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NONPARAMETRIC POLYNOMIAL DENSITY ESTIMATION

BY _
Z. CIESIELSKI (Soror) T

Abstract. A simple construction of polynomial estimators for ' i
densities and distributions on the unit interval is presented. For ‘
Lipschitz densities the error for the mean square deviation is charac-
terized. The Casteljeau algorithm for calculating the values of the
estimators is applied. '

1. Introduction. The space of real polynomials of degree not exceeding m
is denoted by II,. In II, we have the Bernstein basis, ie.

II,, =span[N;,, i=0,...,m],

where
Nim(x) = (T)xi(l—x)""i, i=0,...,m.

The Casteljeau algorithm is based on the identity
(L1) Nim(¥) =(1=%) Ny -1 (X)+ XN - -1 (x).
For given well,
(12 w(x) = Y W; Nip(x),
i=0

where the coefficients w; are unique. Using (1.1) we find that,‘for 0ksm

m

3y w(x) = _ikW§k)(x)Ni,m—k(x)s

13

where w¥eIl,, and for 0 < k <m we have
(1.4) wkt () = (1-x)w® (x)+xw® (), i=0,...,m—k—1.

In particular, w(x) = w§®(x) = const.
Some more properties of the Bernstein polynomials will be needed. Our
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attention will be restricted to the interval I =[0, 1] and the following
notation will be used:

(f, ) = [f()g(dx, Ifllz = ({If1%)
I : I

It is convenient to use simultaneously with N;, the polynomials
M = (m+ DN . |

The following elementary properties of the polynomials N;, and M,
will be used:

1° Nim(x) 20 for xel, i=0,...,m.
2D Z Ni,m =‘]._.““

i=0 '
¥ Mym )=1fori=0,...,m
4 For w as in (1.2) we have

1/2

m—1 m—1
DW=m Z AwiNi,m—l = Z AwiMi,m—ls

i=0 i=0

where Aw; = w; ., —w; and Dw = dw/dx.
5 For i=0,...,m we have DN, ,, = M;_ 1 —M;,,_, With M;, =0
whenever j <0 or j>m. :

2. Polynomial operators. A linear operator in a function space with
range contained in IT,, for some m is called a polynomial operator. The space
of all real functions of bounded variation on I which are left continuous is
denoted by BV(I) and it is equipped with the norm

Fllgyay = |F (0) + var (F).

Moreover, define

D() = {FeBV(I): F is nondecreasing on I, F(0) =0, F(1) =1}.

The polynomial operator T, is now defined for Fe BV (I) by the formula

(2.1 T,F(x)= Y [M;mdF [Nim(y)dy.
. i=01 (4]
_ It then follows that

(2.2) T,: BV()— I,

and

(23) T,: D(I)— O,y D).

* The polynomial operators corresponding to the densities are going to be
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defined naturally by means of the kernel
(24) Ry(x, y) = Y M; () Ny m(y)-
i=0 .
It follows by the definitions and properties of M;,, and N;, that
(2.5) R,(x,y)=R,(y, x), 0SS R,(x,y) <m+1 for x, yel.
Define

R,.f (x) = [Ru(x, y) f (y)dy.
I

Clearly, R,;: L?— II,, and, since by (2.4),

26) ,, Ruf = ¥ (Mym ) No
i=0

it takes by 2° and 3° densities into densities™
It is worth to notice that for F being absolutely continuous (2.1) gives

(2.7) , DT,F =R, DF.

ProrosiTioN 2.8. For F in BV(I) we have

T,F(x) = FO)(1—x)™*! +F(1)xm+1+_z (Fy Mi_ 1 m-1) Nims1(x).

i=1
Proof. Direct computation' gives

[M; mdF =(m+1) {8, ,, F ()= 8,0 F(O)+(F, M; ) ~(F, M;_; ,i_1)},

I

and therefore, by 5°,

TmF(x) = F(O)+ i _‘.Mi,mdF}Ni,m
. B [}

i=01

= FO)(1—x)" 1+ F(l)x"* 1 4

m—1 x
+ Z (F, M; 1) [(m+ 1)(Ni,m(y)_Ni+1,m(y))dy

o m—1 x
=FO)(1=x)"" ' +F(1)x™ "+ ¥ (F, Mym=1) [DNi4 1m+1 () dy.

i=0 0
In the next section still a different representation of R,, will be needed.
Denote by ; (j =0, ..., n) the orthonormal Legendre polynomials on I, ie.




j A
(2.12) A=Y a,-sfs 1.
- i=1
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[jEHJ and ([l" [J) =6i,j for l,j= 0, 1, - and let

Em+1—j
}'om=15 lim= .
’ ’ jl;llm+1+]

i=1,..., m

We do assume in what follows that 4;,, =0 for i = m+1, ... It is worth
to notice that (4 ,)=o,..m are eigenvalues for the Gram matrix
[(Mim, Njm)lij=o...m This fact and the representation

29) Rut, ) = 3 Ak () 10)
; - i=0
are established in [2].

Lemma 2.10. Let A,=n(n+1) for n=0,1,... Then the eigenvalues
(4i,mli=o0,...m have the following properties:

(@ 1=2om>Aim> ooe > Apm > 0;
(b) j'i,m+1>’1i,m fOi‘ i=1, 2,-..;
A Aim =4 2 fori=1,2,..;
(C) i—1,m~ Mom — i—l,mm+1+i =1, 45 .00
14, A _
@) 3 <i=ha, <P fri=l..n

Proof. The computation giving (a)-(c) will be omitted. For the proof
of (d) set m = 1, and write
2i
m+1+4j

J
(2.11) Aim=[]1—a), where q; =
i=1

It then follows that 0 <a; <1 for j=1,... and that

Now, (2.11), (2.12) and the Weierstrass inequalities ([4], p. 207) for j
=1,...,n give

Aifdg > A; > 1= Ajm,

J 1
). =1~ —_—a)>1— >-A,
1—2;m=1 i]:_[l(l a) > 144,> 2%
i . . :
A > 2 Yi= 2 > i _ 1" E&zlﬁ,
T m+1+j2 A+1+ A+n+l o nd14,7 27,

which completes the proof.
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The spectral representation (2.9) gives the formulas

(2.13) IRm f113 = Z itmal, =R flli =3 (1=4m’a,
i=0

where a; =(f, ;). This and Lemma 2.10 imply
(2.14) IRmllz < IRm+4ll2 and || f =Ry fllz S IIf =R fll2-

3. Approximation properties of the polynomial operators. In this section
we state the necessary results on approximation by the operators T,, and R,,.
The following is a consequence of Proposition 2.8:

CoroLLARY 3.1. For m=20,1, ... and Fe BV(I) we. have

(3.2 1T Fllo < 3115
and, for F, GeD(l),

ProrosiTION 34. For feL*(I) we have

3.5) IRw fll2 <IIfll2s m=0,1,...,

~and if feL,(I), then

(3.6) If~Rufllz—0 as m— oo.

For the proof we refer to [1].
. ProrosimioN 3.7. Let Fe C(I). Then ||F—=T,Fl||,— 0 as m— oo.

Proof. Since (3.2) takes place, it is sufficient to check the statement for
absolutely continuous F. However, in this case (2.7) implies, for f = DF,

IF (x)— T F(x)| < ||DF —DT,, Flj; = ||f— Rmf”la

and the last term by (3.6) tends to 0 as m— co.

-For our purpose a characterization of certain Lipschitz classes in terms
of the best approximation by II, in the L?-norm will be needed. For given
feL? the best approximation is defined by the formula ‘

(3.8) E,(f) = inf{llf—wllo: well,}.

It is well-known that the extreme w in (3.8) is the orthogonal projection
of f onto IT,, ie.

o

(39) EI=lf-Y (i DHE= Y (f B2
i=0 ‘

i=n+1

In order to define the proper Lipschitz classes following [3], we need the
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step-weight function

p(x)=./x(1—x), xel,

and the symmetric difference of the second order:

A f () =f (x+ 1) =2f (x)+f (x—h.

Now, the modulus of smoothness with the step-weight ¢ is given by -
W2, (f; 0) = sup |45, f (2
0<h<é

where Apyx 18 Zero whenever either x+ ho(x) or x—he ()-c)‘is‘noit in I. We are
going to use a particular case of Corollary 7.2.1 from [3], ie.

Prorosition 3.10. Let feL,(I), 0 <a < 2. Then
T w,,,(f;0) =0(6% as 6 »0, <E,(f)=0 (E) as n—+aoo.

To relate this characterization of Lipschitz classes to the approximation
by R,, we prove
Lemma 3.11. Let 4, =n(n+1) and let fe L*(I). Then

1 = 1/2
B1D  SEN<W-R I <E()+2(5; 3 4 iE?q(f)) .

2 ni=1
Proof. The left-hand side of (3.12) follows by Lemma 2.10(d) and
by (2.13). To obtain the right-hand side we use the Abel's transformation

n n n

YouBi=Y () w)fi—Bi-1) with B, =0.

i=1 i=1 k=i

Defining @, = (f, |) and letting m = A,, we get by (2.13)

I~ RafIB<EF(D+ X b

where o; = a? and B; =(1—4;,)> Thus, according to (3.9),

n

Y 0By < Y E-y [(1—dym2—(1— Aoy )]
i=1 i=1

o ‘Novx.', Lemma 2.10 gives
0<(I=Am)®—(1 =4z 1) S ictm—Aim) A=A+ 1= A1 1)

A 2i Ay
2A o — L4
/1,,'1' Y1+ A2

and this completes the proof.
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Now the monotonicity (2.14) and Lemma 3.11 give
CoroLLARY 3.13. Let feL*(I) and let 0 <o < 2. Then

1 : 1
IIf—R, fll2 =0(W) as n_'OO@En(f)=O(E) as n—o.

Finally, Corollary 3.13 and Proposition 3.10 give

CoroLLARY 3.14. Let a and f be given such that 0 <a <1, feL*(]).
Then

1f=Rnfll =0 (m—) as m— 00 <> 3,,(f;9) = 00™) as 30,

The author was kindly informed by K. G. Ivanov that Corollary 3.14
has its L” version which can be proved by methods developed by Berens—
Lorentz and Totik. Since the L, case is more difficult and we need it only for
p = 2, we restrict our attention here to the L? case only.

4. The estimators. Let us start with a simple sample of size n:
X,,..., X,. It is assumed that the common distribution function F of these
iid. random variables has its support in I. For the given sample let us
introduce v

4.1) ‘ fm,n(x) =% i RM(XJ" x), xel.

j=0

Jmn 18 @ polynomial of degree m which, by (2.6), is a density on I. Let
now F, be the empirical distribution, i.e. F, = |{i: X; < x}|/n, and let
4.2 F,,=T,F,

It follows by (2.1) that
4.3) : DF, .= fun-

ProposiTion 44. Let F and X,, X,,... be given as above. Then
P{F,,=F as m, n— oo} =1, where = means the weak convergence of
probability distribution functions.

Proof. Let us start with the following identity:
45 - .. F—F,,=F-T,F)+T,(F-F,).

It will be shown at first that T, F converges weakly to F as m — oo for
each FeD(I). For ¢ continuous on (—o0, c0) and with compact support,
according to (2.1) and (3.6) we obtain

- o b3 o0

{ ¢dT,F = [R,(¢|l)dF —» | ¢dF as m—>o0.

- o )
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For the second part of (4.5) we obtain by (3.3) that
1T (F = Flll o < |IF —Fll o,
but, by Glivenko’s theorem (see [5]),
P{|F=F,lo—0 as n— o0} =1.

Thus, with probability 1, T,,(F—~F,) tends uniformly on I to 0 as m,
n—o0. Since F(x)— T, F(x) =0 as m = oo at each continuity point of F, it
follows by (4.5) that, with probability 1, F, ,(x) — F(x) at each such a point.

Prorosition 4.6. Let FeD(I)nC(I). Then

P{|IF—Fpulo—0 as myn— o0} =1.

This follows from the proof of Proposition 4.4 and by Proposition 3.7.
We now pass to the density estimation. In what follows we do assume
that the density f = DF is in L?(I).
LemMMA 4.7. For the density feL? we have
m+1

/=R 115 < Ellf~funllZ < If= R flI3+——

Proof. Note that Ef,, , = R, f(x) and, therefore, by Jensen’s inequality
the left-hand side follows. On the other hand,

E\lf~fmallZ = 1£13—2(f; Ru )+ Ell fonll2

1 1
= “f_Rmf”%"_; [IRA(y, X)f(y)dxdy—;I!Rmfllﬁ-
Iz

Since, by (24), R, (x, y) < m+1, the desired inequality follows.

MaIN THEOREM. Let the density be in L*>(I). Let a, 0 <o <1, be given.
Define f, = fyn, where m=[nf], B =1/(20+1), and [ ] denotes the integer
part. Then the following conditions are equivalent:

(i) W2,4(f;0) =0(6%) as § -0,
.. 1
(i) Elf—fi=0 (——nh,(lm,) as ns .
Proof. According to Lemma 4.7
' m+1
E|lf-£liz < Hf—RmfII%+T, - where m =[r"].

Applying Corollary 3.14 we get the implication (i)=(ii). Conversely,
from Lemma 4.7 we deduce that (ii) implies

1 |
1f~Ru 1§ = 0 (W—,) for m = [n’],
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whence

1
1/~ Ru f1I3 = 0(;1;) as m— co.

This and Corollary 3.14 complete the proof.

5. Algorithm for computing the density and distribution estimators. Let
Xy, ..., X, be given as in the previous section. Since

1.
fm,ln =- Z Rm(Xja X),
n;=y

to compute f, ,(x) for fixed x we need to compute R, (X;, x)forj=1,...,n
However,

R ( Z Mlm( )Ni,m(x)

and, therefore, we use the Casteljeau algorithm for the first time to corhpute
M; ,(X;) and for the second time to calculate R,,(X;, x). Now, for the density
fmn We have also the representation '

m

fm,n(x) = Z aiNi,m(x)s

i=0
where

=%ZMIM i=0,...,m.

Jj=1

Thus, at almost no cost the coefficients

+ ... +a-
bo=0, by =1, bj=£0—m_1—“, ji=1,...,m+1,

can be computed. To compute F,, ,(x) one applies once more the Casteljeau
algorithm to the formula

m+1

Fm,n(x) ffm n(y)dy = Z b m+1(x)'

Added in proof. The author has recently learned that (2.9), p. 4, '

was established earlier by M. M. Dernenmc in J. of Appr. Theory 31 (1981),
- p. 337.
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