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Abstract. We show that in the model obtained by adding a Cohen real there
is a ccc non-separable space which does not carry a non-separable measure.

In [Bel96] Bell proved that MA(!1) implies existence of a compact ccc non-
separable space which does not map continuously onto [0; 1]!1 . In fact in this
construction only an assumption on existence of certain types of gaps was used.

In this note we show that Bell's space satis�es a stronger condition: it does not
carry a non-separable measure (see below for the precise de�nition). We do it by
translating his total ideals space technique into the language of Boolean algebras,
like in [BND].

Although it can be shown that every space constructed by the above technique
(from towers or (pre-)gaps) carries only separable measures, we prove it only in
the model obtained by adding a Cohen real, since this assumption simpli�es the
proof. The proof for the general case can be easily found by adapting the (slightly
technical) proof of [BND, Theorem 6.7].

Recall that a family (L�; R�)�<�, where L�, R� � ! for each � is a pre-gap if

� L� �
� L� ; R� �

� R� ;
� L� \R� = ;

for each �, � 2 �. If additionally

� there is no L � ! such that L� �� L and L \R� =� ; for each �,

then (L�; R�)�<� is a gap. If there is L as above, we say that L interpolates

(L�; R�)�<�. A gap satis�es condition (K) if

L� \R� 6= ; 6= L� \R�

for each �; � < �. By a sub-gap of (L�; R�)�<� we mean (L�; R�)�2� for some
(usually co�nal) � � �. Confront [Yor03] for more information concerning gaps.

For a pre-gap G = (L�; R�)�<� de�ne a compact Hausdor� space in the following
way. For a pair (L;R) of subsets of ! let

�(L;R) = fx 2 2! : x(n) = 0 for each n 2 L and x(n) = 1 for each n 2 Rg:

Notice that �(L;R) is a closed subset of the Cantor space. Now, let A be the
Boolean algebra generated by all sets of the form �(L;R), where L =� L� and
R =� R� for some � < �. Let K be the Stone space of A.

Remark 1. The space K is Hausdor�, zero-dimensional and compact (as a

Boolean space).

The following two propositions are contained (in a slightly di�erent language)
in [Bel96].

Proposition 2. The family of sets of the form �(L;R) for L =� L� and R =� R�
for some � < � is a �-base of K.
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Proof. Sets of the form

U = �(A0; B0) \ � � � \ �(An; Bn) \ �(A0

0; B
0

0)
c \ � � � \ �(A0

m; B
0

m)c

form a base of K. If a set as above is non-void, then for each i � m we can �nd

bi 2 A0

i n (A0 [ � � � [ An)

and
ai 2 B0

i n (B0 [ � � � [Bn):

Let
L = A0 [ � � � [ An [ fa0; : : : ; amg

and
R = B0 [ � � � [Bn [ fb0; : : : ; bmg:

It is straightforward to check that �(L;R) � U and L =� L�, R =� R� for some
� < �. �

Recall that a zero-dimensional space has the �-Knaster property if each collec-
tion of � clopen subsets has a centered subfamily of cardinality �.

Lemma 3. The space K de�ned as above is

(1) separable if and only if G is not a gap,

(2) ccc if and only if G does not contain an uncountable sub-gap satisfying

the condition (K).

In fact, if G is a gap of size �, then K does not have a �-Knaster property.

Proof. To show (1) suppose �rst that there is a set I � ! interpolating G, i.e. such
that L� �� I and R� \ I =� ; for each � < �. Consider the family fIn : n 2 !g of
all sets almost equal to I. For each n let xn 2 K be such that fc 2 2! : c(k) = 0g

belongs to xn if and only if k 2 In. Let L =� L�, R =� R� for certain � < �.
Consider n such that L � In. Then xn 2 �(L;R). Hence, Remark 2 implies that
K is separable.

On the other hand, we will show that if G is a gap, then there is no x 2 K which
belongs to � many elements of the form �(L;R) for L =� L�, R =� R�. This would
imply that K is not separable (and, in fact, that A does not posses the ��Knaster
property). Assume that there is such x 2 K and consider the set

I = fn 2 ! : fc 2 2! : c(n) = 0g 2 xg:

Let � < �. There is �0 > � such that x 2 �(L;R) for L =� L�0 and R =� R�0 . But
this means that L � I and I \ R = ;. So, L� �� I and R� \ I =� ;. Since � was
chosen arbitrarily, I interpolates G.

To prove (2) assume that there is an uncountable � � � such that (L� [ L�) \

(R�[R�) 6= ; for each � < � 2 �. Plainly, f�(L�; R�) : � 2 �g is pairwise disjoint
and thus K is not ccc.

To prove the converse suppose K is not ccc. By Remark 2 we may assume that
there is an uncountable � � � such that

f�(L;R) : L =� L�; R =� R� for some � 2 �g

is pairwise disjoint. We may assume without loss of generality that the above family
consists of sets of the form �(L� 4 F;R� 4 G) for � 2 � for �xed disjoint �nite
sets F and G. But we have � < � in � such that (L� [L�)\ (R� [R�) = ;. This
means that �(L�; R�) \ �(L� ; R�) 6= ; and so �(L� 4 F;R� 4G) 6= ;. �
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Note that for each space constructed in the above way there is no continuous
surjection f : K ! [0; 1]!1 . Indeed, one can show that each �lter on A can be
extended to an ultra�lter by countably many sets. This means that every closed
subset ofK has a point which is a relativeG� . By Shapirovsky theorem (see [�ap80])
this implies that K cannot be continuously mapped onto [0; 1]!1 . In fact, one can
shown that each space like above carries only separable measures (just mimic the
proof of [BND, Theorem 6.7]). Recall that a measure � on K is separable if l1(K) is
separable. In the zero-dimensional case it is equivalent to saying that the (pseudo-
)metric d�(A;B) = �(A4 B) de�ned on the Boolean algebra of clopen subsets of
K is separable. Note that if K can be mapped continuously onto [0; 1]!1 , then it
carries a non-separable measure.

Below we show that in a model obtained by adding a Cohen real there is a gap G
which does not contain an uncountable sub-gap satisfying the condition (K) and for
which it is particularly easy to show that each measure de�ned on the appropriate
space is separable.

Proposition 4. If (L�; R�)�<!1 is a gap, and c is a Cohen real in the extension

(seen as a subset of !). Then for each uncountable X � !1 in the extension

there are � < � 2 X such that

L� \ c � L� \ c and R� \ c � R� \ c:

Proof. Since the Cohen forcing notion is countable we can assume without loss of
generality that X belongs to the ground model. Let p 2 2n and let � < � be such
that L� \ n = L� \ n and R� \ n = R� \ n. Let m be such that L� nm � L� and
R� nm � R� . Then q 2 2m such that qjn = pjn and q(i) = 0 for each i > n forces
that L� \ c � L� \ c and R� \ c � R� \ c. �

Clearly, Proposition 4 implies that the gap G = (L� \ c; R� \ c)� does not have
a co�nal sub-gap with property (K) in the Cohen extension (to see that it is a gap,
notice that c has an in�nite intersection with every in�nite subset of ! from the
ground model). So, if K is the space constructed in the way described above from
G, then K is non-separable and ccc. We will show the following:

Proposition 5. If K is as above and � is de�ned on K, then � is separable.

Proof. We work in the Cohen extension. Assume we have a non-separable � de�ned
on K. Then there is an uncountable set A � A and " > 0 such that

�(A4B) > "

for each A, B 2 A. Without loss of generality we can assume that A consists of
the generators of A. So, there is an uncountable X0 � !1 and collections (L0

�)�2X0

and (R0
�)�2X0

such that L0
� =� L�, R0

� =� R� for each � 2 X0 and

�(�(L0

� \ c; R0

� \ c)4 �(L0

� \ c; R0

� \ c)) > "

for each �, � 2 X0.
De�ne X � X0 to be an uncountable set such that for each �, � 2 X

(1) L0
� 4 L� = L0

� 4 L� ;
(2) R0

� 4R� = R0

� 4R� ;
(3) j�(�(L0

�; R
0
�))� �(�(L0

� ; R
0

�))j < "=2.
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By Proposition 4 there is � < � 2 X such that

L� \ c � L� \ c and R� \ c � R� \ c:

Properties (1) and (2) imply that then

L0

� \ c � L0

� \ c and R0

� \ c � R0

� \ c:

Hence, �(L0

� \ c; R0

� \ c) � �(L0
� \ c; R0

� \ c). But this means that

�(�(L0

� \ c; R0

� \ c))� �(�(L0

� \ c; R0

� \ c)) > ";

a contradiction with the property (3). �

So, �nally we obtain the following theorem:

Theorem 6. In a model obtained by adding a single Cohen real there is a

compact Hausdor� space K such that

� K is not separable (it does not even have !1-Knaster property),

� K is ccc,

� K does not carry a non-separable measure.
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