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Abstract. Let D be a smooth domain in RN, N > 3, and let f be
a positive continuous function on dD. Under some assumptions on ¢, it
is shown that the problem Au = 2¢(u) in D and v = f on 8D admits a
unique solution which will be denoted by H, f. Given two functions ¢ and
1, our main goal in this paper is to investigate the existence of a constant
¢ > 0 such that

1
“Hpf < Hpf < cHEf.
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1. INTRODUCTION

Let D be a bounded smooth domain in R, N > 3. We consider the following
semilinear problem:

Au=2p(u) inD,

(- u=f on dD,

where f is a positive continuous function on 9. Under some conditions on ¢, it
will be shown that problem (1.1) admits a unique solution which will be denoted
by H7, f. In the particular case where ¢ = 0, (1.1) reduces to the classical Dirichlet
problem whose unique solution will be denoted by Hp f.

Given two functions ¢ and v, we say that H}, f and H}}b) f are proportional
and we write H} f ~ H ld; f if there exists ¢ > 0 such that, for every z € D,

CHBf(r) < Hpf(x) < cHp ()

* Supported by the Research Unit UR-11-ES-52, Faculty of Sciences, University of Monastir.
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The operators H}, and Hg are said to be proportional (we write H}, ~ H}é) if

HY fand H }é f are proportional for every positive continuous function f on 0D.

The main goal of this paper is to study the proportionality between H}, and
H}g. To this end, we shall rather compare H}, to Hp. Since f is positive on 9D,
it is very simple to observe that H}S f < Hpf. However, the question whether
H} f > cHp f for some constant ¢ > 0 seems to be more difficult.

There are several papers dealing with the existence of solutions to semilinear
problems which are bounded below by a harmonic function (see [3], [4], [9], [14],
and their references). The second-named author studied in [14] the problem

Au+&(x)¥(u) =0 inD,
(1.2) u>h inD,
u—h=0 ondD,

where h > 0 is harmonic in D, £ > 0 is locally bounded, and ¥ > 0 is a non-
increasing continuous function on |0, co[. He proved that (1.2) admits a unique
solution provided the function

z— [Gp(z,y)é(y)dy
D

is continuous on D and vanishes on the boundary of D, where G (-, -) denotes the
Green function of A on D (see (2.3) below).

Athreya [4] considered the problem (1.1) where ¢: |0, 00[ — |0, c0] is a lo-
cally Holder continuous function such that ¢(¢) tends to oo as ¢ tends to 0 at the
rate P with p € 0, 1[. Given a function ho which is continuous on D and har-
monic in D, under some additional conditions he showed that problem (1.1) has a
unique solution which is bounded below by hg. By probabilistic techniques, Chen
et al. investigated in [9] the same problem where —t < ¢(t) < ¢, ¢t € ]0,b[, for
some b > 0. They proved the existence of a solution bounded below by a positive
harmonic function provided the nontrivial function f admits a sufficiently small
norm (see Theorem 1.2 in [9] and its proof).

The problem (1.1), with ¢(t) = ¢, (t) = tP, was already studied by Atar et
al. in [3] where they showed that the proportionality of H g” and Hp holds true
for every p > 1. In this paper we shall prove that H} ~ Hp for a large class of
functions ¢ containing ¢, p > 1. Furthermore, we shall prove a conjecture stated
in [3] and claiming that Hf)” and Hp are not proportional for 0 < p < 1. More
precisely, we give sufficient conditions on ¢ under which the operators H}, and
Hp are not proportional.

We briefly recall in Section 2 some basic facts on Brownian motion and then
establish in Section 3 the existence of a unique solution to problem (1.1) where
¢ : Ry — Ry is continuous and nondecreasing, and ¢(0) = 0. In Section 4, we
are concerned with the proportionality between H ;) and the harmonic kernel Hp.
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We prove that the proportionality holds true provided

t
(1.3) limsup@ < 00,
t—0 t
and does not hold if, for some £ > 0,
5 t 1/9
(1.4) [ ([els)ds)” it < .
0 0

In particular, the fact that condition (1.4) is valid for ¢ = ¢, with 0 < p < 1 yields
an immediate proof of the conjecture mentioned above. The last section will be
devoted to investigating the problem (1.1) in the case where the function ¢ is non-
increasing.

2. PRELIMINARIES

For every subset I’ of R, let B(F) be the set of all Borel measurable func-
tions on F and let C(F') be the set of all continuous real-valued functions on F. If
G is a set of numerical functions, then G* (respectively, G;) will denote the class
of all functions in G which are nonnegative (respectively, bounded). The uniform
convergence norm will be denoted by ||-||.

Let (2, F, F:, X¢, P*) be the canonical Brownian motion on the Euclidean
space RY, N > 3. Here (2 is the set of all continuous functions from [0, oo|
to RVendowed with its Borel o-algebra F. For every t > 0 and w € Q,

Xi(w)=w(t) and F;:=0(Xs0<s<t).

For every € RY, P? is the probability measure on (€2, F) under which the Brow-
nian motion starts at = (i.e., P*(Xy = z) = 1) and E”[-] denotes the corresponding
expectation. Let D be a bounded domain in R and let 7p be the first exit time from
Dby X, ie.,

p = inf {t > 0; X} ¢ D}.
We denote by (X”) the Brownian motion killed upon exiting D. It is well known
that its transition density is given by

pD(t7x7y):p(t7x?y)_rD(t7$7y)7 t>07 J:‘?yeD?

where

2
(t,z,y) = b eyl

and
rP(t,x,y) = E* [p(t — 7D, Xrp,y), ™D < 1.
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The corresponding semigroup is then defined by

PP f(x) = E* [f(Xy),t <7p] = [p"(t,z,9)f(y)dy, =€ D,
D

for every Borel measurable function f for which this integral makes sense.
Let h be a positive harmonic function in D and define for z,y € D,t > 0,

pi?(twr’y) = pD(taCU, y)hg;

Then there exists a Markov process, called the h-conditioned Brownian motion,
with state space D and having pf as transition density (see [6], [10], [11]). The
corresponding probability measures are denoted by (P})ep: for every Borel sub-
set B of D we have

Besides, using the monotone class theorem, it is easily seen that, for every ¢ > 0
and every F;-measurable random variable Z > 0,

1

The open bounded subset D is called regular (for A) if each function f €
C(OD) admits a continuous extension Hpf on D such that Hp f is harmonic
in D. In other words, the function h = Hp f is the unique solution to the clas-
sical Dirichlet problem

Ah=0 inD,
{ h=f ondD.

For every « € D, the mapping f — Hp f(z) defines a probability measure on 90D
which will be denoted by Hp(, -) and called the harmonic measure relative to x
and D.

In the sequel, let ¢y € D be a fixed point and assume that D is a bounded Lip-
schitz domain of RY (in fact, we impose that the Martin boundary of D coincides
with its Euclidean one; see [2], Section 8.7). Hence, there exists a unique function
Kp: D x 9D — Ry satisfying:

For every z € 0D, Kp(xo,2) = 1.

For every x € D, Kp(z,-) is continuous in 9D.

For every z € 0D, Kp(-, z) is a positive harmonic function in D.

For every z,w € 0D such that z # w, lim,_.,, Kp(z, z) = 0.
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We extend the function K p (-, z) to D\ {z} by letting K p(w, z) = 0 for every
w € 9D\ {z} . The function K p is called the Martin kernel on D. It is well known
that the formula

(2.2) hz)= [ Kp(z,z)dv(z)
oD

realizes a one-to-one correspondence between nonnegative harmonic functions on
D and (positive) Radon measures on 9D.
The Green function Gp(-,-) is defined on D x D by

(2.3) Gp(z,y) = [ pP(t, z,y)dt.

o3

It follows that G is continuous (in the extended sense) on D x D,

T(N/2+1)

Gp(z,y) < Gy (z,y) = omN/2| g — y| N2’

and lim,_,, Gp(z,y) = 0 for every z € 9D (see [15], Chapter 4). Moreover,
dHD (xv )

(24) Kp(x,z)= —>"5(2)= lim Gp(r.y)

= , xe€D,zedD.
dHp(zo,-) yeDy—z Gp(xo,y)

For h = Kp(-, z), where z € 0D, the h-conditioned Brownian motion will be
simply called the z-Brownian motion and its transition density is given by

pP(t, 2, y)Kply,2), >0, z,y€D.

D
t = _———
pz ( 7x) y) KD(LU, Z)

The corresponding family of probability measures will be denoted by (PY),cp.

3. SEMILINEAR PROBLEM

We assume that ¢ : Ry — R, is a continuous nondecreasing function such
that ©(0) = 0. The following comparison principle will be useful to prove not only
the uniqueness but also the existence of a solution to problem (1.1). A more general
comparison principle can be found in [14].

LEMMA 3.1. Let U € B(R) be a nondecreasing function and let u,v € C(D)
such that Au < ¥ (u), Av > ¥ (v) in the distributional sense in D, and u(z) >
v(2) for every z € OD. Then u(x) > v(x) for every x € D.

Proof. Define w = u — v and suppose that the open set

Q={z € D;w(z) <0}
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is not empty. Since W is nondecreasing, it is obvious that Aw < ¥(u) — ¥(v) < 0
in 2, which means that w is superharmonic in 2. Moreover, for every z € 92 N D
we have w(z) = 0 (because w is continuous in D), and for every z € 992 N 9D
we have lim,eq »—., w(x) > 0 (by assumption). Then w > 0 in 2 by the classical
minimum principle for superharmonic functions. This yields a contradiction, and
therefore €2 is empty. Hence u > vin D. =

The Green operator in D is defined by

3.1) Gpf(x fGD z,y)f(y)dy, = €D,
for every Borel measurable function f for which the integral exists. In other words,
TD
Gpf(z)=E"[ [ f(Xy)dt] = \fPDf reD.
0

We recall that, for every f € By(D), Gpf is a bounded continuous function on D
satisfying lim,_,, Gp f(z) = 0 for every z € 9D. Moreover, it is simple to check
that

AGpf =-2f
in the distributional sense (see [10], [11]).

LEMMA 3.2. For every M > 0, the family {Gpu; ||u|| < M} is relatively
compact with respect to the uniform convergence norm.

Proof. Since the family {G pu; ||u|| < M} is uniformly bounded, it suffices
in virtue of the Arzela—Ascoli theorem to show that the family is equicontinuous.
We first claim that the family {Gp(z,-);x € D} is uniformly integrable. Indeed,
let € > 0 and 79 > 0. There exist ¢; > 0 and co > 0 such that, for every Borel
subset A of D,

fGD(m y)d le
A

- yl
d d
! f nyQ ta f Ny72
B(zmo) [T =yl A\B(z,n0) o
m(A
< 627]8 + o J\(T—Q) .
o

Here and in all the following, m denotes the Lebesgue measure in RV, Take 19 =
V/e/(2¢c2) and 17 = en}y 72 /(2c2). Then for every Borel subset A of D such that
m(A) < n we have

[ Gp(z,y)dy<e

A
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Hence, the uniform integrability of the family {Gp(z,-); x € D} is shown. There-
fore, in virtue of Vitali’s convergence theorem (see, e.g., [16]), we conclude that,
for every z € D,

lim sup | [ Gp(z,y)u(y)dy — [ Gp(z y)u(y)dy|
T2 lu||<M D D

D

This means that the family {G pu; ||u|| < M} is equicontinuous, which completes
the proof of the lemma. =

The existence of solutions to semilinear Dirichlet problems of kind (1.1) was
widely studied in the literature with various assumptions on the function ¢ (see,
e.g., [5], [12]-[14]). In our setting, we get the following:

THEOREM 3.1. Forevery f € CT(0D), there exits one and only one function
u € CT(D) satisfying the problem (1.1). Furthermore, a bounded Borel function u
on D is a solution to (1.1) if and only if u + Gpy(u) = Hpf.

Proof. By aclassical computation, it is not hard to establish the second part
of the theorem. We also observe that, by the comparison principle (Lemma 3.1),
problem (1.1) has at most one solution. So, it remains to prove the existence of a
solution to (1.1). Take

fect@p), a=|fll, M=a+pa) SlelgE‘T[TD]

and define A = {u € C(D); |lu|| < M}. Let h = Hp f and consider the operator

T : A — C(D) defined by

Tu(x) = h(x) — E* [ng(u(Xs))ds], z €D,

where g is a real-valued odd function given by g(t) = inf (¢(t), ¢(a)) for every
t > 0. Since |g(t)| < p(a) forevery t € R, we get

|Tu(z)| < M

for every x € D and every u € A. This implies that T'(A) C A. Now, let (uy)n>0
be a sequence in A converging uniformly to u € A. Lete > 0. Since g is uniformly
continuous in [—M, M|, we deduce that there exists ng € N such that for every
n > ngand s € [0, 7p]

|9 (un (X)) — g(u(X,))| <e.
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It follows that, for every n > ng and x € D,

|Tup(z) — Tu(z)| = ‘Em [:)fjg(un(Xs))ds] — E* [T;fjg(u(Xs))ds] ‘

< E[f [9(un(X.)) — g(u(X.))|ds]

< esup E¥[rp].
€D

This shows that (T'uy, ), >0 converges uniformly to 7'u. We then conclude that 7'
is a continuous operator. On the other hand, A is a closed bounded convex subset
of C(D). Moreover, in virtue of Lemma 3.2, T'(A) is relatively compact. Thus, the
Schauder’s fixed point theorem ensures the existence of a function v € A such that
u = h — Gpg(u). Applying the comparison principle, we obtain 0 < u < a, and
so g(u) = ¢(u). Hence, the proof is completed. m

The unique solution to problem (1.1) will always be denoted by H} f. How-

ever, in the particular case where ¢ = ¢}, we may write H?, f instead of H}, f.

4. PROPORTIONALITY OF HY f AND Hp f

The Feynman—Kac theorem (see [10], Thg)rem 4.7) states that, for every f €
CT(0D) and g € B (D), the function v € C(D) given by
D
4.1) v(z) = E°[f(X;p)exp (— [ q(Xs)ds)], =z €D,
0

is the unique solution of the problem

Av=2quv inD,
v=f on 0D.

Let us notice that v given by (4.1) satisfies the integral equation:

v(z) = h(z) — [ Gp(z,y)q(y)v(y)dy, =z € D.
D

Our first result in this section is the following:

THEOREM 4.1. Assume that

o()

4.2) limsup —= < oo.
t—0 t

Then H}, f ~ Hp f for every function f € C*(9D).
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Proof. Let f € CT(OD) be nontrivial, thatis, h = Hpf > 0in D. Letu =
HY f and define

e,

T {u>0}-

Then ¢ is a positive bounded function in D by (4.2), and u satisfies the problem

Au=2qu in D,
(4.3) { u=f on d0D.
We define
™D
w(z,z) = EZ[exp (— [ q(Xy)dt)], x€ D,ze€dD.
0

By the Feynman—Kac theorem and Proposition 5.12 in [10], we have

(4.4) u(z) = E* [f(X7,) exp (- f q(X) ds)]
- fw@,z)f(z)HD(m,dz)-
oD

Since for every x € D

TD

Em[exp(— fq(Xs)ds)] < 00,

0
by Theorem 7.6 in [10] there exists ¢ > 0 such that

1
4.5) - <w(z,2)<c¢, xz€D,z€dD.
c

Combining (4.4) and (4.5) we conclude that, for every x € D,
fHDf fff VHp (z,dz)

U()

<
<Cff JHp (x,dz) = cHp f(z).

Hence Hpf ~ Hff. =

Let us notice that the assumption mentioned in the previous theorem will be
trivially satisfied provided the function ¢ — ¢(t)/t is nondecreasing or if it is
bounded and nonincreasing on ]0, oo[. In particular, it follows that Hf f ~ Hp f
for every function f € C*(9D) if the function ¢ is given by

p(t)=tPwithp>1 or (t)=log(l+t1).
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We shall write H}, ~ Hp if Hf,f ~ Hp [ for every function f € C*(dD).
Hence, by Theorem 4.1, H?, ~ Hp for every p > 1. This was established by Atar
et al. in [3]. In the same paper, the authors conjectured that HY, % Hp for every
0 < p < 1. In the following, we shall prove this conjecture. More precisely, we
give a sufficient condition on ¢ under which H}) % Hp.

From now on, D is a bounded C'**-domain of RV , N > 3. As usual, the diam-
eter of D is diam(D) = sup, ,cp [z — y| and 6p(z) = inf.¢p [x — 2| denotes the
Euclidean distance from x € D to the complement of D. The following property
of Green function G p is established by Zhao [17]:

1 dp(z)dp(y)
|z —ylN=2" | —yV

(4.6) Gp(x,y) =~ min{ }, x,y €D.

THEOREM 4.2. Assume that there exists € > 0 such that

4.7)

o—mn

(jap(r) dr)_l/st < 0.
0

Then there exists f € Ct(9D) such that Hf, f % Hpf.

Proof. It is well known (see Lemma 2.2 in [1]) that D satisfies the ball
condition with some radius = > 0, which in turn means that D is C1'! at scale
r in the sense of Bogdan—Jakubowski [7]. Let z € 0D be a fixed point. Apply-
ing Lemma 1 of [7] for the complement of D, we find a bounded C'**!-domain F
such that F N D = () and

FN B(z,7/4) = B(z,7/4) \ D.

Let d = diam(D U F), R > 0, and z¢ € RY such that 2d < |z — z| < R. It is
easily verified that U = B(z, R) \ F is a C!''-open set, D C U, and

B(z,r/4)NoD c oU.

The function g = Gy (-, o) is positive harmonic in V := U \ {z(} and vanishes
on B(z,7r/4) N dD. By arguments similar to those used in [8], Lemma 3.2, there
exists a constant ¢; > 0 such that, forevery x € V,

g9(z)
Sy (x)

Vy(@)| < 1

On the other hand, by (4.6) there exists co > 0 such that g(z) < c2dy(x) for every
x € V. Since dy (z) = dy(z) for every z € D, it follows that

M := sup |[Vg(x)| < cico.
€D
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In virtue of condition (4.7), we easily observe that the function

(

is increasing and continuous on [0, o], twice differentiable on ]0, oco[, and invert-
ible from [0, co] to [0, p[, where p := lim;_,~, Q(t) (notice that p may be infinite).
Let R denote the inverse function of @ and let 0 < A\ < min(1/M, p/M’), where
M’ = supp, g and define

S

o(r dr) Y245

oOf—
o~—

1
2

=R(N\g), f=wvlpp, h=Hpf, and uw=H}Ff.

Then, it is obvious that v € C(D) N C?(D). Moreover, by an elementary calculus
it follows that, for every x € D,

Av(z) < 2¢(v(2)).

Therefore, v < v in D by the comparison principle (Lemma 3.1). Since

oa) ot

lim = lim =0,
2@ T e Q)

we get

inf = < inf - = 0.

D g D g
On the other hand, from the boundary Harnack principle it follows that there exists
an open neighborhood W of z such that

g~h inWnD.
This yields that inf p(u/h) = 0, and consequently u % h. =

Since the function ¢ : t — tP satisfies (4.7) for 0 < p < 1, we deduce from
the previous theorem that, for small p, H % % Hp, which proves the conjecture
given in [3].

In the remainder of this section, we shall proceed to answer the following
question: In the case where (4.2) fails, for which function f € CT(9D) does the
proportionality of Hp f and Hf, f hold?

First, the following proposition is easily obtained.

PROPOSITION 4.1. Let f € CY(0D), h = Hpf,and v = H} . If

(4.8) sup ——

=) h( fGD z,y)p(h(y)) dy <1,

then u =~ h.
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Proof. Itis an immediate consequence of the formula h = v+ Gpy(u) and
the fact that ¢ is nondecreasing. =

Hence, one direction in solving the question above is to investigate functions f
for which condition (4.8) is fulfilled. Let us notice that “< 1” in (4.8) cannot be
replaced by “< o0”. In fact, as will be shown below, for a smooth domain D we
always have

1
4.9 sup — | Gp(z, h dy < oo.
4.9) sup h(;v)£ p(z,y)¢e(h(y)) dy

However, for ¢(t) = tP with 0 < p < 1, Theorem 4.2 proves that there exists a
function f € C*(OD) such that u and h are not proportional.

LEMMA 4.1. For every positive harmonic function h in D, there exists a pos-
itive constant c such that, for every x € D,

[ Gp(z,y)dy < ch(z).
D

Proof. Let h be a positive harmonic function in D and let v be the positive
Radon measure on 0D satisfying

(4.10) h= [ Kp(-,z)dv(z).
oD

We claim that there exists C' > 0 such that, for every x € D and z € 0D,
(4.11) h(z) > Cop(x).

Indeed, let z € D and z € 9D. Then, it is simple to observe that 0p(x)dp(y) <
|z — y|? for every y € D such that 8y — z| < dp(x). Hence, by (4.6) there exists
a constant ¢; > 0 such that, for every y € D N B(z,0p(x)/8),

15D(95)5D(?/)

GD(x7y)>C N
|z -y

Again by (4.6) there exists co > 0 such that

GD(':UO’ y) < e

where z( denotes, as was mentioned in Section 2, a reference point. Therefore, for
every y € DN B(z,0p(x)/8),

Gp(z,y) . a lzo — y| 0p(x)0p(y)
Gp(x0,y) ~ e26p(20)5p(y) |z — yY
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Hence, letting y tend to z we obtain

dp(z)

Kp(z,2) > cs—— %,
|z — 2]

where c3 is a positive constant not depending on x and z. This and formula (4.10)
yield (4.11). On the other hand, in [17] it is shown that there exists ¢4 > 0 such
that, for every z,y € D,

op(x
Gpla,y) < ei—228)_
|z -yl
Hence, using (4.11) we get
1 Cy dy
sup -— | Gp(z,y)dy = = sup | ——=— < o0,
zeD h(z) £ CﬂceDg |~T—ZJ|N '
which completes the proof. m
THEOREM 4.3. Assume that
t
(4.12) lim m =0.
t—oo ¢

Then for every f € CT(9D) there exists a positive constant oy such that H (af)
~ Hp(af) for every a > a.

Proof. Let f € C*(dD) be nontrivial and let h = Hp f. By the previous
lemma, there exists ¢ > 0 (depending on h) such that, for every a > 0 and every
r €D,

Gpp(ah)(z) < @lal|h)Gpl(z) < co(allh])h(z).
Therefore
Gpyplah) (z) _ elafhl])
<c
reD ah (:E) o

On the other hand, by (4.12) there exists A > 0 such that, for every ¢ > A,

o(t) 1

< —.
t Al
Take oy := A/||h||. Then for every o > oy we have

Gpy(ah) (z)

<1,
zeD ah (.’L’)

which implies, by Proposition 4.1, that H},(of) =~ Hp(af). m
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5. MORE ABOUT PROBLEM (1.1)

This last section is devoted to investigate the problem (1.1) in the case where
( is nonincreasing. Let us notice that, in this setting, we do not guarantee neither
the existence nor the uniqueness of the solution to problem (1.1), and hence the
operator H7, is no longer defined. As above, we assume that D is a bounded C Li
domain of RN, N > 3.

THEOREM 5.1. Let ¢ : Ry — R be a continuous nonincreasing function,
f€CY(0D),andlet h = Hp f such that

o 1
G4 sup L [{ h(ngS} S ep(0)

Then the problem (1.1) has a solution u € C* (D) satisfying u = h.

Proof. Of course, we assume that ¢(0) > 0 and f is nontrivial. By assump-

tion,
1

ep(0)

It is easily seen that there exists b > 0 such that e’ (0)c = b. Let us observe that
the set

fGD (z,y)dy <

= sup ——
zeD h(

A={ueC(D);e’h<u<h}
is closed, bounded, and convex in C(D). Consider T : A — C(D) defined by

Tu(e) = ¥ (o) exp - I (piu((;()))d)} eD.

Then, it is clear that T'u < h for every u € A. Furthermore, for every x € D,
T
i =51~ )
> i ol -0 [y
exp S
h Xg)
1

0
> exp - ¢ g@mmg{ i )

> exp( — e’p(0)c)
= exp(—b).

V

This yields T'(A) C A. On the other hand, for every u € A we have

e—b‘PSL)Tu < ¢(0).
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So, in virtue of Lemma 3.2, we deduce that the family

)
{Jontn 2t Tty < o}

is relatively compact in C(D). Since

o (u(y))

) Tu(y)dy = h(x), =€ D,

Tu(z) + [ Gp(z,y)
D

it follows that T'(A) is relatively compact in C(D), and consequently 7 is continu-
ous. Then, by Schauder’s fixed point theorem, there exists « € A such that

u(z) + £GD(x,y)g0(u(y))dy =h(z), x€D.

Hence, w is a solution to the problem (1.1). Moreover, u &~ h sinceu € A. =

COROLLARY 5.1. Let ¢ : Ry — R be a continuous nonincreasing func-
tion. For every f € CT(9D), there exists oy > 0 such that for every a > oy the
problem

Au=2p(u) inD,
u=af on 0D,

admits a solution u € C* (D) satisfying u ~ Hpf.

Proof. Let f € CT(9D) be nontrivial and let h = Hp f. It suffices to con-
sider .
ar=-ep(0)sup — | Gp(x,y)dy
1 =col0)sup 1o [ Golr)

and to apply the previous theorem for af, a > ay. =
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