{ == if s; ¢ s; differs by exchange, (4.74)
0 otherwise.

First notice that indeed it is a probability matrix.
From any state we can get to one of (g) - 2 other states (there are (g) ways of choosing a pair and in
each pair we can exchange vertices in two ways), so

n) 5 1 1 1 nnh-1) n?

1

Matrix P is symmetric, so the stationary distribution is uniform.

The movement in k—th step can be described as {Lg, Ry, 0} where Ly is a pair chosen with left hand,
Ry, is a pair chosen with right one, 0, € {Tail, Head} is the result of independently flipped coin. The
idea in finding a Strong Uniform Time is to observe random walk and marking some vertices in such
way, that all the time distribution of matchings on already marked vertices is uniform. Here we have
the algorithm which running time is a desired Strong Uniform Time:
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Algorithm 4.6.2 (for matching).
e If L, = Ry and chooses pair is unmarked - mark it
o If L; # Ry and one of pairs Ly, Ry is marked - marked the other
e If all pairs are marked then Stop
e Observe next step and return to the beginning
Let Ty,T5,...,T := T, denote succeeding moments when first, second, ...,n—th pair is marked.

Lemma 4.6.3. At each step, conditioned on marked pairs and vertices in these pairs, distribution on
them is uniform. So T is the Strong Uniform Time.

Proof.
Induction by number of marked pairs will be used. When there is 0 or 1 pair marked of course the
lemma is true.

Assume that at time T} a pair {i1,4i2} was marked - notice that before moment 75 this pair surely was
not changed - random walk could only chose another pairs and make exchanges there (otherwise another
pair would be marked, but it is impossible before T5) or it could also happen that L = Ry = {i1,i2},
but then nothing was exchanged. Assume that in moment T a pair {j1,j2} is marked. There are 3
possible matchings on marked elements:

{ilaiQ} {j17j2} 5 {i17j2} {jhi?} 5 {i17j1} {iQan}
Calculate probability each of them:

Pr({i1,ia} {j1,72})

1
n2
it

had to be Ly = Ry, = {41, j2}

Pr({i1,jo} {jrio}) = +-2.3+1.1.2=2%

or: Ly, = {i, iz}, Rk = {j1, 2}, Ox = Tail
or : Lk = {jl,jg},Rk = {il,ig}, 9k = Tail

Pr({i, 1} {iz,jo}) = +-2-3+1.-2.3=2%

or: Ly = {j1,52}, Rk = {i1,i2}, 6k = Head
or: Ly, = {ir,i2}, Rk = {j1, 2}, O = Head

So conditioning on event that in time T3 a pair {i1,i2} was chosen and in time T% a pair {ji, j2} was
chosen, all three mathcings are equally likely, so the distribution on these pairs is uniform.

The reasoning with M pairs marked is similar. Assume that at time k there are M pairs marked:
{it,ad}, {i2,42}, ..., {i} i)’} In next steps till new card is chosen the distribution on them is uniform
(from induction assumption) Assume that later a new pair {ji,j2} is marked. Such situations are
possible: either these two vertices will be together in pair: {j1,j2} either vertices in newly chosen pair
and in some other already marked will be exchanged: new pairs are then {5, j1}, {i5,j2}. Calculate
probabilities of these all situations:

Pr({ii, iz} -, (3, ) = &
it had to be Ly = Ry = {j1,72}
Pr({il,is}, .-, {id, 01}, oy {25873, {i5,42)) = -1 345+ 5=

or : Lk = {il,ig},Rk = {jl,jg}, gk =Tail
or: Ly = {j1,j2}, Rk = {i1,i2}, O = Tail
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So all of these 2M + 1 situations are equally likely, thus in every moment the distribution on marked
vertices is uniform. It follows that random variable T' (the running time of algorithm 4.6.2) is a Strong
Uniform Time.

O
The speed of convergence is given in the following lemma;:

Lemma 4.6.4. For ¢ > 0 after k = 2nlogn + cn steps total variation distance between P* (the distri-
bution of matchings in k—th step) and uniform distribution is less or equal to }2

Proof.
To estimate P(T' > k) notice that intervals between moment when some pair is chose are iid random
variables with geometric distribution. We can write (defining Ty = 0):

T:Tn,_Tn—1+Tn—1_Tn—2+---+T1 _TO;
——

Xn Xn—1 X1

where X is waiting time for first moment in which Ly = Ry, so it has distribution Geo(%).
X5 is a first moment after X; in which new pair is marked, what can happen in two ways: whether
Ly, = Ry, and this pair was not marked earlier or exactly one of pairs Ly and Ry is unmarked. Calculate:

2(n—1)

P(Xy=1)= — (n—1)+— -

n? n2.(n_1):

So X» has distribution Geo(2).
In general: X; ~ Geo(("ﬂz#). So we can calculate ET and VarT :

n—1 9 n n
n 1 1 1 1
]ET:E —_ = 2§ — 2 i
SN0 | Hinti-d) n;(n+1)<i+n+1—i)

2

=i 22 ~ 2nlogn,

1— (l+1)(n %)

(lJrl)(n l))
n—|—1—z -
_nQZ 2(p+1-— _[42 n—|—1 nz;zn—kl—z]'

Notice that second term is already calculated before, it is ET, so n? >
First term we can estimate in the following way:

2)2

B - nQ—i(n—i—l—i)' (n
_g n? (i(n+1 1))’

Varl = Z

el 71(77“ y 2nlogn.

1 _ 1 L 1 (L, 1
2n+1-19)2 (n+1—-492+2\® (n+1—-492) n2\i2 (m+1-42)"

Thus:
- 1 1 R R |
4 A 1 _ 2 2 -
1 72 72
2 0,2 _ 2
i=1
So we have:
VarlT =~n
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From Chebyshev’s inequality we obtain
P(T —ET > c¢-VVarT) = P(T > 2nlogn + cn) < .
Using Lemma 4.1.5 with k = 2nlogn + cn finishes the proof:

d(uP*, ) < (uP*, 1) < P(T > k) < .
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5 Factorization of passage time distributions

5.1 Factorization in discrete time

Let 7o(B) = inf{n : X, € B, Xo = e} and 7,(B) = » _ 7e(B)p(e).

eckE
We are interested in the total variation distance between distributions: pP™ and .
As shown in section 3 we have a bound

d(uP™ m) < s(uP",7) = max <1 -

% achieves minimum at € we have a bound on the total variation distance. Another
issue is whether we are able to compute % or not. Some examples will be given.

So if only

Definition 5.1.1. For a chain X = {X,,,n > 0} with initial distribution p a state € is ratio minimal

for p, X
WP (&) _ jP"(e)
m(&) — m(e)

if V(eeE,n>0)

For a chain X = {X,,,n > 0} a state & is s-uniform for u, X if

pP" (&)
w(e)

V(n>1) s(uP™,m)=1-—

Lemma 5.1.2. € is ratio minimal for p, X <= € is s-uniform for p,X.
Proof.

= Assume € is ratio minimal for p, X. Then

_HPMe)N L HPR(e) L pPT(e)
=) )‘1 e O

(el

s(uP™, ) = max (1
e

< Assume € is s-uniform for g, X. Then V(n > 1,e € E)

e =1 e (1550 = (15

WP" (&) _ uP"(e)

m(e) — m(e)

O

Lemma 5.1.3. Let X = {X,,,n > 0} be a Markov chain with initial distribution p. If state & is ratio
minimal for X, i then
uP™ (&) < uP"?(e) for any n; < ns

i.e. uP™(&) is non-decreasing in n.
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Proof.

pPm (&)

pP™ (@) = o

@) = M2 S aeo ) = 0 1 n(ena P @)

< 2 %“e”‘sef”’r“( )= uP" ()36, P 27" (&) = uP" (&),

i
where

* . m(e;)de, P27 (€) : start with stationary distribution 7, then probability of getting to € after time
ng —ny is (further stationary) = w(e),

x* - from assumption.

Thus
uP™ (&) < uP"2(e) for ny < no.
O
We will need the following
Lemma 5.1.4. Let Y be non-negative random variable. Then:
by (s) = (1—e™) 3 Lge " P(Y <n)
Proof.
(1—e%) i e "PY <n)=(1—-¢7%) i e "PY=0)+PY=1)+...+4PY =n)) =
n=0 n=0
(1—e®)[e™PY =0)+e " (P(Y =0)+P(Y =1))e **(P(Y =0)+ P(Y = 1)+ P(Y = 2))
+o+ e HPY =0)+...+PY =k)+...] =
= (1) [P(Y = 0)(e* e > . )+ P(Y = 1) (e e 2. )t . AP(Y = k) (e ¥ Fpe =D )]
e—s0 o5l o5k
=(1—-e®)[P(Y =0) <1_e_s) +PY =1) (1—6_8) +...+PY =k) <1—6_S) +...=
=e*OP(Y =0)+e ' PY =1)+ ...+ " "P(Y = k) + ... = ¢y (s)
O

The next lemma states, that in the case of uP™(e) being increasing in n, the passage time to e €
FE starting with a distribution g can be decomposed into first passage time to stationarity, i.e. to
distribution 7 starting from p plus passage time to e starting from distribution 7. We can interpret it

as if 7,,(e) had the same distribution as the sum of Y, and 7-(e), i.e.: 7,(e) 2y, + 7 (€e), where Yg is
a random variable with distribution function Fy_(n) = P(Ye <n) = %é()e) (or equivalently, density of

pP"™ (e)—pP" "t (e) )
w(e) :

Ye is given by fy,(n) =

Lemma 5.1.5 (Brown [5]). Let X = {X,,,n > 0} be ergodic Markov chain with enumerable state space
E = {ey,ea,...} and invariant measure 7. If for initial distribution p and e € E we have that uP"(e)
is mon-decreasing in n then

Vre) = Vve " Yrp(e)s

where Yo is independent of X with distribution function Fy_(n) = P(Ye <n) = %
(n) = MP"(e)*MP"_l(e)'

7(e)

or, equivalently,

with density fy,
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Proof. We have:

m(e) = Pr(Xn =€) =Y 6eP" “(e)P(rx(e) = x). (5.75)
=0

sn

Multiplying both sides by e~*" and summing up over all n we have (left side is independent of n):

1_ — = Ze—w = Ze—snz(sepn—m(e)P(Tﬁ(e) = 1)
n=0 =0

Z Ze‘g”é P" " (e)P( Ze‘”P Tele) =z Ze_” P"(e) = ts5,pn(e) (8)¥r, () (5)-

x=0n=z

Thus:

(e)
(1 - e_s)w‘rﬂ(e) (S) .
The assumption is that uP™(e) is non-decreasing in n and of course uP™(e) — w(e) as n — o0, so
lll;(é)e) is a distribution function of some random variable Ys. We can calculate its Laplace transform
using Lemma 5.1.4:

Vs, prie)(s) = (5.76)

Yy, (s) =(1—e"* Ze‘S"PY <n)=(1-e€" Ze“;"'up (1_6 )wupn y(8).

n=0 7'('()

Thus:

Yupn(e)(s) = Py, (s). (5.77)

(1—e=?)
Similarly to (5.75) expanding uP"(e) we obtain:
pP"(e) = Py(Xp =€) = 6P" “(e)P(r,(e) = )
=0
and thus:

d}HP” (e) (S) = wéeP“ (e) (5)1/)7,‘,(e) (8) (578)
Finally from (5.76), (5.77) and (5.78) we have:

Yupn(e)(s) _ m(e)
Vs pre)(s) (1—e™9)

%wﬂr(e)(s) =Yy, (5) - V7 (e)(5)-

Vr(e)(8) = Uy, (s) -

O

Next theorem is the extension of Theorem 5.1.5 in case when stationary distribution 7 is uniform. Then
we can have factorization not only for a single state, but for set of states.

Let U denotes uniform distribution and U, uniform distribution narrowed to B C E.

Lemma 5.1.6. Let X = {X,,,n > 0} be ergodic Markov chain with finite state space E = {e1,ea,...}
and uniform stationary distribution U. If for initial distribution p and B C E we have that uP™(B) is
non-decreasing in n then

Yr,(B) = VYvi Yoy (B)s
where Yg is independent of X with distribution function Fy,(n) = P(Yp <n) = HTJé)) or, equivalently,

with density fy,(n) = ”PR(B)J(PE;"“(B).
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Proof. We have:

U(B) = Py(X,, € B) ZU|BP" *(B)P(1y(B) = z) (5.79)

sn

Multiplying both sides by e~*"™ and summing up over all n we have (left side is independent of n):

U o0 n
- _(e - = Z e =Y e U ,P"(B)P(ry(B) = 1)
n=0 =0
SN e, P (o) P Ze “P(ry(B) =) 3 e U, P(B) = b, pn () (8)bro (5)(5).
z=0n=x n=0
Thus: (B)
™
n . 5.80
PP = e ) >0
Calculate Laplace transform of Yp using Lemma 5.1.4:
—s S —sn —s S —sn P"(B 1—e
)= (=) PO Sm = (=) 3 e = iy (o)
Thus: U(B)
Yupn(B)(8) = m¢YB (s). (5.81)
Similarly to (5.79) expanding uP"B) we obtain:
puP"(B) = P,(X,, € B) ZU|BP” *(B)P(1,(B) = )
and thus:
Yupn(B)(8) = Yu,  pr(B)(8)¥r,(B)(5)- (5.82)
Finally from (5.80), (5.81) and (5.82) we have:
_ Yupnmy(s)  U(B) (1—e™*) _
VYr.(B)(8) = To e _e,s)lﬂYB (s)- @B Vry(8)(8) = Yy (8) - Yry () (5)-
O

Theorem 5.1.7. Let X = {X,,n > 0} be a Markov chain with stationary distribution w. If & is ratio
minimal for u, X then

(Z) w‘ru(é) = wYé : w‘rw(é) (T}L( ) Y + 7-71'( ))
(i) there exists Minimal Strong Stationary Time 7}, such that
P (e
B S G i C oY s )

m(e)
where Yz is as in Lemma 5.1.5.
Proof.

(i) From Lemma 5.1.3 we have that yP™ (&) is non-increasing in n and this is the assumption of Lemma
5.1.5 which implies ¥ (5) = Vv - Y7, (@)
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(ii) In Lemma 4.1.8 we had that there always existed p—Minimal Strong Stationary Time. In the

Pn P’n
P (e) . Because é is ratio minimal, thus we have «a,, = r ~( €)
m(e) r(@)

constructed in such way that

It was

proof we had: o, = min
e

P(T,=n)=qa, — an_1.

Since it is y—Minimal Strong Stationary Time, we have P(T,, > n) = s(uP",m) =1 — “l;;é()é).
O

Next lemma says us something about the structure of a chain in case of JeP"(e) being non-increasing
in n. Then the first passage time to e starting with stationary distribution 7 is a geometric compound:
N

T (€) 4 ZWQJ, where N has geometric distribution: P(N = k) = (1 — w(e))*r(e),k = 0,1,... and
i=1
We,i,i =1,2,... are i.i.d. random variables with the same distribution as We: P(We <n

5P" () ~0,P" (¢)
1—7(e)

) _ 1-6.P"(e)
1—7(e)

or equivalently with density function P(We = n) =

Lemma 5.1.8 (Brown [5]). Let X = {X,,,n > 0} be ergodic Markov chain with enumerable state space
E ={e1,es,...} and invariant measure . If for a state e we have that 6¢P™(e) is non-increasing in n
then

m(e)

1#7” e) — P
© - - ale)uw,
where We is independent of X and P(We > n) = %)(;)ﬂ(e)

Proof. Using Lemma 5.1.4 (W, is a non-negative random variable):

Yw,(s)=(1—-e"° Ze*S”PW <n)=(l-—e" ZG*S" 1—-PWe>n)) =

n=0
(1—e)s _1675 C (=) Y e P(We s n) = 1— (1— ) Z eMP(We s n).  (5.83)
n=0 n=0
We have
- —sn 'fL —sn 5BPn( ) W(e) _ 1 - e nie) — W(E) . e —
;)e P(Ws > Z 1— (o) _1_7T(e);::0 05P"(e) 1_7r(e);::0 =
1 m(e) 1

T8 “Psppr(e)(s) — 1=

Putting it again to (5.83) we obtain

w(s) =1—(1—e™) (1—;7T(B) Psppne)(s) — me) 1 ) :

and from here:

1 — ¢w, (1 —(e))
% P"(e)( ) 1_e-s :
Putting it to (5.76) (wTﬂ(B)(s) = (1_e,s)zgpn(e)(s)) we have

m(e)
1— (1 —m(e)pw.(s)

w‘rﬂ (e) (S) =
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5.1.1 Special cases

The clue is to find out when € ratio minimality holds.

Notice that it has nothing to do with the ordering of the space. Nevertheless, in some cases when we
define a partial ordering on F it is possible to find g and € such that we have € ratio minimality for
1, X. Introduce the following assumptions :

A0: Markov chain X = {X,,,n > 0} is ergodic, E = {ej,...,ep} is finite and partially ordered with
ordering <

Al: there exists maximal state ey such that V(e; € E) e; < ey

v
=
)
<
~—

A2:

N\j (relative to <) (i.e. € < e — plei

m(ei)

7r(e )
Al says that there always exists maximal state comparable to all the others, and A2 that p is smaller
then 7 in some stochastic sense (likelihood ratio ordering).

e Stochastic monotonicity of time-reversed process X

Recall the definition of stochastically monotone Markov chain.

Set A is an upper set (denoted by A 1), if (r € A and x < y) = y € A. Markov chain with transition

matrix P is stochastically monotone if

V(AT)V(e1 <e3) e, P(A) =) Je,Ple) < d,P(A). (5.84)

ecA

Time-reversed process {X} is the one with transition probabilities ds,P(e1) = :gz;g&elP(eg) (and

process is time-reversible if P = P).

Fact 5.1.9 (Stoyan & Mueller [44]). Let h be decreasing relative to < and P stochastically monotone.
Then

V(n >0) V(e; <ej) Ee,M(Xn) > Eeo; M(Xy).
O
Theorem 5.1.10 (Brown [5]). Assume that A0 — A2 are fulfilled, and in addition that
e Time-reversed process X = {an > 0} is stochastically monotone.
Then
(7) eps is ratio minimal for u, X,
(i) ¢Tu(eM) = wYe]u 'wTW(EM) (T/L(eM) YeM + 7x(en)),
(131) there exists Minimal Strong Stationary Time 7}, such that
P’ﬂ
s(uP ) =1~ PRI pp oy win s o).
m(enr)
where Ye,, is random variable independent of chain X with distribution P(Ye,, < n) = ”l;;(:’f)”).
Proof. Define h(e) = "Eeg For all e; < e; using fact 5.1.9 we have
pi(e plei) m(e;) o sn
e; e'P i
- ¥ Mo = X He T, pegey
e; eE e; EE
7 oyd pP” 7
= Y M5 o) = o, h(X) < Foh(X) = L2 1%
2 (e (e)
and especially for all e; we have e; < ey, thus
pP"(enr) _ pP"(e;)
m(en) ~— m(e)
i.e. eps is ratio minimal for p, X. This (by Theorem 5.1.7) implies (i¢) and (¢i). O
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Remark 5.1.11.

Define distance dist(e;,e,) = min, de, P"(e,) > 0. If p = de, (we start from {e,}) than necessary
condition on ey to be ratio minimal for p, X is: dist(e,,e,) < dist(ey, en) for each e, € E. It is this
way, because if ey is ratio minimal and de, P (eps) > 0 then:

k k
1>8(5e1Pn77T):1_5e“”P7(61\/1)21 M
4 (e (e

M ) y) ’
thus 6., P*(e,) > 0.
In applications there usually exists one potential state, which can be ratio minimal. The problem then

reduces to producing a partial ordering < under which ey, is the unique maximal state, e, is a minimal
state, and X is stochastically monotone.

e Failure Rate Monotonicity
pP" (e;)

Notice that under assumptions AO-A2 we have that (—)1 is non-increasing in e; what is stronger than

m(e;
our needs - in Theorem 5.1.7 only fact that & 1;:9(19)1) has minimum in e, is needed.

In this subsection we shall find weaker assumptions on transition probability matrix under which there
exists some ratio minimal state.

Let assumptions A0 — A2 will still be fulfilled, but in this subsection we additionally assume that
state space is totally ordered, i.e E = {1,2,...,M}. Define A; to be an upper set of form A; =
{7, +1,...,M}. Of course A; C A; if i < j.

Define P to be Failure Rate Monotone (denoted by P € FRM) for the transition probability matrix
of Markov chain with linear ordering if

11 < 192 0; P(A ) 0; P(A )
F 0i,P(A;,)0:,P(A;,) > 0;,P(A},)0:,P(A; = L J20 < 12 222,
or j1<j2 1 ( J1) 2 ( jz)f 1 ( jz) 2 ( J1) 51'1P(Aj1) 751'2P(Aj1)
Theorem 5.1.12 (Brown [5]). Let assumptions A0 — A2 will be fulfilled, and in addition
e Pc FRM
Then
(7) eps is ratio minimal for u, X,
. d
(i) ¢Tu(91v1) = 1bYeM : wTW(EM) (T/L(eM) = Yo, + Tx(enm)),
(141) there exists Minimal Strong Stationary Time 7}, such that
P’ﬂ
s(P ) =1~ PRI pp o e > 0).
m(enr)
/LPn(e]u)

where Ye,, is random variable independent of chain X with distribution P(Ye,, < n) = = ON)

It is enough to prove (i) which implies (by Theorem 5.1.7) (ii) and (iii). The proof can be found in
Brown [5].
O

e Non-negative spectrum of P
Lemma 5.1.8 gives us some nice factorization in case when d¢P" (e) is non-increasing in n. We find some conditions
which guarantee it.

Lemma 5.1.13. Let {X,,n > 0} be a Markov chain on a finite state space |E| = N with all eigenvalues real
and non-negative. Then
V(e € E),¥(n1 < n2) 0P (e) > 6P (e)

i.e. 0eP"(e) is non-increasing in n for every e € E.
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Proof. From spectral representation (3.39) we have

N N

5eP"(e) =Y A'Bi(e,e) = Y Al (n(e)).

i=1 i=1

From our assumptions for all i = 1,..., N, we have \; € [0, 1], thus dcP"(e) in non-increasing in n. O

e Markov chain {X3,,n > 0} governed by P2, for reversible P.

Lemma 5.1.14. Let {X,} be a Markov chain on finite state space |E| = N with transition matriz P. Assume
it is time-reversible. Let {Y,} be a Markov chain with transition matriz R = P? (i.e. we observe every second
step of {Xn}). Then

V(e € E),¥(n1 < n2) JeR™ (e) < JeR™2(e)

i.e. 0eR"™(€) is non-increasing in n for every e € E.

Proof. 1t is known that for time-reversible Markov chain all eigenvalues are real and A\; € [-1,1] fori =1,..., N.

We have
N

JeR"(e) = P(Y, =e[Yy =e) = P(Xan =e|Yo =€) = Y A" (n(e))’,
=1
where * is from representation (3.39). We see that all eigenvalues of matrix R are non-negative, thus assumption
of Lemma 5.1.13 is fulfilled.
O

Remark In continuous time we always have that d.P;(e) is non-decreasing in ¢, see for example Keilson [27].

5.2 Continuous time Markov chains

A stochastic process X = (X¢,t > 0) is called Markov Process if for any ¢,s > 0 and e € F we have
P(Xi4s =€ | Xu;u <t) = P(X¢ys = €| X¢). Denote its state space by E and its stationary distribution by .
We assume F is finite or enumerable and its elements will be denoted E = {e1, e2,...}, and in the case when we
have linear ordering: E = {1,2,...}.

For fixed e, e’ function t — §cP; (e’) is called a transition function. Also transition function is called the whole
family of matrices P¢,¢ > 0.

We use the following notation similarly to discrete case

0ePi(B) = Po(X:€ B)=P(X:€B|Xo=¢e) — Probability of hitting B at time ¢ starting from
Xo=e
Te(B) = inf{t: X: € B,Xo=e} —  First passage time to B starting from Xo = e
Tu(B) = [ 7e(B)dule) —  First passage time to B starting with Xo ~ p
uP(B) = P, (X:€B) —  First passage time to B starting with Xo ~ u

If set B will be one state set, i.e. B = {e}, it will be shortly written B := e.

We we denote the Laplace transform of continuous, real-valued random variable Y by
Py (s) :/ e_StdFy(t).
E

We assume that for every e # e’ there exist limits

. 6 Pt(e')
AN e
ale,e) = lim 22PE).
We define g(e,e) = =3/ qle, €'). Matrix Q = [g(e1,€2)]e,,escr is called intensity matrix (it can be
written Q = lim;—o 2t=1) We also assume, that it is conservative, i.e. —g(e,e) < oo V(e € E). From
Chapman-Kolmogorov equations we have:

lp, _p,Q—QP

dt t — t - t-
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Assuming that Po =T (i.e. lim;— dcP+(e’) = 1 if e = €'2 and 0 otherwise) the above equation has solution:

_ Qt
P.=e ,
. . k
where e®* means matrix exponential: e® = Y22 AT

We define separation distance as follows:

st = ma (1= 49

ecE v(e)

We will be interested in s(uPy, 7). Similarly as for discrete time, s is an upper bound for total variation distance:

d(pPy, ) < s(uPy, ).

Markov process X = {X¢,t > 0}¢>0 with finite or enumerable state space E is stochastically monotone if

V() V(p <stv) uPy <ot VP ( = V(f increasing) P.f jest increasing). (5.85)

5.2.1 Uniformization

Let X = (X¢,t > 0) be a Markov chain with enumerable state space E with intensity matrix Q = [g(e,€’)]
(q(e,e) = — Ze,¢e q(e,€’)). Denote ge = —q(e,e).

The process evolves in the following way: with some initial distribution p starting state e is chosen, later the
process stays in this state for random time T4 - exponentially distributed Exzp(g(e)), after that it jumps to state
e’ with probability Q(e(:) ale:e) " where it stays exponential time Ezp(g(e’)), and so on.

If all g(e) are bounded, i.e. ¢(e) < ¢ < oo Ve € E, then the process is called uniformizable. (Process is always
uniformizable in the case of finite state space (|E| < 00)).

= g(e,€e’) and recall that for matrix A we defined:

We assume as former that there exist % JePy(e’)
t=0-+

A o Ak
€ = 2ik=0 &l "

From Chapman-Kolmogorov we have:

pPin(e) = D puPi(e’)dePile),

e’cE
PP in(e) — pPi(e) = D uPi(e))dePr(e) — pPi(e).
e'cE
Dividing both sides by A and making h — 0
th =Y uPi(e)g(e’,e) = —q(e)uPi(e) + > uPi(e')q(e’e). (5.86)
e'cE e'#e
Let us define matrix A“:
a‘(e,e’) = ‘dmn for e #£ €',
A= (5.87)
a‘(e;e) = 1-— Lce).
Then equality (5.86) can be rewritten as:
d c
J7HPi(e) = —cuPy(e) + ¢ %MPt(e')a (e,e). (5:88)
For vector ( Py = (P¢(0),P(1),...) ) we can write:
d c
dt'uPt =—cuPy [I—- A7, (5.89)
—ct[I—A€]

what has the only solution: P; = Pge
again recover Py:

. Having P: we construct matrix Q and later A® and we can

= ct
P, = e—ct[I—A ] _ etQ _ Z e—ct

k=0

!)k (A" (5.90)
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i.e.

SePi(e') = Z e (Ct!) (a“(e, e/))k . (5.91)

k
k=0

Let us assume we have continuous time process X = (X¢,t > 0) with intensity matrix Q¥ and initial distribution
@ (denote it by X; ~ [, Q*]). Define discrete time process XS ~ [u, A°], where A° is defined in (5.87), ¢ >
SUpecr ¢ (€) (where ¢~ (e) = —¢* (e, e)) and let N.(t) be a Poisson process with intensity c¢. Let Y = (Y;,t > 0),
where we define

Then processes (Yz, ¢t > 0) and (X¢,t > 0) have the same finite dimensional distributions (these are the same
processes). Let us calculate intensity matrix QY of process Y. We have to calculate differential at zero of
SePi(e'). From equality (5.91) for e # e’ we have ((a(e,e’)? = Jo(€’)):

and for t = 0:
q" (e,e') = q" (e,e’).

The same in the case e = €/, we have ¢* (e) = ¢~ (e).

We can have influence on process N(t) setting any ¢ > supcz ¢ (€) what means we can set arbitrary big
intensity of jumps, but than the terms on diagonal of matrix A€ increase making probability of staying in the
same state higher. As a result in given state the process stays ”the same amount of time” as process X; what is
shown on picture 8.

In process X time of staying in e is a random variable with distribution Ezp(gq(e)). The same is in Y, the
intervals between jumps (ones which really change the state) are mixture of: staying in state e (Poisson process
with parameter ¢, so intervals - let us call their distribution by M - are exponentially distributed Exp(c)) and
geometrical distribution (with probability a°(e,e) we stay in state e, and with probability
1 — a‘(e,e) we leave it) - denote this random variable by N (geometric distribution with success parameter
p=1—a‘(e,e)=1—(1— Lce)) = Lce)) Then we have moment generating function of N:

pe’

v = T e

and moment generating function of random variable M, which has distribution Ezp(c):

We are interested in distribution of S = S0 | M; (M; s iid. ~ M):

c c

P= b= pc c—t pc
¢S() ¢N(Og(¢M( )) 1_(1_p)cit pcc__tt c—t pC—t pC-t’

a(e) _

thus S has exponential distribution with parameter pc = ¢ q(e), the same as process X.

For finite state space E : |E| = N we can always make continuous time process out of discrete by making transition
matrix P = A =I— 2Q like as in (5.87). Analogically, one can make Q out of P taking Q = ¢(I—P). Matrices
Q and P have the same eigenvectors and eigenvalues of Q equal to ¢(1— \;), where A; is eigenvalue of P, because
ifPf=Afthen Qf =c(I-P)f=cf —cA\f=c(l - N)f.

Again, denote right eigenvectors of P by fi,..., f~ and left ones by 71, ..., 7n and eigenvalues A\1 = 1, A2, ..., An.
Matrix Q has the same eigenvectors and the eigenvalues are: s1 = ¢(1—X1) = 0,52 = ¢(1—X2),...,s8v = c(1=AN).
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€3 + €3 + _—

€ —m78— €y - —— —

Figure 8: Exemplary ”the same” realizations of processes X and Y

Spectral representation (3.39) gives us P* = Z;V:1 A'B; where B; = f] 7; as defined in (3.36). Because A1 = 1

and eigenvector corresponding to this eigenvalue is f1 = (1,1,...,1) thus we have

N
k :W+Z)\§fj7rj'

j=2

If we look at probability of getting from state e to e’ after k steps we have
soP*(e)) )+ ZA file

Putting P*(= A°) = Zjvzl AFB; into (5.90) we obtain:

oo k (=S} r N N o0 Nk
I N MV S S =3 (etde)” _
= =

k=0 ' k=0 k:O

Ze—ctBjecb\j _ ie—ct(l—kj)Bj — ie—sthj.

j=1 j=1 j=1

Thus again looking at probability of getting from e to e’ after time ¢ we have
deP:(e Ze *i'B,(e, ).

In particular (Bj(e7 e)=mj(e)- 7rj(e)) we have

N

SePi(e) = > e %' (m;(e))?,

j=1

what is a mixture of exponentials (because s; > 0) and thus is completely monotone.
We can rewrite (5.94) putting s; =0 :

N

SePi(e) =m(e) + Y e V" fi(e)m;(e).

=2

5.3 Factorization in continuous time

Similarly as in section 5.1 we are interested in total variation distance between puP; and .

(5.93)

(5.94)

(5.95)

(5.96)

Definition 5.3.1. For a chain X = (X¢,t > 0) with initial distribution p a state € is ratio minimal for p, X

4P(8) _ uPi(e)

if V(e€E,t>0) (&) — n(e)
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For a chain X = (Xy,t > 0) a state € is s-uniform for p, X if

pP¢(e) '

V(>0 s(uP¢m)=1-— e

Lemma 5.3.2. € is ratio minimal for p, X <= € is s-uniform p,X.

Proof.

= Assume € is ratio minimal for p, X. Then

— i 2PUO) _ iP(E)

e (e m(e)

s(uP, ™) = max <1 - “Pi(e))

m(e)

< Assume é is s-uniform for y, X. Then V(n > 1,e € E)

spm) =1 55 e (1= 258 ) > (1- 153

i.e.

O

Lemma 5.3.3. Let X = (X;,t > 0) be a Markov chain with initial distribution p. If state € is ratio minimal
for X, u then

uPy, (&) < uPy,(e) for any t1 < t2
i.e. uP+(&) is non-decreasing in t.
Proof. Similar to discrete-time case

=) — Py (é)ﬂ_ &) = Py (é)
N’Ptl (e) - 7r(é) ( ) 7r(é)

£ R 05 Py (8) = D P () Py (6) = P @),

S e Pe-is(6) = 3 L n(e e Py (@

i

1
where

* » . m(ei)0e,Pt,—¢,(€) : start with stationary distribution 7, then probability of getting to € after time t2 —t1
is (further stationary) = w(e),

s* - from assumption.

Thus
,LtPil (é) S ,[,L:Pi2 (é) fOI' tl < t2.

O

Lemma 5.3.4. Let X be non-negative random variable. Then:

Ux(s) =s [T e ' P(X < t)dt

Proof: N .

s/ e 'P(X < t)dt = s/ <e ) P(X <t)dt=s <e ) ro +/ e dF(t) = ¢Yx(s)
o o —s —s Jlo 0

d

Next lemma states that in case of uP¢(e) being non-decreasing in ¢ for fixed e we have the following factorization:
Tu(e) Ly, + 7x(e), where Y. has distribution funcion Fy, (t) = P(Ye < t) = P 1t is as if getting to state e

7(e)

from initial distribution g would be done through getting to stationarity first. Then Ye is responsible for speed
of convergence to mentioned stationarity.
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Lemma 5.3.5 (Brown [5]). Let X = (X;,¢t > 0) be ergodic Markov chain with enumerable state space E =
{e1,e2,...} and invariant measure w. If for initial distribution p and e € E we have that pP.(e) is non-
decreasing in t then

Yr(e) = VYo " Vrp(e)s

where Ye is independent of X with distribution function Fy,(t) = P(Ye <t) = (”5(‘6))(9).

Proof. .
7(e) = Pr(X: = &) = /O 5ePi—a(e)dF, (o) (x) (5.97)

(If we start from stationary distribution 7 then the distribution in any next moment does not depend on present
- that is why the right hand side of the expression is independent of t)
Multiply both sides by e™** and integrate it on ¢

oo o ¢
m(e) _ / e~ n(e)dt — / e / 6P (€)dF, (o) (x)dt
0 0 0

S

e’} t oo oo
= / / e 6 Pi_u(€)dF, (o) (x)dt = / / e 6 Pi_s(e)dtdF, (o) (z) =
0 0 0 T

/ / e_s(t“)(?ePt(e)dtdFﬁ(e)(96):/ 6_”anf(e)(1’)'/ ¢ " 8ePr(e)dt = 1s5,p,(0)(5) - V(e (5)-
0 0 0 0

Thus

oo e
wrﬂ(e)( )_ SwéePt(e)(S). (598)

The assumption was pP¢(e) non-decreasing in ¢ and of course lim; .. pP:(e) = w(e) and pP:(e) < 7(e) for all

t, thus % is a distribution function of some random variable Ye. From Lemma 5.3.4 :

v =5 [P < idi=s [T Rl i (0 (5.99)

Similarly as in (5.97) we can write for pPy(e)
¢
1P.(e) = P (X, —e) — / 5P a(€)dF,, (o)(z) (5.100)
0

st

Again: multiplying both sides by e™** and integrating it we have

Yup(e) () = V5P () (8)¥r,(e)(5) (5.101)
From (5.98) and (5.99) we obtain
Ysepi(e)(s) = WL"()) Yupi(e)(8) = @%@(8)

what together with 5.101 gives

_ qut(e)(S) _ @%’e(s)
wéePt(e) (8)

w‘ru(E) (s)

Similar as in discrete case, we have the extension of Lemma 5.3.6 if stationary distribution is uniform.

Lemma 5.3.6. Let X = (X¢,t > 0) be ergodic Markov chain with finite state space E and uniform stationary
distribution U. If for initial distribution p and B C E we have that uP+(B) is non-decreasing in t then

Yr,(B) = Yy - Yry(B),

where Yg is independent of X with distribution function Fy,(t) = P(Yp <t) = %.
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Proof.
t
UB)=Py(X:€B)= / U zPt—z(B)dF., (p) (). (5.102)
0
Multiply both sides by e™** and integrate it on ¢

U(B)

[e'e) [e'e] t
_ / e~ n(B)dt = / et / U Pro(B)dFsy (5 (2)dt
0 0 0

oo t oo oo
- / / e_StU‘BPi—I(B)dFTU(B) (l‘)dt = / / e_StU‘BPt—z(B)dtdF‘ru(B) (l‘) —
0 0 0 x

/O /0 675(t+z)U‘BPt(B)dtdFTU(B)(x) = /0 eiSIdFTU(B)(x)/O eistU‘BPt(B)dt = wU‘BPt(B) (8)~1/J.,.U(B)(S).

Thus:
U(B)

Yoy (8) = — 20 5.103
U(B)( ) 5¢U‘Bpt(3)(8) ( )
From Lemma 5.3.4:
< a4 uPy(B) s
= P(Yp < t)dt = / el -~ : 104
vro(s) = [P <ot = [T EEEE = s () (5.104)
Similarly as in (5.102) we can write for pP(B)
t
yPi(B) = Pu(X, € B) = /O U, Pieo(B)dF,, () (). (5.105)
Again: multiplying both sides by e™*" and integrating it we have
Yup,(B)(8) = Yu, P (B) (5)¥r, () (8). (5.106)
From (5.103) and (5.104) we obtain
__u» _uB)
Yu, p.(B)(s) = Vo) Yupu(p) (8) = ——Vvi (s),
what together with 5.106 gives
_ bwram () EPv(s)
w"'u(B) (5) - "pU‘BPt(B)(S) - ¢U(B) =Vvp (8) ' w"'u(B)'
YTy (B)
O

Theorem 5.3.7. Let X = (X; : t > 0) be a Markov chain with stationary distribution w. If € is ratio minimal
for p, X then

) _\ d _
(4) Yr,8) = Vve - Yre () (Tu(€) = Ya + 7= (€)),
(%) there exists Minimal Strong Stationary Time T}, such that
P (5
s(pPy,m) =1— £ i~(e) =P(T,>t) Y(t>D0).
7(e)
Proof.
(i) From lemma 5.3.3 we have that uP™ (&) and this is the assumption of Lemma 5.1.5 which implies 1, &) =
Vys - Vro ()
(ii) In Lemma 4.1.8 it was proven (by Aldous & Diaconis) that there always existed y—Minimal Strong Sta-
P”L
tionary Time for discrete time. In proof we had: a, = min - (e()e ) Because € is ratio minimal, thus we
e T
P"(e
have a,, = B ( é()e ) It was constructed such way that
T

P(T,=n) =an — an—_1.
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Using uniformization (see section 5.2.1), by choosing ¢ = 2 max; Zk# qir. we obtain discrete time skeleton
P = I+ 1Q which satisfies the above conditions. Denote the embedded Markov chain by Y = {Y,,,n > 0}.
We can represent X = (X¢,¢ > 0) by {X; = Y, }, where N = (N, ¢t > 0) is a Poisson process with rate ¢
(independent of Y). Denote epochs from the Poisson process as {Sn} and define Z = S/, where Z’ is a
p-Minimal Strong Stationary Time for Y. Of course Z is a Strong Stationary Time for continuous time
and:

nefct

P(Z>t)= f: ()"e™

n!
n=0 n=0

P(Z/ > n) _ Z (Ct):L!e*C <1 . M];(né()é)) —1_ /‘f(té)é) _ S(MPt,ﬂ').

a

Next lemma says us about the structure of a chain in the case of JeP:(€) being non-increasing in ¢. Then

N

first passage time to e starting with 7 is a geometric compound: 7. (e) 4 ZWe’i’ where N has geometric
=1

distribution: P(N = k) = (1 —n(e))*n(e),k =0,1,... and We;,i = 1,2, ... are i.i.d. random variables with the

same distribution as We: P(We < t) = %P(‘e()e).

Theorem 5.3.8 (Brown [5]). Let X = (X;,¢t > 0) be ergodic Markov chain with enumerable state space E =
{e1,e2,...} and invariant measure 7. If for a state e we have that 6eP¢(e) is non-increasing in t then

m(e)
1= (1 —m(e))w.’

where We is independent of X and P(We > t) = %U@.

Vre(e) =

Proof: Using lemma 5.3.4 :
_st0ePi(e) —m(e)

. =5 ooe_SiPV[/e<tdtzl—s/ooe_“PVVe>tdt:1—s/ooe dt

o= [P0 o ¢ et s -7

o s * _a st(e) < e B s st(e) 1

=T /O e 0 Pu(e)dt + s /O ¢ =l T g Yer @) Y TGS
s m(e)

=1- m%ept(e)(s) M
Thus:
$¥sepy(e)(s) =1+ (1 —7(e))hwe(s)

Putting it to (5.98) (z/)m(e)(s) = ﬁi)e)“)) one gets:

m(e) .
1+ (1 —m(e))ywe(s)

Yrr(e) (s) =

5.3.1 Special cases

The clue is to find out when €& ratio minimality holds. Let us adapt assumptions AQ - A2 from section 5.1.1
(Factorization for discrete time).

e Stochastic monotonicity of time-reversed process X

We need a definition of stochastic monotonicity in continuous time.

Set A is an upper set (denoted by A 1), if (r € A and ¢z < y) = y € A. Set B is a lower set (denoted by B |), if
(reBandy<z)=>ye€B.

Markov chain with intensity matrix Q is stochastically monotone if both beneath conditions hold:

V(A T:ex ¢ A)V(er < e2) Q(e1,4) = > Q(e1,e) < Qez, A)
and o< (5.107)
V(A T:ex ¢ A)V(er < e) Q(e1,4) = > _Q(ei1,e) < Q(es, A).

ecA
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Lemma 5.3.9 (Brown [5]). Let X = (X;,¢t > 0) be a continuous time Markov chain with intensity matriz Q
which is stochastically monotone. Let ¢ > 2 max Z Q(e,€’) and define P =1+ %QA Then P is stochastically
e

e’ #e
monotone in sense of definition 5.84.

Proof. Consider three cases:

1) If e1 < e2 and A is an upper set such that e2 ¢ A then
5o, P(A) = %Q(el,A) < %Q(eg,A) — 5o, P(A).
2) If e1 < e2 and A is an upper set with e; € A then
S, P(A) =1 — %Q(el,AC) <1- %Q(eQ,AC) — 60, P(A)

(A€ is a compliment of A and a lower set).

3) If e1 < e2 and A is an upper set such that e1 ¢ A and e2 € A then

3o, P(4) = 1Q(e1, 4)

3o, P(4) = 1 = 2Q(e2, 4°),

thus
1 A A°
50, P(A) — 60, P(4) = 1 — 2[Qle1, 4) + Q(ez, 4] > 1 - AeL A TQle2 AT
¢ 2 max Z Q(e,€)
N e’#e
Using stochastic monotonicity of P we have:
e Ct)n —ct n > ct)n —ct "
V(AT)V(er <e2) 0o, Pi(A) = Z S0, P (A) € 3 S 6e, P (4) = 06, Pi(A),
n=0 n=0
i.e.
V(A 1)V(e1 < e2) 0, Pt(A) < b, Pi(A). (5.108)

O

m(e1)
m(e2)

Time-reversed process {X} is the one with intensity matrix Q(ez,e;) =
reversible if Q = Q).

Q(e1, e2) (and process is time-

Theorem 5.3.10 (Brown [5]). Assume that A0 — A2 are fulfilled, and in addition that

e Time-reversed process X = (X, t > 0) is stochastically monotone.

Then
(%) en is ratio minimal for u, X,
. d
(”) w"'u(elw) = wYeM : ’(/)Tw(elw) (Tu(eM) =Yey + TW(eM))a
(#i7) there exists Minimal Strong Stationary Time 7}, such that
P
s(uPy, ) =1 KRer) gy gy
71'(61»1

where Ye,, is random variable independent of chain X with distribution P(Ye,, <t) = %.

Proof. Similar to discrete-time case.
Define h(e) = “(e) . Using Fact 5.1.9 we have

P y ~
'u ! ejw E M 5e7 Pt e]\/[ (ee]\[)) 5eJMPt(eZ)
E 1
ple:) o o _ WPe(ei)
= E B e, Pies FEe,, h(X) < Ee,h(X) = ,
= (ez) M t( ) M ( ) ] ( ) W(ei)

i.e. ey is ratio minimal for p, X. This (by Theorem 5.3.7) implies (4¢) and (i47).
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e Time-reversible processes

Lemma 5.3.8 gives us factorization in case when d¢P¢(e) is non-increasing in ¢. We find some conditions which
guarantee it.

Lemma 5.3.11. Let X = (X¢,t > 0) be a Markov chain with finite state space E = |N| which is time-reversible,
i.e. for all e1,e2 € E we have m(e1)Q(e1, e2) = m(e2)Q(ez,e1). Then

V(e € E),V(t1 < t2) 0Py, (€) > dePy,(€)
i.e. 0ePi(€) is non-increasing in t for every e € E.

Proof. As seen in subsection 5.2.1(Uniformization) any transition matrix of discrete time Markov chain P can
be constructed out of intensity matrix Q and vice versa. We have the following dependencies:

P has eigenvalues A1,...,An <= Q has eigenvalues s1 = c¢(1 — A1),...,s8v =c(1 — An)

for some constant ¢ > 0.
Recall equality (5.95)

N
SePi(e) =Y e "' (m;(e))?,
j=1
where all s; are non-negative what implies required monotonicity of deP+(e) in t. O

Remark: It is worth noting the difference between discrete and continuous time. In discrete time the assumption
of P being time-reversible was not enough to guarantee monotonicity of deP+(e) (this is the case when we observe
only every second step of such chain), whereas in continuous time this condition is sufficient.
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5.4 Non-symmetric random walk on d-dimensional cube
Consider discrete time Markov chain X = {X,,,n > 0}, E = {0,1}? with transition probabilities:

0:P(x+5;) = a;forz; =0,
P(x—si) = piforz =1,
0:P(z — s;) B; for (5.109)
LP) = 1- > a— > B
i:x; =0 ;=1
where x = (z1,...,24) € E,z; € {0,1} and s; = (0,...,0,1,0,...,0) with 1 at position i.
Assume that a; and 3; are such that the chain is ergodic. Note that for a; = 3; = Fll fori=1,...,d we have

a symmetric random walk on cube as defined in (3.51).
From remark 5.1.11 the only potential state which can be ratio minimal is state z+1, where (z+1); = x;+1 mod 2.
This suggests ordering through distance. Recall dist(z,y) = min, 6P (y),

y <z <= dist(z,y) < dist(z, z). (5.110)

Under this ordering x is a unique minimal state, and = + 1 unique maximal. As minimal state we can fix
Tmin = (0,...,0), then the maximal state is Zmaz = (1,...,1). The problem reduces to finding conditions for
a; 1 B; under which X is stochastically monotone, for then we could use Theorem 5.3.10.

Such chain is time-reversible with stationary distribution:

_ a; Bi
n(z) = H1 i T I[ZO — (5.111)

L=

Let us check time-reversibility: let x be such that z = 0. Denote G = Hle(oci + Bi).

m(x)0.P(x + dk) :é H % H Bi+ Br | -k,

iy =1 iy =0

itk i#k

1
(2 + 0k)0 (o406, P () = H Qi Qg H Bi | - Br,
itk L¢;

so we have equality 7(2)0.P(x 4 0x) = 7(x + 0k) (345, P ().
Because of time-reversibility it is enough to check whether X, is stochastically monotone.

Brown in [5] stated that the following conditions assured ergodicity and stochastic monotonicity of the chain:

@ >0,5>0, i=1,...,d, (5.112)
IAC{L2,...d}) Yt Y Bi<, (5.113)
i€A i€ Ac
d d
max(z ; + max [3;, Zﬂz + maxa;) < 1, (5.114)

=1 =1

however we have
Lemma 5.4.1. The chain given in (5.109) is not always stochastically monotone under ordering (5.110).

Proof. 1t is enough to consider the example: Take d = 3 and

1 5 799 1 1
= 150002 = 100" ™~ 1000’ '~ = 100 = To00
and take
x = (1707 O) j (17 170) - y7 A = {(17 170)7 (1707 1)7 (07 17 1)7 (17 17 1)}'
Then

5a:P(A) = a9 + a3, 6yP(A) =1- ﬂl — ﬂg
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and stochastic monotonicity would mean that §,P(A4) < §,P(A) i.e.
az+az+ 61+ f2 <1,

but we have
50 799 100 100 1049

= = > 1.
@2+ as 12 = 1555 T 1500 T 1000 T 1000 - 1000
|
Let us introduce the following coordinate-wise ordering:
r=y <= z;<y; for i=1,2,...d. (5.115)
Theorem 5.4.2. Suppose X = {X,,n > 0} is a random walk as defined in (5.109). Assume that:
(a) @ >0,3>0 i=1,....d (5.116)
(b) IAC{L2,..d}) e+ Y Bi<l, (5.117)
i€A i€ Ac
(c) V(BC{1,2,....d},r€B) > ar+ Y Be+pB <L (5.118)
keB keBe
Then we have
(7) Zmaz 1S ratio minimal for d,, ,, , X,
. d
(Zl) ’(stmmin (Tnm.x) = ’(pY’»ﬂ'mam : 1/]7—77 (Tnm.x) (T(Smmin (Tnm.x) = Ym'mam + Tr (wmaz))y
(47) there exists Minimal Strong Stationary Time T}, such that
xr i Pn max
(00, P ) = 1 = P Cmas) _ pig oy o> 0,
W(xmam)
where Yy, .. 18 a random variable independent of X with distribution P(Yz,,.. < n) = 5””’“;”(:::27)”“)

Proof. Condition (5.116) is sufficient and necessary for irreducibility and (5.117) for aperiodicity. It is enough to
prove that (5.118) implies stochastic monotonicity under coordinate-wise ordering, because: under this ordering
ZTmin 18 unique minimal state and Tmaee is unique maximal state, thus condition Al (see section 5.1.1) holds,
A2 also holds because for initial distribution being an atom we always have Srmin(©) non-increasing in e. It is
enough to have stochastic monotonicity of X because it is time-reversible. Having this stochastic monotonicity

we can conclude all three assertions from Theorem 5.3.10.

In order to prove that (5.118) implies stochastic monotonicity assume that

0 at positions {j1,...,Jm} 0 at positions  {j1,...,0m} \ {ta=m+1,---,ta—n}
T = .. . . =X y= .. . .
1 at positions {i1,...,%a—m} 1 at positions {i1,...,%a—m} U {ta—mt1,---,ta—n}

and let A be an upper set.

Denote level of z by |z| = Z‘Z:l x; and let e, = (0,0,...,0,k,0,...,0), where 1 is on k—th position. Consider
three cases:
1° x ¢ A,y ¢ A
Then
5P(A)=> ar, BC{j,....jm}
keB
Fix k € B. We have x ¢ A and z + e;, € A. Note that y cannot have 1 on k—th position, because then
we would have = + e, < y and y € A (because A is an upper set), but we assumed y ¢ A. But it means
there is a state y + ex and of course it is comparable to x + e which is in A, thus y 4+ ex must also be in
A. Other words: = + e, € A implies = + ex € A and we have

5. P(A) < 6,P(A).
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2° x € A,y € A.
Then
S, P(A)=1-=> B, CC{ir, . iam}U{tamsit,. - tan}

keC

Fix k € C. Then y — e, ¢ A. Note that 0 cannot have 1 on positione k, because then we would have
x 2 y—er and x € A would imply y — ex (because A is an upper set). Thus x has 1 at position k. It
must be that alsa x — ey ¢ A because if we assumed contradiction, i.e. that z — e, € A it would imply
that y — ex, € A (because © — e, <y — e, and A is an upper set). Thus

5. P(A) < 6,P(A).

3° x ¢ Ay € A. Consider two cases:

a) |z| +1=y|, i.e. yis just one level higher (equivalently: n =m — 1).
Then
5:P(A)=> ar, BC{ji,....jm}

kEB
and

S, P(A)=1-=> By, CC{ir,... 0a-m}U{t}
keC
The worst case is when 6, P(A) is maximized and 1 — §,P(A) minimized - let us check this case by
taking B = {j1,...,jm} and C = {i1,...,%4—-m} U {t} = B° U {t}. Stochastic monotonicity means
then for some r € B corresponding to {¢}) we have

Zakgl_ Zﬁk_ﬁT7

keB keBe
what was assumed.

b) |x|+ 2 < |y, i.e. y is at least two levels higher.

Then similarly

5P(A)=> ar, BC{ji,....jm}

keB
and
S P(A)=1-=> B, CC{it,. . iam}U{tami,. - tan}

keC
Moreover, fix k € B. Then = + ex € A. If y has 0 on k—th position then surely k ¢ C. Otherwise
note that = + ex € A implies (because A is an upper set) that y —es € A for s # k and s € BN C.
Thus we conclude that BN C = (. So the worst case is C = B¢ and then stochastic monotonicity

means
P(A)=> ar<1— Y B =6,P(A),
keB keB¢
i.e.
Z o + Z Br <1
keB keBe¢

what is implied by our assumption (5.118).

REMARKS

1. Brown’s condition (5.114), even for coordinate-wise partial ordering is not sufficient. Again, take the
example given in Lemma 5.4.1

To see this fix d = 3 and set

1 5 799 1 1
=500 = 1000 T 1000 P T T 100 = To00
and take
T = (1707 O) j (17 170) =Y, A= {(17 170)7 (1707 1)7 (17 171)}
Then

5IP(A) = a2 + as, (5yP(A) =1- ﬁl — ﬂg
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and stochastic monotonicity would mean that §,P(A) < §,P(A) i.e.
az+az+ 61+ f2 <1,

but we have
oot s+ B+ o — 50 799 100 100 _ 1049
2TES TP T 9000 T 1000 T 1000 1000 1000 ©

2. Brown’s condition (5.114) is just a special case of (5.118).
If we take B ={1,...,d} and any r € B, then (5.118) means: Z‘Z:l a; + 6r <1

If we take B = {r} then (5.118) means: a,+ > ¢, §; < 1. Putting above couple together we have Brown’s
condition, i.e.

d d
maX(Zai+maXﬁi, Zﬁi—FmaXQi) <1.
=1 =1
Theorem 5.4.3. Suppose X = {X,,,n > 0} is a random walk as defined in (5.109) and let assumptions of
Theorem 5.4.2 hold, i.e. (5.116), (5.117) and (5.118). Define Ay to be a set of (Z) subsets of size k from
{1,...,d} and s, = ZiEW(ai + Bs) for v a subset of 1,...,d. Then

d

(4) 802, P"m) =Y (DY (1=s)" V(n20), (5.119)
k=1 YEAL

(44) all 2% eigenvalues of P are {1 —s,,v C {1,...,d}}. (5.120)

If instead of (5.118) we assume that "¢ (a; + B;) < 1 then

(47) V(z € E) 0, P"(x) is non — increasing in n, (5.121)

(iv) o€ B) e = T (5.122)

where Wy is independent of X and P(Wy > n) = %};;m.

Proof. To calculate s(d(,,,,,yP",m) we have to calculate (s, , yP"(Tmaz). Let us switch to continuous time
using uniformization (with ¢ = 1) Q = P —I. Then on the diagonal of the intensity matrix we have Q(z,z) =
—(ZMFO O[i—’_zi:zi:l (i), the process stays in state x for time which is exponentially distributed with parameter
(X iip;=0 @i +22,.4.—1 Bi). Notice that it is a distribution of minimum of random variables with parameters a;
and ;. Exponential distribution has memoryless property - that is why this process is a sum of d independent
ZEro-one processes.

Look closer at one such zero-one process, which stays in state 0 time Ezp(«), and in 1 Ezp(8). Denote this
process by {Z;,t > 0}. To calculate §(,, , yP" (maz) we have to calculate probability P(Z; = 1). I will be easier
to consider process V; =1 — Z;.

Ezp(a) Ezp(a) Eap(a) Vi=1-2%4;
1
0 Exp(ﬂ)I Ezxp(B3)
T

We will write renewal equation for q(t) = P(V; = 1). Let F be the distribution of sum of two random variables:
Ezp(a) + Exzp(B), let X1 ~ Ezp(a), Xo ~ Ezp(8) and T = X1 + Xo ~ F :

q(t):P(Vt:1,t<T)+P(Vt:1,t2T):z(t)—|—/tq(t—u)F(du)

Where Z(t) :P(‘/i = 1,t<X1+X2) :P(t§X17t<X1—|—X2) :P(thl) = 1—P(X1 St) = 1—(1—6_(m) =

efat
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The solution to this equation is convolution U * 2, Where U Zoo .

Laplace transform of z(t) : v, (0 fo _mdt = a+9 = a+9 F is the distribution of two independent
random variables Eacp(a)—|—Eacp(ﬁ)7 so the Laplace transform of F' is: ¥ (0) = W?ﬁ-&-e) The Laplace transform
of renewal function U is given by:

1 a+0)(B+0

Yu(0) = T =5 = (9(a +)(ﬁﬂ+ 0))
(a+0)(B+0)

Therefore here we have transform of ¢(t) :

(a+0)(B+6) 1 B+0

Yo (@) =9 ®) 00O = G050 a0 T et a0

But we were interested in process Z: =1 — V4, so p(t) = 1 — ¢(t) has Laplace transform:

o o —0t 5, < ot - o —0t 71_ B+0 o &
zpp(t>(9)_/() p(t)e dt—/O e tdt /0 q(t)e dt_@ atit0) 9aidro)

It is easy to check that this is the Laplace transform of function QL_‘_,B(I ef(aJrﬂ)t), hence
a
t)y=P(Z=1)= 1— e (2tdt
plt) = P(Z= 1) = =S )

Thus we have:

d d
8(@min) Pt(Tmas) = H ao—tﬁ (1 — ei(a"’Jrﬂ"’)t) = T(Tmaz) H ( 6*(%‘%31')75)

and a formula for separation distance:

5(mmm)Pt (l'maz) —(a;+B8:)t
8(5(Wm,in)Pt7ﬁ):l_W :I—H(l—e )

But we also have

:m.

d
5(Imin)Pi(l‘maz) = H (1 - e—((!r‘-ﬁi)t) =T xmaz
=1

d
( e—(ar‘rﬁi)t) = (Zmas Z Z et
k=0

i=1 ~EAL

From the above expression for §(,, , yPt(®maz) and spectral representation (5.96):
d
i Pr(@mas) = T(@mar) + 3 F5 @onin )y (@),

j=2

We see that the eigenvalues of Q are {—s,v C {1,...,d}} and thus the eigenvalues of P = I—Q are {1—s,,7 C
{1,...,d}} what proves (ii).

The spectral representation for discrete time (5.93):

d
j=2
We conclude that
s P"(z ¢
5(0(a, i) P m) = 1= (Im;:()x Z Z (I=s9)",
maz —1 ~EA

ie. (4).

From (i¢i) we have that the eigenvalues of P are {1 — s,7 C {1,...,d}}. From our additional assumption
E‘Z:l(ai + 3;) <1 we have that all of them are non-negative, thus assertion (#i¢) follows from Lemma 5.1.13 and
(4i7) implies (iv) by Lemma 5.1.8. a
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Remark: In the case Zle(oei + Bi) < 1 we recognize (i) as an inclusion-exclusion formula. Consider n
multinomial trials with cell probabilities p; = a; + 3i, i = 1,...,d and pgy1 = 1 — Zle(ai + Bi). Let A, be the
event that at least one of the cells from 1,...,d is empty. Then A, = UL ,C;, where C; =1 if cell i is empty, 0
otherwise. Then above expression represents inclusion-exclusion formula for Pr(U‘fﬂC’i). Thus if we denote T
to be the waiting time for all of cells 1,...,d to be occupied, then

$(8a,,,, P",m) = P(T > n) = P(A,).

Tmin

Next lemma shows, that if we only observe every second step of random walk on cube, we always have §,P"(x)
non-increasing in n without the assumption that Zle(ai +6) <1

Lemma 5.4.4. Let Y = {Y,,n > 0} be random walk with transition matriz R = P?, where P is defined as in
(5.109). Assume (5.116) and (5.117). Then

(i) V(zxeE) 0:P"(x) is non — increasing in n
y ()
it Vire E (@) = ,
) S e (= )
Proof. (i) follows from Lemma 5.1.14, and this implies (4¢) by Lemma 5.1.8. |

Continuous time

Theorem 5.4.5. Let X = (X, t > 0) be a non-symmetric continuous time random walk on cube, i.e. its
intensity matriz is given by Q := P — I, where P is given in (5.109). Let initial distribution be p := 0x,,,, -
Assume that
(a) o >0,8>0 i=1,...,d, (5.123)
(b) IAC{L2,....d}) D+ Y Bi<l (5.124)
i€A ieAc
Then
(%) Tmaz 1S ratio minimal for p, X,
d
61 i P max —(; i
(i1) Y(t>0) s(ds,,, P,m)=1-— %(a:) -1 H (1 _ e ( 1+51)t) :
ﬂ—(wm‘”) i=1
(”7’) w"'ég;min (Tmaz) — wamam ’ w"’w(mmaw)’
where Yz, 18 a random variable independent of {X,} with distribution P(Ya,,0., < n) = %;?:7712')'”“

Proof. In the proof of the Theorem 5.4.3 we had: for one 1-0 process (start at 0, in 0 Ezp(«a) and in 1 Ezp(8))

8P (1) =P(Z, =1) = —2 (1 — e~ @+,

a+f
Thus for d such independent processes we had
d o 4
Oapin Pi(@mar) = [ [ =5 (0= @) = m(@man) [J(1 = 7072,
=1t i=1

Now if we look at process starting at 0, the probability that it is at time t at position 0 is:

. g Qe B Q _(a+p)t
5oPi(0)=1—-P(Z,=1) =1 a+5(1 e )7a+5<1+ﬁe )

Thus we can calculate for any x

_ ok —(aR+B1)t Br U —(ap+Bp)t
0z, Pi(T) = 7(1—6 kPR ) 7<1+—e )
min t( ) 7;:EH:1 ag +/Bk 7;:IH:O Qg +ﬂk /Bk
—x(2) I] (1—e*(“k“’k”) I1 <1+%e*(%+5k>t). (5.125)
;=1 i:x; =0

Independently of the choice of a;, 3i,i = 1,...,d i.e. they just must fulfill (a) and (b) we have that Tmas is ratio
minimal for p = 4. X, ie.

Tmin )
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éxminPt (xmaz) éxmznPt (JI)
<
W(xmaz) - 71'(%‘)
To check it just use (5.125)

() Hi:xi:l (1 _ e—(ak-s-ﬁk)t) Hi:z,»:O (1 + ‘;_;:e_(ak"rﬁk)i)

() ’

d — (s ”
T(Tmas) [[1, (1 — € ( ,+B,)t)

T(Tmax)

d
1_ e—(ai-‘rﬁi)t < (1 _ e—(ﬂk“'ﬁk)t) <1 + %e—(ak-‘rﬁk)i) ,
I < I I (142

i=1 ;=1 i:x; =0 k

1 — e (aitBi)ty < <1 + %e*(ak+5k)t) ’
H ( )< H Bk

;=0 ;=0

<

what is obviously always true, since all the coefficients on the left hand side are always < 1 and all on the right
hand side are always > 1. |

Remark:
In Theorem 5.4.5 we proved that in continuous time we always have that ;e is ratio minimal for u := ¢
X, i.e.

Tmin )

5wminPt(xmaz) 5wmznPt(x)
T(Tmaz)  —  7(2)
for any choice of o, Bi,i = 1,...,d (they only must fulfill some natural conditions which guarantee irreducibility
and aperiodicity).

for any = € {0,1}%,

In discrete time, we had a condition V(B C {1,2,...,d},r € B) Z ak + Z Bk + Br < 1, which guaranteed
keB keBe
it. It was only sufficient. One could think that this ratio minimality in discrete time also always hold, but this

is not a case as shown in next
Example: Let X be a random walk on 3-dimensional cube with parameters.

3 4

aq :E7a2: Ea

4 3 4 4
Qa3 = ﬁwgl = 5,52 = 5753 =12
with initial distribution p = d5,,,,, -

Then the conditions (5.116) and (5.117) hold, the chain is ergodic. But note that the condition 5.118 does not
hold, i.e. we do not have

V(BC{L,2,....d},r€B) > ar+ Y B+ <1,

keB keBe
because for B = {1,...,d} and r = 3 above equals to 12 > 1. In this case we have (calculated in MAPLE):
6‘"”'minp3((111)) — 4 67‘7nin Pg((IOI)) — 1
w(111) = 3 > w(101) - 3
Sopin PRI g4 3w PHAOD) 38
w(111) = 3 < w(101) - 27

i.e. Tmaz = (1,1,1) is not ratio minimal for p, X.

5.5 Tandem

We consider continuous time Markov chain X = (X,t > 0) with state space
FE = {(nl,ng,ng) tn1 +n2 +n3 = N,ni S N,i = 1,2,3}.
The intensity matrix is following:
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wi i m>0,m1=n1—1,m2=n2+ 1, m3 = ns,
2 if ne >0,m; =ny1,meg =n2—1,mzg =n3+1,

if >0 =n;—1 = =n3—1
Q((n1,n2,n3), (M1, m2, ms)) = pa moms A

(r1,72,73)#(n1,n2,n3)

0 otherwise

- > Q((n1,n2,n3), (r1,72,73)) if N1 =mi,ng = ma,nz =ms .

This is a tandem process: there are 3 servers and N customers. The intensities of service at node i are p; and
customer serviced at server i goes directly to the queue at server (i mod 3) + 1. We assume that waiting room

at each server is of infinite capacity..
For N = 3 the state space and possible transitions are depicted in Fig. 9.

We will consider embedded chain, i.e. observe at at moments when some change occurs. Then the probability

matrix of this discrete time process is given by:

P-1{_-Q
(&

where I is identity matrix and ¢ > sup (—Q(n1,n2,n3),(n1,n2,n3)), in our case ¢ > 1 + p2 + ps.

300

ni,n2z,ng

003 01:2( 02:1( 030
Figure 9: Closed Tandem, 3 servers, 3 customers

Denote process governed by P by Z = {Z,,n > 0}. The stationary distribution is

n n n c
m(n1,n2,n3) = Kp7' py?p3®, pi = ™ +mn2+mn3 =N,

T
where K is normalisation constant.

We will need to have probability transition matrix of time-reversed process, i.e.:

B(a.y) = %P(y,x»

(z = (z1,22,23),y = (y1,92,¥3))- N
Of course the diagonal does not change: P(z,z) = :Ei;P(x, z) = P(z,x).

5 m((m1, ma, ms))

P((nl,ng,ng),(m1,m2,m3)): 71'((711,712,713)) P((m1,m2,m3),(n1,n2,n3))
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Consider three cases:
e m1>0,n1 =m1—1,n2=ma+1,n3 = mas:

m((m1, ma, ms3))

P —1 1 =
7r((m1 _1’m2+1’m3)) ((mlvm%m?’)v(ml , M2 + vn3))

P((m1 —1,ma +1,ms), (m1, m2, ms)) =

Kpi"'py?ps® _ L1 1 e
A== =

Kpi = pgetipps c p2pr p2
e ma>0,n1 =mi,ne =ma2—1,n3 =ms3+ 1:

m((m1, m2, m3))
m((m1,me — 1,ms + 1))

P((m1 —1,ma +1,ms), (m1, m2, ms)) = P((m1,m2,m3), (m1,m2 —1,n3 +1)) =

Kpi"py2ps™ pa _

11 1 ps
Kol pp2 o e Poan s e

e m3>0,n1 =m1+1,n2 =ma,n3 =m3— 1:

m((m1, ma, ms3))

P 1 —1)) =
(TS Rm— ((m1,ma2,ms3), (m1+1,ma,nz — 1))

P((m1 +1,ma,ms — 1), (m1,m2,ms)) =

Kpi"p3@ps® ps 1 1 1 m

Kol oy e o Cos o

In other words, the time-reversed process dynamics correspond to the picture when we change the orientations
of the arrows and change the us: 1 = ps2, 2 = s, i3 = pus. The example for N = 3 is depicted on Fig. 10.

300

003 )0:12 )0=21 030

Figure 10: Time-reversed chain for tandem, 3 servers, 3 customers

Theorem 5.5.1. Let Z = {Z,,,n > 0} be a embedded Markov chain for tandem queue process with transition
matric P given in (5.126). Take initial distribution p := ¢ where Tmin = (0,0, N). Assume that ¢ >
(w1 + p2 + ps). Then

Tmin?

(7) Tmaz = (I, 0,0) is ratio minimal for u, X, (5.128)
» " 00,0, P™ (N, 0,0
(i) Vin>0)  s(pomP"m) =1--" O:EM 0(7 0 ) (5.129)
1 c N n
=1-%(2) deomP"(N,0,0),
d
(“’Z) ’(/)T;L(T'mam) = wywnm,y; : w"'w(ﬂlvnam) (T‘sm"”n (wmaz) = YT'mam + Tr (wmaz))y (5130)
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is a random variable independent of Z with distribution P(Y, < n) = Zmp P Cmer) g g

Tmaz — ) m(Zmaz)

where Y,

Tmax

a normalising constant from (5.127).
Proof. Consider partial sum ordering for this chain <, i.e:
(n1,n2,n3) X (m1,m2,m3) <= n1 < my,n1 +n2 <mi+me,n1 +n2 +n3z < mi + ma + ma.

Under this ordering there exist: unique minimal state Tmin = (0,0, N) and unique maximal state Tmaez =
(N,0,0). With initial distribution p := ds,,;, the assumptions A0 — A2 of Theorem 5.3.10 are fulfilled. It is
enough to have stochastic monotonicity of time-reversed process {)?n,n > 0} under this ordering. Having this
we can conclude all three assertions from Theorem 5.3.10. Second equality in (i%) is obtained using 7(N,0,0) =

N
K(i) .

7
Recall that A is an upper set if: z [y, r € A=>y€ A

Stochastic monotonicity of P means:

V(x <y) VA — upper set 5. P(A) < 6,P(A).
Consider 3 cases:
ez <y xz¢d Ayd Aand 5,P(A) > 0.
The only possibility of getting from x ¢ A to A in one step is to go from z = (z1,73,73) to ' =
(x14 1,22 —1,23) € A or to 2’ = (w1,22 + 1,23 — 1) € A. Thus §,P(A) is at most L2143

But if §,P(A) = L2443 then we cannot have y which is y > 2 (i.e. and y > 2 and y # z) such that y ¢ A.
Thus we have §,P(A) = £2 or §,P(A) = £2.

— If 6,P(A) = £2 then possible ys : y > = are of form y = (z1,x2 + k,z3 — k) for some k& > 1. But
then surely y' = (y1 + 1,42 — 1,y3) € A what means that ,P(A) is at least “2 (it is possible that
6,P(A) = Latis),

— If 6zf’(A) = £2 then possible ys: y > x are of form y = (z1 + k, 22 — k, 23) for some k > 1. But then

surely ¥ = (y1,y2 + 1,3 — 1) € A what means that 6,P(A) is at least £3 (again, it is possible to
have §,P(A) = #2tua),

e x <y, zc€cAandyc A
The only possibility of getting out from A is to change from = = (x1,x2,x3) to (z1 — 1,z2,23 + 1). Thus
6, P(A) =1 — £L. But then there are only to possibilities for y = x such that 5,P(A) > 0: either
5,P(A)=1— &L or 5, P(A) = 1. Of course in both cases we have 6, P(A) < 6,P(A).

e r <y, cz¢ Aandye A
6.P(A) for © ¢ A can be at most L2413 (in case when o’ = (z1+ 1,22 — 1,23) € A and 2’ = (z1,22 +
1,25 —1) € A. The smallest value of §,P(A) for y € A is for y being on border of A, then §,P(A) = 1— a,
Thus we always have §,P(A) < §,P(A), because L2tis <1 — 1 which follows from assumption that
¢ > (p1+ p2 + ps).

O

Remark: In order to have an upper bound on mixing time for this process it is needed to calculate or estimate
5(0,0’]\7)Pn((]\f7 O7 O)) for all n 2 1.

Remark: The similar result can easily be formulated for continuous time process X.
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6 Spectral gap in queueing networks

6.1 Hazard rate function & Heavy Tail

Let us start with general definition of heavy tail
Definition 6.1.1. Random variable X is heavy-tailed if
Vs >0 E[e™] =00
and light-tailed if
Js0 >0 E[e**] < cc.
We make the following assumption: F'(0) = 0.

Continuous case
Define hazard rate function for ¢ : F(¢) > 0
h(t) = ==, and h(t) = +oo otherwise.

Equivalently, ~
h(t) = (= log(F(t))".
Define cumulative hazard rate function: .
H(t) = / h(s)ds.
0
We have . .
H() = [ h(s)ds = [ (~1og(F() = ~1og(F(1) +log F(0) = ~log(F(1)),
0 0
thus

F(t) — e*H(t) —e fot h(s)ds.

Discrete case

For random variable X distributed on 0, 1, ..., define hazard rate function:
h(k) = P(X =k) _P(X=k) PX>k-1)—P(X>k)
YR P(X=j) P(X>k) P(X>k-1)

We have _ m
Pom) = 1] 5525 =TT 0= h). (6.131)
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Next theorem characterizes heavy-tail distribution by hazard rates. We assume lim infy_.o h(k) = limsup,_, . h(k)
to make it simpler, this assumption can be relaxed allowing lim infy_,o h(k) = limsup,_, . h(k), for such char-
acterization in case lim infy_ o h(k) # limsup,_, . h(k) see for example T. Rolski et al. [39].

Moreover, throughout the paper we assume that for any fixed k > 0 we have h(k) > 0 (what is not a restriction
in most distributions we are interested in).

Lemma 6.1.2. If the hazard rate h fulfills likm inf h(k) = limsup h(k), then

k—o0

lim h(k) =0 <= X is heavy-tailed.

k— o0

Proof.
(=) Assume klim h(k) = 0, what means

V(e (0,1]) 3K VEk>K) hk) <e
and thus
Vk>k) 1—hk)>1—c¢.
And on the contrary assume X is light-tailed, this means 3so > 0 : Ee®0* < co. Then:
Using (6.131) we obtain

— LI - hG) = [T —hG)- TLQ-hG) > &1 -
j=1 J=1 J=kK

h, = min (1- = 1—e)"¥ th
where ca 1ng%113—1( h(7)). Set ¢ = c2 Y(1—¢)7", then

F(k) > c(1—e)*

k-1

Setting any eg = 1 — e *°*? < 1 — 70! we have (denoting finite sum d = Z e * F(k))
k=0
[eS) k-1 =) [eS)
S ehR) = 3 et Rk SRR s dt e eF1 ) md e Y ekekosioa
k=0 b=k’ k=k k=k
—d+c Z e(sg+log(1—50))k > d+c¢ Z e(so-‘—log(e*b‘oﬁ»?))k —d+ec Z er = o0,
k=k k=k k=k
but
oo o] oo oo m—1
S e FF(k) =) eFP(X > k)= eo* Z P(X=m)=)Y_ > *P(X=m)=
k=0 k=0 k=0 m=k+1 m=1 k=0
o m—1 . oo esom _ |
D P =m) Yy et = P(X =m)—— =
m=1 k=0 m=1 € —
! Z eOmP(X =m) —e’P(X =0)— (1 - P(X =0))| = &X_l
so — 1 o eso — 1
i.e. we have
Ee®™X =14 (e —1) Z e*F P (k) (6.132)

and thus Ee®** = oo what contradicts the finiteness of Eegox or equivalently, contradicts that X is
heavy-tailed.
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(<=) Assume X is heavy-tailed, i.e. V(s > 0) : Ee®* = oo and in contradiction assume limg_ . h(k) > 0, this
means
V(e € (0,1) 3(K) Vk>EK) hik)>e
ie.
V(e € (0,1)) 3(k) V(k>K) 1-hk)<l-—c¢
Using (6.131) we obtain

=TI 1) = [Ta-nG)- [[a-ho) <& a -+,

— _ — _ 4
where CQ—IS%%71(1 h(7)). Set ¢ = c2 Y(1—¢)7*, then

Setting so = log (\/1175) > 0 we have
oo k' —1 o oo
Z eF P (k) = Z PP (k) + Z P E(k) <d+c Z eF1—e)f =d+c Z g0k ghrlos(1=e)
k=0 k=0 k=K' K=k k=Fk'

—diec i (sotlog(1—e))k _ dic i e(log(\/llj)-&-log(l—a))k —d+e i e(log VvI=e)k _ M < oo,

k=k’ k=k’ k=k’

because log /1T — ¢ < 0 but from (6.132) and assumption that Ee*°X = oo for every s > 0 we have
0o = Be*X = ZeSOkF ) <14 (e —1)M < o0
k=0

which is in contradiction to the fact that X is heavy-tailed.

6.2 Markov Jump Process

Consider a Markov Jump process X = (X¢,t > 0) with enumerable state space E and intensity matrix J.
Corresponding infinitesimal generator —L can be defined by:

Lf(e)= Y [f(e) = f()](e.€), ecE.

e'eE
Definition 6.2.1. We call Markov jump process reversible if
V(e,e' € E) n(e)J(e,e) = m(e)J(e,e).

The scalar product on La(7) is given by

(f.9)= =D _ fle)gle)m(e).  Ifllz = (f:)x

Lemma 6.2.2. For a reversible Markov jump process and f satisfying (f,1)= = 0 (1 denotes the constant
function with value 1) we have

(f,Lf)x ZZ e))’r(e)J(e,e).

Proof. Use¥(e) [, J(e,e’) =0 and V(&) [, 7(e)J(e,e’) =0.. O

Definition 6.2.3 (Spectral Gap). Suppose —L is the infinitesimal generator of X.
As spectral gap we define

Gap(L) := inf{—(f, Lf)r : ||fll= = 1, (f,1)x = O} . (6.133)
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Define
M = sup J(e, {e}°).
eck
Definition 6.2.4. Cheeger’s constant is defined as follows:
Joeam(dr)J(z, A%)
m(A)w(A°)

k.= inf
ACE,n(A)€(0,1)

k(A),  k(A):= (6.134)

Lemma 6.2.5 (Lawler & Sokal [30]). For a reversible Markov process with infinitesimal generator —L we have
Gap(L) < k.

Proof. Consider

| m(A°), ee€A,
fle) = { —n(A), ec A

We have
(£, =) _fle)r(e)=>_ fle)m(e)+ > f(e)m(e) =m(A)m(A°) — m(A°)m(A) =0.

ecA ec Ac

(f D= =D fe)m(e) = fAe)m(e) + D fA(e)m(e) = m(A)n?(A°) + m(A9)m*(A) = m(A)m(A).

ecA ecA
Using Lemma 6.2.2:

(f.Lf)e = 5 30D (f(e) = f(e))*n(e) (e, ) =

1 ’ / revers. c
5 <o+o+ SO > 1em(e)(ee)+ Y Y 1-7r(e).1(e,e)> =7 " w(e) (e, A).
ecAe’cAc ecAce/cA ecA
Thus (f.Lf)
kE(A) = 22 —/T
W=,
and because it was just a special function, thus
. . (f7 Lf)ﬂ'
k= f k(A) = f ~ 22T 5 > Gap(L).
ACE,7\—1(I}4)E(O,1) (4) ACE,7\'1(I}4)E(O,1){ (f, /)= = Gap(L)

Before stating next theorem we define

(BI(X +¢)? = (Y +¢)?))?
E(X + c)2 ’

—infs
n 1I£1 lip

where the infimum is taken over all distributions of i.i.d r.v. (X,Y’) with variance 1. It is not obvious that n # 0,
but indeed
n>1, (6.135)

as proved in Lawler & Sokal [30].

Theorem 6.2.6 (Lawler & Sokal [30]). For any reversible, stationary Markov jump process with bounded in-
finitesimal generator —L and stationary measure ™ we have:

nk? _ k?
> — > —.
Gap(L) 2 537 2 81
Proof. Let f € L*(n), and g = f + ¢ (constant ¢ will be determined later). Using Lemma 6.2.2 and the Schwarz
inequality we have:

| (Sew nle)I(e.e)lg?(e) — o))’
2 Lo n()I(e @)lg(e) T 9@

| (Seemle)I(e,e)lg?(e) — g*(N)]?)
2 TS, 7 (@) (e) '

(F, Lf)n = 5 S wle)I(e,e)lgle) — g(e)] >
| (Sewme)I(e,e)lg?(e) — ()
2, m(©)I(e,e)R2g(e) + 24°()

> (6.136)
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By reversibility

Y om(e)i(e,e)lg’(e) g’ =2 >  w(e)J(e,e)g’(e) - g°(e)].
o P2 (o)
= 2/0oo da Z n(e)J(e,e)[g’(e) — g°(e')] = 2/OO da — (Taey, LI gc))x

0

e,e’:

g2(e)>a>g2(e)

(where T is the indicator function, and A, := {e: g*(e) > a})

> 2/000 dakr(As)m(AS) = 2k /OOQ da > w(e)r(e)

e,e’:

92(e)>a>g2(e’)

=2k /OOO > w(e)n(e)(g(e) —g*(e)) =k Y _w(e)n(e)|g*(e) — g*(e))]
(2 (o) o

i.e.

S w(e)d(e,e)lg(e) — g*(€)] = kS w(e)n(e)]g (e) — g*(e)] (6.137)

e,e’ e,e’

Combining (6.136) and (6.137) we have

ok (Bl - o)
D= 5 S (@157(0)

We now optimize the choice of c¢. By definition of  we have

(f,Lf)e > 2 [Z F(e)(e) - (Z f(e)ﬂ(e))}

eck eck

In particular, if (f,1)- = 0:
k2
(F. L= 2 2= lIf11

- 8M
which (using (6.135)) implies
Gap(L) > ﬁ > k—2
—8M T 8M

O

Lemma 6.2.7 (Liggett [31]). Let —L be the infinitesimal generator of a vector Markov process with stationary
distribution ™ whose components are independent Markov processes on the state space E = F1 X F2 X E3 X ...,
whose components are independent Markov processes: on i—th component there is Markov process with generator
—L;, state space E1 and and invariant probability measure. Let w be the product of wi’s. Then

Gap(L) = inf Gap(L,).

Proof. To show that Gap(f) < Gap(L;) for ¢ = 1,...,m, simply take in definition of spectral gap (6.133) as
functions f, functions which depend only on the i-th coordinate.

For Gap(L) > Gap(L;), it is enough to consider the case with two components only, for then iterating this proof
gives it for infinitely many components, since functions which depend on finitely many coordinates are dense in
L2 (ﬂ') .

Thus we consider Li, Ly and coordinates x and y, number them 1 and 2. Set e = min(Gap(L1), Gap(L2)). Let
/ be the function on the product space which satisfies [ fdr =0 (i.e. (f,1)» =0) and ||f||~ = 1. Write

f(xvy) = h(ﬂ,’,y) + h'l(x) + hQ(y)7

where [ h(z,y)dm for ae. y, [h(z,y)dms =0 for a.e. z, [ hi(z)dm =0, [ ha(x)dr2 = 0. Then h, b1 and hy are
orthogonal in La(7), so that
[IRII7 + (Rl + 12|z = [I£I[7 = 1. (6.138)

So are Pih, Pth1 and Piha:
[|P:h]|2 + ||Piha||2 + || Piha||2 = ||P.fI2. (6.139)
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Since Pihy = PV hy, Piho = P hy and fact that Gap(L) is the largest &' for which ||Pigl|» < efslcap(l‘)HgH7r

(see subsection 6.5.3), we have
|Pchallx < e |hallx,  ||Pehellx < e |h2|x.

On the other hand:
1 2 — 2 —
1Pehlx = | PV P2 b < =[P hl|x < e7*||h]|x
Combining (6.138)-(6.141) we get
1P Sl < e IRllz + e hallz + e ||ha||z < e
ie.
I1Pefllx < e™,
which means that Gap(L) > e.

6.3 Markov chains on 7Z,

(6.140)

(6.141)

We consider a continuous time Markov chain X = (X¢,¢ > 0) on the state space E = Z4, with transition rates

x.y. Infinitesimal generator —Q of process on L*(N,7) is given by

Qf() = [f(@) = fF(W)ge.y

for f € G - the set of functions on Z, with finite support. Let 7 be the stationary distribution of the process.

Assume that

Z |Gz, |m(x) < co.

zeEE
Then 7(z)gz,y = 0 for all y € E.

Lemma 6.3.1. If f € G then
S @0 @) = —5 3 Gealf ) — f@)P (),

Thus
Gap(Q2) = % inf {Z[f(y) — f@)Peym(@): f€GY fl@)m(z) =0, fA(x)n(z) = 1}

@,y
Proof. Use ¥(2)>_, ¢e,y =0 and V(y) >, m(2)qe,y = 0
Theorem 6.3.2 (Liggett [31]).

1. Zzgngy [7(2)4e,y + 7(Y)qy.z]
G < 5 I T (@)

and if process is reversible, then %infn>0 E(ngnfy[;}(:)))tl(gyﬂr(z)(«;@;,)x] = inf,>0 =
= z<n z>n =

ngngy[ﬂ'(m)%&y]
2<n (@) Xpsn 7(@))

Proof. In Lemma 6.3.1 use f(z) = c¢- K(x) — d, where K(z) := 1{zca,}, An :={0,1,...,n}. Constants c and d

are chosen so that > f(z)m(z) = 0,3 f(z)m(z) = 1.
YDoaeylf@) — f@P @)= Y 0+ Y Fagm@)+ Y Papan(y)

TEAR,YEAR TEAR,YEAS, TEASG YEAR

=2 Z [m(2)qa,y + 7(Y)qy,z] -

e<n<y

What is left is to calculate ¢®. It is done from:

S f@)m) =D (c—dn(z)+ Y —dn(z) =0

and
S P@m@) =) (c—d)’r(x)+ Y dr(z) =1
z<n z>n
obtaining:
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6.4 Birth & Death process

Again we take F =Z,.

Birth & Death (B & D) process X = (X4, ¢ > 0) is a Markov chain on Z4 such that gz, = 0 if |z —y| > 1. Thus
we only have birth rates ¢;,j4+1 = A(j) and death rates g; j—1 = u(j).

Infinitesimal generator —Q of such process on L?(N,r) is given by

QfG) = 1G) = FG+DIAG) +[FG) = fG = D). (6.142)

Similarly we consider Q = [¢z,y]a,yen, the intensity matrix:

Az) ify=a+1
m(y) fy=a-1
Qz,y =
—uly) — My) ify=u=
0 otherwise
Define AO) X 3
oA (n—
m(0) :=1,m(n) = —~—"———=.
O=Lmm) == 0" )
Stationary distribution for a B & D process X is then given by
(i) = m(i) where m = im(z)
et : .

=0

The proof of next theorem uses the Schwarz inequality and can be found in Liggett [31].

Theorem 6.4.1 (Liggett [31]). Assume that X is a Birth & Death process with giiy1 > 0, for all i > 0 and for
some b,c > 0 we have

> o w(i) S en(i)giivr and Y w(i)gs 1 < br(i)g it

§>i j>i

(Vb +1—Vb)? 1
Gap(§}) 2 c 2 21+ 28

Then

Let us calculate hazard rate of stationary distribution of birth and death process:

W) = ni) SR m) A0 AG—1) 1 _ 1
Yieim(@) e, Y imG)  p(D)p() S 2OAGD gy s MDA

m p(1)--p(d) 3> p(it1)--p(y)

Next theorem is reformulation of theorem of Chen, [6] into hazard rates.

Theorem 6.4.2 (Chen [6]). If0 < inf; A(3) < sup, A(¢) =: C < oo then

Gap(2) >0 = 'u>1(f) h(i) >0
Proof.
(<=) Assume inf;>¢ h(z) > 0.
It — > 0.
means flzllg 0]
We have
1 A(@) - MG = 1) A(4) AG)---AG = 1)
sup—— =sup | 1+ — = L) =sup |1+ —— + —= | <oo.
0 h(i) >0 < ; pli+1)---ug) ) o p(i+1) j§1 pi A1) - p(h)

Because of assumption it means that

Sup . AN ., N N
i>0 <u(l +1) Gz m+H D) u)



what is equivalent to

Ni+1). . AG=DY _ m(j) .
JiS < 2 WA D k) > s <2>: m(i)A(z‘)> =

J>it1
Therefore for every i we have

Z W(]) <c<oo, ie Zﬂ(j) < em(i)A(),

§>i i>i

and this is the assumption of Theorem 6.4.1, thus Gap(§2) > 0.

(=) Assume Gap(2) > 0
From Theorem 6.3.2 we have

. Dicne; m(@ali,j) . r(n)q(n,n + 1)
0 < Gonl) < e I @) o2 (e (D))o, 7(0)

n m(n) - m(n) _C - m(n)
S o 7 (o @)~ B GO 7)) 7(0) 420 (e 70
1.e. . W(Z)
s o) R
which is of course equivalent to
inf ) =inf h(i) >0

Remark 6.4.3.

For constant birth intensities, i.e. A(¢) = A we can easily have any distribution {p;} as a stationary distribution,
as can be seen in next Theorem.

Theorem 6.4.4. Consider a Birth & Death process X with A(k) = X\, u(k) = X - p"kl( po = 1). Let h be a
hazard rate of its statinary distribution and —Q its infinitesimal generator. Assume that iminfx_ o h(k) =
limsup,_, ., h(k) Then

(4) (i) = pi,
(i4) {p:i} is heavy-tailed <= Gap(Q) =0,
(#41) {pi} is light-tailed <= Gap(QY) > 0.
Proof.
(i) A
. A A A
(i) = N..oNBoPL .. P11 P

p1 P2 P i

(ii) If 7 is heavy-tailed, then by Lemma 6.1.2 we have that lim; .o k(i) = 0 what implies inf;>q h(¢) = 0 (because
we assumed also throughout the paper that k(i) > 0), what holds if and only if Gap(©2) = 0 (Theorem 6.4.2).
(ii) If 7 is light-tailed, then by Lemma 6.1.2 we have that lim; .o h(Z) > 0 what implies inf;>¢ h(¢) > 0, what
holds if and only if Gap(€2) > 0 (again, Theorem 6.4.2).

O

It is worth noting that for general A(7) and p(i) the fact that stationary distribution is heavy-tailed does not
imply that spectral gap is equal to zero.

Example (Chen & Wang [7]). Let E = Z4 and A(i) = (i) = ¢7(¢ > 1) for some v > 0 and p(0) =0 (then We
have equilibrium rate r(i) = 1). Denote its infinitesimal generator by (2. Stationary distribution is w(n) = C- %,
where ¢ is a normalisation constant. This distribution is heavy-tailed (for any v > 0), but Gap(Q?) > 0 f and
only if v > 2.
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6.5 Queueing networks
6.5.1 Spectral gap for Jackson network

Consider a Jackson network which consists of m numbered servers, denoted by M := {1,...,m}. Station
j € M, is a single server queue with infinite waiting room under FCFS (First Come First Served) regime. All
the customers in the network are indistinguishable. There is an external Poisson arrival stream with intensity X
and arriving customers are sent to node j with probability ro;, >37°, ro; = r < 1. The quantity roo := 1 —r is
then the rejection probability with that customers immediately leave the network. Customers arriving at node j
from the outside or from other nodes request a service which is exponentially distributed with mean 1. Service
at node j is provided with intensity p;(z;) (1;(0) := 0), where z; is the number of customers at node j including
the one being served. All the service times and arrival processes are assumed to be independent.

A customer departing from node i immediately proceeds to node j with probability r;; > 0 or departs from the
network with probability r,0. The routing is independent of the past system given the momentary node where
the customer is. Let My := {0,1,...,m}. We assume that the matrix R := (ri;, i,j € Mp) is irreducible.

Let X/ (t) be the number of customers present at node j at time ¢ > 0. Then X'(¢) = (X1(t),..., X, (t)) is the
joint queue length vector at time instant ¢ > 0 and X := (X' (¢),t > 0) is the joint queue length process with
state space E = Z1".

Denote possible transformations from one state to another:

Tijx = (z1,...,zi—1,...;z;+1,...,2m),
Tixz = (21,...,2;+1,...,%m), (6.143)
Tix = (T1,...,i—1,...,2m).

The following theorem is classical.

Theorem 6.5.1 (Jackson [26]). Under the above assumptions the queueing process X is a continuous time
Markov process with transition matriz Q = (q(z,y), =,y € E) given by

ui(a:i)rij if Yy = Tijx,
S\Toj if Yy = Jﬂ,’,
q(z,y) = pi(wJrio ify="Tee, (6.144)
TAY
0 otherwise.

The corresponding infinitesimal generator is given by

Z Tjz) >\7"OJ +ZZ[f (Tij)|pi(wi)rij +Z[f f(T5.2)]pi (x5)r;.  (6.145)

i=1 j=1 Jj=1

The unique stationary distribution exists if and only if the unique solution of the traffic equation

i :XTOj‘f‘ZAjTji, t=1,....,m (6146)
Jj=1
satisfies
<oo, 1<i<m.
Z Hy 1#1 Y)
what we henceforth assume. Then, the stationary distribution 7(z),x = (z1,...,Tm) 18 given by product:
x) = ﬁm(aﬁi), where 7;(z;) := l# (6.147)
i1 bl Hy:1 i (y)
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The parameters of a Jackson network are: the arrival intensity X, the routing matrix R (with its traffic vector
A= (A1,...,Am)), the vector of service rates g = (p1(-), ..., m(-)) and the numbers of servers m.

Remark: We will shortly write X; for Aro;.
For some monotonicities in Jackson networks see Szekli [45], Daduna and Szekli [11] or Lindvall [35].

Let

hi(k) = ==———
Z]’:k mi(J)
be the hazard rate of marginal distribution ;.
We make the following assumptions:
Al There exist unique (up to a multiplying constant) (6.148)

solution to the traffic equation (6.146) i.e. A1,..., Am,

A2 Vi: p'=supui(y) <oo, m=infu(y)>0, (6.149)
v y
A3 Vi likm inf h; (k) = lim sup h; (k). (6.150)
o k—oo

Let R > 0 denotes the fact that all elements of R are positive numbers .
Recall that the spectral gap for this process (with generator given in 6.145) is given by

Gap(L) := inf{—(f, Lf)x : [|fll= = 1,(f,1)= = 0}.
We say that spectral gap exists if Gap(L) > 0.

Next theorem states that spectral gap exists for Jackson network if and only if each of marginal distributions 7;,
i=1,...,m is light-tailed.

Remark Assumption A3 in next theorem can be relaxed allowing liminfy_,o hi(k) # limsup,_, . hi(k), the
proof would be then similar, just some more cases to consider would be needed.

Theorem 6.5.2. Consider Jackson network with routing such that R* > 0 for some k > 0 and let —L be the
infinitesimal generator of this network. Assume in addition Al, A2 and A3. Then

Gap(L) > 0 if and only if each of marginal distributions m;,1 =1,...,m is light-tailed.

Proof. Let J be the kernel corresponding to —L i.e. such that Lf(e) = Z (f(e) — f(e')J(e,e).

e'eFE
We start with defining m birth and death processes. Define infinitesimal generator —L; on L2(N, ) by
Lif(y) == [f(y) = fly = DN + [f (v) = fly = D]pi(y) (6.151)
Let J® = [Jg(cf%,]x,yeN be:
Ai ify=ax+1,
, 1i(y) ify=z-1,
I, = (6.152)
—pi(y) — A if y =g,
0 otherwise.

On E = Z™ consider the Markov chain X = ()~(t, t > 0), whose components are m independent, stationary birth
and death processes, each having infinitesimal generator —L;. Denote the infinitesimal generator of X by —L.
Let J be the corresponding kernel such that Lf(e) = Z (fle) — f(e))I(e,&).

e'cE
The stationary distribution of process with generator —L is the product of stationary distributions of processes
with generators —L;, i = 1,2,...,m. Thus, by Theorem 6.2.7, we have Gap(L) = inf; Gap(L;).
N(o;ce that both, J and j, have the same stationary distribution being a product of stationary distributions of
WAC

86



Define k to be the Cheeger’s constant for X process and k to be Cheeger’s constant for X, i.e.

~ ~ ~ /, J(x, A%)
= inf A A):= ea”

k ACEA(A)(0,1) k(A), k(A) (A) (AC) ’

. Joeam(dz)J(z, A%)

k= ACE,Trl(nAf)e(O,l) K(A), M(A) = w(A)m(Ae) '

To establish the theorem it is enough to have the following

wr > 0,w2 >0) YACE) w Y w(@)J(w,A%) > w(x)J(z,A%) > w1 Y 7(x)J(x,A%).  (6.153)
z€A z€A z€A
Having above is enough because:

1. If 3¢ : m; is heavy-tailed.
Then according to Theorem 6.4.4 we have that Gap(L;) = 0 and thus (Lemma 6.2.7) Gap(L) = 0. Next,
from Theorem 6.2.6 for L we conclude that & = 0 (k* < 8M - Gap(L) = 0). Now using (6.153) we have

that ~
LEGA w(dx)J(z, A°) cw fzeA m(dx)J(x, A°)
r(A)r(Ae) =0T w(A)r(Ae)

k(A) := = wok(A)

ie. _
E<wik=0
thus £ = 0 and from Lemma 6.2.5 we have that Gap(L) = 0.
2. If Vi : m; is light-tailed.
Then according to Theorem 6.4.4 we have that Gap(L:) > 0 for all i and thus (Lemma 6.2.7) Gap(L) > 0.
Applying Lemma 6.2.5 to L we conclude that k > 0. Now using the existence of w1 in (6.153) we have

fzeAﬂ—(dw)J(x7Ac) > f (dl‘) (l‘ A€ )

M) = S @ 2wy A
ie. ~
k>wik>0
thus (using Lemma 6.2.6) we get
Gap(L) > 0.

Note, that (6.153) is equivalent to two conditions:

inf {EIGA m(@)J(z, A) } >0 and sup {ZIE“ m(@)J(@, A) } < 0. (6.154)
> wea (@) J(z, A°) Y wea (@) (z, AC)

ACE
r(A)E(0,1) A (A1)

Denote

Zw(w) Z wilzi)ry; + Z A+ Z i (z4)Ti0

W(A) = doweam™(@)J(x, A%)  aea T, ja€A° T.jz€Ac T, wc Ac
C Yeam(@)I(z, A)
Zw(x) Z Aj+ Z i)
z€EA T jz€Ac T;.x€A¢

Recall that p' = sup; pi(zi) < oo and p; = infy pi(y) > 0.
Let p™** = max p' < oo and fimin = O2{11<r1 wi > 0.

0<i<m
Denote )
My(Az)= Y piledr+ Y N+ Y ml@)ro
TijzeAc T.jz€AC T;.z€ Ac
and _
M7" = in Mjy(A, zx M7 = su My(Az)}.
! Ay M (A, a:)>0{ J( )} ’ A,z:MJ(g,:E)>O{ J( )}
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We have

M7 > min{fmin - min 7y, min Aj, fmin - min_rio} > 0,
6,J:Ti5>0 JiX;>0 i:r30>0
MPer < om(m = D™ 1Y N+ mp™ L= mP T £y N < oo
=1 j=1
Similarly
MyAz)= > N+ > )
T jxeAc T;. wx€Ac
and )
MT™ = inf M+(Ax)}, MP* = sup M5(A )} .
J A,a::Mj(A,z)>O{ J( )} J A,z:Mj(A,ac)>O{ J( )}
We have

M}”m >  min{min \;, min} > 0,
J

MFes <y X me " < oo,
j=1

Note that both M and M5 do not depend on A. Define:
OA = {x: M7(A,x) >0}, A= {x:M;j(A z) >0}

DA is a set of all states from which process with kernel J can get in one step to A°, whereas A is a set of states
from which original process with kernel J can get in one step to A°. We have

Z m(z)M (A, x)

zEIA

> w(x)M5(A, x)

z€dA

Z (z) Z m(z)My(A, ) Z ()

M7 Jcaa - €04 MP™  seoa

M3 w(@) Y w@)My(Ae) — MPT N ()
z€HA z€HA z€HA
To show (6.154) we have to show that

W(A) =

and

or equivalently

o> . (6.155)

T€EOA

Before proceeding let us examine how much can differ 7(z) and m(z’), where =’ is a state to which one can get
from x in at most £ < m steps.
Recall (6.147)

- 1 P
m(x) = Em(xz), where 7;(z;) := b_zm

Note that = and x’ on position i can only differ by at most k. We have (assume x; > k)

1 aph AF

Tl = b_zm B m(xi)ﬂi(ﬂfi +1) - pilzi + k)
and - .
Wi(xi—/f):%# = mi(wi) /\Zi
tlly=1 pi(y) pi(xi—m+1)-pq(x;)

and thus we have bounds:
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(ﬁ)km(a?z) < mi(zi+m) Sm(xi)( f)k7

,z)fk.

T

kg
3
=
8
N
IN

mi(xs — k) < mixs) (

(2
Lt o= max ((3), (2) 7 (3) . (22))- We have

(l)k mi2:) < mi(ws £ k) < cFmias)

Ci

E, |Q>/

Denote yet ¢ = Hk ci. So if we take x and 2’ which can differ from z’ by 4k at each position, we have

1=1

Ln(@) < n(e') < enla),
%W(x/) < n(z) < en(a') (6.156)

Of course we can have states which are in dA and not in OA and also such that are in QZ but not in 0A.

If we take z € A\ OA, i.e. there exists some y. € A° such that process with kernel J cannot move from z to
Y- in one step, but process with kernel J can. State y. must be of form y. = T;;z. But note that there always
exists path T;.,T; such that 2’ = T;.2 € A and y. = T.j2’ € A°. See the following

Example. Consider Jackson network with two stations and no transition T'1, i.e. with A\; = 0, assume all other
transitions are possible.

Take A as on the picture (poly-line going through z’, z, z, 2’ belongs to A) and z = (n,m),y, = (n+1,m), 2’ =
(n+1,m-1),2=Mnm+3),y. =(n+1,m+2),2 = (n+1,m+3).

z z
m-+3 —+ q
m+2 Yz
m+1 —+
m ——
A A°
kernel J kernel J
m-1 —+—

6.5.1

In the above example we have z € A\ DA and z € A \ DA. In the example we have that 2’ = T'1z € A and
y. = T».2" € A° (there is also, not drawn on the picture, another such path: 2"’ = T». € A and then y, = T'12").
Of course either 2’ € A\ dA or 2’ € DAN JA. For any such 2’ there are no more than 2m corresponding z,
thus using (6.156) (where ¢ > 1) we have

SNoor@ Y, w@)+ Y w(x) S oa@+ Y @)

z€dA _ @€dAndA T€A\DA . T€DANDA z€DA\DA

m(z) m(z) + m(z)
IEZB:A xegaA xegaﬁ Z m(z) + 2mce Z m(z) + Z m(z)

z€HANOA z€HANOA z€DA\OA
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> @+ X

> z€HANHA z€HA\HA _ 1
- 2mc+1
(2mc+1) Z w(z) + Z
z€9ANIA z€dA\DA

Similarly fix z € 82\ 0A, i.e. there exists some y, € A° such that original process with kernel J cannot move
there in one step, but process with kernel J can. State Y= must be of form y, = T.;x or y, = Tj.x. Then there
exists path of length at most k such that process with kernel J can, moving along the path, get to y.. There must
exists state 2" on this path such that 2’ € A and next state on the path is in A°. Of course either 2’ € 9ANIA
or ' € QA \ OA. For any such z’ there can be surely no more than (2k)™ states corresponding to it (because
there is at most so many any other states: they can differ by £k at each of m positions). Thus, using (6.156)
(where ¢ > 1) we have

> w(x) oo oa@+ D (@) > w(x) +c(2k)™ Yoo+ D @)

z€dA _ w€IANHA zcHA\DA < z€DANDA z€HANDA z€HA\DA
E m(z) E 7(x) + E m(x) E m(x) + E
z€OA z€DANIA z€HA\DA z€HANDHA T€DA\OA

(1+ c(2k)™) ooa@+ D (=)

z€dANDA z€DA\DA

<
- Y, w@+ Y )

z€dANDA T€DA\DA

This way we have shown that W (A) is bounded uniformly (for any A : 7(A) € (0,1)) from below and above:

> w(x)My(A )

=(1+c(2k)™) < co.

00 > (1+c(2k)™) —Lr > > 1 >0
T SETE AT WS R T
T€EOA

ie. (6.154).

For comparison we will recall theorem with proof by McDonald, Iscoe [36] in our settings. The theorem states
that if each m;, i = 1,..., m is light-tailed, then there exists spectral gap for Jackson network. The idea of proof
is different from the one of Theorem 6.5.2, authors construct some birth and death process and then compare it
to the original Jackson network.

Remark As in case of standard Jackson network, assumption A3 in next theorem can be relaxed allowing
lim infy o0 hi(k) # limsup,_, . hi(k), the proof would be then similar, just some more cases to consider would
be needed.

Theorem 6.5.3 (McDonald & Iscoe [36]). Consider Jackson network with routing such that R* > 0 for some
k > 0 and let —L be the infinitesimal generator of this network. Assume in addition Al, A2 and A3. Then

if each of marginal distributions 7,1 =1, ..., m is light-tailed, then Gap(L) > 0.

Proof. Let —L, J, —Z, —J be defined as in Theorem 6.5.2.
It is enough to find constants v > 0 such that

VACE®A)>0) > w(2)J(z,A) >v > n(x)J(z,A%), (6.157)

TE€A z€EA

because then according to Theorem 6.4.4 we have that Gap(L;) > 0 for all i and thus (Lemma 6.2.7) Gap(L) > 0.
Now applying Lemma 6.2.5 to L we conclude that k > 0. Now using the existence of v > 0 in (6.157) we have

Joeam(de)J(z, A°) [oeam(da)J(@, A%)
AW(A)W(Ac) 2 v2 (A (A% = vk(A)

k(A) =

i.e. ~
k>vk>0
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thus (using Lemma 6.2.6) we get
Gap(L) > 0.

To prove existence of u consider two cases:

a))\::min(%:1§i§m)>Oandu::min(ri0:1§i§m)>0.

7

Take v = min(\, 1), for then we have X\; > v); and ;0 > v and we have for z € A

J(vac): Z J(J},y): Z J(J},y)—F Z J(l‘vy)"' Z J(l‘vy)

yEAE y=T; ;x€ A y=T.;zEAC y=T;.x€A®
= E wi(zi)rs; + E A+ g i (xi)rio >
T, jwEAC T zeAc T; zeAc
T c
v E Aj+v E wi(z;) = vd(x, A°).
T jx€Ac T;. x€Ac

(Terms at T;; were simply dropped).

Ai ‘ . ‘
b) min(r:lgzgm):()ormm(rio:1§Z§m):().
This time it is possible that i = 0 or some 7;0 = 0. We will describe v by constructed birth and death process
with matrix Q = Q™ + Q~ and such that

> w(@)(z, A% > w(2)Q(z, A%) > v Y w(x)(x, A°).

z€A z€A z€A

We start with Q. _

Define polytope Pi(z) = {z} U{T'xz : 1 < k < m} and define C.;(z) to be the set of all nonself-intersecting
probable paths on Pi(z) ("probable” means that transition from any point on the path to next one can occur).
A typical path consists of = followed by an exogenous arrival at some node, say a1, followed by departure from
a1 into some az etc and finally a transition from let say as to i. Because the Jackson network is exogenously
supplied, there must exist such path. (of course t = (x, T;;x) € C.;(x) if A; > 0). The transitions corresponding
to the path described above are

TarsTarass -y Tagi

For such a path t, define

A(t) :=min(Aa,, AayTajags -« - s AasTasi)-
Of course A(t) does not depend on z. We reduce C.;(z) to

C.i(x) = {t € C.i(z) : no two paths have any transition in common} = U t,(ci).
k=1

Note that |C.;(z)] = n < m (because if tgf) starts with T4, then any other cannot start with the same a).
Set the transition (birth) rate of process Q% at

1 1 ;
e _ ot RN _ 1 (i)
QY1) = Q" (x.Tix)) =5~ > Mt)=5-> At)).
teC.;(z) k=1

(Factor £ will become clear at the and of proof).
Fix x € A such that J(x, A°) > 0, then we have Q*(z,T;x) > 0 for all 4 such that T.;z € A°. If we take any
path ¢t € C.;(xz) we have © € A and T,;z € A°, so at least one transition in ¢, say Tji crosses from A to A° (i.e.
Tjz € A, Tyx € A%) and is in the sum > _, 7(y)J(y, A°), namely in term 7 (y)u;(y;)7jk, where y = T';x.

Reversibility implies:

Aj = Aj’f‘jo, and /\irij = )\jTji, (6158)

Using this we have: B _
m(@)A; = mj(x;)A; = w5 () Amj0,

i.e.
mi(x5)Ajrjo = mi(x; + Dpj (x5 + D)71jo
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and
mi(25) N = mi(zj + Dy (x; + 1).
Thus

m(y)ps (Yi)rie = m(Tiz)ps(; + Drje = m5(z; + Dpy(z; + Drje = m(@)Ajrje > m(2)A(L).
But y = T'jx can only be used (at most) once for each i (because no two paths in C.;(z) have any transitions in
common), i.e. at most m times in total. This is also true with initial transition © — T .,z for which contribution

to previous sum is ~
m(2) e > T()A(E).

Thus
S @@ (@A) = Y w) Y Q@ Ta) =53 S Y AP 0) < 5 3 maly)J(y, A)
z€A T€A T ;x€EAC m z€AT. ;€A teC. ;(z) m yEA
and thus 1
5 > w(@) (@, A% > Y w(@)Q* (x, A°). (6.159)
€A €A

In the similar way for = different from 0 vector we define P\ (2) := {z} U {Ty.2} U {Ty;z : j # i}. Define Ci.(z)
to be the set of all probable non-self-intersecting paths on Pii) (z) having common initial point = and terminal
point T;.x. A typical path t consists of transition from ¢ to a1, then from a1 to a2 and so on, till leaving the
network from as. Clearly path (z,T;.z) € C;. if r;0 > 0. The transitions corresponding to above path are:

TiarsTarass s Tas-
For such path ¢ define

wu(t) = min (uirml , %)‘tnraulz e %)\asras) (recall D = il;f wi(y) )
If rj0 > 0, then pu(t) = pirio.
Of course p(t) does not depend on z. Denote

Ci.(x) = {t € Ci.(z) : no two paths have any transition in common} = U t,(:').
k=1

Of course n < m. Define

QW) =Q @ Ta)= 5 3 ult)= 5> ultf”).

teCi.w k=1
Above is then independent of x and Q™ (z,y) > 0 <= y = T;.x for some i.
Fix € A such that QT (z, A°) > 0, then for each i € {1,...,m} such that T;.2 € A° we have Q (z, Ti.z). For
every t € C;.(z) we have z € A and T;.x € A°.
It follows that there is at least one transition in ¢, say Tji crosses from A to A° (i.e. Ti;xz € A and Typx € A°)
and contributes the term 7 (y)pu; (y;)rjx with y = Tijz to the sum 5 _, w(y)J (y, A%).
By reversibility (equation: (6.158)):

m(2)Q(z, Tijx) = m(x)pi(x:)riy = 7(Ti;2)Q(Tijz, x) = m(Tijw) s (x5 + )y

and using A\iri; = A;jrj; we have

Ajrsi > w(@)u(t).

(Y (yi)rie = T(Tiyx)ps (x5 + Drjirge = m(z) ui/(\xi)

i

Further:

If we consider 7,,. then it contributes the term 7(y)ta, (Ya.)Ta0, Where y = Tia,x to the sum 37, w(y)J (y, A%),
then we also have

Rt o ), = 7(Tia, )i, (o, + D, = 7(@) D0 > m(a)r)

i
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If 7o > 0, then T;. is possible, then in the sum }°  , 7(y)J(y, A°) there is a term m(2)pi(zi)r: > m(z)p(t). In
C;.(z) there are no two transitions in common, so above y is only being used at most once, and at most m times
in total, thus

ZW(JJ)Q (z, A°) 2m Z Z Z me J(y, A°),
z€A z€A LT, x€AC teC;. () yEA

which gives

= Z J(x, A°) Z m(2)Q ™ (z, A°). (6.160)

a:GA z€A
Adding (6.159) and (6.160) gives
Z m(z)J(x, A) > Z m(2)Q(x, A%, Q:=Q"+Q~ (6.161)
z€A z€EA

Now @ is a transition kernel of some multidimensional birth and death process. It’s stationary distribution

can differ from 7, but simply redefine A := min( Q:(i),l <i<m), p:i= min(Q;—,-(i);l < i < m) and take
v := min(\, ) > 0. Then we always have Q*(z,T;z) = QT (§) > v\; and Q (z,Ti.2)Q ™ (i) > vui(x;), using
these we have

Y r@Q@A) = Y w@Q (@, Tyx) + Y w(@)Q (2, Ta)

€A TEA TEA
y=T. y=T;.x
>y E w(z)N\; +v E ) i) fyg xAC.
z€EA TEA z€EA
y=T. =z y=T;.x

Using this and (6.161) we have

Z m(x)J(x, A) > Z m(x)Q(z, A°) > v Z m(x)J(x, A%)

T€EA z€A z€A

6.5.2 Unreliable Jackson network & spectral gap

In this subsection we investigate the existence of spectral gap in unreliable Jackson networks, i.e. a Jackson
network in which servers may break down.

The breakdowns events are of rather general structure and may occur in different ways: they can break down
as an isolated event or in groups, the same with repairs. It is not required that those servers which stopped
together return to service at the same time.

Denote M := {1,2,...,m} and Mo := {0,1,2,...,m}.

Behaviour of breakdowns and repair:

e Let D C M be the set of servers in down status and I C M\ D, I # () be the subset of nodes in up status.
Then the servers in I break down with intensity aB ;(z; : i € M), if there are z; customers at server
i, € DUI. Thus the breakdown of servers I depends on local loads at servers in I and of those which are
already under repair D.

e Let D C M be the set of servers in down status and H C D, H # (. The broken servers from H return
from repair with intensity ﬂg\ﬁ(l'i 1i € M).

e The routing is changed according to so-called REPETITIVE SERVICE - RANDOM DESTINATION BLOCKING
(RS-RD BLOCKING) rule: For D - set of servers under repair routing probabilities are restricted to nodes
from My \ D as follows:

D {7“1']', i,j M&D’L#]
Tii + Y pep Tik, € Mo\ D,i=
The external arrival rates are:
= Ar() = Arg; = A; for nodes j € M\ D
(6.162)
AP = Ar{; = 0 for nodes j € D, (j # 0).

Denote RP = (Tg)i,jeMo- Note that R” = R.
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Intensities aB ;(x; : i € M) and ﬂg\g(xi :4 € M) cannot be general.

Indices at as and (s are to mean that subset of broken nodes changes from D to D U I or D\ H respectively.
Rules for general classes of suitable intensities were found by Sauer ([41], [42]), such that breakdown and repair
events are controlled by a multidimensional birth & death process: if we represent for each j € M its normal
status as 0 and its repair status as 1, then the intensities of births and deaths are:

if

)s +
), if

for 5,5 de{0,1}M.

g
i
3

) Wy
QL

Definition 6.5.4. The intensities of breakdowns and repairs for ) I C D and ) # H C M\ D are

aB j(xiie M) .= AiiebdD)

A(z;:i€D)
and
D - v . B(z;:i€D)
ﬂD\H(xl e M) = B(z;:i€D\H)

where A and B are any non-negative functions :

AB: ({I’} x NI

Icm

) = (0,0)

with A(z; : i € 0) = Bz : 4 € 0) = 1 such that all feasible intensities ozguf and ﬁg\g are finite and assuming
0

=:=0.

0

In this subsection we will consider breakdowns and repairs which are state independent.

State independent breakdowns and repairs: Breakdown and repair intensities depend on the servers but
are independent of the number of customers. Then the function A and B are of form:

Az :ieI)=A), B(wi,i:€ H)=B(H),forall I, H C M

Thus, if D C M is in down status then the intensities of breakdown of set I # () and repair of set H # ) are:

D v A(DUT
ap rzizie M) = ;(x(g))
D - \ B(D
BBalwizie M) = 352

where A and B are any non-negative functions,
A,B:P(M) — (0,00)

with A(@) = B(0) = 1 such that all feasible intensities O‘guf and ﬁg\g are finite.
The important characteristic is that here breakdown /repair process is a Markov process on its own state space
P(M) of all subsets of M.

Product form

In order to describe unreliable Jackson network we need to attach to the state space Z7" of the corresponding
standard network process X an additional component which includes information of availability behaviour of the
system described by a process Y. We introduce states of the form:

(I, 1,22,...,2m) € P(M) X Z}' = E

The set I is the set of servers in down status. At node i € I there are z; customers waiting for server being
repaired.

Denote intensity matrix of this process by J. We can write down these intensities.

First extend the notion of possible transformation from one state to another. Let = = (D, z1,...,2m) € P(M) x
zy
Ti]'l‘ = (D,l‘l,...,ﬂ,’i—1,...,1‘j+1,...,1’m),
Tjx = (D,x1,...,25+1,...,2m),
T,z = (D,z1,...,zi—1,...,Zm), (6.163)
Tgx = (D\H,z1,...,2m),
Trx = (DUl z1,...,2m).
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For x = (0,21 ...,2Zm):

wi(x)rsj if y="Tiz
X if y="T;x
pi(xi)rio ify="Tix
J(z,y) = A(D) iy = Trx (6.164)

—Zj(a:,y) ify==x

Ay
0 otherwise
And for general x = (D, T1enny Tm):
ui(xi)rg if y="Tix
5\? if y="T,x
ui(xi)r?o if y="T.x
JI(z,y) = s ity ="Trx (6.165)
B?[—()?}I) ify=Tgzx
—Zj(x,y) ify==x
Ay
0 otherwise

Theorem 6.5.5 (Sauer & Daduna [42]). Let X = (Y, X) be the process described above operating on the state

space E with breakdown /repair intensities from Definition 6.5.4.
Assume rule RS-RD-BLOCKING is used for changing routing matriz when there are some broken servers. In
addition let us assume that original routing matrix R is reversible, i.e.:

)\]'Tji = )\1'7“1']', i,] € Mo

(A\; - solution to the traffic equation).
Then the stationary distribution of process X is of product form:

Forx = (I,x1,...,%m) € P(M) x Z7 we have:

(@) = (L1, am) = = AU

1

=
s

7

(note that for I = () we have % =1 =1), where

1 AT > A?
Ti\Ti) = T =2 > bi == = n C
) = 5 T aw) 2w

and C is a normalisation constant.
Constants bi,i = 1,...,m are finite if and only if network is ergodic.

Next theorem is the extension of Theorem 6.5.2 for unreliable Jackson network. Sauer in [41] showed geometric
rate of convergence in total variation distance for unreliable Jackson networks without rerouting (i.e. customers
do traverse according to the routing matrix and are allowed to join the queue at broken server waiting till it is
repaired, the stationary distribution in this case is not known) with constant service rates, i.e. u;(y) = p; under
some assumptions.
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Theorem 6.5.6 (Spectral Gap for unreliable Jackson network). Let L be the infinitesimal generator of unreliable
Jackson network process with routing matriz satisfying R® > 0 for some k > 1. Denote its kernel by J. Let
intensities of breakdown and repairs be of form given in Definition 6.5.4 and use RS-RD BLOCKING as a
rerouting rule. Assume in addition A1 and A2 (i.e. (6.149) and (6.149)). Then

Gap(L) > 0 if and only if each of marginal distributions 7;,i = 1,...,m is light-tailed.

Proof. Define j to be a @ matrix associated with (m + 1)-dimensional vector Zt = (?t,f(t), where )N(t is a
vector of m independent birth and death processes with @ matrices given in (6.152), i.e. ones with stationary
distribution m; and generators —L;, and let Y be the process on state space P(M) with infinitesimal generator
denoted by —L.,+1 and stationary distribution:

- 1A , A(T
7Tm+1(1):57) C = Z %

~i
=

Ic™m

Denote the infinitesimal generator of process J by —L.

From Lemma 6.2.7 we have that Gap(L) = 1<I~2m+1 Gap(L;). The state space P (M) is finite, thus Gap(Lm+1) >
0. o

Define Cheeger’s constants:

fzeA m(dx) T (x, A°)

ROy A (A) = m(A)m(A°)
~ . ~ ~ f ca™ 37 A%)
R B oy M), A= W(A)W(Ac)

The proof is similar to case of standard Jackson network.
To establish the theorem it is enough that the following two conditions hold:

Iv1 > 0,02 >0) YACE) v 7(@)J(x,A%) > (@) (x,A%) > v Y w(@)T(z,A%).  (6.167)

TE€A z€EA z€A

Having this is enough, because:

1. If 3¢ : m; is heavy-tailed.
Then according to Theorem 6.4.4 we have that Gap(L;) = 0 and thus (Lemma 6.2.7) Gap(L) = 0. Next,

from Theorem 6.2.6 for £ we conclude that % = 0 (i? < 8M - Gap(L) = 0). Now using (6.167) we have
that

[ a m(dz) T (x, A°) _ [ a m(dz) T (x, A°)

) T B R e )

= 1}2%(14)

ie.
k<vak=0
thus k = 0 and from Lemma 6.2.5 we have that Gap(L) = 0.
2. If Vi : m; is light-tailed.

Then according to Theorem 6.4.4 we have that Gap(L;) > 0 for all ¢ = 1,...,m and and Gap(Lm+1) > 0
(because state space of this process P (M) is finite) thus (Lemma 6.2.7) Gap(L£) > 0. Now applying Lemma
6.2.5 to £ we conclude that & > 0. Using the existence of v1 > 0 in (6.167) we have

_ fzeA m(dx) T (z, A°) - f ea™ x ,A°)

U1

m(A)r(A) T ( ) (AC)

=umKk>0

ie.
k>0

what implies (using Lemma 6.2.6) Gap(J) > 0.
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Note that (6.167) is equivalent to two conditions:

inf { Laca W(x){(%Ac) } >0 and sup { Leea™(@)J (@ A) } < oo. (6.168)

w(/f)%(Eo,m EzeA m(x)J (z, A°) ZmeA W(x)j(vaC)

ACE
7(A)e(0,1)

Denote

W) Seea T (@ A%

Daea™(@)T (2, A)

Sr( ¥ werts 2 ¥ werde ¥ Mg 5 ogad

z€EA T;jx€AC T;.x€Ac Ty xeAc T gzeA B(D H)
- DuI B(D)
> wr X ey APy B
T;.x€Ac T jxz€Ac Tr x€Ac THIGAC

Recall that p* = sup; wi(z;) < oo and p; = infy p(y) > 0.
Let ™" = max p' < oo and pmin = O£n1<n wi > 0.

0<i<m
Denote
. <D DUI B(D)
Mg(Ax) = Z i (24 ng+ Z Aj + Z i (2 7"10+ Z m
T;jx€AC T jxz€Ac T;. z€A° Ty x€Ac T_I:IIEAL
and '
M7 = inf Ms(Az)}, M7= su Mgz (A,x)}.
7 A»Q“IWJ(A@)>0{ a( )} 7 A,z:Mj(a,z)>O{ 7 )
We have
Mmzn > min Mmin min Tij, Illin 5‘]'7,Umin - min T30, min M , . mmm B—(D)—
05iTi>0 jixg>0 im0 >0 DCNI,ICN\D A(D) pcm,acp \ B(D\ H)
AWDUD) _B(D) -,
A(D) B(D\H)
max - Y max A(DU.T) B(D)
M7 < -1 1 A -1 = _ <
7w S A s S (A S (RO ) <o
j=1 DCM,ICM\D DcM,HCD
Similarly _ _
A(DUI) B(D)
Mz(Az)= D N+ D plw)++ ——7 4 T
ASE) J
p e 1oz AD) T, 2 BO\VH)
and
Mmzn M‘“‘ A Mma:r: — M‘“‘ A
7 AEMB(AI)>0{ ‘7( ,x)}, g AzMsu(I?cx,z)>o ‘7( ,x)}
We have
; . . . A(Dui) . B(D)
min > . . _~ 7 _
Mz min i, min (S i (5T ) 4> 0
ADUD) =BP) 50
A(D) B(D\H)
u“ A(D u _) B(D)
M’l“" < )\ ., max — — — <
FUOS 2 Akmea™ e 5 < A(D) )+, 2 ,<B(D\H> >
j=1 DcMm,JcM\D DCM,HCD

Note that both M7 and M3 do not depend on A. Define:
OA={z: Mz(A,z) >0}, 9A={z:Ms(Az)> 0}

OA is a set of all states from which process with kernel J can get in one step to A°, whereas A is a set of states
from which original process with kernel 7 can get in one step to A°. We have
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and

M7 coa S €A M7 zeoa

MZ™ 3 w(@) — Y m@)Mz(Ae) — MFY Y ()
IEBZ mef)g IEBZ
To show (6.154) we have to show that

or equivalently

co> 22 5. (6.169)

z€EOA
Before proceeding let us examine how much can differ 7(z) and m(x’), where z’ is a state to which one can get
from x in at most k < m steps movements withig the and both = and z’ have the same set of broken nodes 1.
Recall (6.166) that for x = (I,z1,...,2m) € P(M) X ZT we have:

_ 1 A() 1A%
m(x)=7n(l,z1,...,2m) = =—= | | mi(xs), where m;(2:) := — mm——
¢ B(I) 1:[1 bi [T,y pi(y)
and for o’ = (I,2%,...,2},) € P(M) x Z}* we have
_ 1 A() 1 1 AT
m(x') = (I, 21, ..., 0m) = 5% Hm(x;), where 7;(x7) 1= b_%
(1) iz Tyl mily)
Note that x; and z} can only differ by at most k for 4,4 = 1,..., m. Exactly the same calculations as for standard
Jackson networks show that (6.156) holds, i.e.
1
Ew(x/) < 7(x) < enm(z), (6.170)

whee e =Tl e =mas (). () (). (1))

Of course we can have states which are in dA and not in OA and also such that are in OA but not in OA.

If we take z € DA\ DA, i.e. there exists some y, € A° such that process with kernel J cannot move from z to y.
in one step, but process with kernel J can. State y. must be of form y. = Tj;z, it cannot be of form y. = T7.z
or Y. = T. gz because changing only set of broken nodes in z is always possible in both processes, i.e. one driven
by J and J. Of course neither it can be of form y. = Tj.z nor y, = Tz, because then process driven by J
could also move in this direction in one step.

But note that there always exists path T;.,T; such that 2z’ =T}, € A and y, = T;2' € A°.

Of course either 2’ € A\ dA or z' € DAN HA.

For any such 2z’ there are surely no more than 2m corresponding z, thus using (6.170) (where ¢ > 1) we have

> 7(x) Yo or@)+ Y 7@ Yo or@+ Y ()

z€dA _ @€dANdA T€A\DA T€DANDA z€DA\DA

m(z) () + m(z)
IZ;A megaA zegaﬁ Z m(z) + 2mce Z m(z) + Z m(z)

z€HANDHA z€HANDA z€HA\DA
> @+ Y @
> z€HANIOA zcHA\HA _ 1
- T 2me+1

(2mc+1) Z w(z) + Z ()

z€HANHA z€HA\HA
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Similarly fix z € 82\ 0A, i.e. there exists some y, € A° such that original process with kernel J cannot move
there in one step, but process with kernel J can. State y, must be of form y, = T\;x or y, = Tj.z, it cannot
be of form y, = Tr.y or y» = T.g, because changing only set of broken nodes in z is always possible in both
processes, i.e. driven by J and [J. Then there exists path of length at most k such that process with kernel J
can, moving along the path, get to y,. The path consists only of T';,T;.,T;; (it does not contain any T7., T g,
because such transitions are always possible in both processes, with kernel J and J ). There must exists state =’
on this path such that 2’ € A and next state on the path is in A°. Of course either z’ € JANIA or =’ € HA\ HA.
For any such z’ there can be surely no more than (2k)™ states corresponding to it. Thus, using (6.156) (where
¢ > 1) we have

Zw(x) Z 7(x) + Z m(z) Z m(x) + c(2k)™ Z m(x) + Z m(z)

z€DA _ @€dANdA T€A\DA < z€HANDA T€EDANDA T€EIA\DA
ORI SEETC D S > @t > @
z€HA z€DANDA z€HA\DA z€HANDA z€DA\OA

Aten™ | 3 w@+ Y @

z€HANIHA T€DA\OA

<
N Z 7(x) + Z m(z)

z€HANDA z€HA\DA
This way we have shown that W (A) is bounded uniformly (for any A : 7(A) € (0,1)) from below and above:

S w(@)Ma(A,x)

=(1+c(2k)™) < 0.

m M max 2coA M}]nzn 1
> (1 + c(2/€) ) . {r]nzn Z = mazx >0
M7 Y m@)Mz(Aw) — MZ 2me+d
rEOA

ie. (6.154).

6.5.3 Consequences of existence of spectral gap for rate of convergence

Spectral gap controls the exponential rate of convergence in La(w) in the sense that it is the largest ¢ for which

WPif = [ galle < =if - [ famls (6.171)
for all f € La(w) and ¢ > 0. To see this suppose ||f||r =1 and (f,1)r = 0, then we have
d
aHPtfor = 2(Pif, LP:f)x < —2Gap(L)||P:f])%,

i.e.

d 2

LIPS _

L < —2Gap(L),
1P "

which means ||P;f||2 < e2%%?(E) | Equivalently (because ||f||» = 1)
1Pl < e "5 £l

We say that exponential Ly convergence occurs if there exists spectral gap, i.e. Gap(L) > 0.

Thus in previous sections we showed that for Jackson network, both standard and unreliable, we have exponential
convergence rate if and only if each of marginal stationary distribution is light-tailed (plus some other natural
assumptions on the parameters of the network).
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