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ON SOME MOMENT CONDITIONS
FOR SUMS OF INDEPENDENT RANDOM VARIABLES

BY

MICHAEL SH. BRAVERMAN (KHABAROVSK)

Abstract. Some moment bounds and conditions for sums of
independent random variables are considered. In particular, a method
is presented to estimate the absolute moments using the related
characteristic functions.

0. Intreduction. Estimates for absolute moments of sums of independent
random variables (r.v.’s) were studied by many authors (see von Bahr and
Esseen [1], Rosenthal [11], Kwapien [7] et al). If 2 < p < oo, Rosenthal’s
inequality implies that each sequence of independent identically distributed
(iid) mean zero r.v’s {X,} generates in L, the subspace isomorphic to I,.
For p < 2 it is not true. In this paper we show that in this case each subspace
of such a type is isomorphic to some Orlicz sequence space [,. If
P{|X,| > x} = x""h(x), where h(x) is a slowly varying function and
0 <p<r<2 a calculation of ¢ becomes particularly simple.

Esseen and Janson [3] have proved that the condition

0.1) IS x|, <cn  (n=1,2,..),
k=1

where C is a constant, holds for r=2 iff EX3 <o and EX,=0. If
0 <p <r<2,then (0.1)is true iff P{|X,| > x} = O(x™"), x > o0, EX, =0 for
r>1 and o

sup {E|X; Iyx,|<al: @ >0} < o
for r = 1. Braverman [2] have obtained conditions which are equivalent to the
two-sided estimate

02) Cn'" < | Y Xf, < Con'r (n=1,2,..).
k=1

Let a® = {1}§; and b, = |a™|,,, where ¥ is given. In this paper the
analogues of (0.1) and (0.2) are studied, where n'” is replaced by b,.
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We consider r.v.’s with symmetric distributions only. Using the symmet-
rization and reasoning as in [2] and [3] one may extend our results to the
non-symmetric case. We omit details.

1. The main inequality. All considered r.v.’s are assumed to be defined on
the non-atomic probability space (2, 4, P). It is well known (see [6]) that if
XeL,(9),0 < p<2,andf(¢) is the corresponding characteristic function, then

Ly - E|X|?=C(p) }:(I—Re(f(t)))t"’_ldt,

where C(p) depends on p only.

Let {Z,}}-=1 < L,(®) be independent symmetric r.v.’s. Denote by f,(t) the
related characteristic functions and let § = B(Z,, ..., Z,) be the solution of the
equation :

(1) ¥ J(-hep) =1,

k=1

It is not difficult to check that the term on the left-hand side is monotonically
decreasing with respect to f and it tends to oo (respectively, to 0) as f—0
(respectively, B — o0). Therefore, (1.2) has a unique solution.

THEOREM 1.1. Let 0 < p < 2. There are positive constants C(p), j =1, 2,
such that for each set of independent symmetric r.v.’s {Z;}i-, c L,(Q

W3)  COBE, ... Z)< ||k§1 Z),< C,BZ,. ... Z,).

Proof. The upper bound. Put

(14) - S = kil z,.

The corresponding characteristic function is f(t) = [['~, fy(t). Write
(L.5) g.() = kff £ @<k<n). o

We have ,. B

(L6) 1= = (1=0)+ 3, 6.1 ~£,0)

Hence

-0 < z (1=A0).
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Putting f = B(Z,, -.., Z,) and using (1.1), we obtain
n n g1 . @ )
E|Y ZF<C@(Y | Q—-f@)e " 2de+2 [ 177 1ar).
k=1 k=1 0 g1

According to (1.2), the first term on the right-hand side is equal to f°. The
desired estimate follows.

The lower bound. We need the following auxiliary result.

ProrosITION 1.1. Let V be a weakly compact set of probability distri-
butions on R and M be the set of the related characteristic functions. Then there
is 6 = d6(V)> 0 such that

sup{[1—g@®): geM,0 <t < d} <1/2.

Proof. Suppose to the contrary that there are g, € M and ¢, — 0 such that
11 —g,(t)] = 1/2. Using compactness, we may suppose that g,(f) — g(¢) for all
real t and some characteristic function g(¢). But then (see [91) g,(t) — 9(0) =1,
which yields a contradiction. =

Without loss of generality we may and do assume that
(1.7) pZz,,....Z)=1.

Then, by (1.2), B(Z,,-.., j) <1, so that ”Zk . k||p\ C,(p) 1<j<n).
Let V be the set of all r.v’s X such that |X I, < Cy(p). Then (1.5) and

Proposition 1.1 give us g, (f) =2 1/2for 0 <t < é = 5(V). This and (1.6) imply
1—f() =2 Z( —£®), 0<t<ad.

Now we apply the inequality (see [4])
(1.8) 1—Re(g(mt)) < m*{1—Re(g(1))},

which holds for each characteristic function g and integer m. From the  previous
considerations we obtain

I—-f@®=zCm»)™ Y (1-fim)), O0<t<d.
_ k=1 -
Putting m = [1/6]+1 and using (L.1), we obtain

n I
Elkg1 ZJ > C(p)_(‘;(l —f@)r~?"tdt

n md
i 22‘10(19)"1"'2’; g(l—fk(y))y""ldy'

Since md > 1 and (1.7) holds, the desired estimate follows. m
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2. Applications. Let us recall some definitions of the theory of sequence
spaces. Let ¥(x) be a non-decreasing function on [0, c0), ¥(0) =0, and
¥(00) = c0. We shall suppose that

@.1) ¥(2x) < C¥(x)

for 0 < x < 1 and some constant C. The Orlicz space I, consists of all real
sequences a = {a;}i=, such that

Y. ¥Y(al/t) < o for some t > 0.
k=1

It is easy to check that the relation (2.1) implies ¥ (x+y) < B(¥(x)+ ¥ (y)) for
0<x, y<1 and some constant B. Hence, if a, bel,, then a+bel,.
Put for acl,

2.2) lally = inf{t > O: i ¥(la,l/) < 1}.
k=1

This functional is a quasi-norm. If ¥(x) is convex, then it is a norm and ly is
a Banach space. If ¥(x) = x?, then ly = 1,.

The following property of Orlicz sequence spaces is well known and may
be easily verified.

ProrosITION 2.1. The following conditions are equivalent:
(i) ¥i(x) <u¥,(x) for 0 <x <1 and some constant u;
(ii) Yaly, < Clalg, for all finite sequences a and some constant C.
Let {X,}i%; < L,(Q) be a sequence of symmetric iid.r.v.’s and let f(z) be
the common characteristic function. Put
1

23) ®,(x) = | (1—f(e)) 7~ 1ds.

o .
The inequality (1.8) implies (2.1) for ¥ = &@,(x). Applying Theorem 1.1, we get
the following result.

COROLLARY 2.1. There are positive constants C;(p) (j = 1, 2) such that for
each a = {a;}i-1

Ci@)lalls, < | ¥ aXil, < C.(0)lalla,
k=1

In some cases it is more convenient to use the distribution function instead
of the characteristic function. For the XeL,(£) we put

(24) H@) = [y P{X| > y}dy,

z

(2.5) G(z) = gyP{le > y}dy.
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Let
(2.6) U2 = (p/2)z"’HI,(z)+z‘2 G(2).

PrOPOSITION 2.2. Let 0 < p < 2. There are positive constants a; = a;(p),
j=1,2, such that for every symmetric rv. X € L,(Q)

@.7) 4,0, <U,(x")<a,@,(x) (0<x<1)

Proof. Put F(x) =P{X < x} and

(2.8) g,(x) = ]5(1 —cos(u))u~""'du.

0

It is not difficult to verify that
®,(x) = 2x” | z8g,(xz)dF (2)
0

and there are positive constants b; = b;(p) (j = 1, 2) such that b, < g,(x)x?~2
<b, 0<x<1) and b, <g,(x) <b, (x >1). Hence

x—1

2.9 ¢,®,(x) <x* | Z2dF(z)+x” cj? 2?dF(z) < ¢, ®,(x),
0 x—1

where 0 < x <1 and ¢;, ¢, >0 depend on p only.
Denote the summands in (2,9) by J,(x), k = 1, 2. Integrating by parts,
we get .

) = —P{X] > x~1}/2+x2G(x~1)2
and
Jo(x) = P{|X| = x~'}/2+(p/2)xPH (x ).

Using this, (2.6) and (2.9) the relation (2.7) follows. =m
The obtained results imply the following assertion.

CoROLLARY 2.2. Let 0 <p; <2 (j=1,2) and {XP}%, = L, (Q) be se-
quences of symmetric i.id.r.v.’s. The following conditions are equivalent for some
constants C; (j =1, 2, 3):

@) for all a,eR and n=1,2, ...

“ Z akacl)“m <G ” > akX§‘2)”pz;
k=1 k=1 _

() 2L)(x) < C, R (x) 0 <x<1);

(i) US)®) < CURW = 1).

Remark. Suppose X{ = X{¥ = X, and"
(2.10) H,(2) < C2*P{|X,| > z},

4 — PAMS 14.1
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where C is a constant. It is not difficult to verify that (2.10) implies (iii), and
therefore (i) for the exponents p, < p=p, <2. This assertion had been
obtained by Kwapien [7] (see also Vakhania et al. [12]). However, it is easy to
check that (2.10) does not follow from (iii).

Assume now that the symmetric distribution F is determined by the
formula

(2.11) CF{t: [t > x) = x""h(x),

where h(x) is a slowly varying function at infinity, i.e., h(xy)/h(x) = 1 (x — o0)
for all y > 0. If p < r, then this distribution has a finite absolute p-th moment.
In the case p =r the latter is true iff

(2.12) gh(y)y_ldy < .

In the sequel we will assume that the condition (2.12) holds.
Let p < 2 be fixed. Consider the functions

(2.13) . Y(x)=xh(x"!) O<p<r<?2),
.14 7,09 =5 | HO)y iy,
(2.15) Y, (x) = xP T h(y)y~d

Let £ (t) be the characteristic function of the distribution (2.11). It is well known
(see [5], Chapter 2) that (1—£(¢))/¥,(t) = ¢ > 0 (t —» 0) for 0 < r < 2. Using the
Karamata representation for the slowly varying functions, one may prove that
there are positive constants u; = u;(p, r, h) (j =1, 2) such that for 0 <p
<r<2and O0<x<1

(2.16) Uy W,(%) < B,(0) < 4, ¥,(x),
where @, is determined by the formula (2.3).

COROLLARY 2.3. Suppose 0 < p <r <2 and (X )&, areiidr.v.s with the
common distribution function satisfying (2.11) and (2.12) if p = r. Then there are
positive constants ¢; = c;(p, r, h) (j = 1, 2) such that, for each-a = {a,}}-, and
n=1,2,.

¢y llalle, < ||Zak'Xk“p Cz”a“%

3. One-sided estimates. In this section {X,};%, is a sequence of symmetric
iid.r.v.’s and f(t) is the common characteristic function. Here we consider the
upper bound

(3.1) IIZak X/, < Clalle,
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where a = {a,}i=,, ¥ is a given function and C does not depend on a, or n.
Corollary 2.1 and Proposition 2.1 imply that (3.1) is equivalent to the relation
®,(x) < u¥(x) (0 < x < 1), where u is a constant and &, is determined by the
formula (2.3). However, the pointwise conditions on the behaviour 1—f(t)
(t—0) or P{|{X,| = x} (x — o0) are more convenient. We obtain them for the
case ¥ = ¥,, where P, is determined by the formulae (2.13)~(2.15). In the
sequel h(x) will be assumed to be continuous.

THEOREM 3.1. Let 0 < p < r < 2. The following conditions are equivalent:
(1) for the function ‘P, the estimate (3.1) holds;

@) 1-f() = O(%,(0) (>0 -

(iii) P{X,| > x} = O(¥,(x™")) (x - ).

THEOREM 3.2. Let 0 < p < r = 2. The following conditions are equivalent:
(i) for the function ¥ =V, the estimate (3.1) holds;
(i) 1~f() = O(,(0)) ¢~ 0);
(i) P{|X,| > x} = O(x"2h(x)) (x = o), where h(x) is the function given
by (2.14)." , :

Consider the case p=r <2. It is easy to check that the estimate
1—f(t) = O(¥,(1)) (¢t — 0) implies the relation @,(t) = O(¥,(1)) (¢ — 0), which is
equivalent to (3.1). The author does not know if the converse implication
is true. We formulate an analogue of the previous theorems using the
function &,. '

THEOREM 3.3. Let 0 < p =r < 2. Assume (2.12) holds and let the function
¥, be determined by (2.15). Then the following conditions are equivalent:
(i) for the function ¥ =¥, the estimate (3.1) holds;
(i) @,() = O(¥,(0) (t ~0);
i) 7 P{X,l = y}y*~tdy = O(¥,(x~) (x - c0).

In all theorems of this section the equivalence (ii) < (iii) is well known and
can be easily verified. Using the properties of a slowly varying function (see [5],
Chapter 2) one can easily prove that the condition (ii) of Theorems 3.1 and 3.2
implies that @,(t) = O(',(t)) (t - 0). Thus the implication (ii) => (i) follows. The
equivalence (i) <> (ii) of Theorem 3.3 follows directly from Proposition 2.1 and
Corollary 2.1. Therefore, only the implications (i)=>(ii) in Theorems 3.1
and 3.2 require proofs.

First we establish some auxiliary results. Let us write a™ = {1}7_; and
b, = ||a™|y,. From (2.2) we obtain

(3.2) - n?,b, ) = 1.
Put
(3.3) S,=b;* Z X,
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Then
(34) L@ =(f(bs o)y

is the characteristic function of §,.
According to (3.1) we get

(3.5 1S, <C (m=1,2,..).

Hence the sequence {S,};-; is weakly compact. Let N be the set of all
characteristic functions corresponding to the limit distributions of {S,}:>, and
M = Nu{f,}:=1. It follows from Proposition 1.1 that there is § = (M) > 0
such that g(¢) > 1/2 for all geM and 0 <t <. Therefore, on (0, §] the
function ¢,(t) = —(log(g(?)))/P,(?) is defined and

(3.6) g(5) = exp(—, OV, () (0 <t <3).

The condition (i) of Theorems 3.1 and 3.2 is equivalent to the boundedness
of ¢,(¢) in the neighbourhood of zero.
The following proposition is well known.

ProrosiTioN 3.1. If v(x) is a slowly varying function, then v(xy)/v(x) - 1
(x — o) uniformly on each segment 0 < p <y <.

PrROPOSITION 3.2. Let geM and fuu(t)— g(t) for every real t. Then
& ((buiyt) — ¢,(2) uniformly on every segment 0 < u <t <= 8(M).

Proof Put for r=2

37 H() = [hG)y~dy.
, 0

Let v(x) = h(x) if r <2 and v(x) = H(x) if r =2. From (2.13) and (2.14) we
obtain ¥,(x) = x"v(x~!). Therefore, (3.4) and (3.6) give us

(3.8) fo(®) = exp(—nb, "t v(b,t ™), (b, 11)).

The formula (3.2) implies

b
39) 8,067 = —(08(£,(0) 5 ™
where 0 <t < J. Hence
b
16055)= (6501 < logf(0) —log (0 o7 2

o) o) |-

+ [log(f () o(b,t 1) v(b,t )
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We have f,(t) > 1/2 for 0<t< ¢ and all n=1, 2,... Hence

log(f, (1) —log(f®)| < 21£,()—fu(®)

and [log(f,(®)| < 2. It is well known (see [9]) that the convergence of
characteristic functions is uniform on each finite segment. The function (3.7) is
slowly varying and, by (3.2), b, > co. Combining the above estimates and
Proposition 3.1 completes the proof. = ‘

PROPOSITION 3.3. The sequence {¢ (b, 't)}s> is compact in the sense of
the uniform convergence on every segment 0 < u <t <9.

This proposition follows directly from the previous one and the weak
compactness of {S,}5=;. :

Proof of (i)=(ii) in Theorems 3.1 and 3.2. Suppose (1) holds. Using
the formula (3.2) we get

(3.10) lim b,44/b, = 1.

n—+a

Put b, = 1. Since b, - o0, we have
(3.11) 1<d=supb,; /b, < .

nz0
According to Proposition 3.3, we obtain
B =sup{¢ (b, 't): /d<t<d,n=1,2,. }<oo

It is easy to check up that, for every te(O 0), there is an integer n >0 such
that 6/d < b,t =s < 4. Therefore, 0 < ¢(t) = ¢;(by ' (b,t)) = ¢,(by 's) <
This estimate and (3.6) imply (ii). m

Remark. The above proof shows that (ii) follows from the condition (3.5),
which is weaker than (i). Putting h(x) = 1, we obtain the Esseen and Janson
result [3], mentioned in the Inttoduction.

4. Two-sided estimates. In this section we consider the two-sided estimates

@4n ¢ lally < ” Z a X, ”p c,llally,

where, as before, {X,}i%; is a sequence of symmetric i.i.d.r.v.’s, ¥ is one of the
functions (2.13)—(2.15) and ¢,, ¢, are positive constants.

THEOREM 4.1. Let 0 < p < r < 2. The following conditions are equivalent:
(@) for the function ¥, the estimate (4.1) holds;
(ii) there are positive constants u, v, w such that

u?, ) <1—f@) <vP,t) O<t<w);
(iii) there are positive constants A, B, C such that
AP (x"H<P{X | >x} <BY,(x™") (x=0).
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THEOREM 4.2. Let 0 < p < r = 2. The following conditions are equivalent:
(i) for the function ¥, the estimate (4.1) holds;
(ii) there are positive constants u, v, w such that

u?,() < 1—f() <vP,0) O <t<w)
- (iii) there are positive constants A, B, C such that
Ax~?h() < P{IX,| > x} < Bx?h(x) (x3C),
where h(x ) is a function from (2. 14)

THEOREM 4.3. Let 0 <p=r<2 and let (2.12) be fulfilled. Then the
following conditions are equivalent:

(i) for the function ¥, the estimate (4.1) holds;

(ii) there are positive constants u, v, w such that

u? ()< P, <vP,() (O<t<w);

(iii) there are positive constants A, B, C such that
AP, < [ P{X,| > y}y* " dy < BY,(x?)

for x > C.

As above, we only need to prove the implication (i) = (ii) of Theorems 4.1
and 4.2. So, assume that (i) holds. Theorems 3.1 and 3.2 give us the upper
estimate in (ii). Using these theorems once more (the implication (11)=>(1) for
ge(p, 1)), we get

- Clg) =sup |5, ], < oo,

where S, is determined by the formula (3.3).

Denote by Y, an r.v. with the characteristic function g(z). Let M be the set
determined in Section 3, We have ||Y,[|, < C(q) for every ge M. Using the
theorem on moments convergence (see [9]) we obtain the next assertion.

PROPOSITION 4.1. Suppose g,e M and g,(t) — g(t) for all teR, where g is

a characteristic function. Then || Y.l — IIYH >

The condition (i) implies
4.2) | a<IS,l,<e, m=1,2,..).

PROPOSITION 4.2. Let sup{f,(t): p<t<v,n=1,2,..}=1 for some
0< U <v < . Then there exist a non- degenerate geM and toe[u, v] such
that g(ty) = 1.

Proof. There exist ¢, €[u, v] and integers n(k)fco such that f4)(t) — 1.
Since the set M is weakly compact, we may assume that t, —» ¢t €[, v] and
Jawy(t) = g(¢) for all teR and some ge M. Hence f,4(t) — g(to), ie., g(ty) = 1.




Sums of independent random variables 55

Since the r.v.’s X, are symmetric, the degeneration of g implies Y, = 0. But
from Proposition 4.1 we obtain ||S,ull, = | Y|, = 0, which contrad1cts 4. 2) B

PROPOSITION 4.3. There is an integer m such that
4.3) sup{f,(t): 1/db,) <t<1/b,, n=1,2, L=y <]
where d is determined by the formula (3.11).

Proof. If this assertion does not hold, then, for every integer m, there are
non-degenerate g, M and t,€[1/(db,), 1/b,] such that g(¢,) = 1. Hence g,
corresponds to a symmetric lattice distribution. If a,, is the max1mal step of
this distribution, then a, > 2n/t, > 2nb,,. .

Taking into account the weak compactness of M, one can choose integers
m(k) such that g,.q,(t) - g(¢) for all real ¢ and some ge M. It can be easily
verified that a, — co implies g(t) = 1, ie., ¥, = 0. But from (4. 2) and. Proposi-
tion 4.1 we obtam I Y,ll, > ¢, > 0 for all ge M. This contradiction proves the

proposition. &
The followmg assertion follows easily from (3.10). ,

"PROPOSITION 4.4. For each 0'< p < v and an integer n, there is a 6 > 0
such that. ' . :

©,8 < | b, v/b].

nzng

Proof of (i)=(ii) in Theorems 4.1 and 42. We use the notation
of the previous section. We need to show that there are constants ¢, 6 >0
such that ¢.(1) >¢ if 0 <t <d.

Put I =[1/(db,), 1/b,,] such that (4.3) holds for the integer m. Choose
8, > 0 for which (3.6) is fulfilled. There is an n, such that t/b, < 6, for all tel
and n > n;. Combining this, (4.3) and (3.9) we get

v(by)
(bt‘)

Since te1, we obtain ¢t " > b’,. Using Proposition 3.1, we conclude that there is
an integer n, such that

inf{o(b,)/v(b,t™"): tel,n=ny} =a>0.
Hence, for tel and n > ny = max{n,, n,},
(4.4) ¢ ,(b; 't) > (—log(y))ba = & > 0.

Now apply Proposition 4.4, where y = 1/(db,) and v = 1/b,,. If 1€(0, §),
then s =tb,el for some n > n,. From (4.4) we obtain

¢ (8) = ¢ ;(bs ' (th,) = P(by 's) = £ > 0.

This and (3.6) give us the lower estimate in (ii). m

~§s(bs 1) = (—log())
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