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Absrrael: Wc give the strong law of large aumbws of 
Nsu-Robbins type for a seqrtencc of independent nonidentidly 
&~triboted random va~ables. 

1. I~~rcrducdon. Let {X, ,  pa 2 1) be a sequence of raadom vasiables and 
S, =. EX, for k =2 1, 2$ . . . , n. A sequence (X,, n 3 I f  of random variables is 
said ta satisfy the law oj7 Enrge nmbers sf Hsu-Bobbins type with a sequence 
{b,, n 3 I]) of red numbers if for any given F r 0 

Necessary and susiditat (as .only swfident) conditiom f o ~  (I) to hold were 
discussed in rnally papers (cf [I]-[3], 661 and [7]). This paper contains 
extensions or generalizations of results given in Clj-[3], [$I and Ell]. 

2, IPPr$liminadr;s. A real - valued iuslciiion I(x), psiti  ve sed measurabie orr. 
[ A ,  oo) for erarnc A r El, i s  szid to be slowly urs-rgirzy if 

l(xA) 61% ---- = 9, for e a ~ h  1 > 0, 
S-60  XI 

El4 lim sup ----- - - 1; 
k+m z k g x < Z 6 t + L  l[2k] 

(iii) lim x"[(x = rn* bim xh81(al) = O for mcA 8 =- 0; 
3" CP R+ ;Q 
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k 

C ~ V )  c, 2kr1(~2k) % 2jrI[8f?;i) G C ~ ~ ~ E [ E ~ ~ ; ? I ~ )  
J= 1 

fix* every positiue rr, 8, pusititle integt31~ Fe and some positive coastants c,, c,; 
m 

(4 c, 2""lq~2~) % C 2@I(e2J) 6 ~,2~"1(F2k) 
I== k 

fir eoery r C OO, E > 0 lsvad a positiw integm k with same pcrsitive cogstants c, , c,. 

(3) P  up lXj - med Xjl 3 ;12fitsup /Xi/ 3 E ] .  
JQn J $ n  

LEMMA 3 (l4], [93). Let, (X,, n 3 1) be a seqence of independent rnadam 
uuiabiles wiEh spmetr ie  distributions. Then far eaery j J" 1 1, 2, . . . srad x > O 

where Cj ,  Dj are positiae eonstan& depersdiag only on j. 

L E M ~  4 (&lo]). Let {Xm, a 3 11) be a sequerEe oj" independent rawdom 
u.lables with EXI =; 0, i 2 I, and let r 1. Then 

P I  P[supIS,IZc] :~C~~IEIS,I' fw any giusn c r 0 .  
kClr 

5. k t  {X,, n 3 1) )be a segueme qf independent- random ~~tpz'ables. 
Put XI - Xjl[jXjI < nf/'S], 6 > 0, 1 B j G a, whwe 1[A]  stands for tIze 
jaildimtor of .the meat A, raptti Set S:, = EX; *for j = 1, 2, . . . , n. Sirpptrsct that fm 
s o m O c t . r 2  

Thcmjbr any given E =- O there exists a positive inreger no mckr that: *for n 3 no 

&f there EX,, i 3 1, then we shen we (61 andl (7) with X j  replaced by 
the centered random variables Xj - EXjl j 3 1. 

Ekere e x i m  a positine integar P E ~  such that far PI 3 
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where G is a posieive constant depending only an j- Therehre, 

Hence, 'try the symmet.rizatiora inequality 



Camrgence for sums oj r~ndanr oarfoblea 

N;ote thgt by (i)-Iiii) and (v) we lconclu& that 

Tbesefor~~ by the ComIilary we get 

Hence, by (14.1 we have meded(~,/~'!') -+I), n -+ m , Thus, by (1 3) we have proved 
that (9) holds. 

Note tbast for the typical slowly vargng funceicln !(;at) .= 1, Ifx) =: logx, orre 
can get simpler formulas in Theorem I. 

Using nemem 1 we can gel the following assertions far sr sequence {X,, 
n 2 I) d independent identicaug distributd (i.i.d.) randam variabla. 

~JORQLLGW~~ 1. Let (X,, ea 2 1) be a seqedence 0fi.i.Q. rartdom variables axnd 
let I(x) > O be a slowly varying fiwtion as x --t a. As,sume that far any giaen 
G > O and some r 3 1, Q < b. -E 2, and nonnegative integer j thefallowing relations 
hold: 

whme b -. O when 0 4 E i I, and b =. EXI for I g b .r 2. Then 

~ R Q J ~ L A R Y  2, Lee fX,, n $ 1) Fre a segtEnce 13f i.i.d, randoilr aari&ie'es and 
let 64x1 :, U Ire a sEowlj7 alaryi-ny f~rtcti~n war x-+ m. 



tvhere b = 0 when O < .t < 1 sad b = EX, f i r  1 G t 2. 
Moreover, if c) 0 is a msnoto~ze i~c~easing, slowly amyi~rg fupzctian as 

w 4 m, such that 1Cx) -* co a d  

E([X,Jq((IXlI')) m, 0 -C -C 2, 
then 

m 

(17) n-"l(ra)P[ls,-nbl a nlk&] I m? 
n = l  

where b is as abaw. 

Proof of Corollary 2, To prove (16) a d  (17) it is enough to note that 
under the assumptions of Corollary 2 the conditions (i).Cv) of C0rollat-y 1 bold, 

Indeed, we se(e t h t  using b m m a  1 we abtaira 

Sin= 0 < t < 2, we can take j Large enough so that r -  f --2(2/t-- l'j. 6 68, 



In the case rt 3 2 the assumptian EJX,I"GlfXIIX) < m implies E[%,/2 < ca 
and we see that to prove (ii) it is  wou& to show that 

07 C p l ~ : - Z + t l ( l  -2Jt)I(n) < cTJr= 
1191 

m 

The series [r: n"-""2J""'/rV(n) converges iff f ~ f .  [g]) 
n = l  

md this inequaEty holds by using L a m a  I for j such tbat r-  1 - 2j(2/t - 1) K 0, 
Pa llhe case rt < 2 we have 

fbecauw z(2k3F-1'Z'f' -'Il[Zk] < rn fox k = 1, 2, . . - and j such that 
r - I +  2j(l -r) c O), which campietm the proof of (ii) for r: 2 1, 0 < 1 c 2. 

The proof of ('iii) i s  similar to that of (ii). 
Now we prove that under the assumptims sf CsroUary 2 the coxtditiinn 

(iv) holds. 
If rt 3 2, then EXfI[IX,I < nl/%] < m, and 

Thus we have pmved that [iv) holds. 
%Ir; wndition (v) will be prprovcd in 1wc-l steps. 
If' r =. 1, then far O < t i I we have 

-x / r  IBX,I[IX,I < n'/'~]l < R " ~ ~ ( ~ ( E % ~ ) ) - ~ ( I ~ ~ / % E )  'Ej% ~E"r(lxin 
6 GE]X,rI(IX, E"/l(n)+Os n* ca. 

If 1 d t .= 2, then tber@ emis& EX,, md wc can put EX1 = 0. Thrtrrefore 

ra1-'~~IIP3X,b[lX,I < nVile]l = nl-lfiIEX,l[[X,l 3 n'"~]1 
g +-1fi CnE15d(l(d3)- */XI I'YIX, 1') 

ag ~(E(nj)-' E(X,]VICJX~E) 4 0, n -+ ao, 



If I.  r 3, then, for O < t < I we have: in the case vs: < 3 

n8 -IfiIEXl I flX, < pr"l"e]l =: 1%' -ifi(rrrL'tr)' ""E/X,/" 

g - -  ?I-* 03, 

and in the m e  ra 2 E 

I f  P G t < 2, then there exists EX and 

Thus we have proved that (10 balds if r r X and (17) hal& if r = 8 .  
Note that by Carolfag 2 we have the fo l lo~ng  &rect cansequeaces: 

CQ~~OLLARY 3. k t  (X,, n 3 I) be a seqwnce of i.i.$. mntlom umiables and 
let a > 212, g > I/E. If EIXila < w, then fir aqy given E > O 

Remark. Note that (18) i g  also true far e = l /a,  and (1511) fur t 2 2. These 
facts can be provd in the same way as it Has been done in [3]. 

COIZOLMY 5.  Let {X,, n 2 1) be u seqwevlcs of i.i.d. random wJaSIes with 
EX, = b. If EE(X,(F < ca, r > 1, then for a12_~ g iag~  E > 0 

og 

C nP'PCIS,-nbl a nc] ..I a. 
n =  1 

By the coaditiac~n (v) of Tkeeretn 1 we have 



Gor~vergencp jor sums uj' rmdom vuj-tublw 

n 

--EX$ [IXEI .c: rsuts])j 9 nLiE4  + PCIX,J 3 n'/%eJ for n 3 n,. 
i=1 

T N ~ R E M  2. U d e r  the assumptiom (il-(v) .of Theorem 1: fir any give8 8 3 0 
and some r 2 1 aand O -= t < 2, 

with b , -Ofor  Q < t < 1  and b , = C B X i f e p  i = = 1 , 2 ,  ..., & fend 3 ~ e < k !  
wheneuer there exist3 EX,, i 3 1, a~ad  hen (Ir(v) are take~1 wfth Xi repieed by 
Xi-EXi, 

Naw we see that one gets a stronger result than (9). 
T I ~ R E ~ M  3. Ur%der the asm~raptia~s (i)-(v) of the ore^^ I for any giwa E r O 

and sum r 3 I and O < t < 2, 

with b, = Ofor O < t < 1 and b, =t EX1, i 3 l ,n fo~  Z Q e < 2 whenmar there: exis~s 
EX,, i 2 1, and then {i)-Cv) are taken with Xi wlactrd by X,-EX,. 

Proof. Note that using kernma 1 (iv) we have 

63 C (2ky-f l (2k)  1 pe: max n-uylS,12~]  
P a  1 m x l  pt-wn<za" 



n 

P [  rnax n- ' ' ' j~XiJ[ ]X, j<2rnJr~]]>~]  
2 * m - d  Snc;2in i -  1 

G P[ rnax n-'!'l (XiI[/Xd < 2"Y'~] - EXIICIXil < F ~ ' E J ) I  2 E] 
2"" 8 GI?% 2" i =  1 

II 

4- P[ max n- "'1 EX,I[lXiI < 2""~]/ 2 C] 
2"- E g n . z ~ m  if l 

R 

G P [ rnax nTU/' (X$  [ / X i [  2"IJSE3 - E&.l[lXil < 2v'/r8])1 3 4 
2 m - l $ n c r 2 "  i =  1 

for pn 3 raoC 
merefore, uskg (5)  and (6)  we get for nz 3 m, 

n 

PI: rnax a-  l f i l  X,Jj"lX,l i ZRafle]/ 3 E ]  
2"1-"4~52m i = 3  

Now, by the considerations similar to those in the proof of Tfieorm 1 w7e 
can deduce (20). 

COROLLARY 6. Let (X,,, n 3 1) be a seqlrence 0fi.i.d. rash variables arad 
kt7t I ( x )  3 0 be n slvrvly uaryirzy ftsracrion as x -+ m, Sappose t.33~1 the corrditians 
(i)-fv) 4' CvroI1ary 1 ore sati$fisd with F 1. Then 

R e m a r k .  If EIX,[" c m, F= > 1 , O  < f. < 2, I@)  = 1, we obtain the clagsical 
result (426: /35). 

Let us mnasider 11ow the case r = I. 



C~rrwgence for stws nj" randon9 variables 

with bi = Ofor 0 < 1 < 1 a d  bi = EXiJbr 1 4 s ..= 2 whensuer there e.xix~ts EX,, 
and thera (iWv) are taS~en with Xi  replaced by Xi-EX, .  

Braof. NQ~G that 

Lo 

G 2- " CI(2k)P[ sup r-a- "/'jS,j 3 $1 
k = t  n2-2k-'  

6 2 - I  PPr: man n-lEe]S,[ 3 g] C 
1 = 1  2 8 r ~ - 1 G h < 2 "  k - 1  

h C C ml(27 (P [ max n '"1 C X,I [iX,[ < 2"/'~]1 8 E] 
m= l ~ m - b ~ n ~ ~ m t  i - -1 

- Ct(Iog2) ' 1(2")logPf'(P [ man n-'fi(  2 2:X,I[IX,[ .; 2""e]( 3 e:] 
m = x  2 1 R 1 1 g n . . ; 2 " "  i -  2 
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Now; by the ~onsiderahons similar to thost: in the proof of Theorems 1 
and 3 we get (22). 

C O I L O L ~ Y  7. Let {Xp8, n 2 I) b a seatienee ~j' i.i.d. random variables .und 
let l (x)  > Q be .a slowly varj~i~gfwnction sa~isfi~ivdg (21). Assume char for any giveaz 
E 0, 0 .= L 2, and a nomegatiw lir~teger ,j the following condilioru hold: 

where b - 0 ,  when O < t < 1  and b = E X , j o r  I g t q 2 ,  T ~ E  

Hence we cztn deduce the following result {cf C33): 

CORE~LLARY 8. Let (X,, n 2= 1) be a sequence of i.i.d. raP%dom variables, .Ef 
E(]X,i"log* [XI 1) < co for O < t < 2, thett f"av any given E 0 

Q2 

n - ' P [ ~ u p k - ~ " J S , - k b )  3 EJ < a, 
n= 1 kkr 

where b M ~ S  defined eari2r, 

Ae&mowZedgrn~a&. We are very &~atefUb $0 the refefee for his helpful 
cornmknts allowing us to improve the: previous version of the 
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