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FOR BREAKDOWN PROCESSES
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Abstract. Main results are given in Theorems 1-3. Theorem 1
asserts that a mixture of independent random elements of (D, d)
satisfying the Central Limit Theorem in (D, d) also satisfies the
Central Limit Theorem in (D, d). Theorem 2 determines an upper
bound for P{X(t;) = X(t;) # X (1)}, where t;, <t < t, t,—t, is
small and X is a breakdown process. Theorem 3 gives sufficient
conditions under which a breakdown process satisfies the Central
Limit Theorem in (D, d). :

1. Introduction. A stochastic process X assuming values 0 and 1 at any
time is called .the binary process. The class of binary processes plays an
important role in reliability theory. The assumption that the value 0 is
taken on if a component of a system is functioning and the value 1 if the
component is failed allows us to use the class of binary processes for
describing the behaviour of a system. The first moment at which a system
fails is an important characteristic. If the state of a system is described
by the number of failed components, i.e. by a sum of binary processes,
then such a moment can be defined as the first passage time into some
set. Thus an investigation of the asymptotic behaviour of sums of binary
processes seems to be important. A subclass of the class of binary processes,
called breakdown processes, is considered in Section 3. For those processes
we give sufficient conditions under which the normalized sums of independent
and identically distributed breakdown processes converge in distribution to
a Gaussian process.

2. Central Limit Theorem for mixture of independent random elements
of (D, d). Denote by D the space of all real-valued right continuous functions
on [0, o) which have left-hand limits in (0, c0). We consider D with metric
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d defined in [5] where it was shown that (D,d) is a complete separable
metric space. Let D denote the space of D-valued right continuous functions
on [0, ) which have left-hand limits in (0, c0). The space D with
metric d defined in [6] is a complete separable metric space. By D, we
denote the set of those elements of D which are non-negative and non-
decreasing. Let (5"' d™) and (Df, d™) denote the Cartesian product of m Coples
of the spaces (D, d) and (D,, d) respectively. Define the mappmg 7 of Dx D,
in D by t(x,v) = xov, where (xov)(t) = x(v(t)) for xeD, veD,, t>0.
In [6] it has been shown that 7 is a measurable and continuous mapping
on- C x Cy, where C and C, are subsets of the sets of continuous functions
belonglng to D and D, respectively. By © we denote the mapping of
D'" x D in D™ defined by

T(x, U) = (T(xl » vl)e T(xZG Uz)a sevy T(xmv Um))'

where x = (x, X3, ..., X,)eD and v = (v, 0,,...,v,)eD". Hence 7 is con-
tinuous on C"x C7%, where C™ and C% denote the Cartesian product of m
copies of C and C,, respectively.

A random element Y of (D,d) is said to satisfy the Central ~Limit
Theorem (CLT) in (D, d) if there exists a Gaussian process Z with sample
paths in D which is the limit in distribution in (D,d) of the sequence
{(a}. where

G = } (R @O+ Y0+ ... + Y,()~EY, 0-EL (- .. ~EY, 1),
n
and Y,, Y,,... are independent copies of Y on the same probability space.
Let 6 = (4,0, ...,d,) be the random vector of R™ the components §;
of which take on the values 0 or 1 and 0, +d0,+...4+6,, = 1. Put p,
=P{§=1}for0<p <1,i=1,2,.
THEOREM 1(}). Let Y,, Y,,..., Y, be mdependent random elements of (D, d)

satisfying the CLT in (D, d). Then

= Y &x,
i=1

Sutiéﬁes the CLT in (D, d).
Proof Let

where {Y,;,k > 1},i=1,2,...,m, and {8, = (3y1, Og 25 -+ Opm), k = 1} are
independent sequences of independent copies of ¥, i=1,2,...,m, and of

(') Theorem | was suggested by Prof. C. Ryll-Nardzewski.
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& = {6,, d;, ..., 8,,), respectively. Notice that £, has the same distribution
as the random element

m Vni
fﬂ = Z Z Yk.is
i=t k=1 :
where v, = (Vy.15 Up,2> s Unm) 18 @ random vector in R™ with multinomial
distribution, i.e.

n! ki _ka k-

P{Un = (kl"a'kz,---, km)} = —ETT—k—‘pl Py - Pm>»
1- 2---- m*

and v, is independent of Y, ;,i=1,2,...,m, n = 1.
Write .
At(t) = EYn,i(t)s .t 2 Os A- = (Al'a A27 reey Am)’ Y’nJ = Y;l,i_Ai’.

. 1 -[ns]”; SU.

K:.i(s) = Z Yj.i! En,i(s) = .—n,!_a 52 0,
NS n .

Yn = (i};u,l’ ﬁ.z, sy Yn,m)s 5:: = (ﬁn.b 5:1.2! cees i?m,m)a
1

Vn,i = 7 (Un,i—npi)s Vn = (Vn,ls Vn,-Za teesy Vn.m)'
n

Note that ¥,,,5,,, ¥,,, are random elements of (D, d), (Do, d), (D™, d™)
and (D3, d™), respectively, and A;e D, AeD™

Using Theorem 1 from [2] we infer that {Y,;} converges in distribution
in (D,d) to a Gaussian random clement #"; of (D, d). Furthermore, #;
is a homogeneous random element of (D,d) with independent increments
having continuous paths with probability one and such that #7;(0) = 0 and
# (1) has the same distribution as the limit in distribution of

1 & -
=% 5
ﬁ i=1
Hence ¥, 2% = (W,, ¥ 5,....,%,) in (D", d"). By the law of large

n
numbers and the Central Limit Theorem for multinomial distribution we
have

b, >vae and V,>N=(Ny, Ny .oy Nu)s

where v(t) = (p, ¢, p2t,..., pyt) and N is a Gaussian random ‘vector in R"
the expected value of which is the zero vector. From the separability of the
metric spaces D™, D% and R™ it follows that (Y,,,, V) is a random element
of D™x D7 x R™ with the product topology. Hence and from properties of
T we obtain :

(1) (Y, v0)s Vi) > ((# ", 0). N)

L Fani
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in 5:'xR’" with the product topology. Since the mapping + is continuous
on CxD (see [6]), so (1) yields

) '21 ©(Yois B) (D+ ‘21 Vai Ai 2 -i \/I_?:Wi(l)'i' _;1 N; 4;

in (D, d). The left-hand side of (2) is equal to the random element
1 m Un,i 1

\/; i;1 j=21 it \/; ‘Zl (v,:—np;) A;

which at ¢ is equal to

1
(En (t) - Ean (t)) .
v
Hence we obtain the assertion of Theorem 1. .
Note that the arguments above prove Theorem 1 also for m = oo.

Remark 1. For m = 2 the covariance function r of the limiting Gaussian
process is of the form

r(s, ) = pry(s, ) +(1—p)r2 (s, )+n (& Op(l—=p), 0<s<t < o0,

where r, and r, are the covariance functions of Y; and Y,, respectively,
and n(t) = EY,(t)-EY,(t), t = 0.

3. Breakdown processes. Let {u,,n > 0}, {v,,n > 1}, {u,,n > 1} and
{v;,n > 0} be independent sequences of positive random variables which
have no atoms at zero and are defined on the same probability space.
Assume that ‘u; and v have distribution functions (df’s) G, and F,,
respectively, u,, u, (n > 1) have df. G and v,, v, (n > 1) have df. F.

Let ' :

Zo=uy, Z,=2Z, (+v,+u,, n=1,
=

’ =0 Z’=Z;l 1+U:, 1+u;,n 1.

Define the process X, setting X, (w, t) = 1 if there exists an n > 0 such
that Z,(w) <t < Z,(0)+1v,+,(w) and setting Xy(w,1) = 0if t < yy(w) - or
if there exists an n 2 0 such that Z, (w)+v,+(w) < t < Z,,, (w). Analogical-
ly, define the process X, setting X;(w, t) = 1 if there exists an n = 0 such
that Z,(w) <t < Z,(w)+v,(w) and setting X, (w,t) = 0 if there exists an
n = 0 such that Z, (w)+v,(w) < t < Z,, (w). Hence X0 and X, are random
elements of (D, d).

Let & be a random variable taking on the values 1 and 0 with
probability p and 1—p, respectively, 0 < p < 1. Define the process X
setting X = 6X,+(1—-9)X,. In reliability theory, X,, X, and X are
known as breakdown processes (see.[3], Section 7).
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For each s = 0 define y(s) as the time to the nearest change (to the
right of s) of a state of the process X, ie.

y(s) = inf {t—s,t > s, X (s) # X (1)}.

Similarly, for each s > 0 define y,(s) and y, (s) for X, and X ,, respectively.
All those random variables have no atoms at zero.
Let

H/ = Z F*"*G_jk', HO,O — GO*F*H,, HO,I — GO *VHI,

n=0
H,o=Fo+H, H ,=Fo+«G«H, Hy=(1-p)Hoo+pH,,,
iwmm— Hy =(=p)Ho+pH,;, H=Hy+H,,

where * denotes the convolution operation of d.f’s. All the functions are
non-negative and non-decreasing.

LEMMAa 1. For 0 <s<t<w,y=20and i =0,1 we have
P{y(s) <y} = j (1- G(s+y u)dH; o (u)+ j (1—F(s+y—u)dH, , (v),
P{y(s) <y} = j (1-G(s+y—u)dHq(u)+ ] (1=F(s+y—u)dH, (u).

Proof. Put p;;(s,y) = P{X;(s) = j,y;(s) > y} for i, j =0, 1. Note that
Po1(3 J’)—P{ 3 Z, <5< Zy+0,41,7005) >y}

I
[V_J
v
=N

<S<Z"+U"+1,Z"+vn+l_s>y}‘
s : ' )

= JP{u<s<u+v,y,utv,.y—5> y}dP{Z, < u}
0

= jl—F(S+y—u)dH0!1(u).
0
‘Now
Poo(s,y) =P{s < ZO,ZO—-s > yh+
+P{ 3 Z, v, S5 < Z,+Uys 1t tyr1, ZptUpirtUpq —s > y}

nz0

= 1-Go(s+y)+ Y fs(1—G(s+y—u))dP{Z,,+v,,;rl < u}

nz00

= 1—-Go(s+y)+(jj(I—G(S+y—“))dH0,o(”)-
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Analogically we obtain
. .
Prols,y) = [(1=Gs+y—w)dH, o(u),
0

Pi.1(s,y) = I—Fo(S+J1)+(I) (1=F(s+y—u)dH, ().

Notice that

(3)  P{pels) >y} ég (1—F (s+y—u)dHq , (u)+

+f(l—G(s+y—-u))dHo‘0(u)+'1.—Go(s+y),

4]

@ P>y} = [(1-Fls+y=uw)dH,, @)+

+js(1—G(s+y—u))dH1‘0(u)+1—F0(s+y).
1]

Setting y = 0 in (3) and (4) and using the fact that
P{yo(s) >0} = P{p;(5) >0} =1
we obtain ' '

Go(s) if i =0,
Fos) ifi=1.

[T —

(1—F(S—Ll))dHl-‘l(Ll)+f(1—-G(S—-u))dHi_o (u) = {
_ 0 .

Now, putting the so-calculated Gy,(s+y) and Fy(s+y) in (3) and (4),
respectively, we obtain the assertion of Lemma 1 for i = 0,1. The second
assertion follows from the first one and from the definition of X.

COROLLARY 1. For 0 £ s £t < o0 and i = 0,1 we have _
Piyi(s) €t—-s} < H;(t)—Hi(s), P{y(-s) < t—s} .~<\ H{t)—H ().
Define a function F by
F(t) = max {G, (1), Fo (1), G(t), F(t)}, t=>0.
LeMMA 2. For 0 <t, <t <t, and i =0,1 we have
(5) P{X(t;) = Xi(t;) # X:(0} < P{yi(ty) < t—t} F(t,—1y),
(6) P{X(t) = X(t;) # X} < P{y(ty) < t—t,} F(t,—1,).

Proof. We prove (5) for i = 0. The other assertions are proved in
a similar way. '
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Define random variables s, and S, by sy, = u,, Sys+1 = Uy+; and
S" == S0+Sl+ aee +S"_1, n ? 1. Let

0 if s >1t, .
Nt= K 0 ]
® {max {k: S,_; <t} if sq<t.

If Xo(t;) = Xo(ty) # X () for t, <t <t,, then N(t;) < N(t) < N(t,).
Thus
(N P{X,(t)= Xo(tz)Sé Xo(®)} < P{Sy¢,) < t,Syg <t N{t)=N(t;) > 0} B

- 131

(j; P{SN(:) < tz, N(t)—N(tl) > O'SN.(II)—tl = u}dP{SN(tl)—tl S u}.
Since Swq—t; = 7o(t,), the right-hand side of (7) is equal to
t—ty

I P{Swy < 12, NO=N () > 01y0(t2) = u}dP {30 (t0) < u}

t—ty

= (E P{Sng—Sney < ty—ty—u, N()—N(t;) > 0| Yolty) = updP {yo(ty) < u}.

Note that the integrand does not exceed
(8) P{SN(:) SN(q) <-fy—1y, N(t) N(t;) > Olyo(ty) = “}

5:1 ;ZIOP{S,( Siy <t —4L IN@®) =k, N(t,) = kl,yo(t ) = u} x
x P{N(8) = k, N(t)) = kyl7o(t;) = 1}
< ki kli:o Fg"(tz—tl‘)P{N(t) =k,N(t;) = ky | 0 (ty) = u} < F(t—1y).
" Hence in view of (7) and (8) we obtain (5) for i = 0.
THEOREM 2. If

¥i_1.1g FOt ™ < o for some o > 0,
then for each ¢ > 0 there exists a number b such that for t; <t < t, and‘
i = 0,1 the following inequalities hold:
&) P{X(t;) = X;(t)) # X,(9)} < b(ﬁi(tz)_ﬁi(tl»zpl’
(10) P{X(t) = X(t2) # X0} < b(H () H ()",
where B, = min (1,0), H,(t) = H,(t)+t, H(t) = H(t)+t.

Proof. There exist numbers u and b,,u < ¢, such that F(t) < b,¢* for
t < u. Hence for ¢ there exists a constant b, such that F(t) < b,t* for
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t <c. By Lemma 2 and Corollary 1, for 0 <t;, <t <t, <c we have
(11) P{Xi(t) = Xi(ty) # X;(0} < b, (Hi(t,)—H, i) (t2—,)".

Now there exists a number b such that the rlght hand side of (11) does
not exceed

b(H;(t)—H;(t)) _(Fz_tl))ﬂl < b(Hi(tz)—Hi(tl))zﬁl'
This completes the proof of Theorem 2.

4. CLT for breakdown processes. From the definition of X = = 0X +
+(1—8) X, and Theorem 1 we get

CoRrOLLARY 2. If X, and X, satisfy the CLT in (D, d), then X satisfies
the CLT in (D, d).

_ The following technical lemma will be used in the sequel:

LeMMA 3. If u and v are random variables such that |u] < 2, |v| <2
Eu? < a, Bv? < a and Eu?v? < a® for some o > 0, then

E (u—Eu)’ (v—Ev)* < Ad,

where f — min (2&; 3/2), A=90Bfo~E g =2 max (1, %), and B is such that
B> 1 and 16 a/B < 1.

Proof. Calculating (u—Eu)?(v—Ev)?, taking the expectation and next
using the Schwarz inequality, we see that E (u—Eu)? (v—Ev)* does not exceed

- (12)  Ew?v®+3Eu’ Ev? + 2 Ev? (Eu*)"/2 + 2Bu? (Ev*)!/2 +

+4(Eu? Ev? Eu* Ev*)!12,

By assumptions we infer that (12) does not exceed
2 (7a\? [ 16a\%?
2a 7a2 16 3/2<Bﬁ0 i _ . .
a”+'7a"+16a [(B + B + B ’
' a )\ Ta ¥ 16a \f
< Blo||— — < Ad® Bfo~f,
G+ (5] < aemen

This completes the proof.
- THEOREM 3. If

Y : : 1
_ 1111(1) F)t™" < oo for some o > —
t—+ . -

and Hy and H, are continuous, then X, and X, satisfy the CLT in (D t).

Proof. Note that the following equalmes are true for 0 <t <t
Sth<owandi=0,01:

(1) EEO-X(0) = PIX0) # X0 < Pn(e) < -5},
E(X,(0= X, ()P (X,(6) - X, 0 = P{X,(t) = X,(t2) # X,(0).
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By (13) and Corollary 1 we have
E(Xi(t)_EXi(t)__Xi(tl)+EXi(t1))2 < E(Xi(t)_Xi(tl))z < H;(1)— H,(ty).
Now Lemma 3 yields, for 0 <t, <t <t, <,
E(X;()—EX;()— X,(t)+EX;(t,))* (X (t2) - E X, () — X; )+ E X, (1))
< A(H;(ty)+t,— H (t)—t, ),

where A depends on ¢ and g = min (2a, 3/2). Now using Theorem 2 from
[4] we infer that X; (i.= 0,1) satisfy the CLT in D[0,c], ¢ > 0, with
the Skorohod topology. Hence, in view of Theorem 3’ in [5], we conclude

that X, (i = 0, 1) satisfy the CLT in (D, d). This completes the proof of

Theorem 3. .

Using the arguments analogical to those in [1] (see p. 151-153) it can
be shown that if Fy, Gy, F and G are continuous, then X does not satisfy
the CLT in D endowed with the topology of uniform convergence on
compacta in [0, o). It is a consequence of the fact that

—\/IT(X1+X2+...+X,,),
n
with X; being independent copies of X, is a random element of (D,d)
but not a random element of D with the topology of uniform convergence
on compacta in [0, ). ' '

The author wishes to thank Professor C. Ryll-Nardzewski for his helpful
comments and Dr. T. Byczkowski for discussions and critical reading of the
manuscript.
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