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Abstract. The definition and sufficiency of the likelihood map are
discussed in detail. It is shown that the likelihood map is sufficient
without any restriction on the family of probability measures and that
it is minimal sufficient subject to weak conditions. The paper provides
a general foundation for the use of the likelihood function and the
likelihood function map in statistical inference.

1. INTRODUCTION

This paper gives the formal definition of likelihood map (see [5], Chap-
ter 8 in [14], and Chapter 4 in [15]) and shows how this definition avoids
certain measure theoretic difficulties met with other methods relating the
concept of likelihood with that of minimal sufficiency.

Fisher [5]-[8] informally defines the generalized likelihood function
statistic as L(0, x) = c(x) f,(x), where f,(x) is either a density or a probability
function, and, for each x, ¢ is an arbitrary constant independent of the
parameter 6. Fisher also relates L(6, x) to his concepts of sufficiency and of
exhaustive statistic. Several authors who formalized and extended Fisher’s
results (Neyman [23], Halmos and Savage [17], Lehmann and Scheffe [21],
Bahadur [1]) do not use the term likelihood function presumably because the
arbitrary constant ¢ makes it difficult to think of L(8, x) as a function of 6 for
a fixed x; rather, they use the Radon-Nikodym derivative g(x, §) with respect
to a finite dominating measure as a key ingredient.

Barndorff-Nielsen et al. [2] also use g(x, ) rather than L(8, x), although
they do use the term likelihood function in reference to g(x, 6); and they provide
a striking example of the type of measure theoretic difficulty implicit in the
standard approach. In their example, there exists a real-valued minimal
sufficient statistic T for a real-valued parameter, but one version of the g(x, 6)
induces a much finer partition of the sample space than that induced by T.
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Their partial remedy for this difficulty 1ncludes a continuity assumption for
q(x, 8) with respect to 6.

The likelihood map, unlike g(x, ), is uniquely defined, and it pro-
vides a formalization of L(f, x) and its properties. The equivalence class
{cfy(x): ¢ > 0} is called the likelihood function corresponding to x, where fy(x)
is an almost everywhere uniquely defined Radon—Nikodym derivative called
probability density, to be defined in Section 2. The likelihood map is the function
x—{cfy(x): ¢ > 0}. The measurability of the likelihood map is established in
Section 3, and its sufficiency and minimal sufficiency are proved in Section 4.
Section 5 records some concluding remarks.

Let {P,: 8eQ} be a family of probability measures on (X, B) dominated
by a o-finite measure g, and let, for each 6eQ, f,(x) be the Radon-Nikodym
derivative of P, with respect to u. The equivalence class {cf,(x): ¢ > 0} is called
the likelihood function corresponding to x; two functions of # are thus
equivalent if one is a positive multiple of the other. The likelihood map is then
defined as the function from X to the space R? which is the set of real-valued
functions on @ and contains all the possible likelihood functions. The term
likelihood was introduced by Fisher [5]. The definition of the likelihood map
including its minimal sufficiency is given in [9], [10], [14], [15], but is implicit
in [5].

In typical cases, the probability density function corresponding to
a probability measure is not uniquely defined. As a result the likelihood
function need not be unique and the likelihood map may not be uniquely
defined nor have nice properties. In view of this ambiguity one questions which
version of the likelihood map to use among the many possible versions
available. Section 2.1 addresses this important issue. Consider a Euclidean
space and let P be a probability measure absolutely continuous with respect to
Lebesgue measure m. Since P may be regarded as a mass distribution, it is

natural to consider

_ i PG
/&) ,.mm(S)

for all sequences {S,} of closed spheres of radius r, centered at x withr, -0 as
n — co, as the mass density at x; for further detalls concerning existence and
uniqueness, see, e.g., [3], Chapter 6. Naderi [22] generalized this concept to the
case of metric spaces and developed a special choice of the Radon-Nikodym
derivative to be used as the probability density; the results are summarized in
Section 2.1; this covers Euclidean spaces and related manifolds, but instances
in more general contexts need further investigation. In the remainder of the
paper, we assume that the probability densities are uniquely determined.
Although this assumption is required for developing the arguments used
later in the paper, the way the uniqueness is achieved plays no role in the
arguments.
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In Section 2.2 we define more formally the likelihood map, and then in
Section 3 we show that it is measurable. The term sufficiency was introduced by
Fisher [6]. In order to check the sufficiency of statistics, various forms of what
has come to be known as the factorization theorem were established by Fisher
[5], [6], Neyman [23], and Halmos and Savage [17]. Sufficiency is defined in
Section 4.1 and the likelihood map without conditions is shown (Theorem 2) to
be sufficient in Section 4.2.

The concept of sufficiency leads naturally to that of minimal sufficiency,
the theory of which was first developed rigorously by Lehmann and Scheffé
[21] and Pynkin [4]. Pitcher [24] constructed a family of probability measures
for which a minimal sufficient statistic did not exist. Landers and Rogge [19]
showed that even for a dominated family of probability measures a minimal
sufficient statistic need not exist. Minimal sufficiency is defined in Section 4.2
and the likelihood map is shown (Theorem 3) under weak conditions to be
minimal sufficient. :

Barndorff-Nielsen et al. [2] show that any statistic T generating the same
partition of the sample space as the likelihood function is minimal sufficient, in
the Bahadur [1] sense. In the present generalities, Theorem 4 in Section 4.3
shows that this is also the case under similar regularity conditions. Moreover,
we note that Theorem 4 is a direct consequence of Theorem 3. It is interesting
to note that Theorem 3 covers cases such as the uniform (0, §) which Theorem 4
does not. Finally, we note that it is often conceptually useful to approach the
notion of sufficiency using what could be termed measurable partitions [26],
[22]. In our context this will simply refer to a partition of the relevant
measurable space, the elements of which are all measurable (i.e. elements of B*
as defined in Section 2.1).

2. DEFINITIONS

2.1. Definition of probability densities. Let X be a metric space and let B be
the smallest o-field of subsets of X that contain the open subsets of X. Let u be
a o-finite measure on B and let u be outer regular in the sense that, for each
EeB, w(E) = inf{u(G): G o E, G open}. Further, let (X, B*, u) be the com-
pletion of (X, B, u) and let P be a probability measure on B* absolutely
continuous with respect to pu.

A sequence {E,} of sets of B* is said to converge regularly to xe X if
there is a number « > 0 and a sequence {S,} of closed spheres of radius r,
such that xeE, < §,, u(E,) = au(S,), for all n>1, and r,—>0 as n— oo.
A class V< B* is said to cover a set E c X in the sense of Vitali if for every
acE there is a sequence of sets in V that converges regularly to a. A class
V< B* is said to have the Vitali covering property [u] if, for any set E = X
and class ¥, c V that covers E in the sense of Vitali, there is a sequence {E,}
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of disjoint sets in ¥}, satisfying

a0

The class of closed sets in the Lebesgue completion of the Borel subsets of R*
- has the Vitali covering property [m] with respect to Lebesgue measure m. For
a proof, see [16] or [25].

Let V= B* be a class that has the Vitali covering property [u]. Let
P(E,)/u(E,) =0 if u(E,) =0, and define .

D(P, p, V)(x) = sup {li:n sup P(E,)/u(E,)},
D(P, p, V)(x) = inf{lim inf P(E,)/u(E,)},

where the expression in braces denotes the limit superior (limit inferior) for
a sequence {E,} of sets in V converging regularly to x, and the supremum
(infimum) is taken among all sequences of sets in ¥ converging regularly to x.
The probability measure P is said to be differentiable at x with respect to ¥and
u if

D(P, p, V)(x)= D(P, p, V)(x) < 0.

The common value is called the derivative of P at x with respect to Vand p and
is denoted by D(P, u, V)(x). The following results hold:

(i) D(P, u, V)(x) exists a.e. [u].

(i) Letf(x) = D(P, u, V)(x)if P is differentiable at x with respect to Vand
1, and let f(x) = 0 otherwise; then fis B*-measurable and P(E) = ]‘E S(x)du(x)
for every EeB*.

For a detailed proof see, e.g., [22].

Now let m be Lebesgue measure. As the probability measure P may be
- regarded as a mass distribution, it is natural to consider

J(x) = lim P(S,)/m(S,)

for all sequences {S,} of closed spheres of radius r, centered at x with r, — 0 (as
n — o0), and view it as the mass density at x. By the above results, f(x) exists
a.e. [m]. In fact, as the class of closed sets has the Vitali covering [m], if

f(x) = lim P(E,)/m(E,)

for all sequences {E,} of closed sets converging regularly to x, then, by the
above results, f(x) exists a.e. [m].

This motivates us to give a formal definition of probability density in
a metric space X; in particular, this avoids non-uniqueness. Let F be the class
of all closed sets in B*, and assume that F has the Vitali covering property [u];
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then D(P, u, F) exists a.e. [u]. We put f(x) = D(P, u, F)(x) if defined, and
f(x) = 0 otherwise, and we infer that f is measurable and P(E) = j'E- So)du(x)
for every Ee B*. This f is said to be the probability density of P with respect
to u. Note that a local limiting operation has been used to define a unique
determination of the Radon—Nikodym derivative of P with respect to u; this is
called the probability density of P with respect to x. Under the usual definition
of probability density, any Radon—-Nikodym derivative of P with respect to p is
a probability density of P with respect to u and there is non-uniqueness quite
generally with this usual definition.

2.2. Definition of the likelihood map. Let RS be the class of all functions
from Q to R, =[0, o), and let R? be defined by

= {R(9): geR%},

where R(g) = {cg: ¢ > 0}. Elements of RY are rays from the origin in R?. Note
that, for every a > 0, R(ag) = R(g). For each x€ X, fy(x) is in R%; thus R(f,(x))
is a ray in R%. It is called the likelihood function corresponding to x or, simply,
the likelihood function. The likelihood map is a function from X to R2 which
maps a point x in X to the likelihood function corresponding to x. As indicated
in the Introduction we are assuming that there is a well-defined determination
of the probability densities; correspondingly, the likelihood map is well
defined.

3. MEASURABILITY OF THE LIKELIHOOD MAP

Let L be the likelihood map from X to R%, and let R?, be the class of all
subsets E of R with L™ *(E)e B*. Then L is measurable B*/R2,. The following
theorem shows that R7, contains the class of all sets of the form

C = {R(g): geA}’

called measurable cone cylinder sets with base A, where Ais a measurable
cyhnder whose base lies in the class of all finite- dlmensmnal open, closed-open
and open-closed intervals.

THEOREM 1. (i) Let . T be a transformatzon on the class of measurable
cylmders defined by ‘ .
T(A) = U {ca: aeA}

>0 -

and let A, be the class of all measurable cylinders whose bases lie in the class of
all fi mte-dlmenszonal open, closed-open, and open-closed rectangles If AeA
then T(A)ea(A*) where a(A,) is the minimal o-field over A,.

(ii) Let L be the hkehhood map from X to RE = {R(g): geR,‘,f}. IfCis

a measurable cone cylinder with a base in A,; then L '(C)e B*.

20 — PAMS 15
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Proof. Let A= {geR%: (gy,, -.-» go)€ I} be a measurable cylinder with
base I of the form I=1I,x...xI,, where I,=(x,B], 0< o <p; < o,
i=1,..., k. Further, let I, = rI =rl, x ... xrl, for some ratlonal number
r >0, and let A; be a measurable cylinder with base I,. Then T (A4) = Ur A .
For let xeT(A). Then x =c,g° for some c,>0 and g°eA. Hence
goel, = (oc‘, Bl.i=1,...,k and thus g§/B; <1 and gg/o;>1,i=1,...,k,
where g,,i/ﬁ =0 for ,B =00, gojo; =00 for o;=0. Let gg/oc = 1+ei,
i=1,..., k, where g€(0, co], and define ¢ = mm{e i=1,...,k}. Then

[1, 1+8)= ‘(_\1 Lg8/B:> 95./%)-

For let ye[1, 1+¢). Then, for each i, 1 <i < k, we have gg,/ﬁ; SI<y<l+e
<1+g¢ = g§/o;. Hence

Y€ '01 [ggl/ﬁi! ggl/al')'

There exists a rational number r, such that c, <r, <cy(l+¢). Define

.a non-negative function h on Q by hy =c.g9/re,i=1,...,k Since

ro/co€ll, 1+¢), it follows that
rO/coE ﬂ [g /ﬂn gﬂi/a)

Thus h, e(w;, B, i=1, ..., k. Therefore
(Xgys - -+» Xg) = Co(98,5 - --» 98) =Tolhg,s ..., hg) €T,

Hence xeA,, , and thus er Ap,. Now let er A; . Then xe A;, for some
rational number qg>0. Hence (g, -+ x,,k)e I,=ql, and thus
xg,€ql; = q(oy, B;], i=1, ..., k. Therefore o; < x,,i/q < ﬁ,, i=1,..., k. Define
a non-negative function y on Q by y = x/q. Since o <yo, S<PBoi=1,..., kit
follows that (y,, ..., ¥g)€Il. Hence ye A, and thus x = gye T(A). Therefore
T(A) = Ur A;,. Then, since A, is in A, and A, generates a(A4,), the preceding
implies that T'(A)ea(4,).

A completely analogous argument shows that, for every measurable cylin-
der A € A, with a base in the class of all finite-dimensional closed-open rectangles
or with a base in the class of all finite-dimensional open rectangles, T(A) € o (A4x).

To prove (ii), let L, be a function from X to R which maps every x in X
into f(x) in R%, and let L, be a function from R to RZ which maps every g in
R2 into R(g) in R%. Further, let L be the likelihood map. Then it is obvious
that L= L,oL,. If A = {g: (gs,, ..., 9¢) €I} is a measurable cylinder in 4,,
then the set

Li'(A) = {xeX: L(x)ed} = {xeX: (f‘,l(x), v Jo (X)) eI}
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lies in B*, since for each 0, 1 <i<k, f,(x) is B*-measurable. Since A,
generates o(A4,), it follows that the function L, is measurable B*/g(A4,).
Further, if C = {R(g): ge A} is a measurable cone cylinder with base 4 4,,
then the set

LYC)={cg: c>0,ged}={] cg: ged}

c>0

lies in a(A4,) by (i). Since L™ *(C) = L;*(L3*(C)), it follows that L™ *(C)e B*. The
proof of (ii) is complete. -

4. SUFFICIENCY

4.1. Background. The term sufficiency was introduced by Fisher [6]. The
factorization theorem was proved in various forms by Fisher [6], Neyman
[23], and Halmos and Savage [17]. Following Halmos and Savage, we define
measurable function s(x) to be sufficient if for each E in B* there is
a determination of the conditional probability P,(E|t) which is O-free.

4.2, Sufficiency of the likelihood map. We now proceed to prove that the
likelihood map from (X, B¥) to (R2, R2,) is sufficient.

THEOREM 2. The likelihood map is sufficient for P, = {Py: 0cQ}.

Proof. Since the family P, of probability measures is dominated by. U,
there is a countable subfamily P = {P,: 8eQ,} of P, which is equivalent to
P, (see [17]). Let Q_ = {6%} < R, and define a probability measure P on B* by

P(E) = '21 P (E)2".
Let f(x) be the probability density of P-with respect to u. Then
flx) = f Pys(x)/2"  for every xeN‘;,.
n=1
where N, is a set of u-measure zero. Let N = {x: f(x) - 0}. Then
P(Ny) = Jf(x)d.u(x) =0.

Since P(N,) = 0, and P is equivalent to P,, it follows that Pg(N,) = O for every
0eQ. Let N = N,UN,. Then, since u dominates P, and N, is a null set for P,
N is a null set for P,. For each 0eQ, define the function g,(t) on R% by

A {fg(x)/f(x) for all xe N°nL (1),
96() = 0 . otherwise.
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Let ae L™ '(t)nN°® and note that L™ (t)nN° is the set of all points x in N°
for which there is a function h(x, a) # 0, independent of 0, such that f,(x)
= h(x, a)fy(a) for all 6eQ. Hence, for every xe N°nL (z), '

o f,,t(x) o ﬁ; (a)
f=% Z hix, a)—

n=1

= h(x, a)f(a),

and thus fo(x)/ f(x) = fo(a)/ f(a). Therefore the function g,(t) is well defined. The
function g,(t) is R ,-measurable. For let Bea(R ), where o(R ) is the minimal
o-field over R,, and define the function h; on N° by hy(x) = f5(x)/f(x). Then
goo L = hy, and L *(gy '(B)) = hy *(B). Since h, is B*-measurable, it follows
that hy '(B)e B*. Hence L '(ge '(B)) € B¥, and thus gy *(B)e R%,. Therefore
go(t) is R, -measurable. Moreover, fy(x) = go(L(x)) f(x) for any xe N°. Hence
fo(x) = go(L(x))f (x) a.e. [1], and thus L is sufficient for P, by the factorization
theorem (see, e.g., [20]). - :

4.3. Minimal sufficiency. The theory of minimal sufficiency was initiated as
exhaustiveness by Fisher [6] and followed later by Lehmann and Scheffé [21]
and Dynkin [4]. A sufficient statistic s(x) is said to be minimal sufficient if it is
a function of any other sufficient statistics a.e. (with respect to {P,: 0eQ}). We
now examine the minimal sufficiency of the likelihood map:

THEOREM 3. Assume that Q, is a countable subset of Q, and that for each
0€Q there is a sequence {0,} of pomts in {Qo} satzsfymg one of the following two
equivalent conditions: . :

() fo, = fy in p-measure,

(i) fo, = fy in L.

Then the likelihood map L from X to R’20 is minimal sufficient for
P, ={P,: 0€Q}, and the partition of X mduced by L is measurable.

Let P, denote the class of probability measures indexed by Q,. The proof
can be divided into several steps: L is minimal sufficient for P,; L is sufficient
for P; every null set for P, is a null set for P; L is minimal sufficient for P; the
partition of X induced by L is measurable. The proof follows the pattern used

by Lehmann and Scheffé [21] in their construction of the minimal sufficient

statistic for a dominated family of probability measures. For details in the
present notation see the more general framework by Naderi [22].

If X is a Euclidean space, then the class of all real-valued integrable
functions on X is a separable metric space with distance defined by d(g, h)
= _fx |g — hldu(x). Since every subspace of a separable metric space is separable,
the class of probability densities is a separable metric space. Thus, in this case,
the assumptions of Theorem 3 are satisfied. The next result is a direct
consequence of Theorem 3. The assumptions, however, are stronger than those
of Theorem 3 and do not cover, for example, the uniform (0, 6), Q.
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THEOREM 4. Let Q be a separable metric space, and let, for each x € X, fo(x)
be continuous in 0. Then the likelihood map L from X to R%, where ® is any
countable dense subset of Q, is minimal sufficient for P, and the partition of
X induced by L is measurable.

Proof. For each 04, there is a sequence {9} of points in d§ which
converges to 0. Since f, is continuous in 6, it follows that f (x) — f,(x) for all
xeX. Hence f, — f, a.e., and thus f; — f; in p-measure, and the results follow
from Theorem 3. '

5. CONCLUDING REMARKS.

The concept of sufficiency has played a central role in the area of statistical
inference. There has, unfortunately, been some confusion surrounding the
existence of a best or minimal sufficient statistic. In this article, we have
provided results which show the existence of such a statistic under very broad
conditions. In particular, we give a rigorous foundation connecting sufficiency
with the notion of the likelihood map. The key element here is an appropriate
definition of likelihood based on a precise definition of a probability density.
Finally, we note that since our results are derived in the context of general
metric spaces, they may be applied to many problems arising in the study of
inference for stochastic processes. :

We express our appreciation to many readers for helpful comments on
‘two earlier drafts. Partial support by the Natural Sciences and Engineering
Research Council of Canada is gratefully acknowledged.
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