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ON THE ROLE OF CONTAMINATION LEVEL
AND THE LEAST FAVOURABLE BEHAVIOUR
OF GROSS-ERROR SENSITIVITY

BY
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Abstract. The notion of contamination level is introduced and its
characterization for any pair of distribution functions is given.
A possibility of reformulation of some basic problems of the robust
statistics based on this notion is discussed. Finally, the behaviour of
the gross-error sensitivity under the least favourable distribution is
studied and the result is illustrated by a numerical example.

Introduction. The problems connected with the optimality of robust
procedure have been studied by many authors (see, e.g., [3]). Presumably one
of the best known studies is that one given by Hampel et al. [4], based on the
influence function. In fact, the problems have been already formulated in
Huber’s pioneering paper [5]. In the present paper we shall show that the
constraint under which Huber gave his famous minimax solution may be
reformulated by means of the notion of contamination level. We shall also
demonstrate that the bounds imposed on the gross-error sensitivity in the
well-known Hampel’s extremal problem is a one-to-one function of the
contamination level (under general conditions). This implies that the notion of
contamination level appears to be one of the basic notions or, in other words,
the notion of contamination level may be used as the fundamental one for
robust statistics.

The gross-error sensitivity introduced by Hampel in [3] is one of basic
characteristics of the robust procedures. This characteristic has been in detail
studied in [4]. One thing which is not explicitly emphasized in [4] is the fact
that the results yielded by the approach via the influence function are given
under the central model. In difference, Huber’s minimax solution is given under
the least favourable distribution. It occurred from the practical experiences that
the data are usually better fitted by a model with heavy tails, like the Student
one with a small number of degrees of freedom (for a large, exhaustive and very
nice discussion see [4]). In such a case, Huber’s approach may better reflect the
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real situation. Generally, we can say that in the case where the data are
distributed according to a distribution which is (rather) near to the central
model the approach via the influence function may give acceptable ap-
proximations for the behaviour of the robust procedures. It is true that we may
already select as the central model a distribution with heavy tails, however in
this case the corresponding formulas may be more complicated and we may get
into some, not only computational, troubles. In other cases, where we prefer
a simple central model although the data may be distributed according to
a (complicated, unknown) distribution which may differ from it, it may be
better to consider Huber’s approach and to study the behaviour of the statistics
under the least favourable distribution.

Moreover, a large attention which was devoted to the procedures with
high breakdown point indicates that in some cases our idea about the character
of randomness may be so vague that we should rely on the results describing
the behaviour of the robust procedure under the least favourable distribution.
Then it may appear that the behaviour of some characteristics of the robust
procedure is different from their behaviour in the neighbourhood of the central
model. We will demonstrate this phenomenon by the example of the behaviour
of the gross-error sensitivity.

To make the paper easy understandable even for a reader which is not in
an everyday touch with the robust statistics we will repeat in the next section
some basic notions. The reader familiar with them may freely skip this part of
the paper.

Notation and preliminaries. Let N denote the set of all positive integers.
4 is assumed to be the Borel o-algebra of the subsets of the real line R, and
Z the set of all one-dimensional distribution functions. Huber’s result [ 5] was
derived under the following condition:

ConDITION A. Assume that F,e 4% has a density f,(t) with a convex
support. Moreover, let f, be twice continuously differentiable with —log f, ()
strictly convex on the support of f;(t). =

Without any loss of generality let us suppose that sup {teR; f;(z) > 0}
= 0. For any &€[0, 1] define the contamination model of data

48] Pr &) ={GeF: G=(1—¢Fy+eH; He F}.

Now, let the random variables X,, X,, ..., X, be independent and
identically distributed according to a distribution function G*(t—A4), 4eR.
(G* may be any distribution from 2 () for some fix ¢€[0, 1].) Let Zw be the
M-estimator of A given as a solution of the equation (for a moment let us
assume that there is a solution)

o)) Y(X;—1) =0,

i
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where y: R— R is a function which will be specified later. Finally, for any
Ge%,(¢) and any ¥ let us denote by

©) Viy, G)
the asymptotic variance of the M-estimator jw under G (if the variance exists).
Huber’s result then says:

ASSERTION 1 (Huber [5]). Let Condition A be fulfilled. Then

4 inf V(y, F,) = V(¢,, F,) = sup V(,, G),
P(F,) 2,
where

—k(), {teR: fo(0)/fo ) > k(e)},

©) Vo) = =S O,  {teR: |0, 0 < k),
k(e), {teR: f5@0/fo (1) < —k(e)},
and k(e) is related to ¢ by the equation
t1(e)
(6) (1—gt= ffo (t)dt+f°(t° (e)l){z;{" (t,©)

to(e)
with t, (€) < t, (¢) being the end points of the interval {teR: | f50/f, 0 < k(e)},
which means that for finite interval we have
() SoE@)fot: ) = (—1Yk(e), i=0,1
(see [5]). The distribution F, is such that f; (0))f,(t) = —, (1), ie., ﬁws is the
maximum likelihood estimator for the F, with density
(1—¢) fo(to (e)) exp {k () (t —1, )} for t <ty(e),
@) L=+ (1-8f® Jor to(e) < t <ty (o),
(1—28) fo(t; (e) exp { —k (&) (t—1, @)} for t>t,(e).
Finally,
Y(F)={y: R>R; Er v =0,V({, F) exists}
and
YW ={GeZ,(e); Egy, =0, V(y,, G) exists}.
For the proof see [5]. =m
Contamination level. The parameter ¢ e [0, 17 in (1) may be interpreted as
a level of contamination of data, however some care is necessary.
For any distribution function we denote its density by the corresponding
lower case letter (it will be clear from the context with respect to which measure
the density is understood).

For any pair of distribution functions G and F there is an ce [0, 1] and
a distribution function H so that

© G@t) = (1—&) F(t)+H (9).
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(Indeed, we have at least G(r) = (1—1)F(t)+1-G(t).) If, however, there is
g€[0, 1) for which (9) holds, then for any positive e*e(g, 1] we have also

G(t) =(1—e¥F(f)+e*H*() for H*{:)=Ei*{(a*—s)F(c)+sH}.

Hence, we need the following definition.
DermniTION 1. For any pair of distribution functions G and F, the
contamination level of G with respect to F will be given by the value
egp=inf{e: G(t) =(1—&)F@)+eH(t), H(t) df}.

ExaMpLE 1. By considering a mixture of two normal laws

1 t? - t*
g(x)=ﬁ (1—eg)exp ) 480 “exp ~252( ("

a straightforward computation gives g, = (1—0~ ") e for o > 1 while g; , = ¢
for o < 1.

LeMMA 1 (Characterization of ¢; ). Let G and F be distribution functions
and v a o-finite measure such that G <v as well as F <v and put

D = {g*(©), f*@): v{g*@®) # g@)} = 0, v{f*() #f()} = 0}.
Then
- f*)—g* (@)
tgp=Iinf sup —————.
o {t:j'*(t)p> o Sf*@O
Proof. Let g; < 1. Then, by Definition 1, for any ee(gg p, 1] there is
h,(t) so that

g(0) = (1—¢) f()+eh (1),

which yields {f(£)—g(®)} f~* (1) < ¢ (for any e€e(egp, 1] and te{z: f(z) > O}).
Hence
sup {f®)—g @} f 71 (1) < g6,p-
{£:f0)>0}
Since
sup {f()—g@}fT'O<L,
{t:£()>0}
the inequality supy. s> {f()—g(®)} f~'(t) < &g holds also for gz p=1.
Assume that
sup {f()—g O} [~ () <egp-
{t:£0)> 0}
Then there is 6 > 0 such that: (i) 5 ,—6 > 0, and (i) for all te {z: f(z) > 0}

F®)—9®) < (e6,r—9) f(1)-




so that the infimum from Definition 1 is attained. m

Contamination level and gross-error sensitivity

Since the last inequality holds also for t¢{z: f(z) > 0}, the function
hit) = (ga,F —&)” ! {g ®H—-[1- (SG,F —0)] f(t)}

is a density and we have

9(®) = [1—(egr— )1 f() +(e6,r— ) 1 (2),
which contradicts the definition of ;. ®

Remark 1. Since g p is given uniquely (by Definition 1), it is clear that
the characterization does not depend on v. m

Remark 2. It is clear that the set £ had to be included in Lemma 1
because changing f(f) (to be positive) and g (¢) (to be zero) at one point ¢ such
that v({t}) =0, we obtain g, =1 for any pair G, F. =

Remark 3. Arguing as at the end of the proof of Lemma 1 we may show
that there is h,; . ,(¢) such that

g@) = (1—e6p) f(O) +egpheg (8

Integrating we obtain

G(t) = (1—¢6,5) F )+, Hyy o (1),

Lemma 2. Let Condition A be fulfilled. Then

max GG,F(] = EFS-FO = g.
GePry(e)
Proof It is clear from Definition 1 that
sup &g, < €.
GePr(e)

So it is sufficient to show that e;_p = &. We are going to use Lemma 1 with
v = 4 (Lebesgue measure).
Let te[ty(e), t, (¢)]. Then

HO£O _
fo® ’

and the proof follows. =

CorOLLARY 1. The contamination model Py () (see (1)) coincides with
the set

(gFu(s) = {GEﬁ: EG,Fo < 6}'

Proof. The previous lemma proves that #; (¢) = €, (¢). The opposite
inclusion follows from Definition 1 and Remark 3. =
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Gross-error sensitivity. Corollary 1 brought the result which has been
promised in the Introduction that Huber’s result may be equivalently for-
mulated using the notion of contamination level. Let us keep it in mind in what
follows.

In 1968 Hampel [3] introduced the notion of gross-error sensitivity and
studied the extremal problem of finding the y-function which generates the
M-estimator with the minimal variance in the family of all M-estimators with
the gross-error sensitivity bounded by a given limit. Let us briefly remind
necessary notions and then the results.

DEeFINITION 2. For a convex subset %, of & let T(F): #, —» F be a real
functional and 4, the distribution function putting the mass 1 at the point te R.
The influence function IF (t, T, F) of the functional T at the distribution F € #;
is given by
lim T((1—7) F+74,)— T(F)

T

(10)

=04
at those points t at which the limit exists. =

ExaMPLE 2. Let F.,,(v) be the double exponential distribution and Tp,.q (F)
the median. Keep in mind that for any Fe % such that there is a point meR
such that F(m) =% we have T,.4(F)=m. Let t > 0. Then we have

(1—1) Fop(2)+74,(2) >3 for any z > ¢.
On the other hand,
(1=17)Fepp(z) <3 for z<0.

So to establish Treq((1—7) Fexp+74,) we obviously need to find a point
me(0, t) such that (1—1)F,(m)=3%. Using Taylor’s expansion one easily
verifies that m is given as a solution of the equation
(1-1)-3+3m+om =1,
and (10) then yields
—1 for t <O,
IF (t, Thea> Fexp) = 0 for t=0,
1 fort>0.m

DEerINITION 3. The gross-error sensitivity of the functional T at the
distribution Fe %, is given by

(1) v*(T, F) = sup|IF (¢, T, F)|,
t

where the supremum is taken over all the points at which the influence function
exists. m
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ExampLE 3. It follows from Example 2 that y* (Thea, Fexp) = 1. Similarly,
we may find that y* (T4, ?)=./n/2 in the standard normal law or
V*# (Tineas F1) = 2 in the logistic distribution (see [4], Example 2.54). a

In what follows we shall write y* (, F) for the gross-error sensitivity of the
M-estimator generated by the function .
We shall consider the following two results given in [4].

AsserTION 2 (Hampel [47). Let @ be an open convex subset of R and {F z}4c0
a family of distribution functions with strictly positive densities f,(x) which are
assumed to be absolutely continuous. Let us put

s, Fy) = {a—%m}/fe (

and fix some 6,€ ©. We shall write briefly F, f and s(t) instead of Fy,, f,, and
s(t, Fy,), respectively. Let {s(t)dF(t)=0 and the Fisher information J, =
[s*(®)dF ()€ (0, oo). Finally, let b > 0 be a constant. Then there is a real number
a such that '

(12) ¥, (t) = max {—b, min {s(t)—a, b}}
satisfies
(Ypo)dF()=0 and d= f¥,(©s@dF (1) >0,

and , minimizes

(13) §U (@) dF () {§ ¥ () s (u) dF (W)} 2
among all mappings that satisfy

(14) fY@dF®)=0, [YOs®dF@)#0
and

(15) sup [ () {[¥ () dF () ~*| < bjd.

Any other solution of this extremal problem coincides with a non-zero multiple of
¥, almost everywhere with respect to F.

For the proof see [4], Theorem 24.1. m

Remark 4. Let us observe that i, coincides with , for b = k(g) and
F = F,. Having forgotten, for a while, that y, was found as a solution of the
location problem, we know also from the Huber result that if Condition A is
fulfilled for the distribution function F,, then in the set of all distribution
functions having the contamination level ¢; ,, not greater than ¢ there is
a distribution function F, (with e;_p, = ¢) such that for b = k(¢) we have
¥, = ¥, where k(e) and y, are given by (6) and (5), respectively. The y-function
which is the solution of Huber’s problem coincides with the y-function which
is the solution of Hampel’s problem. (Hampel has introduced for these
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estimators the name the optimal B-robust estimators (see [4], 2.4b).) Sometimes
this coincidence is explained by the fact that B- and F-robustness, in this case,
also coincide and that V-robustness takes into account the change of variance,
and hence it is related to Huber’s approach. However, the arguments are not
completely correct, because although in both cases the constraint was the same
(namely, as we have demonstrated, un upper bound on the contamination
level), the models under which the results were obtained were different. In one

case the central model, in the other the least favourable one. It may be also of

interest that for b — 0 we obtain as a limit case of ¥, just Y,.q. Obviously, as
we have seen in Example 2, we may obtain V., also as the influence function
of the maximum likelihood estimator of location for the double exponential
distribution. As we shall see later on, if Condition A is fulfilled, k(s) is
a decreasing continuous function,

k(e): [0, 1) — (0, supls(t, F}|).

This means that b — 0 corresponds to ¢ — 1, so that the function ¥ ,q, according
to the former “definition”, is obtained as the limit case for ¢ — 1, i.e., for the
situation when the portion of the contamination tends to 100%. Since sometimes,
e.g., when we study the robust procedures with high breakdown point, we argue
that the contamination higher than 50% is senseless, the interpretation of y/,,.q as
the influence function of the maximum likelihood estimator of location for the
double exponential distribution seems to be more satisfactory. m

Remark 5. Let us put
(16) Jr(@) = [¥.(0)s(®)dF (t)

(the notation reflects the fact that for ¢ = 0 we obtain the Fisher information Jp).
Therefore, as (13) represents the variance V(¥, F) (see (3)), Hampel’s result says
that , minimizes the variance among all the M-estimators having bounded the
gross-error sensitivity by k(e)/Jp(g). Observe again that the variances are
computed with respect to the central model in 2 () (see (1)). m

AsSERTION 3 (Rousseeuw [6]). Let the assumptions of Assertion 2 be fulfilled.
Moreover, let f be symmetric. Then the mapping b — y*(y,, F) is a strictly
increasing continuous bijection from (0, sup, |s (t)]) onzo (y* (Wmeas F), v*(s(2), f)-

For the proof see [6] or [4], Lemma 2.5.1.

Let us give now an assertion that allows us to connect the Rousseeuw result
with the contamination level.

ASSERTION 4. Let Condition A be fulfilled. Then

dk(e)
de

For the proof see [9], Lemma 1.

= "(f _(32 {folto@)+1o(t, (@)} t
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Remark 6. As follows from Assertions 3 and 4 under Condition A the
mapping ¢ — y* (¢, F) is a strictly decreasing function of ¢. Observe however
that the behaviour of the gross-error sensitivity of ¥, has been studied in
Assertion 3 again under the central model F,. m

Remark 7. Assertion 4 enables us to see that Hampel’s extremal problem as
well as Rousseeuw’s result about monotonicity of the gross-error sensitivity can
be reformulated by using the notion of contamination level. This reformulation
may offer for some readers a better understanding and more natural description
of the problems because in applications one may have some feelings about the
contamination level of data but probably (only) a vague idea how much the
gross-error sensitivity should be limited for such a contamination level. =

Intensive studies of the procedures with the high breakdown point clearly
prove that there are situations when the contamination level of data is not near
zero. And these situations are presumably much more frequent than it is
commonly recognized and accepted (for a nice discussion see [4], 1.2¢ and 1.2d,
and also [2] and [1]). Then the results derived by the infinitesimal approach may
be (however not necessarily) of limited use. This directly inspires the following
questions: What is the behaviour of the robust procedures and their characteristics,
e.g., the behaviour of the gross-error sensitivity of \, under the least favourable
distribution F,? Is it still monotone as under the central model F,?

As we shall see later the answer is negative. But then we ask probably
immediately: For what values of the contamination level is the gross-error
sensitivity y* (., F,) already increasing? The answer to both the questions will
be given in Lemma 4. We need however at first to prove an assertion and
a lemma.

ASSERTION 5. Let Condition A be fulfilled. Define for any fix z < 0andt > 0
a function r_(t) as follows:

i@ 20

i@ e

r.(t) = Jfo () dy+

Then r,(t) is continuously differentiable and strictly decreasing.
Proof A straightforward computation gives
dr,(t) _ f30) 15 (0—fo(O) [fo (9]?
dt [fo (912

Now, the requirement of the strict convexity of —log f,(t) implies

o) 5 0)—-Lfs®)]* <0

for ¢ in the support of f,, and the proof follows. &

(17)
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In what follows let us write #;(t) for dr,(t)/dt.

LEMMA 3. Under Condition A for any y,, v, such that 0 <y, <7, <1 and
— 00 < ty(y,) <ty(y,) < oo there are positive and finite constants M (y,, V)
and M, (yi,y,) such that for any pair €, &,, 7, <&, <&, <Yy,, we have

(18) 0 <M, (y;, 72) {to (2)—1to(e) +1; (6)—1; (62)} < 82—,
< M, (745 72) {to (82) —1to (81) +11 (8)— 1, (65)} -

Proof. From Assertion 4 it follows that ¢, (e;) < t,(g,) and £, (g;) < £;(g1)-
Taking into account also (6), we conclude that
(19) —00 <o (vy) S 1ol Stoles) Sto(ya) <ty(yy) <ty(ey)

S tp(ey) S8y (yy) < 00
Making use of (6) once again we obtain
t1(e2)

(20) 0<(l—gy) t—(1—g) ' = f Soltydt—

to(g2)}

t1(e1)

f fo®)dt—
to(ey)

Observing that r,(t) does not depend on z (see (17)) and using (7) and (19) we
may rewrite (20) in the form

fo (to (82)) +fo (tl (52))
k(e,)

Jo (to (81) +£5 (¢4 (€,))
k(q) .

to(ea) t1(z1)

&€, —E , ,
(21) (TM= —{J v, (t)dt + f rz(t)dt}.

to(e1) t1{z2)

Putting I' = [2o(yy), to(v2)] © [£;(72)s £ (7], let us define

M1 (yy, 7)) = —supry(f) and  MX(y,, y,) = —infr; ().
tel’ tel’

Since 7 (t) is continuous and I' is compact, M¥ (y,, y,) as well as M% (y,, 7,) is
positive and finite, and we obtain

0 < M¥ (v, 72) {to(e)—to(e;) + 15 (81)— 1y (e2)}

Sy < M 7 Gt e+ )t )

Since 0 < (1—y,)* < (1—¢,)(1—&,) < (1—7,)% we have verified (18). =
Remark 8. It is clear that to cope with the situation when t,(y,) = — 0
or ty(y,) = oo requires a different formulation of the assertion of Lemma 3

since (18) may be evidently senseless. Let us assume that ¢,(y,) = co. If
t,(e;) < oo, the situation is not substantially different from that one considered
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in Lemma 3, since we have to select only some y'€(y,, ¢,] such that ¢, () < c.
So we should assume that also ¢, (¢,) = 0. Since in what follows (see the proof
of Lemma 4 below) we will need to apply Lemma 3 in the case where
le; —&,1 = 0, it is also senseless to assume that ¢, (¢,) < co. For the case where
t(y)) =ty (e,) =t (s)) = 0 we easily find that in the fraction on the
right-hand side of (6) the term f,(t, (¢)) will be missing. On the other hand,
a simple analysis of the proof of Assertion 5 shows that |r, (¢) is bounded. (An
opposite possibility implies that for ¢ — 0 (and, consequently, ¢, (¢) —» o) the
right-hand side of (6) increases above any bound while the left-hand side
converges to 1.) So we can prove the assertion of Lemma 3 in a modified form
(without ¢, (¢;) and ¢, (¢,); observe that the second term of the right-hand side
of (21) disappears in this case). In order not to obscure further considerations
we shall restrict ourselves to the cases where max {|t,(y,)l, |t, (v} < oo.

LeMMA 4. Let Condition A be fulfilled. Moreover, let the Fisher information
J(Fy) be in (0, o). Then the gross-error sensitivity is
VW F)=(1—e)" 1 y*(),, Fy) .

and it is strictly decreasing on (0, e,] and strictly increasing on [&,, 1), where &, is
given by the equality

l:dk (E):I k™! (o) — [‘d——JSZ (E):I J Enl (o) + L =0.

de 1—¢g,
Proof. If Condition A holds, —f§(¢)/f, (¢) is strictly increasing, and hence
we may define an inverse function £: R — R so that for any £€(0, 1)
t;(&) = ¢ ((— 1) k(o)
(see (7)). This directly implies that

dt; (g) _

. 2 (¢ k
22) 18— 1y 13 (t:(e) dk(¢)

o (ti (3)) fo (ti (3)) - [fé (ti (5))] *de
Now, using a well-known formula for the influence function of the location
M-estimator (for general  and general F)

1 ()

IF (&, ¥, F) = —w(t){fw(v)f(u)

(see, e.g., [4], 2.3.8), substituting for , and F, the respective expressions from
(5) and (8), and making use of (11) we obtain

Py KO W, Fo
@3) R s i v

Notice that from (23) and Assertion 3 it follows that

dF (v)}_ 1

lim supy* (., F,) = oo,

=1
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since Y* (Y meq, F) > 0 (however, it is not possible to learn from Assertion 3 and
(23) anything about the monotonicity of y* (., F,)). Integrating by parts in (16)
we obtain

Jp(8) = [y, () f(r)de

(which leads to another well-known expression for

IF(t, ¥, F) = y ()/f ¥/ (t) f(0) dt;
see 4], 2.3.12) and using (5) and (8) we arrive at

t1(e)
_ [ L@ —f5 () fo @)
J 5, (€) j 70 dt.

to(e)

Now, making use of the continuity of the integrand and using Lemma 3, we
find that (for i =0, 1)

ti()
)t f {[fé OF 15 0560 [ 6] 5 (@6) fol (8))} dt =0
fo@® fo(t:(0) ,

lim (¢* —¢
gx—rg

ti(e¥)

and hence

A5y @) _ [fo(ts @)]° 15 (t4 6) fo 11 () s (6)

de folt1(9) de
[f 0 (to (e) )] (to (8)) fo (to (5)) dty (e)
fo(to(®) : de
{fo (to (¢ ) +/fo (tl (8))} & (8)

(see (22)). Let us now consider

logy* (Y, F,) = logk(e)—log J, (e) —log (1 —é).
Its derivative is equal to

dk (e) dJFO ©)

T(e) = k™' (e)—

— = Jr, @)+

Using the fact that the integrability of the function fg (¢) £, (¢)/fo (2) iinplies
lim f5' () fo ®)/fo(®) =0,

lt] = w0
we find that 7(e) is strictly monotone on (0, 1) and

lim z(e)= —o0 and lim 7(g) = + 0.

€04 e—>1_

This means that logy* (y,, F,) is strictly convex, and the proof follows. =
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The next exhibit gathers some results which may help to create an idea of
the gross-error sensitivity of the Huber estimator under various contamination
levels. The contamination levels are given in the first row, in the second one the
gross-error sensitivities of Y, (see (5)) with respect to the central model F, = &
(normal distribution) are presented, and in the third one the values of the
gross-error sensitivity of ¥, with respect to the least favourable distribution F,
(see (8) and Lemma 4) are given. To explain values in the fourth row let us
remind that the “tunning” constant equal to 1.5, which is sometimes recom-
mended for the Huber estimator (see, e.g., [4]), corresponds to the con-
tamination level 3.8%, ie., & = 0.038. For the function y,, the suprema

Vap (W) = supy*(¥,,. G), where 2¥F = P, (e),

Ge#}

have been found for ¢’s as given in the first row of the exhibit and put in the last
TOW.

Exhibit 1

€ 0.050 | 0075 | 0100 | 0125 | 0150 | 0175
W, @) | 167 1.58 1.53 1.49 1.46 143
YW, F) | 176 17 1.70 1.70 171 1.73

e We) | 182 1.87 1.92 1.98 2.03 2.10

e | 0200 | 0225 | 0250 | 0275 | 0300 | 0325
Y., o | 141 1.39 1.38 1.36 135 1.34
W, F) | 176 180 - | 184 1.88 1.93 1.99
Ve | 216 2.23 2.31 2.38 247 2.56

£ 0.350 0.375 0.400 0.425 0.450 0475 0.500
y* (.. @) 1.33 1.32 1.32 131 1.30 1.30 1.29
| ¥* (., F) 2.05 212 2.19 2.28 2.37 247 2.59
yhe(,,) 2.66 277 2.88 3.01 3.14 3.29 3.46

Remark 9. It is clear from Exhibit 1 that even in the case where we
(considerably) underestimate the contamination level the increase of the
gross-error sensitivity of B-robust estimators will not be dramatic. The values
in the third row of Exhibit 1 also “confirm” the assertion of the previous
lemma. The precise value of ¢, (see Lemma 4) for this setup is 0.1084. On the
other hand, the values in the last row show that the gross-error sensitivity of
the usually used Huber’s estimator, i.e., the estimator generated by v, (with
“tunning” constant equal to 1.5), is increasing with increasing level of
contamination. So its behaviour is quite different from that one which we can
adversely expect on the base of Assertion 3.

Conclusions. We have shown that a natural feeling that some number of
atypical observations may represent a contamination of data may be math-
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ematically reflected as the contamination level. This notion may then serve as
a basis for the formulation of the well-known problems in the robust statistics.

We have also shown that when the contamination level overcomes 10.84%
(to which the “tunning” constant k(g) = 1.1 for the Huber function corre-
sponds) the gross-error sensitivity y* (¥, F,) becomes increasing. This means
that a further decrease of the “tunning” constant will imply the increase of the
gross-error sensitivity.

On the other hand, the changes of the gross-error sensitivity {as demon-
strated in Exhibit 1) as well as of the asymptotic efficiency (see Exhibit 2 below)
are so small that the proper selection of the “tunning™ constant for the given data
isnot evidently the problem of the (dramatic) loss of the efficiency or of a (serious)
increase of the gross-error sensitivity, but much more the problem of estimation
of such a model which is acceptable for practical purposes. One easily finds that
with changing “tunning” constant we obtain for the given data various estimates
which may be considerably different from each other (see [10] or [11]). So we
have to solve the problem of selection of one estimate from the whole set of esti-
mates which were calculated for the same data, for the same model (i.c., for the
same set of regressors) and all of them should be “near to the true model” because
of the asymptotic consistency. One of the possibilities is — instead of choosing
one of these models — to combine them into a new estimate. The possibility was
studied in [8]. Another possibility how to cope with the problem may be to com-
pare the (kernel) estimates of density of the residuals for (two) distinct subsamples
of data, and select the one for which the density estimates are similar each to other
“as much as possible” (e.g., in the sense of the Hellinger distance, see [10]).

In the next exhibit we use the following notation:

var (y,, #) — the asymptotic variance, with respect to the central model
F,= & (normal distribution), of the location estimator generated by the
function ¥ ;

var(y,, F,) — the asymptotic variance, with respect to the least favourable
model F,, of the location estimator generated by the function y,;

varg, (,,) — the supremum of the asymptotic variances var(y,,, G) over
{Ge, (@);

efficiency (i/,, ¥,,) — the efficiency of the location estimator generated by
the function ¥, with respect to the optimal location estimator, ie.

var (Y, F,)
SUDGep o(s) VAT (%1 , G)’

Exhibit 2
g | o0s0 | 0075 | 0100 | 0125 | 0150 | 0.175
var (,, ®) 1.05 1.06 1.08 1.10 111 1.13
var(,, F,) 1.26 137 1.49 1.61 1.74 1.89
VT (V,,) 1.26 138 1.52 1.67 1.84 2.03
efficiency (¥, ) 1.00 0.99 0.98 0.96 095 093
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& 0.200 0.225 0.250 0.275 0.300 0.325
var (y,, @) 114 | 115 | 117 | 118 | 119 | 120
var{y,, F,) 205 221 2.40 2.60 282 3.07
var,, () 223 2.46 271 3.00 3.31 3.67
efficiency (., ¥,) | 092 | 090 | 088 | 087 | 085 | 0.4
€ 0.350 0.375 0.400 0425 0.450 0475 0.500
var (¥, @) 122 | 123 | 124 | 125 | 127 | 128 | 129
var (Y, F,) 334 | 365 | 400 | 4390 | 483 | s34 | 593
varg, (¥,,) 4.07 4.53 5.05 5.65 6.33 7.13 8.05
efficiency (,, ¥,,) 0.82 0.81 0.79 0.78 0.76 0.75 0.74
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