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Abstract. 11n this paper we study set valued randarn pr.ocessGg in 
discrete time and with values ia a sepasable Banzi~b Sp8M. We start 
with set valued manljagdes aa~d prove vadous convergence and 
mgularity results Then w turn our afteation to larger a lasses of set 
valued pracmses. So we mtrodur;e and study set valued amarts and set 
valued martingales in the limit. Finally, we prove x useful property of 
the EX valued conditional expectation. 

1. Xm&dmc~olla. In this paper we exparad the work itkie_iated in [263-[28] 
whexe we studied properties of the set vdued clanditional expectation and 
proved various convergence theorems for set valued m&ingaIes and maah- 
gde-Eke processes, with ydues in a separable Banach space 

Set valued random M&iableles (randam sets) have been studied recently by 
many authors. 'WE refer to the interesting wosh of Alo er at, [I], Bagchi CS], 
Cost5 [IO], Hiai C151, Wiai and Umegaki ClBJ and Lun [20] for details, 
Furthermore, i t  was idlastrated by the recent works of deKowitl and Kleyle 
[I81 and the author 1291 that the tlleory of set valued mtingde-like pmcessm 
i s  tbe naturd tool in the study of certain problems in the theory of infor- 
mation systems (see [IS]) and h mathernaticxl, economics (see 093). Further 
application8 c m  be found in .the works of Artstein and Hart @I and Gin& 
et al. [13], 

In this papr, st;r]~ting from Lkt: nation of a set valued martingale, we then 
pra@ed and define broader dames of set valued randem processes (set vaIued 
quasimaalitimga~les, set valued amart-s and set vdued tna-ctingalcs -in thc Iimi t )  
for which we prove vafious eoayargmm results. Briefly, the structure: of this 
paper is as fo3laws. In the next section we establish our nomion and 1-ea;all 
same basic definitions and facts fwrn the theory sf messurable mrrltlifunctions. 
( r m d ~ m  sets) and set va lud  measures: (multimeasums), In Section 3, we 
cansentrate on set valued martingales and prom vaPious convergence and 
regularity results for them, E n  Section 4, we stlsdy vzukms real - valued 
processes related ta a set valued m&riingale. Se~ljuas 5 md 6 are devoted ts 



exteflsicrns of the nation of a set valved martjngale. So ia Section 5 we 
introduce and study set valued mat.es, wh2e in Seetion 6 we study set wlued 
martingales --in the limit, Finally, in Section 7 we prove an interesting p~opcrty 
of the set vdirued conditional expectation. 

2. PwJilmiirnarksl mraughout this work, (a, X, p) will be a cornpieke 
probab2ity space md X a separable Banach spam, Additlond I~ypotheses IGU 
be jmtroduced as needed, We will be using the following notation; 

Pftc)(Xf 5.: ( A  c X: nonempty, dosed (convex)), 

PIwEkilcr(X) = ( A  E X :  nonempty, (w -)corazpact (convex)]. 

Also, if AE~ ' \ {@] ,  by /A! tve wil denote the '"norm'hf A, is,, 

by a(-, A) the "support functian7>of A, i.w, 

a(x", A) = sup (fx*, x): x E A),  x" f X", 

A multifunction 6;: 0 4 P f ( a  is said .to be measurable if one of the 
follawbg equivalent eonBitions holds: 

(a) for every z EX, u +d(z3 ~(uCw)) is measurable; 
@) there exist. araeasumble functions f;, : G! -+ X such Wart F(o) = d {f,(m)],, , , 

E I I E  $2; 
(GI G r E  = ((o, X)EQXX: XEF(W))ECXB(X), BCXlj being the Box1 

rr - field of X (uapheasurability). 
More details on tbc measurability of mu1tifmctions cm be f o ~ ~ n d  in the 

sumey paper of Wagner [3S].  
By S$ w: Ivikl dcnate the sere of integrable sefec3srs of E(=). So we hawe 

Having S$ we can define a set valued iniepal far P { . )  by setting 

Note tl1a.t ~k (and so j I" it04 may bt: mpiy. It  is  a a y  to s h m  that 3;" is 
aa 

noraempty if and only Sf inf (llx 11 : x E F(drd)) E I!+. We wiU say kbat ~t amuitifuno- 
tion F ( - )  is integfolltly bounded if md only if w 4 [.r@[m)l is an I>+ - f m c ~ o a  In 
this case then Si f 8. 

k t  X, cl E be a sub - u - field d G md Ilet F :  $2 -+ P,(;JC3 be a measurable 
mwl~fxmc~on such that Sj + @. FaBowing Hki and Umegaki [IS], we d ~ f  BS: 



the set v ~ l ~ e d  ctr~zditional expectation of FIX) with re$~pecct; to E ,  to be the 
C, - meas;uraMe mu1 tzwction Ex"; J2 -+ PJ(X) far which we have 

Tf F ( . )  is inregraMy bound4 (rmp. eonvex valued), then so i s  EST(-), Note that 
in fl6] the definition was given for intcgrably bounded E(s).  PJiaw~ver, it is 
dear $that It mn be extend& to the marc gcx~erraf cIam aof mvlxifwnceioras F ( = )  
used here. 

Eet (X,),a be an increasing sequence of sub - CI - fields of 2 such that 

cr(V 2,) = r;.. 
n b l  

Let F,: O-*PfE;XI, M- 3 3, be measmable mnultifunetians dapted to fXn)R3r. 
We say that (P,, Xa)n31 is a set uatu~ued martingale (rmp. sragermartingak, 
snrbnaartingaie) if for: every ra 2 1 we have 

On P,(X) we ~ a r t l  define a (generdked) metric; known as the Hausdsrff 
mettie, by setting 

h(A3 B) = max(sup(d(n, B): a E A), rsug(d(b, A): l~ E df)). 
Recall that (Pf(X), k) is a comdete metric space* Sirnilady, sn  the space of 

all P f O -  valued, in tegrdg  bounded multifunctians, we can define a metsic 
*) by setting 

lLqS usual W P ~  i&ntify Pi (-1 and le, (-1 if F ,  (w) - FZ (w) p - a.e, Agsrin, the 
space sf 31,(X) = vaiudF iPltegraMy li~unded multifnnctions together with el ( = , . ) 
is a compl&e metric spase. 

Next, let us real1 a few basic defttkitious and fa~ts from the theory of i;et 

valued measuses, A. S P ? ~  vnlued measwe (~erlti~~leaserre) i s  a map M :  Z-t ZX\(@) 
such that M(B) = fd33 and for , G Z pairwise disjoint we have 

Depcading on the: way we inteqret this last sum, vrrri: get d%erent notlions of 
nrultimensures. So we say that M [ . )  is a normal rnltim~neasldre if 



where hf-, denotes Ihe I-Sausdorff metric on P,(X). Also we say that M(-1 is 
a weak mukimeaswe if, for all PEP, A -+ CP(X*, M(A)) is a siped measure. 
However, when MC-) is PWh(X)-vaEued, then all of them ue- equivalent. Thu 
result is the set valued version of the OrZicz-Mtis theorem (see E141). Since we 
will be: dealing o d y  with Pwk,fX) - vdued muItimeasures, we can say that M [ * j  
is a aet wlefed misl-elasrtre if, for a11 x* EX*, A -* ofx*, M(A)) is a signed measale, 

We will close this section by recallkg the notions of canvergerzE af set% 
that we will be using in the sequel, So if (A,, A)nbl  t 2X\(a/')J we set 

s-limA, - - {xEX: x,&i-tX, x,EA,, n 2 I) ,  

We say that the A,"s converge ta A _in the #aratows&;i-MQS sense, 
denat4 by 

- 
if w - lim A, = A = s -b A,. When X is finite dimensional, the weak and 
strong topajogies caincide and then the Kuratawski-Masw convergence of 
sets is the well-known Kursatowski convetgenm denold by d, ,LA (sw 
Kurrttat~ski and Mosca [22]), We say that 5 A if h(An, A) -a 0. Finaly, 
A,, % A if* for all X* EX*, ~J(x*, RJ --+ CT(X*, A). 

3. $et mired m~ilagaie9. We start with a regularity result for set vsrSud 
marfiagales, Our resaxlt generalizes meorem 6.5 of Wiai and Umeg&i C163, 
sin= we drop the sqarability hypathesig on X*. 

In the sequel (En),,, wiIf be ax?l hcreasing geyuelace of compllete 
sub - F-fields of Z' ":such that 

Recall. "I& X 1s always a separable Baoaeh space. 
I% seqprenGc (fn),nb c l?(j&q mcb that {fa, X,),,, is a maffingale am4 for 

each n 2 1, it{*) i~; a sefe~tor of b;",(-), wilere { F ' ~ ( . ) ) . ~ ~  is a sequence of 
PJc(X) - valued, h t e ~ a b l y  bounded multifunetioils, is said to be a martingale 
selector uf (FR(s)Q,,a and is denotd by (A,) E MS(F,J. 

T m o m  3.1. If X Gkas Eke R.N.B. a d  F,: O --l. Ps,fX) are X, - memur~rzRke 
m~Ft$"u~setioins suck that 

(1) (F, ,  Em],, , is a "yet; ualt~ed kar;.ipt'r~~alc, 
(2) {I E,J I,, , is un@armiy iintegreb b, 

tlzEn there! exisits F :  Q-P Pf,(X] imlegrarebly bm~pda7d an8 suck thgt 



Set ualnrcij ronciom proc t~~m 257 

Proof  Let rbf s AIS;I(Xf be definecl. by M -- { f ~ l j l ( % l :  E x n f ~ S $ , ,  II 3 I ) ,  
h in the proof of Theorem 6.5 af [14] ,  we can show that M is a closed, convex, 
bounded and decamposable subset aF L1(X) ((to get these properties no 
separability of X* is needed) Then combining Theorems 3,1, 3.2 and Caroitarg 
1+6 af [16], we get I;: 9-9.Ps,(X) integrably bounded and such that A4 -- Sj. 
Our ~ l d m  is that this i s  the desired F(.j, 

From Lau [ZQ] we know that 

Skk(zkS = cl(Jc: (1,) FMS(F~)], k 2 1 .  

Let f ~ S j .  Then 

O n  the other hand, given (~;,)EMS(F,), since X has the R.N,P,, there exists 
~ E L ~ ( X )  such that 

We a n  relax the R.N.P. assump~on on X by imposing additional 
hypotheses on the random sets F,(-$, m 2 1. 

THEOREM 3.2. I f  F,: D -+ P f , ( X )  are XB - measzarrsble n~ulfifwrrctions suck thtrt 
(1) (Fn, Xts]113 is a s ~ t  ticdluad n ~ ~ r t i n g u l e ,  
(2) E,(o) G G(m) y.- a.e. with 6.: 8 -.PtVk,(X) integrnhly bnltnderl, 

t h n  there exists a measurable multfanction F: Q + P f , ( X )  such tlzat 
FksJ) t G(w) y - a.e, and EE*F[w) = F,(su) p -  ce.e., n 3 I .  

Proof. Let M CPJ LL[X) be as in tire prnaf of *Theorcn 3-1, We saw that 
M - Sk with F: O -t P f c ( X )  integrabily bounded. Also !or all fe Si, from the 
detfini~on sf M w have EXvf(m)  E F,(CO) r= G(w) p - a.e, From Proposition 
V - 2 - 6  of Ptfeveu /24] we know that 

As in the proof of Theorem 3.1, through Luu's representation result [2Q], 
tw get 

s;..J7 ez Sin. 

On the other hand, given (g,j,al EMS(&), from Proposition 4.4 sf Chatterji 
[9] we know that g,(w) g(w)  h-a.e., g EZ'CX). Note: that g, - EEfig (see 
Metivier [21], p. 62). Ss since 



(see Luu [20]), we have 

Having those rlegdarity results, \we can now prove a convergenee theorem 
for set valued martingales. 

~ E O R E M  3.3* If" X has the R.N,P., X* is separabde grid 5: LR -+ Bfc (X)  S X ~ E  

Es - masurabie mu/bful.zetions auch that 
(1) IF,, En],, is a set valued r~arti~agoEe, 
(2) IF,(w)l d 464 p - a.e,, r t i ( - )  E Eli., 

then F,(m) F(w) y - a.e. 

Proof. From Theorem 3,l we know that there exists P :  bk+Pcr,[X) 
6 -measurable and integrabiy baunded by .$I.(.) and such &at E""F{u)) = FB[mxar) 
g - a.e. Tben for f E S i  we have E L " f  EL, f i  2 1. From Proposition \1 - 2 - 6 of 
Neveu U224E3 we have Ex. f (uJ) % f (w)  p - .as. Hence we get. 

On the other hand, from Pxopositisrn 1-4 of Luu 1201 we know that there 
exists {~;')EMS{P~), Ic. 3 1, such that for dl n 2 1, Fn(a> = d{.g(~))kpf.  
Then, given x*EX*, we have 

But nate that ((x*,&~(.)$, Z.,),8,, is an W -valued martingale and 

Also from CoroIlary 11.8 of Metivier 6211 we know that there exist f% LX 
such that 

Ez',fk =&k* fkESJm 

Apply Lemma V - 2 - 9 of bdeveu 1243 to get 

which i m p l i ~  

Given that X* i s  sepzrable grid IFPh;,trn)l] ;rz: #(m) p - a.e. far all n 2 I ,  
a simple density argummt gives us 



Set zaalttd random pmcess~s 

From Proposi~on 4.1 of [31] we deduce that 
- 

w - Jim F, (u) c Flro) p - a.e, 

Combhulling (1) and (23 above, we conclude that 

n 

We can have the same convergEnce resuli but with tthe hypotheses of 
"8"heorm 3.2. 

TWWM 3-4. If tthe hypothese8 of Theorem 3.2 hold- then there exis& 
F: OdP,,(X) intepnbIy bounded and such that 

BrooE Fke proof is the same as that d Theorem 3.3, using this time 
Theorem 3.2. Also instead of Codlary 11.8 of Metivier 1241 (which requirw 
X to have the R-N,P.), we use Proposition 4.4 of Chatteii [9] md hrollary 2, 
p. 126, of ElliesteI and Uhl [12]. FinaUy, note that there exists {x;),~ c X* 
which is dense in X* for the M a ~ k t y  topalogy m(X*, X )  and reall that the 
support fan~tEon of weakly campaet, m v e x  set is m(XQ, X) - conliinar~us, q.a.d, 

Remark. Under strong~r hy;jpotheses, Baures Cl l] a d  Neveu [257 
'. proved GGmvergenw in the metric d f', -1, 

If % is  finite dimensional, then we have the faunwing convergeram result: 
C ~ ~ R O L ~ L A R V  1, 11 the hypothaes of Tkeor~m 3.3 hold3 then there axish 

F:  G+P-,,[q integrably bozanded aved such that 

P r cr of. S f h ~  corsHi%sy follows from Theore~n 3.3 above md CoroUary 3 8  
of Salinetti a d  Wets 8331, q+e,d. 

R ~ r n  ar k, A more gmeral finite - dimsional convergeaaw result can bc: 
found in van Cutsem r341. The r e d  d van Cralsem was ext~aded to set 
vdued qlli~simrtr~agales by the awtbor in 1281 (Theorem 2.3). 

hother  cansequence sf the convergen.ce t h e o m s  is the followkg result: 
COROLLARY 11, the hypoth~ses of Theoren2 3.2 haEd, thtz there exists 

F: 9 -r Pf i (X)  masupable and such that 

Pro a The carollay f ~ f l ~ w s  fmm Theorem 3,4 abbve and Tkorem 4-4 of 
P311, q.a.b. 

4- Relahd R-vdad 1prwew. In this wtian we examine certa-i41 &-valued 
prowsscs asosiatesl with rq. set valued martingale, 



TI-IEORSM 4.1. If F,,: 04Pf,(X) are X,, - mwsursble ~ntrbtifufwnctioas such 
tllzaf 

(2)  (F,,, Z,),,, is a set valued marti~~gale,  
(2) suplIlF,liJI, < w 7  

n 2  L 
then there exists $(') E LLC sztelr that. IPi',(r~)-r)l-. $lo) F -  a.c. 

Proof. From Proposition 1.4 of I,uu [20] we know that there exists 
{J:} E MS(EIJl. k 2 Irl such that F,(w) - cI{J~(w)f , ,  , p - a.e. Then we have 

lFn(m)~ = SLIP 11 ,g:[m]]l p - a.e. 
k 2  1 

Note that, for all k 2 11, Ex*$ Jf  A:+, (o)Jj Is- 91 ~'~jr;f+. s(w>ll = ti .Lrk(w?ll p - a.e. Sa we 
see that, far every k 2 I, { jj fj,k( f 11, G,),, 1 is  a submarti~~gale and 

So we can apply Lemma V - 2 - 9 of Neveu [24] and we infer that there exists 
 EL$. such that 

sup 11 &k(r41[ = !Fd(m)r)l -+ ~ I c I ~ )  CE - a-e., q.e.d. 
k3 X 

Amother 1R -value$, martingale - like process associated to (Fnl . ) )rrb  i s  
that of the distance functions, Namely, we have 

THEBREM 4.2. If F ,  : B -+ P f ( X )  care 6 ,  - measurable multifianc tiom srich rhae 
(1)  (Fn,  ZI:#z),31 is (I. set valued naarti~zagle, 
(23 sup ll lF,l ll t < 

nB 3 

then? @en day ZYZE 37, {d(z, F,('.)), Z,,),,, is  a mkmarr-inyule nshick earaverges a.e. 
fo a lulr~pl~~iops $(.) E L1+. 

Prooi: Let g j ~ S $ .  Note that ~" - ' j l z -~ (c t r j l l  3 Ilz-EG1-sg[m)~~ @-ax.  
From the delinition of the set valued candirioual expectation we sec that 
Era-lg~Skn-~Fn. Sa we can write that 

_F;z. - t 11 - gj (u) "r d (z5 Ex-- ' F,(u)) p - s,e, 

Meam for all A EE, -  we have 





and this proves that {h(F,(-), C;,(-I), x,: , , ) ,~  is a submarting&. 
Since 

from Doob" theasem we see that there exists sjr(.)~L'+ such that 
la(&(w], G,(m))-tq(o) y -a,.e., q,e,d, 

Remark. Note that if for aU FZ 2 1 alnd dl ~ E S E ,  G,(m) = (O) ,  then 
h(F,[so), C;,(us)S --- /k;,[m)tJ)l, and so Theorem 4.3 pradums Theorem 46. as 
a spe~ial case, with the addilianai hypothesis that X" i s  separabie, 

5. Sea valm~d arnaHsS, In this section, we turn our attention to a larger claa 
of set vdued groces~s, nameay we examine set valued ama;lrts. 

Felloeng Bagchi [5]  and in the single vdued case Bellow [6], we say that 
a sequence of multifundions F,: S1 -,PJ,(X) adapted to is a set uaiaed 
nmrt  if there existis K E -P,,(X) such that 

where T is the set of bound& stopping -Limes, Note that T with the usual 
paintwise ordering < is a directed set filterirrg to the right. Clearly, a set valued 
maskingaIe is s set valued mart .  

Wc start with a conmrgence theorem that partiagy extrends Theorem 2.2 
nf Bagchi Eli], In that Pheoem, Bagchi considered a broader class af set valued 
proceBses, which he caIled w* - m a r t s ,  which however take values in a s~par- 
able, dud Bmnch space. Here WE restrict loursdve~; to the smdller crass of set 
valued &mares, but we drop the requirement that they taka their values in 
a dual Banach space. 

n*m)imr\n. 5.1, JTJ^ both X and %* are separable, X has the R,N,Px aand 
F,: i2 -+ Pwke(m are ;TS, - waewrabb multf~nctiwns such that 

(1) {P,, is a set valwed aivpll~rl with A - limit K E P , ~ ~ ( ; ~ ) ,  
(23 sop IF,I < ca (Le {F, ,  X,), , b of elasis B), 

ET $2 

thtm there exists F : G! --, P c(X) i~t~gmaAb bounded such that ;F,(m] F(e3) .for 
all UPEQ\N, p{N) -- 0. 



Pr oaf, We elaim that for fixed Ic 2 1 and aU A E C ,  the It -limit h - lim $ F ,  
rsT A 

exists in Pfc(X) ,  Sa let E s 10 be given* Then there exisis cr, E T a;, 2 k, such that 
if B; T E T(crQ) = (B'E T: crO 4 6'3, then 

Let (p, T E  T(o,) and define (j?) Z as follows: Let n, > rnax(cr, T) and set ci = cf, 

Q = z on A, while 6- - 3 = aa, an ACE It is easy ta see that 8, f E T and 

SO lim f F,  exists in (Pf,(X), h) and the convergenee is uniform in R E G,. Since 
reT A 

k 4, 1 was arbitrary, we deduce that the above h -limit exists for all A E C,. 
Recatll that kd l 

i,e., Z: is generated by U r-', . Sa given A E Z, there exists AI E U Ck such that 
k 3 L  k 3  1 

p(ABA') < s. Then 

where as in Cbactcon and Sueheston [8-j1 p. 57% we may assume, witbaut aay 165s 
of generality, that 

The& using the triangle inequality, it is easy to check that la - linl J jF, exists lor 
aXP A E 2. k t  (see /26]) rcT ti 

Then @(x*, M,(A]) + n(xw, M(A)) mifoformly ara, the unit ball B* in X*. 
But xQ -a a(xe, MsuS,(A)) is ;z signed IJnea&ure. So by Nikodym's theorem 
A + la(x*, MfA)) i s  also sig~ed masure.  Also, by hypath&s (21, M(S1) E Id,,,[X), 
while we saw that. M ( A ) E P ~ , ( X )  far dl A E X -  Sime 

ws? deduce that MBA] 6 Pwk,{X) for dl A E 2'. Hence M ( - )  is a set valued measure 



with values in PP,,,(X). Apply neiorem 2 af Cost& [XO] to get F:  SZ-p PFC(XJ 
integably bounded and such that M ( A )  = J F for all A E Z. Now note that, far 

A 

fixed  EX**, the process (&(x*, F,(a)), C,8),2, is an ~L-bounded, red arnart. 
From Theorem 2 of Austin et 211. E43 and since 

0-(x4, Mn.,IAI) - r v ( ~ * ,  MIA)) = I g(~*, FfU))) d~t(m1, 
A 

we see that a(x", F,(CU)S -+ u(x*, F(co)) far all ro~O\N(x*j, p ( ~ ( x ' ) )  = 0. Let 
( ~ $ 3 ~ ~ ~  be dense in X* arrd set 

= IJ N[x2lp 
ma1 & 

for which clearly we have p(N) = 0. Given xX* E XS, we can find ( ~ k ) , ~ ,  
c ( ~ 2 ) ~ ~ ~  such t h ~ t  x t  -% x*. Then for all w E Q\N we have 

Also from the continuity of a('., E'{rof) we have 

Then for o ~ a \ N  and f ~ r  any X* EX* we have 

Nota that the se~onrl and the third terns of tbs! sum im the right - haad side 
uf the ineyudity above tend to zero. Also 

Thus fiaaDy we have 

for a11 ~ E O \ N ,  p(N)  = O and all x*EX@= Therefore: wre: condude that 
Fn(mr3)& F ( 4  ,a-a,e, 

As kfore, ia Che finite - dimensirma1 casc, wa ca t  say more. 
Q=OROLLARY. Ij' dim X e m and the hypathe~.es of Theorem 5.1 hold, dken 

there mists 17: $2 -+ Bk(X] iategrably bound& a~td such that ;~,(u>) -% F(O] p- a,e. 

Pro of. Frnrn Theorem $,I we Emo\lr that there exists F: O -+ P,[X)! 
integrably bounded and such that for all x" EX* and all 6rl E a\N, p(lV) = 0 W@ 

have a(nY", F,(w)) -+ a(x** F(UJ)\, Then GaroIIary 2C sf Salinetti and Wets E323 



and Thmrem 3.1 of Masco [223 tdl us that ~ ~ ( m ) k F ( a )  p--a,. But sin= P: b 
mmpa~t and convex valued, tye coaclude that ~,fw)-fS F(o) p -  a.e. 

6, Set valued martiwgabs-ia fhe Errtit, In this section, we warnine anether 
bsge dass of set v d u d  sbekastic prMessles that indudes set vdued martin- 
gdm and is analo~ylo~ns to the family sf single valued proasses studied by Bfake 
674 and Mucci [23]. The sesults in this section generdizc: those of Daures [11], 
His4 and Umegaki C163, Hiai [15], Neveu [25] and van Cutsem 17349. 

Let F,: fL2 -+ P,,QX') be meatsurabl?e multifunctions adapted ta {X,),, , . We 
will say that {F,,  is a set nalaed mtinyrxl t . - in  the limn (abbreviated as 
sv - mil) if for every E I) we have 

Qemaurly, every set valued masti~gale or, mare mieaerally, every set vaEmd * 

quashastirngale (see C281) is an sv-mil. 
We start with a "'Riesz decompasition" type theorem for such set valued 

pracesss. 

T H ~ R E M  6.1. If F,: 51" -+ PS,(X) are E ,  - mecaszirable multfunctdons suck 
that 

(1) (P,,  En)& is an su- mil, 
(2) {llg;,l)n is ~ngor1~1;Ey i~lfegrable, 

taten there exists a unique set valzaed rnartinglzle (G,, E,)+ with values ij-a P,(X) 
S M C ~  t k t  d(.Fn, G,J-+O. 

Pr orof. Note that for ia >, m we have 

E~(E~-F , ,  F,) =: h ( ~ ~ = -  F,, E ~ ~ P A ,  

Bat from the proof sf n e o ~ a r  4.3 we know that 

and 

TIxrdore from hypothesis 12) we deducl: that (k[EzmF,,  Fm)),,, is 
reuaiformjly integrable. Mso, since by hypoEhesis (I) rve have h{iErCmFn, FA% 0 as 
pa 3 m ==+ oo , from the dominated conyErgenca: ~ e o r e m  (see Ash [3], p 295) w 

d(ErwlFn;,, Fm)--tO as n 3 rn+rrs,  
Wow fix m 2 1 and consider the sequena { E ~ E ; , ' ) , ~ , .  From the trianda 

inequdlty for the mssatde A ( * ,  *)  we have for n, k 3 m: 

which impties that (Egm~g)n3m is a Cauchy squence for the metric A(= ,  -1. 



Thus, Theorem 3.3 of Miai wad Umegaki 1163 t e b  us that there exists an 
integrably bounded n~ultifunctjon G,: 9 -7. Ffc(X) such that E"V.F,~ C,, as 
n --+ m. We claim that (G,, C,),, , is a set vdued martingale. So kt n 3 rra. We 
haye 

which i~nplies that Ex" G, (w) =: G,(4 p - a.e. and, canseqtrendy, f G,, a 
i s  a set v&lued martjngde, 

Finally hate that Ear n 2 m we have 

Now for the uniqnel~ess of (Gn, S;,),a, suppose that there was another 
such set valued martingale (Gh, E,),a, far which we had A(F,, Gal -0 as 
m -+ a. Then from W i i  and Umegaki f 161 we have 

which. implies that d(G,, GiJ = 0, and so C,(a) - GL(cu) p-as. ,  q.e.d. 

This leads us to the fsllawing redarl ty  result for sv -ails: 

~ ~ R E M  6.2, [f X has the R.N.P. and the hyporlzeses of Theorgm 6,1 ho!d9 
then there exists am i~fegrnbdg, bounded ~~uPbrSfuneiiol"t Ei: $2 -+ B,,(X) mck tkdt  

81(6;,, EXmF)-+O as a-m. 

P r CI of. Apply Theorem 4.1 to get En :,- measurable multifvnctians 
6,; 8+PJ , (X)  such that {G,, Z,),,, is a set valtled msrlhgale and 
d(Fa, G,)-+Q a lrsn-7.w. Note that 

and, c~onsequt;ntly, (/C,f),,l is ur~ifarmIy inteaable, Use: Theorem 3 1  to gee 
that I": SZ -+ Pf,(X) is integrably bounded and such that BX-P = 6, p - a.e. 
Then d(Fn, ExnX7) =; Q(Fw, 6,)-+6 as: n-,m, q.e.d. 

Agaia, if X is fiaite dimensional, we can say more. 

C~~ar,n ,ARY. If  dim X .= ca and tPa~ kypo t hreses of Theorem 6. l holdq tlasra 
there exism F :  GI-;. P,,(X) integrsebty bounded and suck that d IFn, F) -+ 8. 

Pro  sf. Use Theorem 6.2 to g ~ t  F :  a 3 BkE[X) integrably bounded and 
sack that d (E,, Ex@") -1.0. 'Then note that 

7, Sea valued enndlitliabsr~l expectation. Iaa this section we present an 
iatcrcstixlg absesva~on comrrti~rg ~ - t  valued cconBi.1:iaatns-l exptatians, NmeJy, 
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we show that the set valved couciitiorral expctatioa of a P,,,(X) - valued, 
integraMy Gauntded mlpltifrmction is still a P,,,(X)- vdued rnultifur~ction (i.e. 
we Rave preservation of the weak compactness of the values), 

~ E O R B M  7.1. [f :f &and X* are separable, Zo 5G 2: 8 a sub-a-fieid c;lf .E;, 

P: -+ Pwkc(X) is fntegrably Etoujzded and ezwry vector measure m; 33, -+ X suck 
that w ( A ) E M ( A )  = 5 F(u>)+(o~) h~ls  ra F"elbis integrable density, then EhuF(cr)) 

A 

pwke CX)i - Q-ea 

Proof: Let 

Note that for every x*EX* we have (see :(:30]) 

which implie8 that A --. a(x*, M(A) )  i s  a signed measure on .ZQ for every 
x" e X". 

From the Corollary tcr Propsition 3.1 in [ 2 q  we know that, for all 
A E  C,, M f s r ) ~ B , ~ ( x ) .  So M(-f is a. set va lud measure an X,, Apply Theorem 
3 of Castti mcl get E :  O+Pwk(X)  integably bounded and such that 

From Theorem 5.463 of Hiai and tlmegaki [I61 we hrxve 

and, corns1equentIy, 

&", E X a q  - 1 a(xS, G), 
A A 

whkh implies a(x*, Ex0F(w)) = ~ ( x * ,  ~(a]ii)) for all @E O\N(x*), p(N(xT""f) = 0. 
Let ( ~ $ 1 ~ ~  G X 8  be dense in X* and set 

Thm pfr\l) = 0. For evesy x " e X 8  and ev&;ry w ~ a \ N ,  we bnva 

and 



Note tbast sin= o E Q\N, we obtain a(xr, EEaF(o)) = r(xf, G(m3) for all 
k B 1. Mso since c r ( n ,  EXaF(uJ)r and c r r r ( v ,  Gjm]) are btln strongly cantinueus, we 
have 

Q($, E ~ Q J F ~ ( u ~ ) ) +  @(XI, E ~ ~ F C ~ ) )  
and 

a(x$, G(u)) -PQ(x+, G(w)$ as k-;. m. 

TXaerefFore for ail x*EX* and a11 wgO\JV we have 

a(x*, E ' O F ( ~  = a(x*, ~ [ w ) ) ;  
hence 

ExoF(w) = C(w) p - a.e. 

and, wn~quent ly~  
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