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HITTING TIME OF THE POSITIVE SEMI-AXIS
FOR WIENER PROCESS IN R?

ny
P. SELENK (WaRszawa)

Abstract. The hitting time of a two - dimensional Wiener process
is studied. A distribution of hitting time of the positive semi - axis in
the plane as well as its Laplace transform is found.

In the theory of stochastic processes one important question is the
distribution of hitting time of the Wiener process of some given sets. In the case
of the one-dimensional Wiener process it is easy to find the exit time of an
interval (a, b) or the half line (@, c0) and hence we get immediately the exit time
of a cube in R" for the n-dimensional Wiener process. Also it is easy to
compute the Laplace transform for the exit time from the ball and annulus
in R™ ‘ '

In [3] Satish Iyengar has found the distribution of exit time from the
wedge in the plane.

In [4] Lalley has computed the expectation of exit time from D, where D is
a simply connected set in R

The purpose of this paper is to obtain a distribution of hitting time of
the two-dimensional Wiener process of the positive semi-axis {(x, y):
x>0,y=0} ‘ ‘ ‘

Let us consider a stochastic process {(X,, Y), F,®G,, (P,®P)ut)er?}>
where (X,, F,, (Pur) and (Y, G,, (Pyher) are one-dimensional independent
Wiener processes.

Let us define a sequence of Markov moments:

7y = min{t: X, =0},

T, =min{t >1,: ¥, =0},

Tgn—y =Min{t > 74,_5: X, = 0}.

let H,=F,®G,; t=min{t: ¥, =0}, # =min{t: X, =0}.
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Let
7 = (X,.,0) if n is even,
"0, Y,) if nis odd.
In the sequel we will assume for simplicity:
7 = X, if nis even,
" lY,, if nis odd,
oo 1P _ofd) i nis even,
Pz (4) = {Pm,,,f WA) if n is odd.
LemMa 1. Random variables Z, form a Markov chain.

Proof. Since 1, < 1,4,, we have H, < H_ ..
Random variables Z, are measurable with respect to H., , so by the strong
Markov property for Wlener process we have
Pﬂ,b(zn-i“ier l zm Zn-—ls Zl] = P yb(Pﬁb(zﬂ+IEF | th) j zm LREE) Zi)

_ [Pup(Pap(07} (Ve | H)IZ,, ..., Z,) if n is even,
h Pai,( S0 X, eD) | HZ,, ..., Z,) if nis odd,

where
Poy(Pap(05 (Y€ T) | H)IZ,, ..., Z) = Pop(Pr(%eD) | Z,, ..., Z))
= Py, (Y€)= Poy(Z,11€T | Z,)

and

Pow(Pupl0t (X € | H )| Z,, ..., Z,) = Poy(Pr (X, €D | Z,, ..., Z,)
= PZ,,(X-;ET) = Pmb(Zn-bl el] zn):
which completes the proof.
The strong Markov property for Wiener process implies that the Markov
chain Z, is time - homogeneous.
For the density of the transition function in one step ([1], Chapter 6.2) we
can write
I

px, y) = @y

and for the density of the initial distribution we write

lal

Pap(X) = e

Now we are going to compute the distributions of random variables 7,.
We note that if random variables (X,, ..., X,) have continuous common
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density, then we can define conditional probabilities ([1], Chapter 3.2) to be of
the form
P(Xhefl, XizEF23 veny X;kef'k I Xj = xj,j =1,..., n,j # i‘l\fg;gg_;;).
LemMma 2. Random variables (ty, Ty—Tqs covy Ty=Tu-15 ZLyy ..., ZL,) have
continuous common density and

Pmb(ﬂ <t1, *eam T""“Tnm1 < t” l Zl = xi, sy anxu)
n—~1

= Pay(n <t | Y; = Xy) H P{G,xfi(T <ty | X = X0 q).
i=1

Proof. We apply the induction principle. For n = 2 we have to prove that
Poo(ty <ty,1,—1, <t | Z, =x,,Z, = Xx,)
=Poyln <ty | ¥, =x)Poxylt <t | X, = x;).
By the strong Markov property we get
Poplty <ty,1,—7, <t,, Z,€l, | Z))
= Eup(Paslty <ty, 1,—1, <1y, 2,60, | H,) | Z))
= B (X e, <ty Pap(0r {t < 15, X,el,} | H) | Zy)
= Eop(Xp<enPz,(t < ty, X,€T,) | Z)) I
=Py, (t <ty, X,€[)P, 1, <t; | Z;) = Pz,(z < 1y, X,eT)Puln <1, | Y.
Thus
Poplty <y, 1,—7, <1y, 2y <Xy, Z, < X,)

= [ Pglt <ty X, <X)Pas{n <ty | Y)dP,,.
{21 <31}
Note that random variables (, ¥,) have continuous joint density, there-
fore, presenting the integral as the integral with respect to ¥, -distribution
we get :

Pa,b(11'<11,~ 1'2‘“‘51 <7 Iz, Zl < xi, 22 = xz)

xy
= j P(U,x)(t < Ig, X: < xz)Pa.ﬁ(’? < Zi ’ Y;; = x)pa,b(x)dx"

S,

The integrand function is continuous at x, thus derivating with respect to
x, we obtain

EE““—Pﬂ'b{Ti < tl? 1'2**'{71 < tzg 2:1 < JC]_, Zz << xZ)
1

= Pt <tz X, < xz)Ps,b(?? <ty] Kg = xi)pa.fz(xi)

=P <t | Y, = X1)Pan(%1) J- Pioxylt <ty | X)dPg ).

{Xo<xz}

3 - PAMS 112 -
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We notice that (z, X ) have continuous joint density with respect to P ).
Thus we have

i
I Poplt, <ty, 1,7, <ty, Z; <Xy, Zy < Xy)
1 .

Tz
= Papln <ty | 1:, = X )PaslXy) j’ Poxylt <t | X, = yplxy, ydy.
- o

Derivating with respect to x, we have
o 0

e Py, Sy, To—Ty S gy Ly < Xyy Ly < Xy
axz 6x1 ﬂ.b( i 1 2 1 2 1 i =432 2)
=Poan<t; | ¥, =x) Pyt <1 | X, = X2)Pap(X1)P(X 1, X3).
Hence we conclude that (t,, t,—1,, Z,, Z,) have continuous joint density
and
Pty <ty t,—1, <ty | Z; = x;, Z, = X;)
= a.b‘(’? < Ir};. ! }l:; = II)KP{ﬂ.x;)(T < Iz k Xl’ = xi‘f:)“
Assume now that the lemma is true for n—1, which means that random
variables (t;, Ty—7y, ..y Tam1—Tn-25 L3, ---» Zy—1) have continuous joint
density and
Poplty <tpyeey Tyoy—Tnea <bpe1 | 2y =Xy5eny Ly—1 = Xp-1)

n—2
=Pyuln <1y | 1; = X} H Poxglt <tizy | X, = X4 q).
i=1

Now we prove the lemma for n. We know that

P&’n("rl < tl’ aeey T"_l“’“‘anz < [,.412 Tn“‘ﬁ”mi < tﬁ’ Z" < x“ l ng ceny Z".ml)

rPﬂ.b[TI < tl: cory Tpeg = Ty=3
<lp-y l Z],s ey ‘Zn*‘-‘ 1)}){.}?%*“0)(6 < Iy Y; < xn}
if n is even,

=<
: Pnb{fl < I];’ veng Ty 1 Tp—-2 .

< Lyt l Z}{: esry zﬁ‘*l)‘P(f),Yiﬂ_, l)(‘L’ < tnﬁ Xr < xrr.)
. if n is odd.

The symmetry P o) <t,, ¥, < x,) = Py n(t <t,, X, < x,) implies that
Pa,b(;rl < tls s Tam 1= Ta—2 Sl 15 Ty = Ta—1 < by Z" < X l Zl:« nees Zn—l)

= Pn,b("':j < tp weey Ty = T2 Cilamg | ka vers anl)P{O.‘Z\nwlb(T <Ly X; < X,).
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Thus .
Poplty <ty ooy Tpoy=Tpon <lyei, Tp—=Tpm1 <ty Ly < Xyqynny L, < X,)
5 X3

= j. I f Pﬂb(T <t1ﬁ"'vrn"1*1n~2<tn-1‘21

e = Bl =] -+

=P, Ly =V eis Lyey = Vu1)
X Pioyn- (T < by X, < x)papy)p(yss ¥2)P (2, ¥3)
o PWn-2s Yn-1)Yy . dyn-y

X1 Xp=~1 X
= [ .. [ [ Paplry <ty tymr—Tye2
] -0 — o0

< tn~1 [ Zi = y},: cevs er""l = yn"fn)
X Po,y- ot < 41X, = 9 Papa) - - POn=15 ¥)dy1 4y, ... dy,,

which implies that (7y, 1,—7%,, ..., T,~Ts—1, Z1, .-+, Z,) have continuous
joint density and that

Poplty <ty o, Ty=Tp-1 <ty | £, = 2¢, ..., £, = X,)

n=1

=Poln<t] Y, = xy) H Pyt <tiny | X, = X41).
i=1

This completes the proof of Lemma 2.
From Lemma 2 and by the strong Markov property we conclude that

Pop(Ty <tyyeiis Tn=Tuo1 <y | Zy, .oy Zpoy)
= Pap(Pap(ty <tyy.oos T—Taoy <8, | Hy Y1 25,00, Zys)
=Pop(ty <ty ooy Tpoi =Ty <Ly | Z4, ..o, Z,,m,)Pmpxmﬂ](t <1,).
Thus the conditional Laplace transform is of the form

E‘ﬂ‘f,{ewh" i ‘Zl = Xys ey Loy = x,,_x)

= y,la, b, “’51)[11? @306 Xis )] exp{ —/241x,— 1]},
where |
Uala b, ) = Eape™ | Y, = %), 9,(x, ) = Eouwl(e™ | X, =),
e V2 = By e M),
The conditional density of t, under the condition Z, =x,,....Z,_,
= X,.; is given by

y b(f) - (j;z b,xy *g:; x3 ¥ *gxm—.z Tm-1 thw 1){‘:)'5 .
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where f, ,..(t) is the conditional density of # under the condition ¥, = x, g, (1)
is the conditional density of ¢ under the condition X =y, and

hy(t) = ——=g " X2

We are going to find the analytical forms of the functions ¢,, ;, fand g.
We know ([1], Chapter 6.2) that P,;(Y,eI" | 1 = t) = P,(Y;€I'), which implies
that the joint density of (, Y) is

lal [ a®+(x—b)?
2nt? 2t &

1 &l
n a* +(x—b)?

the density of Y, is

and the density of # under the condition ¥, = x is

a*+(x—b)? a*+(x—by* ‘
B T-En 2 R e Jawx(8), "
| X2 4 y? X2 42
gxy(t) = —52 P {_ 5[

We will find the conditional Laplace transform

@ 2 {2 5 2
Ed,b(eml" l ﬁ! = X) = .«‘gemﬂm‘gxy {_M}a’t

5 2% 2t
[53) B | az +(xmb)z
e 3 Mg J
=1 ;E e exp{ on de.
We know ([2], Section 7.2) that
I | a*+{x—b)? 1, ¢ jorg—————
g e ¥ —ﬁexp{m———#} di = ~K, [/24(a® +(x—b)*)],
- where Ky(x) = [e™ ¥4 4¢,
hus
5] 23 _hy)
E e Y, =x)=4A[e Mexp 'mw dt
y 7 3 2
N | a®+(x—by*].
= 21l g - exp{ % dt
1 d

- L 4 K (T
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24(a® +(x—b)?)cosh ¢} d&
= /22{(a*+(x—b)? f\/mmexp{ — 22 (@ +(x— by} y}d
Al@®+(x—b) j,/y —Iexp{ —/2AMa* +(x—b)*)y}dy.

It is known that

Therefore

E,p(e™™ Y, = x) = 24(a® +(x—b)?) K, (/24(a* + (x— b))

ﬁIZ} (a +(x 2
= /2@ +(x—b)) K, (\/24(a* +(x—b) 2

where K, (x)= 3 mj:y g xeoshET gy,
Thus
Yala, b, X) = 2@+ (x— D) K, (/2A(® + (x— b)),
@,(x, y) = V”Z.«l{xz +y3) KI(JZA(xZ +y?)).
Finally, we obtain the density of <,

dx,dx,...d%, -,

e !u“xl'"—lxnmzﬂ
® - LF sl = ‘(dz+(’x1*bftz)(x:’i+X§)=~-(x,?mz+xi«;)

+ o + ZA n=1 . e
Egple™ ") = J' j (M\/Tl:m:) Kl(\/?.ﬂ.(a‘—{%(xl——b)z»
x K‘l(\/’i}“—(x% +3'f%)) - BXp ﬂﬁi!xn—il}

, laf1x4]. . - [%a— 2] ’
@+ =0 (xF+x3) . (- + 2 y)

Now we study the hitting time of the semi-axis {(x, y): x>0, y =0}.
Let m =min{t: ¥,=0, X, > 0}. Let a <0. Then

dx dx,...dx, .

+ o .
Pop(m > 1) =Poult, >0+ 3 Poy(m>t, 15, <1, Toner > 1),

n=1
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For n 21 we have
Pop(m > 1, 15, <1, Toppa > 1)
=PooX, <0,.., X, <0,79, <1, Topsz>1)
=P (X, <0,..., X, <0, 15, <t)=Pu(X;, <0,..., X;, <0, 15,42 <),

t ez O ‘ﬁ-u: B2l

1
Pﬁ;b(Xu < 0’ waey X‘un < D Tan+2 < E j ! j‘ . j‘ Fﬂbw}‘ﬁm

lal1xy] .. . X2l ‘ :
Xzal ey d%s ... dXgy S,
(@ +(x, — By} x} +x3)... (x3,+x3u-1) e

In this integral the wvariables x5 e{—00,0), xgu4_;€(—00, +0)
(k=1,...,n) and all variables which have even indices appear in the second
power or in modules. Thus

Pop(X,,<0,..., X

n <0, Tanez < 0= 27" Pyy(tanss < 0.
LemMA 3. Random vectors (Z,, t,) form a Markov chain.
Proof We have
E, pexp{il¢, Zyr + &t} (2,0 1), -0 (2, )
= Eq(Eop(exp{ify Zoo bexp{ilstoii} | H)1(Z,, 1), ., (2, ).

We note that
\ 0., Y, if nis even,
Zn-l : i [
0, X, if nis odd.
Applying the symmetry as in Lemma 2 we have
E,p(exp{i&;7,} Eoplexp (i€, Zys 1 }exp (i, (tass 1)} | Ho) [ (Z,, 1), o, (24, 7))
= Eab(ﬁxp{z‘fzf }E(Q zn)(exl]{l E X Tf T] ) l {£n£ n} RS | (Z’ul: TL))
= exp (i€, T} Eoo.zulexp{ilé; X+ &)})
= Ea b((EKP{L gi n+1 +52Trz*‘~l)}) éfnﬂ T )}
This completes the proof.
From Lemma 3 we conclude that the characteristic function of the
transition function is
Prs&rs &5) = exp{il, s} Eqy op(exp{il, X Jexp{if,}).
Consequently, the density of the transition function in one step of the
Markov chain (£, 1) is

x| [ x*+4y?
Fxs(¥s 3 'i;fw(f”s) exp ”ﬂ?:w;j ) I >s.
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Lemma 2 implies that the random variables
(X Xigs - X -2 Yoz 1r Xoos Tan—2, T2n)
have continuous joint density. Thus, by Lemma 3 we get

Pop(X., <0,..., X, <0, 15, <)

t+m
:j f Pa,.b(xt;-. < 0, enay Xfm < 0: Ton < L l Ymn-*l
0~

=Y Tap—1 = s)#fzh__i,tgami(dys d’g)

- {111 o {-a5h o)

xPab(th < 05 “Ery Xiz,g-z < 0 | Kz,"-;( = y! I?.n-'l = S’)auf"rzm_ (dyﬁ ds)

1% -1

1! +w ft—s J’l yz
—w«_[ _f (f == CXp —m}du)Pd_b(xh<0,,..,,}(,2“,2<{}} ) S
< O 2u s

=¥ Tap-1= S)ﬂy-;:“,,prz"mxfdya dS)

14+w

2_f _f P{u},,{r<t-s)Pﬂh(X2<0,,..,Xm_z-cﬂ] ) S

=Y, Tan-1 = Oy, s, ,(dY, d5)

1£+m

—wvj _f Pop(X,, <0,.0, X, ,<0,15,<t| ¥, _,

=V, Tap-1 = s)ﬂ?’gz"mptzn_i(dyr dS)

1 ; 1
= §Pﬂ‘b(xf‘2 < O! Trry 'X"Hﬁ*i < 09 Tan < t) = ing“b(fz!; < t)'

Thus

“ pi B
Pa.b(m > 'tJ = Pﬂf,b(tz > [:H’ Z ﬁ(Pa.b(w.‘Zn < t)“Pa,b(T2n+2 < t))
p=1

+ oo

1 , 1
= Poult, > 35}+:5Pa,b{fz <t-3 E;‘Pa,b(‘ﬁnn <i).
= n=32

Hence
+ om0

|
a.!z(m < t) — =~ ab(tz < Z)+ Z

ﬂEZZ"P“ »(T2n < 1)

The series which appears on the right side and the series of the derivatives
of its terms converge uniformly (the densities of 7,, are uniformly bounded).
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Therefore
+ o l

g b{ewﬁm) = z En b(e—’h")

In this way we have computed a distribution and its Laplace transform of
hitting time of the positive semi-axis under the condition that we start from
the left semi-plane.

Let a > 0 now. Without loss of generality we can assume that b > 0. Let
us note that

(2) P,,,E,(m <ty=Pr<t,t<n)+Poplm<t,t>n).
It is efisy to compute the first of the components appearing on the right
side of the above equality because v and 5 are independent. Thus

‘ l ('"m N

and

+ oo + 00 a
- b2 2t j s —azlzududt

b
Eg ‘E_MX, ) = c-—).rmm
S XK= [ e e s

It is worth to observe that E, (e *Xyc,) = v(a, b) is a solution of
a differential equation bounded at +co:

v 3*v
da® " 35
Now we shall study the second component of equation (2). We see that
Eo (€™ Xeoy | Y,m= Ea.b(Ea,b(eing wrmlHy) | ¥y n)
v a.b(e‘i'f"}f {z:m}E(n.Y,,)(eiém) ”Cp ??) = ﬁtéﬂEw f,,}(ﬁifmjp ab(T > 1] Y= )

=e"E,, ¥ (€ im)(l Poplt<n ¥, ’?))

—2iv=0, a>0,b>0; va,0=1;, v0,b)=0

Since {7 < n}eH,, we have

Eﬂ,b(X{rdn}eiéﬂr"eigm’) = ! Eﬂb&(eiiafﬂei{m ! Hc)dpa,h

{r<n}
= jf gleae Ea’b(eiézfqaiwfzw —1) | H ;)dPa,b = .‘ gits E{th(ﬁigir”@igzn)dpa,b
fr<n} {e<n}
+w + o XZ +
J‘ giéz { ,,,,, el } Mﬂesz;ﬂdydsdpm
{r<n} 0 - ZTES l 2s

+ 00 4o ‘ F XZ 2 .
= [ e f j‘ exp{ Y }e“f‘yei’:”dydsd}’“,b

fr<n}
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o J‘ g ikt E(Xryﬂ}(em Yopid '§zrr) d P,y
{r<u}

= [ Enple™"e" | H)dP,

{r<y}
= Eqa(Kcepe™4T1).

This means that the distribution of (¥, #) is symmetric on {r <7} with
respect to the first coordinate. Thus for y > 0 we have

Pn,b(°r<’7! K,‘(}':W(t)
=Pt <n Y, <0, n<)+P,(t<n, 0 Y, <y, n<y)
= a.b{};"g 0,7< ﬂ""Pa,b(hy < Yy; <0, B <£)'

Derivating the expression above with respect to y and ¢t we get

8 a at+(y+hy
—— < ; ' . — e

and for y €0 we have

8 0 o @8

ya et s h<ynn<d=goPul<pn<g

a @’ +(y—b)?
= 2™ { 2t '
Hence
a(2mt?) " Yexp{—[a® + (v +b)*]/2t} £ v 0
PupGi<n|Y,=y.n=1= a@nt®) texp{—[a*+(y—b)y*1/2t} y=5
1 if y<O.
Thus
Eﬂ,b (elﬁm X {n= 't})
“+ oo +eo
= T By e -0y,
0 0
The function g
a
= ema?ja (e =032 __ o=ty +b)*i2!)
2mi? ’

is the joint density of (4, ¥,), where ¥, denotes the Wiener process with
absorbing screen at the point Q. By the independence of 5 and ¥, we conclude
(see [1], Chapter 6, Section 2) that the density of ¥, is

1 a 1 a

n @ +(y—b? mal+(y+b)”
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Therefore
(a fzﬂtz)e —a¥f 2!(6 =y B2 ol bj«l,rzz}
(a/m)([a*+(y—b)*1" —[a*+(y+Db)*]?)
is a conditional density of  under the condition of Y Thus we have
+ :
Eyp(€*™ X any) = j E (€™ = (a +(; b)z 2 +f_11i+b)2)
(a2me2)e ™12 (g =0 —BR/2_g=(r+bP2r)

(a/m)([a®+(y—by1"* ~[a* +(y+b)*1")

= ir Eon(E™E. 4% | ¥, = y)uz,(dy)
0

4+
x | e dydt

= | Eaple®™ " | §, = y)Es(e | T, = y)pr, (dy)
0
and, finally,

+m@

Popm <t,n<t)= [ [Poym—y<t—s|F,=y)
o 0

{afZTCIz)a “ﬂlfzs‘(e“{y—bili.’!s_ e~ Hb2
@@+ — b [+ (B @)

T o
"‘j L{ Pioyim <1— S)_—(E“" D25 _ o= OH0128) dyqs.

The Laplace transform of distribution m on the set {§ < 1} is as follows:
ab(e "X {r,v:r})

+on ben

o - a g B s s BAZ o b BV
= j j EHME'(O.}J)(E Am-) 53 e u“{zr(e ¥ b}z;'zrme { ”’"'z‘ﬁd}rdr
o LICE

+ 4+ oo P 2
~ cam| T en [ @b
= g Eo,(e )[é e Zmzew{ — dt
+ oo 2 3 :
- j E““‘——wézexp{o—ma fg?b)»}dz}dy

4 o 9 _ ’2 ] 2 . )
= f E(ﬂ,y)(euaﬂ [ﬂ “““—L"" #d +M(y b) -EXP {HM}JI
0

mat+(y—b)* 4 I 2t 2t

R +y+b
g | e o
- +me(n }(e»lm}a\/ﬂ[ (2@ +(y—b)?) K .V/ZAQ +(y+b}~))] ,
o Tom

Vet + by S+ by
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In this way we have computed the distribution and its Laplace transform
of hitting time of the positive semi-axis for the two -dimensional Wiener
process. In other words, we have proved the following

TueorReM. The distribution of hitting time of the positive semi-axis
{(x,y): x>0,y=0} is

+
-Pa,b(m < t) = Z ZM" a.!s(T2a1- < 1:) ff a5 0

n=1

where 1, are random variables which have densities (1) and

—b?«mds

p t St a ~g2,f'7’u
ﬂ’b[m < t) = J. j d
oN s V/ln

t Ao
+I j Poylm < t— s)w(e"“’ W2s _ gm0 dyds  if a > 0.

The Laplace transform of hitting time of the Wiener process of the positive
Semi- axis is

foo 1 +@ +on a=1
@) Eaple™™) = ) o f I (\/ﬂ) K, (/24(a® +(x;, —b)?)

-6 — g

lal - bxa sl

@ o) (B )

2A(x2 -y +x2- 1)‘)““—"‘@{ *V’rﬁf?ﬁnm ii}

dx,...dx,-; ifa<0

+ o0 b T
32 i
- - —~b2i3
a,b‘(a }m j e At e b2t

o /o P 2

] bt BT AT
! o\ p a®+(y—b)? JaP+(y+b) o

e~ 12 dudt

where Eg (e *™) is as in (3).
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