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ABSTRACT. For a group G, we define the notion of a G-kernel and show that
the properties of G-kernels are closely related with the existence of a model
companion of the theory of Galois actions of G. Using Bass-Serre theory, we
show that this model companion exists for virtually free groups generalizing
the existing results about free groups and finite groups. We show that the new
theories we obtain are not simple and not even NTP5.

1. INTRODUCTION

In this paper, we present a geometric axiomatization for the model companion
of the theory of fields with actions of a fixed group G, where G is of some specific
type. Note that such an axiomatization is impossible in the case of G = Z x Z,
see [13]. On the positive side, such an axiomatization is well-known in the case of
G = Z (the theory ACFA, see [4]), more generally in the case of G = F,, (the theory
ACFA,,, see [11], [14], [25] Theorem 16] and [20, Proposition 4.12]) and finally for
G = Q (the theory QACFA, see [I]). It is also known to exist in the case of a
finite group G, giving the theory G — TCF, see [25] and [9].

The aim of this paper is to put the results about free groups and about the
finite groups in a natural common context. We consider the case of a finitely
generated group G having a free subgroup of finite index, i.e. a virtually free group
G. The class of virtually free finitely generated groups contains many interesting
examples including the infinite dihedral group D,, (the group which inspired our
investigations) and, more generally, the groups of the form G * H, where G and H
are finite.

To find our axioms, we analyze some kind of “geometric prolongation process”
which allows to extend partial endomorphisms of fields to automorphisms of some
bigger fields. This process is (slightly) visible e.g. in the proof of Theorem (1.1)
from [], where one finds the following sentence:

“By definition of o(U), o extends to an isomorphism from K(a) onto K (b) which
sends a to b; this o in turn extends to an automorphism of L.”

Our prolongation process may be seen as a constructive explanation of the part:
“this o in turn extends to an automorphism of L” (the afore-mentioned isomorphism
between K (a) and K (b) is called “this ¢” above). We describe geometric conditions
which allow our inductive extension process. Finding these conditions is rather easy
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in the case of ACFA (and also in the case of ACFA,,), but becomes more involved
in the case where the acting group is not free.

We formalize the above process by introducing the notions of a transformal kernel
and its prolongation. These notions were inspired by their differential counterparts
from [I7]. The transformal kernel above is actually the ring embedding K(a) —
K (a,b), which maps a to b and extends o on K. The automorphisms of L mentioned
above is a prolongation of this transformal kernel. We formulate a general scheme
of axioms which (in the case when a G-prolongation process exists) gives geometric
axioms of the theory G — TCF, the model companion of the theory of fields with
actions of G by automorphisms (Theorem [2.25).

In the case of a finitely generated virtually free group G, the Bass-Serre theory
(see [B]) gives a convenient description of the group G. Namely, G can be obtained
from finite groups by the amalgamated free product construction (over a certain
finite tree), followed by a finite sequence of HNN-extensions. For groups obtained in
such a way, we show that a G-prolongation process exists, thus the theory G — TCF
exists as well (Theorem [3.26]).

The paper is organized as follows. In Section [2} we introduce the notion of a
transformal kernel and show how the properties of such kernels are related to the
existence of a model companion of the theory of transformal fields. In Section
using the Bass-Serre theory, we show that G — TCF exists for a finitely generated,
virtually free group G. In Section [4] we discuss the model-theoretic properties of
the theories G — TCF we have obtained. In Section [5} we give a new example of a
group G for which the theory G — TCF does not exist and formulate a conjecture
about the existence of the theory G — TCF for an arbitrary group G.

2. TRANSFORMAL KERNELS AND MODEL COMPANIONS

In this section, we introduce the notion of a transformal kernel (modeled on the
notion of a differential kernel from [I7]), and show a close relation between the
properties of transformal kernels and the existence of model companion. Similar
relations exist in the characteristic 0 differential case (see [23]), the positive char-
acteristic differential case (see [I5]) and the Hasse-Schmidt differential case (see
[16]).

2.1. Functor. Assume that (K, o) is a difference field and V, W are varieties over
K. By a variety, we always mean a K-irreducible K-reduced algebraic subvariety of
A%, for some n > 0. Hence, a variety is basically the same as a prime ideal in the ring
K[Xy,...,X,] for some n > 0. When we extend the map o to an automorphism
of the ring K[X1,...,X,] (mapping each X; to X;), then it also acts on the prime
spectrum of K[X1,...,X,], so we get the varieties °V,” W. For each K-morphism
p: V. —> W, we get a corresponding K-morphism ¢ : 7V — W. It is easy to
check that we have obtained an endo-functor on the category of K-varieties. We
also get the following ring isomorphism (but not a K-algebra homomorphism!)

oy : K[V] - K[°V]
extending ¢ on K.
Remark 2.1. We use the notation “V rather than the (possibly more popular)
notation V7, since we want to emphasize that o always acts on the left (as the

functions usually do). It will become important later, when we are going to consider
at the same time several automorphisms of K.
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We also have a map (denoted by the same symbol)
oy : V(K) - V(K)

which can be understood in this (rather naive) context, as applying o coordinate-
wise. This map is not a morphism (it would be a morphism in the category of
difference varieties, but we are not going into this direction here). However, it is
still a natural map, in the sense that for any morphism ¢ : V- — W, the following
diagram is commutative

V(K) o W(K)
\L (OW)K l
V(K) TW(K).

Lemma 2.2. On the level of coordinate rings, we have the following commutative
diagram:

The commutative diagram in the above lemma will be the source of commuta-
tivity of many diagrams which will be used later.
We will need one more easy result about the map oy .

Lemma 2.3. Suppose K c Q is a field extension, and a € V(2),b € V() be
generic points over K. Then after the natural K-algebra identifications:

Kla] = K[V], K[b]= K[V],
we have oy (a) = b.

Proof. If we represent K[V] as K[X]/I(V), then I(°V) = I(V)? and the map oy
is induced by ¢ on K and

ov(Xi+I(V)) = X; + I(°V).
Hence, we get oy (a) = b after the natural K-algebra identifications. (]

2.2. Transformal kernels. Let us fix a difference field (K, o). We introduce now
the main definition of this section. A possible name difference kernel already de-
scribes the binary equalizer in category theory, so we prefer the name we choose
below.

Definition 2.4. (1) A transformal kernel or a Z-kernel (with respect to the
difference field (K, o)) is a tower of fields K € L € L’ together with a field
homomorphism ¢’ : L — L’ such that ¢/|x = ¢ and L’ = Lo'(L).

(2) We denote the transformal kernel as in item (1) by (L, L', o").
(3) A transformal kernel (L', L" ") is a prolongation of a transformal kernel
(L,L',o"), if 6" =o'

Remark 2.5. Clearly, a difference field extension (K,0) € (L,0") gives the trans-
formal kernel (L, L, o) which is “the best one”, and it is its own prolongation.
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We will now investigate a close relation between transformal kernels and the
theory ACFA. We note first a rather obvious result and hint on its well-known
(non-constructive, though) proof. Actually, a constructive version of its proof,
which we will provide later, will make clear the connection between prolongations
of transformal kernels and the theory ACFA.

Proposition 2.6. Each transformal kernel (L, L', ¢’) has a prolongation which is
a difference field.

Proof. The argument is standard, one uses transcendence bases and the correspond-
ing basic fact about actions of Z on (pure) sets. O

We recall that all the varieties considered in this section are K-irreducible affine
algebraic varieties over K.

Definition 2.7. We call a pair of varieties (V, W) a Z-pair, if W € V x °V and
both the projections

WV, WV

are dominant.

Lemma 2.8. Any Z-pair (V,W) gives a Z-kernel of the form (K(V), K(W),d').
Moreover, there is a K-generic point a € V(K(V)) such that (a,0'(a)) is a K-
generic point of W (hence o'(a) is a K-generic point of °V ).

Proof. The dominant projection maps W — VW — “V induce the following K-
algebra homomorphisms:

W K(V) - KW), 7% :K(CV)— K(W).

Using the map 7}, we identify K (V) with a K-subalgebra of K (W), and we define:

o =7l ooy,
where oy is now considered as a map from K (V) to K(°V).
For the moreover part, let as assume that V' € A™ and define:

a:= X1 +IW),.... Xp +I(W)), da:=Xps1+IW),..., Xop +I(W)).

Then (a,a’) € W(K(W)) is a K-generic point of W, hence (since both the projec-
tions are dominant) a € V(K (W)) is a K-generic point of V', and o' € V(K (W)) is
a K-generic point of °V. Therefore, we can apply Lemmal[2.3]and see that after the
natural identifications K[a] = K[V], K[a'] = K[°V], we get that ' = 0'(a). O

The result below gives a natural notion of a prolongation of a Z-pair. We will
mostly use in the sequel the equivalence between the items (1) and (3).

Lemma 2.9. Suppose that (V,W) and (W, W') are Z-pairs. Then the following
are equivalent.
(1) The Z-kernel (K(W), K(W'),0") coming from the Z-pair (W,W') (as in
Lemma [2.8) is a prolongation of the Z-kernel (K(V), K(W),0') coming
from the Z-pair (V,W) (as in Lemma/[2.8).



MODEL THEORY OF FIELDS WITH VIRTUALLY FREE GROUP ACTIONS 5

(2) The following diagram is commutative (notation from the proof of Lemma

(3) W S W xoy °W.

Proof. Note that the item (1) is equivalent to fact that the following equality be-
tween maps from K (V) to K(W') holds:

! !
W“jvv OWX[‘//OO'\/ZWE/WOO'WO’IT‘V/V.

For the proof of the equivalence between (1) and (2), it is enough to consider the
following (big) diagram of K-algebra monomorphisms:

K(V) v K(V) K(W)

w o !
Ty 71'(7‘V/V 7'(%
w

KW)—2 S K(W) ——% ~ KW',

and notice that the left-hand side (small) diagram commutes by Lemma
The equivalence between (2) and (3) is immediate. O

We will start now from a Z-kernel and obtain a Z-pair. First, we need an easy
result about loci which we leave without proof.

Lemma 2.10. Suppose (L, L', c’) is a Z-kernel, a € L™ and V = locusk (a). Then
we have:
7V = locusgk (o' (a)).

We show below a converse of Lemma

Lemma 2.11. Any finitely generated Zi-kernel comes from a Z-pair in the way
described in Lemma[2.8.

Proof. Let (L,L’',0’) be a Z-kernel. Take a finite tuple a in L such that L = K(a).
We define

b:= (a,0'(a)), V :=locusk(a), W :=locusk(b).
By Lemma we have 7V = locusk (0'(a)). Since L' = K (b), (V,W) is a Z-pair
which produces (using Lemma [2.8) the original Z-kernel (L, L', o). O

We note below a very general result which will be used for the category of
varieties, where epimorphisms coincide with dominant maps.

Fact 2.12. Let C be a category with fiber products and By — A,...,B, — A
be epimorphisms in C. Then for all i € {1,...,n}, the corresponding projection
morphism

Bl XAB2 XA...XABn—>Bi

is an epimorphism as well.

We show now a (preparatory) constructive version of Proposition
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Lemma 2.13 (Z-prolongation lemma). Let (V,W) be a Z-pair and define
W' =W xoy °W.

Then (W, W') is a Z-pair and the corresponding Z-kernel (K(W), K(W'),o") is a
prolongation of the corresponding Z-kernel (K(V), K(W),o").

Proof. We need to check first that (W, W’) is a Z-pair. Since the morphism W — V/
is dominant, the morphism °W — °V is dominant as well, so (W, W’) is a Z-pair

by Fact
The prolongation statement concerning the corresponding Z-kernels follows from
Lemma (I

Remark 2.14. For subsequent generalizations to the case of an arbitrary finitely
generated marked group (G, p), let us introduce the following notation:

p=(1,0), pp=[ ! % ]

o O

We prefer to represent the sequence (1,0, ¢, 02) in the matrix form, since this form
makes the internal symmetries of the sequence pp easier to visualize, which will
become important when we will consider several automorphisms.
Let (V,W) be a Z-pair, in particular W € V' x V. We define:
PV i=V XV, PV i=VxVxVxTV.
We also denote:
PPV = PPV Ag’,
i.e. we identify in #?V the second coordinate with the third coordinate (the only
pair of coordinates in ??V which can be identified). Note that then we have the
following:
PW A PPV = (W x W) A3 =W xoy “W.
This observation will allow us to extend the Z-prolongation process from Lemma
to the case of other groups (in place of Z). To summarize, for a Z-pair (V, W),
we define
W' = PW n PPV,
and Lemma tells us that (W, W’) is a Z-pair again.

The actual constructive version of Proposition [2.6] is stated below.

Proposition 2.15. Suppose that (V,W) is a Z-pair. Then the Z-kernel coming
from (V,W) has a prolongation which is a difference field extension.

Proof. By Lemma there is a sequence of K-varieties

‘/b:‘/a V1:VV7 V2:Wla ‘/337
such that

KV)cK(Wi) cK(Wh) < K(Vs)c...
and there are ring homomorphisms
Om : K(Vin) = K(Vipy1)
such that we have
oy = WZ‘(, ooy, Om S Om4+1-
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If we take L := J,, K(Vi») and ¢’ := J,, Om, then (L,0’) is a difference field
extension of (K, o), which is also a prolongation of the Z-kernel coming from the
Z-pair (V,W). O

2.3. Transformal kernels and axioms of ACFA. We phrase now the well-
known geometric axioms of the theory ACFA in terms of Z-pairs. This reformula-
tion is obvious, however, it has the flexibility needed for our intended generalizations
to the case of actions of more general groups.

Axioms for ACFA
The structure (K, o) is a difference field such that for each Z-pair (V, W), there is
x € V(K) such that (z,0(z)) € W(K).

Remark 2.16. Usually these axioms include an extra assumption that K is alge-
braically closed. This extra assumption is not necessary to state axioms for ACFA,
and the existentially closed models for actions of most of the groups are not alge-
braically closed. More precisely, using Theorem 2), one can conclude that an
existentially closed G-field is algebraically closed if and only if the profinite com-
pletion of G is a projective profinite group. We show below that the above axioms
are first-order, even in the case where the ground field is not algebraically closed.

(1) Using [9, Lemma 3.1] (the proof generalizes to the case of an arbitrary
group G in a straightforward way), we may assume that the basic field is
perfect. Hence our varieties are also geometrically reduced, by e.g. [26, Tag
030V].

(2) We consider here K-irreducible varieties which need not be absolutely ir-
reducible. This is not a big problem, since the notion of K-irreducibility
(over an arbitrary field K) is first-order definable using the general bounds
from [28]. It is explained in detail e.g. in [9, Remark 2.7].

(3) We need to be more careful when proving that the notion of a dominant
morphism V' — W is first-order definable. We will do it in several steps
below.

(a) As usual, the right definition of “dominant” is the schematic one, i.e.
the corresponding map K[V] — K[W] should be one-to-one (which is
exactly what we need to extend ring homomorphisms to fields).

(b) Since tensoring over K is an exact functor, the map K[V] — K[W] is
one-to-one if and only if the map

K[V]®k K& - K[W]®x K&

is one-to-one.
(¢) For any algebraic variety T over K, we denote

T := T Xgpec(K) Spec(K 1)
(change of basis from K to K?#). Then we have:
K¥[T'] 2gus K[T] @k K.

Hence we need to express in a definable fashion that the morphism
W' — V' is dominant.

(d) Since V is K-irreducible, the absolute Galois group of K acts tran-
sitively on the set of irreducible components of V', hence V' is equi-
dimensional. Similarly, W’ is equi-dimensional.
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(e) Since V' and W’ are equi-dimensional, any morphisms f : W’ — V' is
dominant if and only if
dim (V\f(W")) < dim(V").
The last condition is quantifier-free definable over K.
(f) Since we get a definable over K condition which is quantifier-free, the

dominance condition holds in K?# if and only if it holds in K, which
finishes the argument.

We briefly recall, and phrase in our terminology, a proof of the following result
(see []) saying that the axioms above do axiomatize the class of existentially closed
difference fields. In next sections, we will use a similar, but technically more com-
plicated, procedure to axiomatize theories of difference fields for actions of other
groups.

Theorem 2.17. A difference field (K, o) is existentially closed if and only if, it is
a model of the theory ACFA.

Proof. (=) Since (K, o) is existentially closed, it is enough to find a difference field
extension (K,0) € (L,c’) and a € V(L) such that (a,c’(a)) € W(L). By Lemma
there is a Z-kernel corresponding to the Z-pair (V, W). By Proposition m
the Z-kernel corresponding to the Z-pair (V, W) has a prolongation (L,o’) which
is a difference field extension, and there is a € V(L) such that (a,c’(a)) € W(L).

(<) Suppose now that (K, o) = ACFA. Let ¢(x) be a quantifier-free formula over

K in the language of difference fields. As usual, we can assume that:
p(x): Fi(z,o(x))=0A...A Fp(z,0(x)) =0 A H(z,o(x)) #0,

where Fi,..., Fp,, H € K[X, X'] for some m € IN (the length of X and X’ is the
same as the length of the variable z). After replacing z with (z,y) and H with
HY — 1, we can also assume that () is of the form A Fi(z,o(z)) = 0.

Assume that there is a difference field extension (K, o0) € (L, c’) such that

(L,0') = 3z p(x).
Let a be a tuple in L satisfying ¢(z). Then
(K(a’)a K(aa Gl(a))v U/|K(a))
is a finitely generated Z-kernel. By Lemma there is a Z-tuple (V,W) cor-

responding to this Z-kernel. Since (K, o) = ACFA, there is € V(K) such that
(z,0(x)) € W(K) which exactly means that (K,0) = Jz o(x). O

Remark 2.18. It is clear that the main ingredients in the above proof were Propo-
sition and Lemma [2.11] It is also clear that the crucial Proposition solely
depends on the Z-prolongation Lemma, which is Lemma

In Section [2:4] we will describe the right conditions which are necessary to carry
on the prolongation process in a general case (i.e. for a group which is not neces-
sarily free), and we will show that a generalization of Theorem holds, if these
conditions are satisfied (Theorem [2.25).

We quickly see below that all the arguments of this section immediately gen-
eralize to the case of several automorphisms to give the (also well-known) theory
ACFA,,. We fix now a difference field (K, 01, ...,0,), which we sometimes call an
F,-field.
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(1) Definition [2.4] has an obvious generalization here to give a notion of an Fj,-
kernel (we demand now that L' = Lo (L) ...o,,(L)) and the corresponding
prolongation.

(2) We call a pair of varieties (V, W) an Fy,-pair, f W SV x 'V x ... x ™V
and all the projections

W-oV, W-2V, ..., WV

are dominant.

(3) Lemma has an obvious generalization to this case.

(4) Tt is also easy to generalize the Lemma to the case of several automor-
phisms. Using the (multi-)diagonal notation from Remark the right
generalization of condition (3) from Lemma [2.9|is

! n+2 2n+3 n? n?4n+l
W S AT n A" n..n AT n AL,

or, following the notation from Remark [2.14] in a more compact form as
(for p:=(1,01,...,00)):

W' PW A PPV

(5) Using Fact [2.12] it is easy now to generalize the Z-prolongation Lemma
(Lemma [2.13)) to the case of the F,-prolongation Lemma, where we define

W' as
W' :=PW nPPV.
(6) Lemma and Proposition also generalize to the case of several

automorphisms in an obvious way.
Using all the observations above, we can conclude as in the ACFA-case.

Axioms for ACFA,,
The structure (K, 071, ...,0,) is a difference field such that for each F,,-pair (V, W),
there is x € V(K) such that (x,01(x),...,0n(2)) € W(K).

Theorem 2.19. A difference field (K,o01,...,0,) is existentially closed if and only
if, it is a model of the theory ACFA,,.

2.4. Word Problem Diagonals. If we want to axiomatize the theory G — TCF
in the case when the group G is not free, we need to find a way to encode in a
first-order way the Word Problem for a marked group (G,p), i.e. a group with a
chosen sequence of generators. In this section, we expand Lemma to the case
of relations between words (like commutativity), which may be satisfied by partial
automorphisms.

Assume that (G, p) is a marked group. Our sequence of generators is finite
p = (p1,.-.,pm) and we always assume that p; = 1. A G-field is a field K
together with an action of G by automorphisms. We denote the corresponding field
automorphisms of K by the same symbols p1, ..., p;, and we consider a G-field as
a first order structure in the following way: (K;+,-, p1,..., Pm)-

We also assume that the marked group (G, p) is finitely presented in a rather
simple way, that is we make the following.

Assumption 2.20. We assume that for

P:= {(Z,jak,l) € {1,'~'am}4 | PiPj = PkPI (IH G)}a
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G has a presentation of the following form:

G ={p | pipj = prpi for (i,j, k1) € P).
Thus, the set P encodes the Word Problem for G.

We can define now the notion of a G-kernel, which can be understood as a
“two-step version” of the notion of a Z-kernel.

Definition 2.21. (1) A G-kernel (with respect to the G-field (K, p)) is a tower
of fields K € L € I/ < L” together with field homomorphisms

piL—>L, pl L' L"
for i = 1,...,m such that:
e cach p) extends p;,

e the homomorphisms p} and p} are inclusions,
e for each (i,j,k,l) € P, we have

pi © P = Pk o P
(note that this condition implies that each p} extends pf),
e we have:

L'=py(L)...p5(L), L"=p{(L)...op(L).
(2) We denote the G-kernel as in the item (1) by (L, L', L”", o', p").
(3) There is an obvious notion of a prolongation of G-kernels as in Definition
R.4(3), i.e. a G-kernel (L, L, L}, p, pl) is a prolongation of a G-kernel
(L, L', L", 0, p") if and only if, we have L, = L', L), = L” and pl, = p”.

Remark 2.22. As before, a G-field extension (K, p) € (L, p’) gives the G-kernel
(L,L,L,p, p') which is “the best one”, and it is its own prolongation. The difference
here is that there is no guarantee that a G-kernel has a prolongation which is a
G-field extension. This seems to be the main reason for the (non-)existence of a
model companion of the theory of G-fields for some groups G.

Assume now for a moment that we just take one relation from P, i.e. assume
that (K,o,7,¢,0) is a difference field such that 70 = 5. We want to encode the
word equality 7o = €6 in a first-order way.

Let us set p := (1,0,7,¢,0) and we assume V, W, W’ are K-irreducible varieties
such that

WSV xoVxTVxVxoV="ry,
W' CW x W x "W x W x ‘W =W,
and all the projections are dominant. We have the appropriate field homomor-
phisms
o, v,y K(V)—=KW), o, 1,8 : KW)— KW
defined as in Lemma 2.8
Since ¥V = 7V, we have the corresponding “non-trivial diagonal”:
ATZ S PPV

We need a version of Lemma [2.9] which deals with the word problem for the group
G. The following result is a “Word Problem counterpart” of Lemma [2.9

Proposition 2.23 (Lemma on Word Problem). The following conditions are equiv-
alent:
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(1) 7-” o O.I — 6I/ o 6/,
! TO
(2) W< ATY.
Proof. Consider the following commutative diagram:
K(V)

(to)v
oy

K(V) ———K(V)

o Toy

[
oy TOoOVY
KW)— s K("W)
lﬂxvv;
KW,

as well as the corresponding diagram for (g,4) playing the role of (7,0). Since
(to)y = (ed)v and both these maps are bijections, we get that the equality

" ! n !
T"oog' =&"04

is equivalent to the commutativity of the following diagram:

WI
™
w! W W
7 T
‘n'XVWJ/ iwﬂ%
€
w
Tesy

W by — oy

The commutativity of the last diagram is equivalent to the condition W’ < AZ¢,
similarly, as in Lemma |

The above result gives a relatively easy criterion to check whether a prolongation
of (V, W) to (W, W') gives a right procedure potentially yielding a G-field. We prove
below the counterpart of Lemma [2.8]in this context. First, we introduce a notation
generalizing the one from Remark

PV := PV x «oo x P/,
PPV o= PL(PV) x - x P (PV)),
PPV = PPV n {all possible diagonals}.
The last intersection means that to obtain #?V from PPV, we identify #:(## V') with
Pe(PV) for all (4,4, k,1) € P.
Corollary 2.24. Suppose that we have
W cPV, W cPWnrPV

and all the projections W — PiV. W' — PiW are dominant. Then there is a G-
kernel of the form

(E(V), K(W), K(W'),p', p").
Moreover, there is a K-generic point a € V(K (V) such that p'(a) is a K-generic
point of W.
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Proof. The maps p}, p! are obtained in the same was as in the proof of Lemma
Proposition m guarantees that for each (i, j, k,1) € P, we have

pi o Pl = piop).
The moreover part follows again as in the proof of Lemma [2.8 ([l

If we try now to generalize the observations made in Remark we see that
we need to find a good notion of a G-pair for which the “G-prolongation Lemma”
(an analogue of Lemma would hold as well as an analogue of Lemma We
comment here more on the general shape of the possible definition of a G-pair. A
G-pair should be a pair of varieties (V, W) (over a field K with a G-field structure)
such that:

(1) Werv,

(2) all the projections W — iV are dominant,

(3) the pair (V, W) satisfies a right “G-iterativity condition”.
Note that the conditions (1) and (2) are exactly the same as in the case of Fj,-
pairs (see the item (2) below Remark 2.18). The most difficult task is to find
the proper “G-iterativity condition” (taking care of the Word Problem for (G, p)),
which appears in the condition (3), and to show that if (V,W) is a G-pair, then
(W, W') is a G-pair as well. We formalize these observations below.

Theorem 2.25. Suppose we have the notion of a G-pair as above and assume that
we can show the following.

(1) G-Prolongation Lemma
If (V,W) is a G-pair, then (W,PW n PPV is a G-pair.
(2) Analogue of Lemma

Suppose that
(K (a), K(p'(a), K(p"(p'(a))))
18 a G-kernel. Then

(locusk (a), locus (p'(a)))
is a G-pair.
Then, the model companion of the theory of G-fields (the theory G — TCF) exists
and we have the following.

Axioms for G — TCF
For any G-pair (V,W), there is x € V(K) such that p(z) € W(K).

Proof. This proof basically repeats the proof of Theorem [2.17]in the more general
context of G-fields.

(=) Since (K, p) is existentially closed, it is enough to find a G-extension (K, p)
(L,p) and a € V(L) such that p(a) € W(L). Let W’ := PW n ??V. By the
G-Prolongation Lemma, (W, W’) is a G-pair. In particular, the assumptions of
Corollary are satisfied. By Corollary

(K(V), K(W), K(W'), ', p")

is a G-kernel, and there is a K-generic point a € V(K(V)) such that for each
p'(a) is a K-generic point of W. By repeated usage of the G-Prolongation Lemma
(similarly as in the proof of Prop. , this G-kernel has a prolongation (L, p)
which is a G-extension. Hence a € V(L) and p(a) € W(L).
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(<) Suppose now that (K, p) = G — TCF. Let ¢(x) be a quantifier-free formula
over K. As in the proof of Theorem [2.17] we can assume that:
o(x): Fi(z,o(x)=0nA...A Fp(z,0(z)) =0,
where F,..., F,, € K| X, X'] for some m € IN.
Assume that there is a G-extension (K, p) € (L, p’) such that
(L,p) 32 9(2),
Let a be a tuple in L satisfying ¢(z). Then

(K(a), K(a,p'(a)), ' (¢'(a))))
is a finitely generated G-kernel. Let
V := (locusk(a)), W :=locusg (p'(a)).

By Analogue of Lemma (V,W) is a G-pair. By Axioms for G — TCF, there is
x € V(K) such that p(z) € W(K) which means that (K, p) = 3z ¢(z). O

Remark 2.26. Since the theory (Z x Z) — TCF does not exists, then obviously the
above procedure does not work for the case of G = 7Z x Z. A practical obstacle is
the following: for any possible notion of a (Z x Z)-pair, if (V, W) is a (Z x Z)-pair
and W’ is defined as in the proof of Theorem then some projection W' — PiW
will not be dominant.

In the next section, we will find a good notion of a G-pair and prove the corre-
sponding G-prolongation lemma as well as an analogue of Lemma for finitely
generated, virtually free groups.

3. VIRTUALLY FREE GROUPS

In this section, we show that the theory G — TCF exists for a finitely generated,
virtually free group G. To deal with the finite group case, we reformulate the results
proven in [9]. Then we use the Bass-Serre theory to pass from the case of finite
groups to the case of virtually free groups. Since some virtually free groups have
an explicit description as semi-direct products of a free group and a finite group,
we also give explicit axioms in such cases (Section , where we do not use the
Bass-Serre theory.

3.1. Finite groups. We analyze here, using the terminology of this paper, the
results from [9]. Let Go = {g1, ..., 9.} be a finite group,

pi=g:= (917"'796)7

and (K, g) be a Go-field. We fix a pair of varieties (V, W) such that W < 9V and
W projects generically on each 9V. For each ¢ = 1,..., e, we get the permutation
A 1 Gy — Gg induced by the left multiplication by ¢; and the corresponding
algebraic morphisms:

A9V S99y AV 9y 5997 AV = (AL A9,
We also define (as in Theorem [2.25]):
W' :=9W n99V.

Lemma 3.1. The following are equivalent.
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(1) The pair (V,W) satisfies the “G-iterativity condition” as in (&%) from [9]
Remark 2.7(2)], which says that for each i < e, we have
X (W) = 5,
(2) \V(W) 9w,
(3) ANV (W) =w".
(4) W’ projects generically on each 9" W.
Moreover, if the above equivalent conditions for (V,W) are satisfied, then they are
satisfied for (W, W') as well.
Proof. We observe first that since 99V = AV (9V), we obtain the following:
(%) IW AIIV = AV (W) n99V.
The equivalence between (1) and (2) is clear from the definitions.
For the equivalence between (2) and (3), it is enough to use the equality (x)
above.
To see that (3) implies (4) and that (4) implies (1), it is enough to notice that
for each i = 1,...,e we have
im(W’ — 9 W) = X, (W) n 9 W.
For the moreover part, one needs to notice that if the (V, W) satisfies the equiv-
alent conditions (1)—(4), then
Xy (XY (W) = % (AV (W),
for each 7 < e. O

Remark 3.2. (1) The equivalent conditions from Lemma give us the miss-
ing Gy-iterativity condition (which was discussed before Theorem .
Hence, we have now the definition of a Gy-pair.
(2) The moreover part of Lemma is exactly the Gg-prolongation lemma.
(3) As explained in [, Remark 2.7(3)], to obtain an axiomatization of the
theory Gy — TCF, one needs to consider only the varieties of the form
V=A"

Now, we only need a counterpart of Lemma (below).
Lemma 3.3. Suppose that (L, L', L",¢',g") is a Go-kernel. For a € L™, let
V :=locusk(a), W :=locusk(g'(a)).
Then (V,W) is a Go-pair.

Proof. Clearly, we have W € PV. Similarly as in the proof of Lemma [2.11] one
can show that all the projections W — 9V are dominant. Therefore, we need to
check only the Gy-iterativity condition from the definition of a Gp-pair. For each
i=1,...,n; we have (using an obvious analogue of Lemma :

IW =locusg (g7 (91(a)),.... g/ (9.(a)))
=locusk (A} (g1(a),...,g.(a)))
= \L(W).
Hence (V,W) is a Go-pair. O
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Using Theorem [2.25] we see that the below axioms describe the theory Go—TCF
(a model companion of the theory of fields with Gg-actions).

Axioms for Go — TCF
The structure (K, g1,...,g.) is a Go-field such that for each Go-pair (V, W), there
is € V(K) such that (g1(z),...,ge(z)) € W(K).

3.2. Amalgamated products. Let us assume that G = Bx4C, B = {b1,...,bn},
C ={ci,...,q}and A = {by,...,by}, where by = ¢1,...,b; = c;. We define our
sequence of generators of G in the obvious way:
pi= (bla SRR bmv Ckt+1y--- ,Cl)'

Let us fix a G-field (K, p) and varieties V, W such that W < V. We denote by
Wg be the (Zariski closure of the) projection of W on (b1-bm) Y and by We the
(Zariski closure of the) projection of W on (¢1-e)V/,
Definition 3.4. We say that (V,W) is a (B x4 C)-pair, if:

o (V,Wp) is a B-pair;

o (V,W¢) is a C-pair.
Remark 3.5. If (V, W) is a (B %4 C)-pair, then all the projections W — #V are
automatically dominant.

Example 3.6. It may be convenient to have in mind the simplest case where:

1 o 7
G=0CyxCy={oys{ry, p:=1,0,7), pp=| o 1 o7
T 10 1

For WV x°V x 7V, let W, be the projection of W on V x V', and W, be the
projection of W on V x 7V. Then (V,W) is a (Cs * Co)-pair, if (V, W) is a Co-pair
and (V, W) is a Cy-pair.

We define as usual:
W' :=PW nPPV.

Proposition 3.7 ((B #4 C)-Prolongation Lemma). If (V,W) is a (B #4 C)-pair,
then (W, W') is a (B %4 C)-pair as well.

Proof. For any b € B, let

)\?/ : WB g bWB
be the coordinate permutation map, which is defined as in the beginning of Section
[3:1] We have the following:

Wp =W xyp, 2W xyy, - Xy, W,

where for each b € B, the dominant morphism ay, : ®W — Wp is defined as the
following composition:

bW AP -1
. I C

For any b € B, we also have
b bb bb bbyy,
Wp =W XXl (W) 2V XX (Wg) """ XAL (W) W,

where each dominant morphism **iW — X6, (Wp) is defined as ®ay, .
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By Fact|2.12] the dominance condition from the definition of a B-pair for (W, W)
holds. For any b € B, we also obtain

Aw (W) = "W,
so the iterativity condition from the definition of a B-pair (appearing in Lemma

(1)) for (W, W}) holds as well. Similarly, (W, W(,) is a C-pair, hence (W, W’) is
a (B %4 C)-pair. O

Finally, we consider the most general case we need here, that is we assume that
we have a finite ¢ree of finite groups (B(—),T). It means the following:
e T is a tree with vertices 1,...,¢ and edges of the form (¢,j), where i # j
and 4,7 € {1,...,t};
e for each vertex i of T, there is a finite group B;;
o for each edge (7, 7) of T, there is a group A;;, which is a subgroup of both
the groups B; and B;.
Then we define
G:= ’/Tl(B(_)ﬂ T)a
i.e. G is the appropriate amalgamated free product, as described in [5, Example
1.3.5(vi)]. We define the sequence p as the concatenation of By, ..., By amalgamated
along the subsets A;;.

Example 3.8. If T is the tree with two vertices 1,2 and one edge (1,2), then we
get
71—1(3(_)>T) = DB *A1p By,
as at the beginning of this subsection.
For each vertex ¢ in T, let p; be the subsequence of p corresponding to B;. We
assume that (K, p) is a G-field and (V, W) are varieties such that W < V. Then

for each vertex i in T, let W; be the (Zariski closure of the) projection of W on
iy,

Definition 3.9. We say that (V,W) is a m1(B(—), T)-pair, if for each vertex i in
T, (V,W;) is a B;-pair.

The proof of the next result is basically the same as the proof of Prop. (and
the definition of the variety W’ is also the same), so we skip it.

Proposition 3.10 (71 (B(-), T)-Prolongation Lemma). If (V,W) is a 7w (B(—),T)-
pair, then (W, W') is a m(B(—),T)-pair as well.

We postpone stating the conclusion about the theory G — TCF given by Theorem
till we consider the general case in Section |3.4]

3.3. HNN-extensions. We start from a special case which will serve our intuitions
in a similar way as Example did in Section Let Cy x Cy = {1,0, 7,7} and
consider the following HNN-extension:

a:{l,o} ={1,7}, G:=(Cy xCs) 4.
Then the crucial relation defining G is ot = t7. We take:
p:: (1’0—7T?77t’t0—7t7—’t7)’
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¥ t to tT ty
T tr ty t to
o
1

Tt Tto  TtT Tty
Tt Tty Tt Tto

N2 = Q9
Q =2 3

PP = to tr tv] 2 o 21 2

to t ty tr| 2t 3y t* t%o
tr ty t to| ittt itto triT ittty
| iy it to t |trtT ittty trt  trto |

We check below some easy calculations related to the entries of the matrix above:

o(tr) =trr =1t, v(to) = Toto = Ttro = Tty.
For W < PV and a subsequence p’ € p, we define the following coordinate projection
and the corresponding image of W:
Ty PV =PV, Wy i=my(W).
We fix the following sequences:
po = (L0,7,7), tpo:= (t to,trt,ty),

and we define below our crucial notion in this special case.
Definition 3.11. (V,W) is a (Cy x C3)#*4-pair, if:

(1) "W,y = Wi,

(2) (V,W,,) is a (Cy x Cy)-pair;
Remark 3.12. The item (1) means that (W,,, W) is a Z-pair. The items (1) and

(2) #mply that all the projections W — iV are dominant, since for i € py the
dominance follows from the item (2) and for i € tpg it follows from the item (1).

To prove the G-Prolongation Lemma in this context, the following observation
is useful:

TPV = )\(P)V’
where
A= (12)(34)(57)(68) € Ss
is the appropriate permutation, which is applied to the 8-tuple p in the obvious
way. We also consider A as the following permutation isomorphism Ay (defined
using the )\i/—maps from Section for Go = Cy x Cs):

Ay = A x FAL) 1 PV = POV x 1P0Y) s TPOY/ x ETPOY = 9P/

Suppose (V, W) is a G-pair and W' := PWW 1PV To have a convenient description
of W, , we define:

Ay = (idy, Ay) : PV — PV x 7PV
Analyzing the above matrix of pp, it is easy to see that:
W, = Av (W) X (poV xro V) Aey (TW),
where the morphisms
M (W) = PV x PV, Xey(TW) = POV x PV,

which we need to define the fiber product above, come from the usual projection
map composed with appropriate coordinate permutations. From this description
of ngo’ the G-Prolongation Lemma follows, as we will see soon in the general case
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of an HNN-extension of a finite group.

Let us consider now the general situation, where Go = {g1 = 1,...,¢} is finite
and o : A — B is an isomorphism of subgroups of Gy. Let

G = Gora, pi=(g1,--- 991, 1ge),  po = (g1, e)-
For each o € A, we have the following equality in G:

ot = ta(o).

Let us fix a G-field (K, p) and a pair of varieties (V, W) such that W < V. For
any g € Gy, let

/\il/ . POYS 5 POV
be the obvious permutation map (appearing in Section , where pg is the subse-

quence of p corresponding to Gy. For any o € A, we also define (similarly as in the
case of G = (Cy x C3)*,)

X$ PV 5 9PV, N{'/ =27 x ! ()\{'}(U)) .

We aim to find a good notion of a G-pair using the above choice of the sequence
of generators p. We define the coordinate projections similarly as in the case of

G = (CQ X CQ)*Q.

Definition 3.13. (V, W) is a G-pair, if:
(1) tWPo = Wipy;
(2) (V,W,,) is a Go-pair;

Remark 3.14. Similarly as in Remark the conditions (1) and (2) imply that
all the projections W — #*V are dominant.

Example 3.15. We check some special cases of HNN-extensions.
(1) We have
ry =2, p=(Q1,1)
and the axioms for {1} #g; — TCF coincide with the classical axioms for

ACFA.
(2) We have

G*{I}EG*Z7 p:(glv'~'>geatgl,~~'atge)~

The choice of p here is “less economical” than the choice from Section [3.2
where we had p = (g1,...,9e,t). Hence the axioms for G #¢y; — TCF have
a slightly different form than the equivalent axioms for (G *Z) — TCF from
Section

(3) We have

Grige =G xXZ, p=(g1,--,9e,t91,---,1ge)

and the axioms for G#q,— TCF are implied by the axioms for (GxZ)—TCF
from Section (Obviously, since both the theories have the same models,
both sets of axioms are equivalent.)

We recall that we have fixed a G-field (K, p) and a pair of varieties (V, W) such
that W € #V. We also define as usual:

W' = PW PPV
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Proposition 3.16 (G-Prolongation Lemma for HNN-extensions). If (V,W) is a
G-pair, then (W, W) is a G-pair.

Proof. We start from a convenient description of the projections W , Wy, . Let
A={1=o01,09,...,0m}. We define first:

Bvim (0 33200 30) 10V > AO0) = 0V XV x L V.
Let {1, 72,...,7;} be a set of representatives of the cosets in Gy/A. The correspond-

ing matrix pp here has a similar shape as the one in the case of G = (Cy x C5)#,
(considered in the beginning of this subsection), and we get similar conclusions:

Wéo = XV(M/) X(PoV xPOV) XT2V("-2VV) X(POV xPOV) -« X(POV xPOV) XTkV(TkW)v

Wt’po = /\tv(tW) X (tPOV xtPO V)/\t,rgv(tTZ W) X (tPOV xtPOV )+ - - X (tPoV x tPo V))\tﬂ'kv(tTk W),
where (as in the case of G = (Cy x Cy)*, discussed above) the morphisms
XV(W) — PO x PO Xnv(TiW) s POV x PO/
come from the projection map composed with appropriate coordinate permutations.
Hence, we immediately get that
tyrs! /
WPO =W,

tpo?
so the condition (1) from the definition of a G-pair holds.

For the condition (2), we take g € Gy and calculate:
I(wr) =19 (;\V(W) X (PoV xPOV) Aray (W) X(P0VxPOV) - X(POVxPOV) X%V(T’CW))
= Xov ()W) X (90 x9P0 V) Xoray (972 W) X(9P0V x9P0V) « ++ X (900 V x9P0 V') Xamy (9
= Ay (XV(W) % o0V o) A2y (TW) X ooy xoo vy - - X (r0v xeov) XTkV(TkW)>
= A (W5,)
which is what we wanted. (]

Again, we postpone stating the conclusions about the theory G — TCF till Sec-
tion [3.4

Remark 3.17. It should be noted that if G = Gy#,, for a finite G, then the shape
of the axioms for G — TCF, depends on Gy, but does not depend on . The map
« appears only in the proof of the G-Prolongation Lemma (in the definition of the
map Ay ).

3.4. General case. To cover the general case of an arbitrary (finitely generated)
virtually free group, we will use the Bass-Serre theory concerning groups acting by
automorphisms on trees. We will not explain the notion of the fundamental group
of a graph of groups appearing in Theorem [3.18] since it is immediately clarified in
Theorem using the notions which have been introduced already.

Theorem 3.18 (p. 104, Corollary IV.1.9 in [5]). A group is virtually free if and
only if, it is the fundamental group of a finite graph of finite groups.

Theorem 3.19 (p. 14, Example 1.3.5(vi) in [5]). The fundamental group of a graph
of groups can be obtained by successively performing:

e one free product with amalgamation for each edge in the mazximal subtree;
e and then one HNN extension for each edge not in the maximal subtree.



20 O. BEYARSLAN AND P. KOWALSKI

Let G be a finitely generated, virtually free group. By Theorem [3.18] G may be
represented as the fundamental group of a finite graph of finite groups, i.e.

G =m(G(-),Y).

By Theorem there is a maximal subtree T' of Y such that G comes from a
sequence of HNN-extensions of 71(G(—),T) and we know that 71 (G(—),T) is the
amalgamated free product along the tree T as in Section Let VY denote the
set of vertices of Y, EY the set of edges of Y and we set E := EY\ET. Then each
HNN-extension, which we need to obtain the group G from the group m (G(—),T),
comes from an edge e € E.

For any i € VY, let GG; denote the corresponding vertex groups and for any e € F
let

Qe - AZe = A?e

be the corresponding edge group isomorphism, where Ze (resp. Te) is the initial
(resp. terminal) vertex of the edge e, Az < G and Az, < Gre.

Let pr be the appropriate amalgamated union of the underlying sets of the vertex
groups of T (so also of Y) as in Section For any e € F, we introduce a new
variable t.. We define below our fixed sequence of generators of G:

pi=pru U tepr.
teE
Note that (using the definition of the fundamental group of a graph of groups)
Assumption is satisfied for the marked group (G, p).

For any i € VY, let p' denote the subsequence of py corresponding to G;. Assume
now we have a G-field (K, p). We take a pair of varieties (V, W) such that W < #V.
For any i € VY, e € E, we denote by W; the (Zariski closure of the) projection of
W to #iV, and by W, ; the (Zariski closure of the) projection of W to *PiV. For
any subsequence p’ € p, we sometimes also denote by W, the (Zariski closure of
the) projection of W to #'V.

To find the right definition of a G-pair in this general context, we consider below
one relatively easy example which does not fit into the classes of groups considered

in Sections [3.2] 3-3]

Example 3.20. We define the graph Y in the following way:
VY ={1,2}, EY ={ei,e}, teg =1, Tey =2, tle=1, Te = 2.

So, Y consists of two vertices and two edges between these vertices (going into the
same direction). Let T be a maximal tree with the edge ey, so E = {e}. We put
the structure of a graph of groups on Y as follows:

Gy =0Cy = {1705,ﬁ77}7 Gy =0Cy = {170‘/36/,’71}7 Ae1 = {1}’ Ae = Cs,

and the isomorphism «., corresponding to the edge e, maps 8 to 8. Hence we
have:

7T1(G(—), Y) = (C4 * 04) L)

where the crucial relation is St = ¢’ (to ease the notation, we write ¢ for ¢, in this
example). We obtain the following sequences:

T = (1,&,6,7,&’,5’,’}/), p= (17a’5’7,a’7ﬂ”7’7t’ t()é,tﬂ,t"y7t0[/,t6/,t’}/l).
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We need to calculate the matrix pp which will serve as just one, and relatively
small, block of the potentially huge matrix pp, we need to deal with in the general
case of a virtually free group G.

(1,a,8,7) (0/,6’77’) t t(a, B,7) ta, B y) ]
(,8,7,1) | alc,p,9) | at at(a, B,7) (o, B,9")
B,v, La) | Ba,8) | t8" | tB'(a,B,7) t(y',1,a/)
(77 ]‘7 a’ 5) ’Y(a/’ 5,77 ) at/Bl at/Bl( ﬂ? ) at(’y/’ 1’ Cvl)
(L, Byy) | (B9, 1) o't Cwf(oz ﬁ ) "t(a’, B',7)
(L, B,7) | (v, 1,a) gt | Btla,B,7) | B, B,7)
Y1, a,8,7) | (1,,58) Yt | Yt ,ﬂ ) (o, 5',9")
t(1, ,6 v |t B) | ¢ (o, B,7) | #(,5,7)
t(a, B,v,1) | ta(ad,B',9) | tat tat(a, B,7y) | tat(a!, 5',7")
t(B,y, La) |t/ B, | 26 | 28 (a,B,7) | (., 1,d)
(v B) | ty(e,B,7") | tatp’ | tatf'(a, B,7) tat(%l,a)
1,04,6,7) t ta't(a’, 8,

o'( (B9 1) | ta't | ta't(a, B,7) (o )

t/BI(17a7B7’Y) t( I? 1,@’) t/Blt tﬁlt(a7ﬁ7v) tﬁ, ( 7ﬁ/ ,)
| Y (L, B,y) | t(L,a,B8) | 't | 't a,B,y) | Yt B ]
The definition of a (Cy # Cy)*,, -pair below combines Definitions [3.4] . -

Definition 3.21. (V,W) is a (Cy * Cy)*q, -pair, if:
(1) tWPT = Wiprs
(2) (V,W,,) is a (Cy * Cy)-pair (in the sense of Definition ;

Using the intuitions coming from Example [3.:20 and Definition [3.21] we give the
general definition below.

Definition 3.22. We say that (V, W) is a G-pair, if:
(1) for all ee F and ¢ € VY, we have
Wi =We.
(2) (V,W,,) is a m1(G(—), T)-pair (in the sense of Definition [3.9));

Remark 3.23. Note that again (as in Remark , the conditions (1) and (2)
imply that all the projections W — PV are dominant.

As usual, for any pair of varieties (V, W) such that W € ?V, we define
W' = PW n PPV,
Proposition 3.24 (G-Prolongation Lemma for virtually free G). If G is a finitely
generated, virtually free group and (V,W) is a G-pair, then (W, W') is a G-pair.

Proof. The proof of the condition (1) goes in the same way as in the proof of Prop.
We give few details below. For each i € VY, we have:

WZI = j\v(W) X(PiVxPiV) XTZV(TQW) X(PiVXin) X(inXPiV) XTkV(TkW),

where {1, 79,...,7;} are representatives of the cosets in G;/A; and the natural map
Ay is defined using appropriate coordinate permutations as as in the proof of Prop.
Using a similar description for the variety W _, we show the condition (1) as
in t

e proof of Prop. [3.16]
The proof of the condition (2) goes in the same way as the proof of Prop. [3.10)

(or rather Prop. , and we leave the details to the reader. O
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Proposition 3.25. If (K(a), K(p'(a)), K(p"(p'(a)))) is a G-kernel (as in Defini-
tion , then

(locusk (a), locusg (p'(a)))
is a G-pair.

Proof. This can be proved as Lemma [3.3] using an obvious analogue of Lemma
2,10 ([

Prop. [3.24] and Prop. give us the assumptions from Theorem hence
Theorem [2.25| provides the main result of this paper.

Theorem 3.26. If G is a finitely generated virtually free group, then the theory
G — TCF exists. Moreover, the azioms of G — TCF are as in Theorem [2.25,

3.5. Semi-direct products. In this section, we present explicit (i.e. obtained
without a usage of the Bass-Serre theory) axioms for the theory G — TCF where G
is of the form G = F,, x G for some types of actions of a finite group Gy on the
free group F,.

We start from explicit axioms for the theory (F,, x Go) — TCF. We present:

Fn X G() =<170'1,...,O'n>>< {91 = 1,...796} =<5>X<g>,
and for the sequence of generators we take the following:
pi=0g=0(91=1,01,...,0002,0102,--,0n092; - -3 e, O19e; - - -, Onle)-

Then the crucial product matrix pp has the shape of the Kronecker product (or the
tensor product) of matrices 6o and gg.

1 o1 On Ge 019e OnGe
2 2
o1 o1 eee 010n | oo ... | O10Ge 019e ce. 010n0e
2 2
On Opo1 ... o cee ... | OpGe OpO1ge ...  Oh0e
pp =

2 2 2
Je 010e oo Onge N 019; cee Ong:

2 2 2.2 2

J19c 019e oo 010npGe | «ov .. | O10¢ 019¢ o 010ng,
2 2 2 2 2

| Onge OnO1Ge ... On0e cee | Ong: oporg; ... 0hg: ]

Clearly, the Word Problem for the marked group (G, p) is of the right form (i.e. it
satisfies Assumption [2.20)):

09 = 9i05, 9i95 = Gk-
For W < PV, we need to find the appropriate iterativity conditions. They will

come from both the F,-iterativity conditions and the Gy-iterativity conditions. We
define first the projection maps:

5 PV 5V, w5 PV 5 9V
We define now the auxiliary varieties (everything up to Zariski closure):
Wz :=nz(W), W;z:=m;(W).
We say that (V, W) is a G-pair, if:
(1) W projects dominantly on V;
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(2) (W5, W) is an F,-pair;
(3) (W5,W) is a Go-pair.

Remark 3.27. (1) If F, is trivial, then we get the known axioms of Gy —TCF,
and if Gy is trivial we get the known axioms of ACFA,,.
(2) If G = Z x Gy, then we are in the situation from Example [3.15(3).

After showing the appropriate prolongation lemma and defining the theory (F,, x
Go) — TCF as in Theorem we obtain the following.

Theorem 3.28. The theory (F,, x Go) — TCF aziomatizes the class of existentially
closed (F,, x Gg)-fields.

We illustrate the semi-direct product case using the following example:
Dy =7 xCo ={p,>x{py:={o7 1, 1,0) «,7),

—1 —1
p=popr=(c ", 10,0 "1,7,07),
-2 -1 1 2 1

o o o ‘T o T T
o1 1 o ol T oT
_ 1 o o? T or ot _ PoPo ‘ PoPo - T
PP = T ot o7%r| 1 ol o2 | T [ Pobo T | Paba
oT T o~ lr o 1 o1
o’t  oT T o? o 1

where the matrix p,p, is obtained from the matrix p,p, by interchanging the first
column with the third column. Hence the above matrix can be though of as a
“twisted Kronecker product”.
Assume that W < V. We define again the appropriate projection maps:
WUZT;/IPV—)pG‘/, 7r.,.=7r¥:pV—>pTV,
and the auxiliary varieties (everything up to Zariski closure):
Wy i=m,(W), W, :=m(W).
Before defining the notion of a D -pair, we notice the following:
PV = U xVxVx? TVxTVxTV
=T VXV XV XV XV ™V
= twi (P V x (V)
where the map twg exchanges the fourth coordinate with the sixth coordinate. In
particular, we get
twg(W) S P2V x T (P2 V).
We say that (V, W) is a Dy, -pair, if (the notion of a (Z, p,)-pair below should be
easy to guess):
(1) W projects dominantly on V;
(2) (W, twi(W)) is a Co-pair;
(3) (W7'7 W) is a (vao)'pair-
We discuss now the general case of a semi-direct product. Let us fix a free basis
{x1,...,2n} of F,. By a theorem of Nielsen [2]], the group Aut(F,) is generated
by automorphisms belonging to the following three basic types (we merge the first
“classical” two types into one type):

(1) induced by a permutation of {x1,...,2,};
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(2) induced by a map x; — z;';
(3) induced by a map z; — z;z; for i # j.
We can treat the actions coming from the type (2) in a similar way as in the case
of the group D,,. We can also deal with the case of the type (1) automorphisms of
F,, using row permutations on the top of (already visible in the case of D) column
permutations. However, it is not clear what to do with the type (3) actions. A test
case is the group G = F» x C3, where the corresponding automorphism of Fy of
order 3 is given by:

T — xl_lx% Ty > xl_l.

For any possible choice of a sequence of generators p, the matrix pp is not going
to be a “twisted Kronecker product” anymore, so in this case we have only the
procedure coming from the Basse-Serre theory as explained in Section

4. MODEL-THEORETIC PROPERTIES

In this section, we describe the model-theoretic properties of the theories ob-
tained in Theorem In short, all the new theories do not fit nicely into the
(neo-)stability hierarchy, i.e. they are not NTPy (Theorem [4.7)).

We recall the necessary notions from the theory of profinite groups. For a field
L, we denote by Gal(L) the absolute Galois group of L. For a discrete group G,
we denote by G its profinite completion and by é(p) its p-profinite completion (see
[0, Remark 17.4.7]). For a profinite group H, we denote by H — H the universal
Frattini cover of H (see [0, Prop. 22.6.1]). The notation A <. B means that A is
a closed subgroup of B. A profinite group H is small, if for any n > 0, there are
finitely many open subgroups of H of index n (so, a field K is bounded if and only
if Gal(K) is small).

4.1. General properties. Let us fix a marked group (G, p), where the fixed se-
quence of generators p is finite. In this subsection, we recall results from [25] and
[8], which apply in our case. Assume that (K, p) is an existentially closed G-field.

Theorem 4.1 (Sjogren [25]). (1) By |25, Theorem 3], the field K is PAC.
(2) By [25 Theorem 6], we have the following isomorphism:

Gal(K) = ker(é - G).

If we assume that the theory G — TCF exists, then the appropriate results from
8] give:
e a description of the algebraic closure in models of G — TCF;
e an “almost quantifier elimination” for G — TCF (similarly, as in the case
of ACFA);
e a description of the completions of G — TCF;
e the geometric elimination of imaginaries for G — TCF.

We separately quote one more result from [§] which is of particular importance for
us.

Theorem 4.2 (Corollary 4.29 in [§]). If (K, p) E G — TCF, then Th(K) is simple
if and if the theory G — TCF is simple.
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4.2. Simplicity and beyond. The following lemma will be crucial.

Lemma 4.3. Suppose B is a profinite group and A <  <¢ B. If the profinite group
Kp :=ker(8: B — B) is small, then K, := ker(a: A — A) is small as well.

Proof. By [6, Remark 16.10.3(d)], it is enough to show that there is a continuous
epimorphism Kp — K 4. Consider the following commutative diagram:

KA-%ker ! =—>KB

l ! l
A il By B
L lﬂ
A B,
where B 4 = B7Y(A), the eplmorphlsm 7 is given by the universal property of

A A (since the profinite group By is projective), 8’ is a restriction of 3, 7’ is a
restriction of 7, and the unmarked arrows are inclusions. Since the map 7 is onto,
the map 7’ is the continuous epimorphisms which we wanted to show. O

We recall that the rank of a profinite group H is the minimal number of its
topological generators.

Lemma 4.4. Suppose H is a pro-p-group of rank m and let m : ﬁ;(p) — H be a
continuous epimorphism. Then m is the universal Frattini cover.

Proof. By [6, Corollary 22.7.8], the universal Frattini cover of H is of the form « :
ﬁ‘:n(p) — H. Hence we get an epimorphism = : E\n(p) — F;L(p) such that oy = 7.
Since ﬁ;(p) is Hopfian (see [22] Prop. 2.5.2]), the map ~ is an isomorphism, so 7
is the universal Frattini cover as well. ]

The next result must be a folklore, but we could not find a direct reference for
it, so we provide a proof.

Lemma 4.5. There is a closed subgroup ofl/*: which is isomorphic to I/*"\(p)

Proof. Since F:L(p) is the largest quotient of F which is a pro-p- -group (see e.g.
Example 3 on page 7 of [24]), there is a continuous epimorphism 7 : F, > F, (p). By
[6, Prop. 22.7.6], the proﬁmte group F (p) is projective, hence m has a continuous
section s : ﬁ’:l(p) - F which is a group homomorphism. Since s is contmuous
and ﬁ';(p) is compact Hausdorff, then s(F (p)) is a closed subgroup of F, which is
isomorphic to ﬁ;(p) O

We prove below our main result about the kernels of Frattini covers. The proof
uses some ideas from Section 8 of [25].

Theorem 4.6. Suppose G is an infinite, finitely generated and virtually free group,
which is not free. Then the profinite group

ker(é - @)

is not small.
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Proof. Let us fix a free normal subgroup F,, < G of finite index. By [27], G is not
torsion-free. Hence, there is a prime p such that C}, < G. Clearly, the intersection
F,, n Cp is trivial, hence F}, x C, is a finite index subgroup of G. Then F,, x C)

is a finite index closed subgroup of é, so by Lemma we may assume that
G = F, 1 Cp. Let {z1,...,2,} be a set of free generators of F,, and H be a
subgroup of G' generated by the orbit Cj, - z1. Since

H % Cp < G,
we can assume (using Lemma that
G=HxC,=F, xCp,

for some k > 0. Then G is generated by two elements (x; and a generator of Cp),
so we have the following exact sequence:

1= F, > F,— F,xC, — 1.

The kernel is of the right form, by the well-known result saying that if F' is a finitely
generated free group and N is a nontrivial normal subgroup of infinite index, then
N is not finitely generated (see e.g. Exercise 7 in [7, Section 1.B]).

The map F, — F}, x C,, splits over Fy, let 5 be the splitting map and we set:

F:=B(F,) < F.

For any normal subgroup N < F,, such that [F,, : N] is a finite power of p, we have
that [Fy : NF] is a finite power of p and NF n F,, = F. Hence, the pro-p topology
of Fy induces on F,, its full pro-p topology, and by [22 Prop. 3.2.5, Lemma 3.2.6],
the p-profinite completion is an exact functor in this case. Therefore, we get the
following exact sequence:

1 — F,(p) = Fa(p) — Fy(p) x C, — 1.

By Lemma the profinite group }/7; (p) xC), can be considered as a closed subgroup
of the profinite group

Fmp = 1/7; x Cp.
Hence, using Lemma we just need to notice that the map

Fo(p) = Fu(p) x C,

is the universal Frattini cover (since the kernel of this map is the profinite group
F,,(p) which is clearly not small), and this follows from Lemma O

Theorem 4.7. Assume that G is a finitely generated, virtually free group. Then
the theory G — TCF is simple if and only if, G is free or G is finite. Moreover, if
G — TCF is not simple, then it is not NTPs.

Proof. We already know that if G is free or finite, then the theory G — TCF is
simple. Assume that G is infinite, finitely generated, virtually free and not free.
Let (K, p) = G—TCF. By Theorem [4.1[1), the field K is PAC. By Theorem [4.1}2)
and Theorem [£.6] the field K is not bounded. It is enough now to use a result of
Chatzidakis (see Section 3.5 in [3]) saying that if a PAC field K is not bounded,
then the theory Th(K) is not NTPs. O
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If the marked group (G, p) is finitely generated, (K, p) is an existentially closed
G-field and C is its field of constants, then (using results from [25]) C' is PAC and
the profinite group Gal(C) is finitely generated (being the Frattini cover of the
profinite completion of G). Therefore, Gal(C) is small and Th(C) is simple. If we
combine this observation with Remark [.7] the conclusion goes quite against our
intuition from the ACFA case, where Th(K) was stable (being algebraically closed)
and C was “the only source of instability”. In our case, after replacing stability
with simplicity, the opposite happens: Th(K) is not simple and Th(C) is simple.

It is interesting whether there are versions of Theorem for abbreviations as
“NTP;” or “NSOPj3” replacing “simple”. If it was the case, we could use the re-
sults of Chatzidakis from [2] about the relations between Th(K') and Th(S Gal(K)),
where for a profinite group H, SH is a certain w-sorted structure which is functo-
rially obtained from H.

Remark 4.8. The formalism of G-fields includes some cases of pairs or triples
(etc.) of fields, which we explain here. Let

G =CoxCy=(o)ys{ry=D,.

The structure (K, o,7) is inter-definable with the structure (K, C,,C;), where
C,,C, are the corresponding constant fields. Hence this structure can be under-
stood either as a triple of fields (K, C,,C;) or perhaps as an amalgamation of the
fields C, and C; (inside the field K which is both definable in the field C, and in
the field C;).

This observation can be generalized to groups of the form By #- - - By, for finite B;,

and even (with a more complicated amalgamation notion) to the groups considered
in Section [3.21

5. GOING FURTHER

In this section, we discuss possible generalizations of our main result (Theorem
3.26). Such generalizations can go into two directions:

(1) finding necessary conditions about G for the existence of G — TCF;
(2) dropping the assumption that G is finitely generated.

In Section [5.1} we give a new example of a group G such that G — TCF does not
exist. In Section we state and discuss our conjecture about the item (1) and in
Section we discuss the case of arbitrary (i.e. not necessarily finitely generated)
groups.

5.1. The case of G = Z x Z. It is known (see [13]) that the theory (Z x Z)—TCF
does not exist. D. Hoffmann and the second author asked in [9 Question 5.4(3)]
whether it is true that G — TCF exists if and only if Z x Z does not embed into G.
Let us consider the group G = Z x Z, where even numbers act trivially on Z and
odd numbers act by the multiplication by —1. We have the following presentation:

ZxZ={o7|T0=0'T)
In this subsection, we will prove the following.

Theorem 5.1. For any action of the group Z. on itself by automorphisms, the
theory (Z x Z) — TCF does not exist.
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Since there are only two actions of Z on Z by automorphisms (the trivial one
and the one described above), in the course of proving Theorem we may assume
that G = Z x Z, where the action is described above. We follow (to some extend)
Hrushovski’s proof of the non-existence of (Z x Z) — TCF as presented in [I3].
There are several twists in the argument regarding the action of 7 comparing with
the case of G = Z x Z, we comment on them in Remark

The equality 7o = ¢~ !7 implies the following commutation rules:

n -n n 2n 2

o"r=10"", o "r=710", or" =10, ort!

— 7_2n+1071.

Let ¢ be a primitive third root of unity, which is fixed in this subsection.
We extract below the very conclusion of the argument from [13]. This conclusion
works both for the case of G = Z x Z and for the case of G = Z x Z.

Lemma 5.2. There is no (Z x Z)-field (K,o,T) containing ¢ such that for some
be K and for some odd n € N we have:

(1) o(¢) =7(¢) = ¢%
(2) o™(b) =" for some i€ {0,1,2};

(3) 7(b) = Ca(b).

Proof. As at the end of the proof of [I3] Theorem 3.2], we have (using the items
(2) and (3)):

= (¢*)'o™"(®)
= (¢) o).
Therefore, we have o~ "(b) = ('b, and using the item (3) we get:
o (7(8)) = (o (b))

=7(¢'0)

= o(¢")¢o (D).
We obtain that o"(¢) = ¢, which gives a contradiction (as in the proof of [L3]
Theorem 3.2]), since ¢7(¢) = ¢ if and only if j is even, and n is odd. O

We prove now the counterpart of [I3, Lemma 3.1] for the semi-direct product
case.

Lemma 5.3. Assume that (F,0,7) is an existentially closed (Z x Z)-field. Then
for any n > 2, there is c€ F such that

7(c)=—¢, c+o(c)+...+0" 1 (c)=0,
and for all k < n we have:

ct+o(e)+...+0" () #0.
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Proof. Let xg,...,z,—2 be algebraically independent over F', and we set
Tp—1 = —(l’o +--- 4 SCn_Q).

Then we have:

® 2o,...,T,_o are algebraically independent over F’;
e x1,...,x, 1 are algebraically independent over F’;
L4 F(.’Iﬁo,. . .,an,g) = F(ﬂ?l,. . .,an,l).
Hence, we can expand ¢ to an automorphism ¢’ of L := F(xg,...,Z,_2) so that

O'I(J?i) = Tj4+1

for i € {0,...,n — 2}. In particular we get (it will be useful later):
o' (xp1) = — (0'71(330) +o Mz + -+ 0'171(33‘7L_2)) ,
Tpoo =—(0""H(xo) + 2o+ + Tnz),
o' HNxo) = Tpot,
o' (Tn_1) = x0.
We also have:
e —T9,—Tp_1,—Tn_3,...,—To are algebraically independent over F;
o F(xg,...,xpn_2)=F(—20,—Tp_1,—Tn—2,...,—T2).

Hence, we can extend 7 to an automorphism 7' of F' in such a way that:
! ! / !
T(z0) = =20, T(1) = —Tp_1, T(T2)=—Tp_2, ..., T (Tp_2)=—To.

We will see that (L, o', 7") is a (Z xZ)-extension of (F, o, 7). Since (L, o', 7’) satisfies
our conclusion for ¢ := xy and (F, o, 7) is existentially closed, we will be then done.

We check below (on the generators xg, ..., T,_2) that o/t = /0’71

For ¢ = 0, we compute:
' (0" (20)) = 7' (zn-1)
= — (T’(a:o) + 7 () + 7 (22) + ...+ Tl(xn_z))
= —(—.1‘0 —Tpn—-1 — Tnpn—-2 —...—.1'2)

=ZTp1txotxatars+...+Tp 2

=—1
= o' (~o)
=o' (7'(x0)).
For ¢« = 1, we compute:
o’ (T'(ml)) = —0' (zp_1)
= —1g
= 7'(z0)

=71 (0""(z1)) .
And finally, for i = 2,...,n — 2, we compute:
o' (7' (2;)) = o' (—wn—i)
= —Tp—i+1
=7'(zi-1)
=7 (o' Yz;)). O
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Below is the counterpart of [I3] Claim 3.2.1].

Lemma 5.4. Let (K,0,7) be an ezistentially closed (Z x Z)-field such that ¢ € K
and o(¢) = 7(¢) = ¢%. Then for any c € K the following holds:
IF for all k > 0 we have
7(c) = —¢, c4o(c)+...+ %) #0,
THEN there are a,b € K such that
ola)=a+c, b =a, 7(b)=7(o(d).

Proof. Let x be a transcendental element over K. We extend o, 7 to automorphisms
o', 7" of K(x) such that

ox)=1"(z)=z+c
Then we have ¢'~1(2) = x — 071(c), and we compute:

o' (7'(x))

o' (z+c)
=x+c+o(c)
=x+c—o(—c)
=x+c—o(1(c)
=71'(z) =7 (07(c))
=7 (x—0 '(c))
=7 (0171(@) .

Therefore (K(z),0’,7") is a (Z x Z)-field.

After setting cg := 0 and x¢ := z, for any n > 0 we have:

[

T i=0™@) =z +c+o'(c)+...+0 V() =z + ¢,
T =0 ") =2—0"c)—...— 0" (c) =+,
It is easy to see (using the assumption about c) that for any i,j € Z, if i # j, then
we have ¢; # c¢;. We also have:
T(x0) = w1, T (2_1) =10, T'(v_2) =23, T(2_3) =14, ...;
(1) = w0, T'(22) =2_1, T(23)=12_9, T(74)=1_3,
For each n € Z, we choose y, € K(z)® such that y2 = z,. Since (c;)icz are
pairwise different, using basic Galois theory we obtain that for each j € Z, we have

yj ¢ K(x) (y; | i€ Z\{j}).
Let L := K(z)(y; | ¢ € Z). Using basic Galois theory again, we see that we
have enough freedom to extend o', 7" to automorphisms of L in the way which is
explained below. We extend ¢’ to L by setting o'(y;) := y;4+1 for each i € Z, and
we extend 7/ in the following way:

(yo) =Cyr, 7' (y—1) = Cy2, T'(y—2) =Cys, T(y-3) =CCya, ... ;

(1) = Cyo, 7'(y2) = (Y1, T'(y3) = Cy—2, 7'(y4) = Cy-s,
Then the difference field (L, o', 7') satisfies our conclusion (for a := x,b := yo), if

we check that o'7' = 77¢’~! on L. It is enough to check it on the elements y; for

1 € Z. We do it below for i = 0,1, —1,2:
o' (7'(y0)) = o' (Cy1) = Cyo = 7'(y-1) = 7' (0" (w0)) »
o' (7'(y1)) = o' (o) = Cyr = 7' (wo) = 7' (0" (1)) ,
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o’ (T/ ) =0'(Cy2) = Cys =7'(y—2) = 7' (U’fl(y_l)) ,
o' (7'(y2)) = o' (Cy—1) = Cyo = 7'(y1) = 7' (0" (12)) -
Since (K, 0,7) is an ex1stent1ally closed (Z x Z)-field, it satisfies our conclusion as
well. O

The main conclusion is stated (in a rather compact way) below.

Theorem 5.5. There are no Ng-saturated, existentially closed (Z % Z.)-fields con-
taining ¢ and such that o(¢) = 7(¢) = (2.

Proof. Suppose not, and let (K, o, 7) be an existentially closed (Z x Z)-field, which
is No-saturated and such that o(¢) = 7(¢) = ¢2. By saturation and Lemma
there is ng > 0 such that for any c € K, if for all k¥ < ny we have

7(c)=—¢, c+alc)+...+d"(c)#0,
then there are a,b € K such that

ola)=a+c, b=a, 7(b)=Co(b).
By Lemma there is ¢ € K such that for some odd n > ng we have
(%) ctole)+...+0" () =0,
and for all & < n (so also for all k < ng), we have:

7(c)=—¢, c+o(c)+...+a"c)#0.
Hence, there are a,b € K such that
() ola)=a+c, b=a, 7(b)=_C,o(b).
Using (*) and (), we get:

o"(a)=a+c+ao(c)+-+"c)=a.

Since b3 = a, we get (¢"(b))® = 0™ (a) = a, so ¢"™(b) is a third root of a. Since b is

a third root of a as well, there is i € {0, 1,2} such that o™ (b) = (.
Hence we are in the situation from Lemma so we get a contradiction. (Il

Remark 5.6. As we have pointed out, the proof of Theorem follows the lines of
the proof from [I3]. The only technical difference is that the condition “o(c) = 7(c)”
from [I3] is replaced here by the condition “7(c) = —¢”. This change made some
computations slightly more involved.

Corollary 5.7. The theory (Z x Z) — TCF does not exist.

Proof. Let F = Q(¢) and 0,7 € Aut(F) be such that () = B(¢) = (2. Since
o =o' and o7 = 70, the difference field (F, o, 7) is a (Z x Z)-field. Then (F,o,T)
has an existentially closed (Z x Z)-extension (K, ¢’, 7"). If the theory (Z xZ)—TCF
exists, then we can take (K, 0’,7") to be Ng-saturated, which contradicts Theorem
O
Remark 5.8. We can easily extend the results of this subsection to the case of
groups G which are of the following form:

G=(ZxZ)xH
We just need to notice that we can always expand the actions of Z x Z on the

rings of polynomials to G, by setting h(x;) = x; for each h € H. More precisely,
first we put a G-ring structure on Q[X] by applying the splitting epimorphism
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G — 7 xZ and whichever construction for Z x Z we performed above. Then, using
the following ring isomorphism:

F[X]=Q[X]®qF,
we put on F[X] the tensor product G-ring structure and extend it to F(X).

5.2. Necessity. Virtually free groups have a surprising number of characteriza-
tions coming from different branches of mathematics, see e.g. Introduction in [IJ.
It would be nice (and rather unexpected) to have one more characterization coming
from model theory and we conjecture the following.

Conjecture 5.9. Suppose that G is a finitely generated group. Then the theory
G — TCF exists if and only if G is virtually free.

It is not clear to us how to attack Conjecture [5.9] To see the possible prob-
lems, we point out that one would have to deal with complicated groups as infinite
Burnside groups, which are finitely generated and not virtually free (they are even
torsion of bounded exponent).

On the positive side, we can confirm Conjecture [5.9] for commutative groups.

Theorem 5.10. Suppose that G is a finitely generated commutative group. Then
the theory G — TCF exists if and only if the group G is virtually free.

Proof. By Theorem [3.26] we get the right-to-left implication. For the other impli-
cation, assume that G is not virtually free. By the structure theorem for finitely

generated commutative groups, the group Z x Z is a direct summand of G. By
Remark the theory G — TCF does not exist. O

In the course of proving Theorem [3.26] we have shown that if G is finitely gen-
erated and virtually free, then any (finitely generated) G-kernel has a prolongation
which is a G-extension. It would be interesting to know whether this is actually
an algebraic description of the existence of the model companion, so we ask the
following.

Question 5.11. Does the theory G — TCF exist if and only if any (finitely gener-
ated) G-kernel has a prolongation which is a G-extension?

It is possible that the arguments from Section [5.1] can be used to show that some
(Z % Z)-kernels do not have prolongations which are (Z x Z)-field extensions.

5.3. Arbitrary groups. To consider the case of arbitrary groups, one needs to put
the (additive) group @ (since Q — TCF = QACFA exists, see [18]) and virtually free
groups into a common context. However, it is easy to see that each virtually free
group is also locally virtually free (i.e. each finitely generated subgroup is virtually
free), and @ is locally virtually free (even locally cyclic, which was crucial in [18])
as well. Hence we can generalize Conjecture the following.

Conjecture 5.12. Let G be a group. Then the theory G — TCF ezists if and only
if G is locally virtually free.

The first, and hopefully relatively easy, step towards proving Conjecture [5.12
would be trying to extend the methods from [I8] to the case of an arbitrary locally
virtually free group. Namely, we have:

1

~ 1 -7
Q ling -2,
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and the axioms of Q — TCF from [I8] can be understood as some kind of “limit” of
the axioms of (%Z) — TCF(=ACFA). Similarly, for any locally virtually free group
G, we have

Gz h_H)ln G,
where each G, is virtually free, and one can hope to obtain the axioms of G — TCF
as some kind of limit of the axioms of &,, — TCF (given by Theorem [3.26].

There is an interesting parallel between the paragraph above and the axioma-
tization of existentially closed fields with iterative Hasse-Schmidt derivations (in
the case of positive characteristic). For the necessary background, the reader is
advised to consult e.g. [I0]. Let G, be the additive group over a field of positive
characteristic p, G,[n] be the kernel (considered as a finite group scheme) of the
algebraic group morphism Frg —and @ra be the formal group scheme which is the
formalization of G,. Then we have:

Ga = lig Ga[n],

the algebraic actions of @a correspond to iterative Hasse-Schmidt derivations and
the algebraic actions of G,[n] correspond to n-truncated iterative Hasse-Schmidt
derivations. Then indeed, the theory of existentially closed fields with iterative
Hasse-Schmidt derivations can be considered as the limit of the theories of existen-
tially closed fields with n-truncated iterative Hasse-Schmidt derivations (see [16]
and, in a more general context, [10]).

The common context between G-fields and fields with iterative Hasse-Schmidt
derivations (i.e. also differential fields) would be fields with algebraic actions of
a fixed formal group scheme. A general theory of such actions is considered in
e.g. [19], [20] and [12]. However, we would rather not state any conjecture for the
existence of a model companion in such a general case.
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