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HIGH CONDUCTIVITY LIMITS
FOR REACTION-DIFFUSION EQUATIONS

BY

SHIVA ZAMANI* (TEHERAN)

Abstract. A reaction-diffusion equation on [0, 1]¢ with the heat
conductivity k > 0, a polynomial drift term, and an additive random
perturbation is considered. It is shown that if x tends to infinity, then
the corresponding solutions of the equation converge to a process
satisfying an ordinary It6 equation.

0. INTRODUCTION

This work is concerned with the asymptotic behaviour of the solutions of
the stochastic reaction-diffusion equation

6)(('%(6) CAX,©+ (X, (&))+ 0 Wolt, 8, ¢€0, 120,

on the d-dimensmnal cube O = 10, 1[¢ as x tends to infinity. In equation (0.1),
4 is the Laplace operator with the Neumann boundary conditions, W), stands
for a Brownian motion with the covariance operator @, f is a real function, and
K is a positive constant. We will show that, under some conditions on the
function f, the limit exists and can be identified with a solution Y to a stochastic
ordinary differential equation. So if the heat conductivity « is sufficiently large,
the solution to the stochastic reaction-diffusion equation (0.1) can be regarded
as a’solution of an ordinary It6 equation which is much easier to investigate.
We allow rather general class of non-linear functions f including polynomials
with negative leading coefficients, frequently used in applications (see e.g. [1]).

The same asymptotic problem was considered by Funaki [4]. He studied
the stochastic heat equation

3X(;tt(§) ;aaéz X O+ (X, () +9(X, (5)) W;(t &, ¢ef0,1],t=0

(0.1)
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on the interval ]0, 1[. Funaki required that d =1 and that functions f and
g satisfy Lipschitz conditions. We investigate the case of general dimensions
d and do not assume the Lipschitz condition on f With the initial value
considered to be continuous in space variable, we treat the equation in the
space of continuous functions and derive the convergence of its solutions in
that space almost surely. In [4] a considerably weaker convergence is obtained
(see [4], Theorem 3.1). On the other hand, we deduce the convergence of
sequences of solutions indexed by {k,}: ,, satisfying a certain condition, where
Funaki does not restrict the coefficient x in the equation. We assume also that
the random fluctuations do not depend on the solution, setting g constant. The
case of don-constant diffusion function g and general dimension d cannot be
handled at the moment with the techniques of the paper.

The paper is organized as follows. In Section 1 we give a precise definition
of the solution to equation (0.1), and introduce the equation for the limit
process. We state conditions under which these equations have solutions. The
proof of the existence results can be deduced from recent works (see [2], [3]
and [5]). For complete considerations we refer to our preprint [6]. In Sec-
tion 2 we show that solutions to equations (0.1) are bounded, with respect to x,
in an appropriate sense. For this we need an estimate of stochastic convolution
as well as a formula which links the norms of the solutions directly to the norm
of the stochastic convolution (see Lemmas 2.1 and 2.4). We show also that the
generalized solution of (0.1) depends continuously on the initial condition uni-
formly in x. Finally, Section 3 is devoted to the proof of the main result.

1. FORMULATION OF THE MAIN RESULT

The reaction-diffusion equation we deal with is the following:

0X,(%) _ Kk g :

(L1) d
Xo(0)=x(9, £€0, = X,() =0, £00, -

“where 0 = 10, 1[*(d > 1), and v = v(&) is the outer normal to 80 at £€80. The

coefficient x of the Laplace operator 4 is a positive number. By W, we denote
the Brownian motion with covariance operator Q on the probability space
(Q, # #,, P) with the right continuous filtration {%}s,.

We consider the following condition on f, the non-linear part of the equation:

(A.1) The function f: R — R is of the form f = f,+f,, where f; is a de-
creasing polynomial of degree y > 1 and f, is Lipschitz continuous with the
Lipschitz constant K.

It is important to note that all polynomials of odd degrees and with
negative leading coefficients satisfy (A.1).
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We will interpret equation (1.1) as an evolution equation
1.2) dX = (kK AX+F(X))dt+dW, X(0)=x,

on the space E = C(0) of continuous functions on 0, and on the Hilbert space
H = I?(0). To cover the Neumann boundary condition we define the operator
A on H by

D(4) = {er"(O): %35 & =0, 6660}, Ax = % x, xeD(A),

where v denotes the outer normal to 0, and H? (0) is the Sobolev space w22 (0).
The operator A is a non-positive self-adjoint generator of an analytic semigroup
S(f), t = 0, on H. We denote the orthogonal eigenvectors and the eigenvalues of
A by {e;}2o and {—A,}i2, respectively. 4, is zero,and 0 < 4, <4, <..., ¢, is
the constant function 1. The orthogonal projection of H into its subspace
spanned by e, (the space of constant functions) will be denoted by P,, and the
orthogonal projection into the subspace spanned by {e;}2; by Pi.
Define F: E — E to be the Nemitskii operator corresponding to f,

F(x)(&)=f(x(&), xeE, £e0,
and {W(t)};>o the Q-Wiener process on H which is defined by

W)=Y neb,
i=0

where {f,};2, is a sequence of independent real-valued #-adapted standard
Wiener processes, and {y;};=, are the eigenvalues of the operator Q.
We fix the Hilbert space H and the Banach space E:

H=I1?0), E=cC(@),

throughout the paper. The scalar product and the norm in H are denoted by |

¢+, > and |'|g, whereas the duality form on E x E* and the norm in E are
denoted by (-, ©) and |‘|g, respectively.
Further we assume

(A2) For the covariance operator Q on H we have

(i) Qe;=vye;, 71;,>0, i=0,1,2,...,
(i) lzi_a <o for some ae]0, 1[,
i=1 A _

where {e;}{2, and {—4,}{2, are eigenvectors and eigenvalues of A4, respectively,
as introduced before.

Remark 1.1. Denote the part of 4 on P1 H by 4,. Then the opérator 0,

0 X if xeP, H,
X =
(=4, #x if xeP{H,

5 — PAMS 19.1
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satisfies (A.2) if and only if § > d/2—1. In particular, in the case d = 1, Q may
be the identity operator and W(t) a cylindrical Wiener process, the case con-
sidered by Funaki [4].

By a mild solution of (1.1) (or (1.2)) we mean the predictable process X
taking values in the domain of F (i.e. C(0)) and satisfying the following integral
equation:

(1.3) X(t)=Sxt)x+ j' S(k(@—s) F(X (s))ds+ _t[ S(rc(t—s))dW(s).l

An_H-valued process X is a generalized solution of (1.2) if for an arbitrary
sequencs {x,} < E such that lim,, , |x—x,|g = 0 the corresponding sequence
of mild solutions {X,} converges to X in C ([0, T]; ) P-as. for any interval
[0, T1.

Existence and uniqueness of a mild and generalized solution to equation
(1.2) for arbitrary « > 0 could be find in literature (see e.g. [2], [3] and [5]). For
a self-contained presentation of these results see [6].

Now consider the following scalar equation:

(14) dY () =f (Y)dt+/70dBo(®),  Y(0) = %,
where
% = { x(0)do,
o

fand x are the same as in equation (1.1), and p, and S, (t) the same as in the
expansion of W(t) = Y2 \/7:8:()e;.

Existence and uniqueness of a non-exploding solution to equation (1.4)
can be derived for the drift term f satisfying (A.1). For the proof see [6]. This
equation could be considered as the projection of equation (1.2) (as an equation
on H) into the subspace P, H, that is

(1.5) dY (1) = P, F(Y(t) dt+ /v, (2), Y(0) = P, x.

Our main result is the following theorem:
THEOREM 1.2. Assume that (A.1) and (A.2) hold and {x,};%, is every se-

“quence satisfying Y. k,? < oo for a constant B> 0. Then:

(i) for every initial value x € E the mild solutions X" (-, x) of equations (1.2)
converge to the solution Y (-, £) of equation (1.4) in the sense that

P(li_’m | X (t, x)=Y(t, X)|;=0

nw uniformly in t on each compact subset of 10, co[ ) = 1;
(i) for every xe H and the generalized solutions X (-, x) of (1.2), one has
P(nlgf,lo | X (¢, x) =Y (t, %)z =0

uniformly in t on each compact subset of 10, o[} = 1.
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We would like to state that considering the sequence of parameters
{Kk.}= satisfying the condition mentioned in the theorem is imposed by the
method of the proof for which we do not know any alternatives in the case of
non-Lipschitz f. We will use Borel-Cantelli’s lemma to derive some pathwise
estimates for a stochastic convolution from the momential ones (see Corollary
2.2). To use this lemma it is necessary to work with a countable set of x’s,
namely {,};=;, which should satisfy also the mentioned condition as the
weakest one. However, in the case where fis a Lipschitz function, it is possible
to proceed in the moment form and there is no need to restrict the coefficient x,
as can be -ebserved by following the proof of Theorem 2.1 in Section 3.

2, PRELIMINARY RESULTS

2.1. Main estimates. Let U (t), t = 0, be the semigroup generated by A4,,
the part of 4 in Py H. The following lemma holds:

LeEmMA 2.1, Assume (A.2) holds. Let x = 1. Then the convolution
WO = [Ulcle—9)dW(s), 30,
(1]

has an E-continuous version. Moreover, given T > 0, for every r > 2(d+1)/u
there exists a constant C, = C,(T) > 0, such that

B sop 0] <6, (s 5 725
1[0, T] KT A
A proof of the lemma for the case k = 1 could be found in [3] (Theorem
5.2.9). For general x > 1 the proof differs only in detail and is stated in [6].
Here we would like to define a notation. For every f >0 we denote
by A (B) the set of all increasing sequences {x,};-, satisfying «x, > 1 and

Zn 1 _ﬂ<w

COROLLARY 2.2. Assume (A.2) is satisfied, the sequence {x,},> 1 belongs to
A" (P) for a constant § > 0, and T > 0. Then for every-p > 1/(1 —a) there exists
a set % of probability 1 with the property that for all we % there is n, (a)) €N such
that

sup |W(t, o)l < k7 %2, n > ng(w).
te[0,T]
Proof. Let p> 0 be such that 1/p < 1—« (p> 1/(1—a)), and choose
B 2(d+1)
r>max(1_a_1/p, " )

Then for every x > 1

P(sup [W Oz >« 1)) <P E[ sup WS 0IF]
te[0,T] te[0,T]
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and, by Lemma 2.1,

1 [c2] . r
P(sup [WR(O)g > %) <w? Cr( =) ,J'_a)
17

R

1[0, T] s
1 - ¥ Y 1 o %Y
= Cr i1 —e—1/p) (i; lil_“) s C,. J (,—;1 /1i1_a -
Writing this latter inequality for the sequence {k,};=; in 4 (), we obtain
—- 2. P(sup [W§ (0)|g > x, 1??) < oo0.
. n=1 tl0,T]

Now Borel-Cantelli’s lemma implies

P(sup W& (@)l > x, 2 for infinitely many neN) = 0.

te[0,T]

That is, there exists a set ¥ of probability 1, and for every we% there is
ny(w)e N such that

sup (WA (¢, )l < e 177, n > ng(w). m
1[0, T]

Remark 2.3. The convolution

W (8) = jf S(k—s)dW(s), t=0,
(1]

can be rewritten as

W (@) = /70 Bo D e+ W @), t30.

Thus W (¢), ¢t = 0, has also an E-continuous version. By the same hypothesis
as in Corollary 2.2 and for the same set ¢4, we¥, and ny(w)eN '

sup |Wi (t, @)z < </70 SUp 1Bo(t, )l +57 Y22, n 2 ny(w).
te[0,T] te[0,T]

LemMMA 2.4. Assume that (A.1) is satisfied and x > 1. Then for every xe E

~and ze C([0, oo[; E) there exists a unique mild solution for the following equa-

tion:
2.1 du=(k Au+F (u+2)dt, u(0)=x.
Moreover, there exists C > 0 independent of x such that for all t >0
t
(O] < (x| +C [ (1+1z(s)[3) ds).
0
Lemma 2.4 is the main part of existence and uniqueness theorems-for

equation (1.2) and could be found in references stated before, especially we refer
the reader to [2], Proposition 3.2. The complete proof is stated in [6].
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THEOREM 2.5. Assume that (A.1) and (A.2) are satisfied, the sequence
{x,}21 belongs to A (B) for a constant B >0, and T > 0. Then for arbitrary
x€E the unique mild solution X" (t, x), t > 0, of equation (1.2) has an E-con-
tinuous version. Moreover,

sup sup |X*®(t, x)|p < o0 a.s.
neN te[0,T]

Proof Fix xeE, and for k> 1 set
U () = X9, x)~ W™ @), t=0.

Then u* is the mild solution of (2.1) for z = W;*, which by the previous lemma
exists, is in C([0, oo[; E) and :

, A
u® ()|p < € (1x|z+C [ (1+WO (s)lk)ds), ¢>0.
0

Consequently,

t
X9, x)lp < e (Ixle+C [ (L+ 1R () ds) + WD O, 120,
0
and
(22)  sup IXO(t, X)|p < e (xlg+ CT+CT sup W @)E)+ sup IV (1)l
tc[0,T] te[0,T] te]0,T)
Now take p > 1/(1 —a) arbitrary and let we %, the set mentioned in Corolla-
ry 2.2. Then by Remark 2.3 there -exists M, (w) > 0 such that
sup sup |WE(, o)y <My(@).
nZno(w) te[0,T)
Also, as W™ (t, w) is continuous in ¢, setting
MZ (CD) = Sup Sup |W4(K")(ts w)lE’
n<no(w) tc[0,T]
and
' M (0) = max (M, (v), M, (»)),
we obtain : _
sup sup | (t, w)lg < M (@). o
neN t€[0,T]
This last estimate together with inequality (2.2) implies the assertion of the
theorem. =

The following theorem will be concluded from a lemma analogous to
Lemma 2.4 for equation (1.4).

THEOREM 2.6. Assume that (A.1) is satisfied and T > 0. Then for an arbi-
trary initial value a€ R the solution Y (¢, a), t = 0, of equation (1.4) has a con-
tinuous version which satisfies

sup |Y (¢, @) < o0 a.s.
te[0,T]
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2.2. The Nemitskii operator. The following lemma summarizes the prop-
erties of the Nemitskii operator F which will be used throughout.

LeEMMA 2.7. Assume that (A.1) holds. Then
(i) for every x, yeE,

(FX)—F (), x—y> < K|x—yl&;
(ii) there exists C > 0 such that for every x, yeE

IF()—F 0)ls < Clx—ylg(1+IxlE +1ylE ).
-Pro,of. '(i) Let o, neR be arbitrary. The decreasing function f, satisfies

(fo@—fom)(e—n) <O
“and for the Lipschitz function f, with the Lipschitz constant K > 0 we have

(i @) —=fi @) (e —n) < fi(0)—fi@m)llo—n| < Ko —n|>.
Therefore f satisfies
(flo)—fm)(e—n) < Klo—n?,
from which part (i) follows.

(ii) For the polynomial part f;, of fthere exists a positive constant C, such
that

lfo(a)_fo(rm < Cllafnl(l'l'lo-lv—l+|’1|7_1), g, UER’
and for the Lipschitz part f; of f

fi@)—fim <Klo—nl, o,neR.
Consequently,

@ —fml < Cle—nl(1+lol" " +InI"""), o,n€eR,
where C > 0 is also a constant. From this latter inequality we obtain part (ii) =

2.3. Continuous dependence on initial data. Concerning the continuity of
the generalized solution of equation (1.2) with respect to the initial value, we
_have the following result uniform in . _

THEOREM 2.8. Assume (A.1) and (A.2) hold. Then for arbztrary initial values
x, yeH and all x > 1, the generalized solution of (1.2) satisfies

X, x)— X, y)lg < eXIx—lg a5, 20

Proof. By the definition of the generalized solution it is enough to prove
the theorem for x, y € E and for the corresponding mild solutions. Let X® (¢, x)
and X® (¢, y) be two solutions of (1.2) corresponding to initial values x, ycE.
Then, going if necessary to smooth approximations of the solutions, we can
assume that X® (¢, x)—X® (¢, y) satisfies the following problem strongly:

dufdt = k Au(@®)+F(X®(t, x))—F (X“(, y), u(0)=x—}y.
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We have

1d
Ed_IX(K)(t x)— X9, )i
=k {A(XP(t, )—X®(t, y)), X, )—X9(, )
+{F(XO (L, X)) —F (X0, ), X0, )—X2(, ),
which, by the non-positivity of 4 and Lemma 2.7 (i), implies

1d
"2dt

and, by the Gronwall lemma, _
X9 (@, )= X9, Yy <elx—ylg, t>0. =

A similar result holds for the solution of equation (1.4).

[X® (%)= XN, yiE < KIX9 (@, x)— X9, ylE,

THEOREM 2.9. Assume that (A.1) is satisfied. Then for arbitrary initial values
a, be R the solution of equation (1.4) satisfies

|Y(t, a)—Y(t, b) < eX|la—b| as, ¢=0.

3. PROOF OF THE MAIN RESULT

We start with the following basic lemma:

LeMMA 3.1. Assume that (A.1) and (A.2) are satisfied and the sequence
{k,}321 belongs to A" (B) for a constant f§ > 0. Further, suppose T> 0 and x € E.
Let p > 1/(1—a) be arbitrary and % the corresponding set as mentioned in Co-
rollary 2.2. Then for every w € ¥ there exists n,(w) e N and C = C(w) > 0such that

| X (¢, x, w)—Y(t, £, 0)ly < Clexp{—41,k t}+1c'1)|x|E+Cx 12p

> ny(@), te[0, T1.

Proof Let x€E and we ¥ be fixed, and denote the mild solution of (1.2)

and the solution of (1.4) by X®(r) and Y (t), respectively. Let te[0, T] We
recall that X®(¢) satisfies the following integral equatlon

X® () = S(xt)x+ g S(x(t—s))F (X" (s)ds+ (_E S(x(t—s)dW (s),
which, since 1, is zero and, consequently, S (xt) = P, @® P+ S («t), can be written as
X® () =P x+ j P, F(X®(s))ds++/70 Bo () + P X®(2).

By (1.5) we have ’
Y(t) = P, x+ g P, F(Y(s))ds++/70 Bo (®),
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whence :
X®@)-Y() = j P,[F (X"" (s)) —F (Y(s))] ds+P1 X9 (1),
o

and
t
B IXOO=Y Ol <[] Py [F(XOE)—F (YO)] dsls+ 1P X ()
We start with the second term in the right-hand side of (3.1). We have

P{ X® ()= U(.rct)x-r-_[ U(k(t—s)) F(X®( s))ds+f Ulr@— s)}dW(s)
. 1]

where U (t), t = 0, is the semigroup generated by A,, as mentioned before.

Consequently,

(3.2) |P{ X® (@) < |U (x8) x|g +| j' U (x(t—s)) F (X (s)) s
0
+] g U (k(t—s)) dW (5)s-
First, we obtain
|U (kt) x| < |U (k0)|zqe 1%1g < eXp {—4, it} |x|p.

Next, for a constant C > 0,
t

| g U(x(t—s)F(X®(s))ds|g < [ |U(x(t—9) F (X ()| ds

< Cjt' exp { — 4, s} (1+|X9 (s)|) ds

0

o

< Csup (1+|X®(s)|E) j exp{—A,«xs}ds

se[0,1]

0
(x) ¢
< sup (1+|X (s)H;),1 -
se[0,t] 1 K

" “Setting

M=M(T)= < sup sup (1+|X® (1)|E),

'11 neN 1e[0,T]

which is a finite number by Theorem 2.5, we get
t
|§ Uk, (t—s)F (X" (s))ds|p < Mk, !
0
Finally, for the last term of (3.2) by Corollary 2.2 we have

|_l[ U(k,(t—9))dW(s)|g < ka Y27, n = ny(w).
V]
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Summing up
(33) [Pt X“ (@) < exp{—Aa, K, t}|[x|g+ Mk, *+x, 1?7, n>=ny(w).

For the first term in the right-hand side of (3.1) we have

| B [F (X% () — F(¥)] dsls < | | P, [F (X))~ F (Y ()] o ds

-

<

O ey s (O Gy

|F (X®(s))—F (Y (s))| ds,
and, by Lemma 2.7 (ii), the last term in the inequality may be estimated by

C 1IX9(5) = Y (Og(l+IXO @+ Y )l ) ds
0
< Csup (141 X9 +IY @) | 1IX®(5)— Y (s)|gds.
5e[0,t] 0
Setting

L=L(T)=Csup sup (1+|I X" @ ' +Y@O} ),

neN tc[0,T]

which is a finite number by Theorems 2.5 and 2.6, we obtain
t t

(3.4 |§ P [F (X% (s))—F (Y (s))] ds|z < L { 1X*(s)+ Y(s)| ds.
0 0

Combining (3.1), (3.3) and (3.4), for n = ny(w) we have
| X®) ()~ Y (©)]g

, .
< L | | X% (s)— Y (s)|gds+exp {— A, , t} Ix|g+ Mg+, 1P,
(4]

Since ;! <k, Y?? for all neN, for D= D(T)= M+1 we obtain
| X (6)— Y (¢)lg 7 -
P . t - N —_
< Lf |X%) (s)— Y (s)|gds+exp{—2,x,t} [x|g+Dx, 1?2, n>ny(w).
0
By the Gronwall inequality, we get
| X (6)— Y (8)|g

eLT eLT
< <exp{—/11 K, t}+/1_ K,,_1> |x|E+DK,,_1/2"+T Dx; 1?2, nzny(w),
1

or, for a suitable C = C(T) > 0,

X (0) =Y (0)lp < Cexp{—Ayre, th+1; ) xlg+Ciey 122, n>mo(@). =
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Remark 3.2. The assertion of the lemma holds also in the H-norm.
That is,

sup | X"z, x, w)—Y(t, £, o)y
te[0,T]

< Clexp{—4, k,t} +x; HIx|lg+Cry 1?2, n=ny(w).

Notice that in the left-hand side of the inequalities in the previous lemma the
E-norms may always be replaced by H-norms as the latters are smaller, and

also
WU ) xlF = Y, <U(kt)x, e,)?
_ i=1
= Y exp{—24kt}<{x, e>* < exp {24, xt} x|, te[0, T].
i=1

Now we can complete the proof of the theorem.

(i) Let 0 < T; < T, < oo be arbitrary. Then, by Lemma 3.1, for every
we¥ =%y, we have

sup [XU(t, x, 0)—Y(t, X, 0)lg
te[T1,T2]

< Clexp{—4,k, Ty} +1x, VIxlg+ Cry 122, 1> ny(w).
This inequality implies

lim sup | X" (t,x)—Y(t, £}l =0 as.,

B0 1e[T,T2]
which, as T; and T, are arbitrary, states part (i) of the theorem.

(i) Let 0 < T, < T, < o0 be arbitrary. Fix xeH and we¥% = %r,. For
every yeE and te[T,, T,] we may write

X9 (2, x)— Y (¢, Dl < 1XOE ) XD, y)la
+|X(")(t, =Y, ﬁ)|H+|Y(t, f’)—_ Y, D)lg-
. Now suppose ¢ >0 is given and let y,€ E be such that -

&
byl <5 exp {~KT,}.

Then, using Theorem 2.8, Remark 3.2, and Theorem 2.9, we obtain
|Xe (e, x, @) — Y (t, %, 0)|g < e lx—y,lg+C,(exp {—4; &, 1} +1, ) y,ly

+C 1y Y24 eX -7,

“<- 2eKt |x_y£IH+Ce(exp{_;i‘1 Kn t} +Kn_1) ly£|H

+C, ;1%
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for te[Ty, T,] and all n > ny(w), where C, is the constant C in Remark 3.2
for y,. By the choice of y, we have

(3.5)  sup X, x, 0)—Y(t, £, 0)lg

te[Ty,T2]
<e+C(exp{—4,x, Ty} + %, Hylu+C, 1, 1122

for all n = ny(w). That is

lim sup |X®(t, x)—Y(t, )|y <& as.

B 1e[T4,T2]
As ¢>0and T, and T, are arbitrary, we obtain the desired result. m
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