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ON COMPLETE CONVERGENCE FOR PARTIAL SUMS
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Abstract. We give the strong law of large numbers of
Hsu-Robbins type for a sequence of independent nonidentically
distributed random variables.

1. Introduction. Let {X,, n > 1} be a sequence of random variables and
S,=YX,for k=1,2,..., n A sequence {X,, n > 1} of random variables is
said to satisfy the law of large numbers of Hsu-Robbins type with a sequence
{b,, n = 1} of real numbers if for any given &> 0

1) Y, PLS,—b, = ne] < 0.
=1
Necessary and sufficient (or only sufficient) conditions for (1) to hold were
~ discussed in many papers (cf. [1]-[3], [6] and [7]). This paper contains
extensions or generalizations of results given in [171-[3], [5] and [11].

2. Preliminaries. A real - valued function /(x), positive and measurable on
[A, o) for some 4 >0, is said to be slowly varying if

lim @ﬂ =1 for each 1> 0.
Eaad E{X)

We need the following lemmas:

Lemma 1 ([117). If I(x) > 0 is a slowly varying function as x— oo, then
. H{x+u]
® Jm (l(x) =

1 for each u> 0

. . I(x}
11} lim su el
( } koo zﬁgxgil‘c-P 1 I(Zk)

(iii) lim x*l(x) = 0, lim x7%i(x) =0 for each 6> 0;

1;




224 A. Kuczmaszewska and D. Szynal

(iv) ¢ 28 i(aﬁ") Z 27 1(e2)) < ¢, 2" 1(e2%)
for every positive r, &, positive m',f;ger k and some positive constants c,, ¢,;
(v) e3291(e2Y) < 3 27 1(e2)) < ¢, 2 1(e2%)

i=k

for every r < 0, & > 0 and a positive integer k with some positive constants c;, ¢4.
Lemma 2 ([10]). For every ¢ >0

(2) P[IX —medX| = &] < 2P[|X%| > €]

and

(3) P[sup|X;—medX | > &] < 2P [sup iXT’E e].
Jj€n i<

Lemma 3 ([4], [9]). Let {X,, n > 1} be a sequence of independent random
variables with symmetric distributions. Then for every j=1,2,... and x>0

@) - PIS|Z23¥x]<C Z PIX|| = x]1+DyPLS, > x1”,
i=1
where C;, D; are positive constants depending only on Je

Lemma 4 ([10]). Let {X,,n> 1} be a sequence of mdependem random
variables with BEX, =0, i 21 amf let r=1. Then ‘

5) Plsup|Sii =2 cl1 < ¢ "E|S,|" for any given ¢ > 0.

k<n
Lemma 5. Let {X,, n 2 1} be a sequence of independent random variables.
Put X;=X,I[|X]<n'"8], 6>0, 1<j<n, where I[A] stands for the
indicator of the event A, and let S, =Y X for j=1, 2, ..., n. Suppose that for
some 0 <t <2
(6) |[ESL|/n*f =0, n-—sco.

Then for any given & > 0 there exists a positive integer ng such that for n = n,
(U] P[IS,| > 2n'"e] < P[IS,~ES;| = n''e]+ Z PLX) = n'td].

If there exists EX, i > 1, then we often use (6) and (7) with X ; replaced by
the centered random variables X;—EX;, j= 1.

COROLLARY (cf. {‘Ej). Under the assumption of Lemma 5 for any given g > 0
- there exists a positive integer ngy such that for n = n,

® PLSI= EN”’E]

n i-1 "
<e~tn (T EX—BXj 42 ¥ 2X) Y 0 X)+ ¥ PIX/ > nths]
=1 i=2 i=1 =1
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(11) i w2l (n~ Y B(X) “‘I[X"l < n'itg /30

=1 i=1 .
= 3 w2t Y BN < nfe/3, |XH < nlite/3]
n=1 i=1
+I[IX3 < n''e/3, |XH > n'l'e/37)}*

<%t Z w2 1(n) }j EX?I[1X,| < n'g]j

+2¥ 1% Z n ”zl(n}(z PLX| = n'"g/37)* < o

i=1
(12) i n'"zl(n)(n““‘f' Z E{an}zf [xsl < n”’a{}fj
=1 =3
xS BGOPITX < ntte/3])
i=1

= Y n 2w {nm ¥ BXG)PI0XG < n'l'e/3, |X3E < n'e/3]
m=1 m=3
m=1

+I[X5] < n'"e/37, |X7F) > n'e/37)) 3 E(XDHI[XH < n'le/3,
i=1

IXF| < n'e/3FT+ITX] < n'l'ef3, |XF| > nle/3])}Y '

-1
C{Z . 2[(?1) —4ft ‘Z EXII[IX | < nifg] ‘Z EXZI| 1X <n”‘9]) 24
n=1 m=2 i=1
+ 3 w2 3 PIX) > ntte/3N) < oo,
ne=l ™

where C is a positive constant depending only on j. Therefore,
o0
> w2 m)PLIS3] = nte] < co0.
m=1

Hence, by the symmetrization inequality
P[lS,,/n”'—med{S,,ju”‘}l =] <2P[]S3 = n“‘s]

we get
(13) Y #=21(m)P[1S,/n"" —med(S,/n*)| = &] < oo.
Thus

(14) P[|8, /nYt —med(S /'] = ] =0, n-co.
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Note thdat by (i)-(iii) and (v) we conclude that

\ ,
Y. P[IX| = n'"e]-0, n— oo,

i=1

n4 Y EXHI[X] < n'6] =0, n—co,
i=1 .

n m—1
n~ Y EXZI[IX,] < n'¢] ¥ EX?I[X|<n'1-0, n-co,

m=2 i=1
n=*( Y XX < n'])* >0, n-co.
i=1

Therefore, by the Corollary we get
(15) P[IS,| = n'e] =0, n-oo0.

Hence, by (14) we have med(S,/n*")—0, n— co. Thus, by (13) we have proved
that (9) holds. -

Note that for the typical slowly varying function I(x) = 1, I(x) = logx, one
can get simpler formulas in Theorem 1.

Using Theorem 1 we can get the following assertions for a sequence {X,
n2 1} of independent identically distributed (iid.) random variables.

CorOLLARY 1. Let {X,,, n > 1} be a sequence of i.i.d. random variables and
let I(x) > 0 be a slowly varying function as x— 0. Assume that for any given
¢ > 0and somer 2 1,0 < t < 2, and nonnegative integer j the following relations

hold:
@ Y, T H@PLX,| = n'fe/(2-39)] < oo,
n=1

(i) Y, nr A EXHI[IX, | < n*te]) < oo,
#=1

(i) T w22y EXITIX,] < nte) < oo,
=1

{iv) ntTHEXTITX,] < n'fe] = O(1),

) nt~UEB(X, —B[|X, —b] < n¥e] = o(1),

where b=0 when O <t <1, and b=EX, for 1 <t <2. Then

Y w21(n)P[IS,—nb] > n'&] < co.

ne=1

COROLLARY 2. Let {X,, n 2 1} be a sequence of i.i.d. random variables and
let I(x) >0 be a slowly varying function as x— oo. ‘
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Iffor r>1and 0 <t <2

E(|X,I"1(X,19) < o,
" then
(16 D 2I(zrz)f‘l[!.S’ —nb| = n'l"e] < o0,
) . E ne=1
where b=10 when 0 <t <1 and b=EX, for 1<t <2.
Moreover, if I(x) > 0 is @ monotone increasing, slowly varying functwn as
X 00, such that i(x)——»m and

(IXIH([XJ‘)) <o, O<i<2,
then

(17 n i n~ () PIS,—nb] > n'*e] < oo,

n=1
where b is as above.

Proof of Corollary 2. To prove (16) and (17) it is enough to note that
under the assumptions of Corollary 2 the conditions (i}(v) of Corollary 1 hold.
Indeed, we see that using Lemma 1 we obtain

Z "“Hm)PLIX,| > n*"e/(2- 3]

S f 2K THERMTYPIX | > 26/(2- 3]

k=0

<27 ¥ @YIRYPIX,| > 247 Vs/23)]

=271 2 @12y Z P[207De(2-3) < |X,| < 2'6/(2-37)]

i=k

=21 Z P20 Ditgf2-3) < |X,| < 2¥6/(2- 39)] ‘2 25 1(2Y

c'_‘z, P[26-Dig2- 3) < |X,| < 2%g/(2- 312V 1(2)

< C'EJX,'I(X,1) < o,
which proves (i) for r =2 1, 0 <t < 2. Note that

Y w2204 BXFI[IX,) < nte])?
n=1

z nr—-2+za’n-wz‘lnz(n)(EXZ![lX E": n“‘e])

n=1

Since 0 <t < 2, we can take j large enough so that r—1-2/(2/t—1) < 0.
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In the case rt > 2 the assuinption E|X "I(1X,]) < co implies E|X,[?> < 0
and we see that to prove (ii) it is enough to show that

- :
Y, nTEA2 ) < oo,
r=1

The series Y. n"~2+#1-2M](n) converges iff (cf. [8])
n=]

E (211};-*—14-2}(1*_2#}3(2!4) < 0,
k=1
and this inequality holds by using Lemma 1 for j such that r—1—2/(2/t—1) < 0.
- In the case rt <2 we have
EZX%I[ITXli < ntltg] = EiXﬂ”lXilz“"I[[Xll < nlg] € Ca®TE|X |
Hence ‘
Z nr—~2+21{1 -zfr)l(n)(EX%Iﬂxll < nl];{nz!
A=
o

< Z nr»n zi(1rr}l(n)(E|Xlrr)2f < m |
ne

(because Y (29 1*P0M)2) < o0 for k=1,2,... and j such that
r—1+42/(1—r) < 0), which completes the proof of (i) for r= 1, 0 <1< 2.

The proof of (iii) is similar to that of (ii).

Now we prove that under the assumptions of Corollary 2 the condition
(iv) holds.

If rt 2 2, then BEXTI[|X,| < n'/¢] < o0, and

n' T2EXTI[1X,] < n''g] = O(1).
If rt <2, then
n' THEXTI[IX,| < n''e] = &2~ "n' TE|X, " = O(1).

Thus we have proved that (iv) holds.
. The condition (v) will be proved in two steps.
If r=1, then for 0 <t <1 we have

n' THEX G ITIX | < n'fe]l < n TV (I(e'n) " H(n te)! T EIX L JI(IX [
< CEIX,JI(X,[)/ln)—~0, n-—oo.
If 1 <t <2, then there exists EX,, and we can put EX, = 0. Therefore
nAHBX TOX,| < ntfe]| = '~ HEX, IX, | > nte])
< nt TV e)(Ine)) T E|X 10X [
< C(Im) EIX,[UIX,) -0, n-oo0.

6 — PAMS 112
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If r>1, then for 0 <t <1 we have; in the case rt <
nTWEX ITX,| < n'fe]) = nt TV (ntie)t TME|X |
LT TE|X [P0, n-co,
and in the case rf 2 1
plTMEX ITIX, | < n'fe]] = n* “VMEXITIX,| = n'/fe]|
< nt Tt MEX M = ¢! T TMEIX | -0, n-co.
If 1<1t<2, then there exists EX and
n'~UMEX I[IX,| < nte]] = n' " HHEX ITIX,] > ntie]]
< (e "n'"EIX " -0, n-co.
Thus we have proved that (16) holds if » > 1 and (17) holds if r = 1.
Note that by Corollary 2 we have the following direct consequences:

COROLLARY 3. Let {X,, n = 1} be a sequence of i.i.d. random variables and
let o> 1/2, o > t/a. If E|X | < o0, then for any given ¢ >0

(18) Y ne=2 p{iS,—nb| > ne] < w,
n=1

where b=0if o<1l and b=EX, if o2 1

COROLLARY 4. Let {X,,, n > 1} be a sequence of i.id. random variables and
let 0 <t<2 If BIX,['log"|X,| < oo, then for any given &> 0

(19) % n~*log(m)P[|S,—nb| = n'l'e] < w0,

LEh
where b=0if 0<t<land b=EX, if 1<t <2

Remark. Note that (18) is also true for ¢ = 1/a, and (19) for t = 2. These
facts can be proved in the same way as it has been done in [3].

Finally, we have the following result:

COROLLARY 5. Let {X, n = 1} be a sequence of i..d. random variables with
EX,=0b If E|JX,["< o, r> 1, then for any given ¢ >0

Y. n"2P[|S,—nb| = ne] < co.
=1
By the condition (v} of Theorem 1 we have

oy
E n" "2 (n)P[max|S,| = n'/te]
=1 mEn

< i = ln) PEWXIZ XX | < n'fe]| > n'e]+ Z P[1X|| = n'']}

men i=1
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< 3 w210 {Pmax| 3, (K ITX] < 0]

mEn =1
—EXI[IX] < n'fe])| = n'fe] + Z P[IX] = n'"e]} for n>n,.

TusoreM 2. Under the assumptions (i)-(v) of Theorem 1 for any given ¢ > 0
ond some r 21 and O <t <2,

=)

Z w2 (n) P[maxlSk b = n'¢] < 0

with b, =0 for 0<t<1 and b,=YEX, for i=1,2,...,k and 1<t <2
whenever there exists EX,, i = 1, and then (i)-(v) are taken with X, replaced by
X,—EX,.

Now we see that one gets a stronger result than (9).

TueoreM 3. Under the assumptions (i}{(v) of Theorem 1 for any given ¢ > C
and some rz1 and 0 <t <2,

0

(20) Y " 2(m)P[sup k~ 1f’f|§:(x —b)| =] <

n=1 kzn i=1

withb,=0for0 <t < landb, = EBX,, i 2 1, for 1 <t < 2 whenever there exists
EX,, i 2 1, and then (i}{v) are taken with X, replaced by X;,—EX,.
Proof. Note that using Lemma 1 (iv) we have

Y w2 ln)P[supm™ IS, | = €]

n=1 mER

Ma

@Y~ HQ@HPL sup n7HS,| = €]

1 p2k-1t

i‘c

N

Ma

3T @YU Y PL max  ntS) 3 4]

1 m=k Im-ligp<2m

£
#l

li

) i P[ max n 'S )>¢] Z (24 112%
mes]

am-igy< 2"‘

<C Y @y HE"MP[ max a VY XJI[X] < 2] > e]
i=1

m=1 2m-tgn<ym

+ Z PX,| = 2m"¢/2]}.
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Note that, by (v),

P[ max n 'Y XIMX|<2"e]| > e]

am~igp<m i=1

<P[ max n Y (XJ[X,] < 2] —EXI[X] < 2"e])| > €]

dmmlg e dm i=1

n
+P[ max n 'Y EXJI[X] < 2] > e]

am=igy<m i=1

<P[ max n MY (XI0X] < 27]~EX,I[X| < 2"'&]) ] > ¢]
2m=1gn<2m i=1
for m = my.
Therefore, using (5) and (6) we get for m = my,

P[ max n Y| XJI[X]<2"%e) > €]

2m-lgp<)m i=1

<P[ max HZ X ITIX,) < 2mte]| = 20~ Ditg]

pme 1{"\2?'7! 3

am -1
< C-(2M)7( Y EIXj—BEX|*+2 Z X5 Y 6 Xj}).
i=1 =2 i=1

Now, by the considerations similar to those in the proof of Theorem 1 we
can deduce (20).

COROLLARY 6. Let {X,, n 2 1} be a sequence of i.i.d. random variables and
let I{x) > 0 be a slowly varying function as x — oo. Suppose that the conditions
(V) of Corollary 1 are satisfied with r > 1. Then

z w2 l(n)P{sup k™S, —kb| = £] < .

n= kzn
Remark. IfE|X,|" < c0,r > 1,0 <t < 2, l{x) = 1, we obtain the classical
result (cf. [3])
Let us consider now the case r = 1.

THEOREM 4. Let {X,, n = 1} be a sequence of independent random variables
and let 1(x) > 0 be a slowly varyii‘ig function as x - o0 such that for any positive
integer k

‘ : k
(21) Y 12 < ck-1(2%).

j=1
If for any given & >0, 0 <t < 2, and nonnegative integer j

(@) Z 1~ {m)log(n). Z PIX | =n'*e/(2-3)] < 0,

ne



Convergence for sums of random variables 233
(i) Z n~l(m)log(n)(n~*" Z EXHITIX) < n'fe])* <
n=1
@) Y nmn)log(n)(n 4" Z EXZI[|X, | < n'te]
A=1 m=2
m—1
x Y EXZX,) < n'ite])*
i=1
(iv) n=2 Y BXZI[X| < n'lte] = O(1),
i=1
) n”in Z EX X < n'fg] = o(1),
then
(22) Z n~tI(n) P[sup k™ ”’lz (X;—b)|ze] <o
k2n

with b; =0 for 0 <t < 1and b, = EX, for 1 <t < 2 whenever there exists EX,,
and then (i}-(v) are taken with X; replaced by X,—EX,.

Proof. Note that

=]

Y n"tm)Psupm™ S, ] = €]

n=1 m2n

<27t 2 I(29P[ sup n 'S, = €]

k= nz k-1

27! Z 1(2% ‘Z P[ max n "S> ¢]
= wm=k

am-lgy<cgm

£27' Y Pl max n S|z &) Z (29
m=1 k=1

2m= g peam

<C Z mi@{P[ max n|Y 0K <276 2 6]

am=1gp<gm i=1

-+ E PLIX,| = 2™e/2]}
i=1

= Ct(log2)~* Z 12Mlog2™ {P[ max n”U|Y XJ[|X,|<2"¢] > ¢]
2m=lgpg gm i=1
2m
+ ), PLIX,| > 20+ Ditg/7},

i=1
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Now, by the considerations similar to those in the proof of Theorems 1
and 3 we get (22).

CoroLLARY 7. Let {X,, n = 1} be a sequence of i.i.d. random variables and
let I(x) > O be a slowly varying function satisfying (21). Assume that for any given
e>0, 0<t<2 and a nonnegative integer j the following conditions hold:

() i I PIIX | 3 ns/2-3)] < oo,
(ii) Z n2 =41 (ylog (MY (BXITIX,] < n'lte])* < oo,
n=1
(i) i nPC4 -1 (mlogm)EXII[IX,| < n'/e])¥"" < 0,
n=l
(iv) Wl MEXZI[IX,| < n's] = O(1),
) n "X, —B)ITIX, — bl < n''e] = o(1),

where b =0, when 0 <t <1 and b=EX, for 1<t <2 Then

Z n~ Y (m)Psup k™S, —kb| = ] < .

n=1 kzn
Hence we can deduce the following result (cf. [3]):

COROLLARY 8. Let {X,, n = 1} be a sequence of i.id. random variables. If
E(X,[log" |X,|) < o0 for 0 <t <2, then for any given ¢ >0

Zﬂ 1 P[supk™1#|S, —kb| = &] < o,

=1 kZn

where b was defined earlier.
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