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EDGEWORTH EXPANSIONS AND BOOTSTRAP
FOR DEGENERATE VON MISES STATISTICS

BY

F. GOTZE* (BIELEFELD) AND R. ZITIKIS** (VILNIUS)

Abstract. We prove Edgeworth expansions for degenerate von
Mises statistics like the Beran, Watson, and Cramér-von Mises
goodness-of-fit statistics. Furthermore, we show that the bootstrap
approximation works up to an error of order O(N~%/?) and that
bootstrap based confidence regions attain a prescribed confidence level
up to the order O(N~1).

1. Introduction, main results, and some examples. Let {Q, o/, P} be
a probability space, and let X: {Q, o/} — {4, #} be a random variable. The
distribution function of X will be denoted by F. Furthermore, we shall denote
by X,, X,, ... independent copies of X.

In this paper we consider various approximations for the (degenerate) von
Mises statistic

N N
VAN Y Y HX; Xy,
i=1k=1

where H: A x A — R is a symmetric measurable function which is assumed to
be degenerate with respect to P, that is

E(H(X,rX,)|X,) =0 P-as.
Furthermore, ‘we assume
E|H(X, X)|+EH?*(X,, X,) < + 0.
We use the notation
Py(9)2 P{V, < x}.

Our goal is to investigate the following three closely related problems for
the statistic Vj:
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1) A bootstrap approximation;

2) The bootstrap based coverage probabilities;

3) Edgeworth expansions. _

The bootstrap version of ¥V, we use in this paper is defined (see [17]) as
follows:

Y X HAXT, XP),
j=1k=1 .

H*(x, y) £ H(x, y)—E*H(x, X)~E*H(X?, y)—E* H(X?, X3),

where E* denotes the expectation with respect to the empirical distribution
function F* given the sample X, ..., Xj.
We shall use the notation

P*(x) P*{V* x}.

The limit distribution of Vy, say P was-described by von Mises [43], and
it is the distribution of the random varlable

v, 4EH(X, X)+ i A(GE—1),

where 4,, 4,, ..., [4;] = [1,] = ... are eigenvalues of the self-adjoint Hllbert—
~Schmidt operator S LZ(A F}—+L2(A F) defined by

.Sf— EH(, X)f(X) = [HC(, WS Fy).

Here G,, Gy, ...are independent copies of a Gaussian random variable G with
mean 0 and variance 1. See [31], [47], [49], and [19] for more details on this
representation.

In the same way we may describe the distribution function P% of the
random variable V¥ (£ the weak limit, as n — + oo, of the statistic ¥;* when

- the random variables X, ..., X, are fixed).

If it is not stated otherw13e we shall always assume that the followmg
holds:

The operator S has an infinite number of non-zero e:genvalues 4;, and the
random variables H(X, X) and H(X,, X,) have moments of all orders. :

In the sequel we use |||, to denote the sup-norm.
THEOREM 1.1. We have

(L1) 1Py =Pfll = (N ~*).

For the general theory of the bootstrap we refer to the papers [20]; [131,
[21], [2], [38], and the monograph [33].

Previous results on the CLT for degenerate von Mises statistics (Whlch w111
be discussed below) show that the rate of convergence in the CLT for these
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statistics might be of order O(N ~1**) for any £ > 0, and even of order O(N 1)
provided some smoothness conditions on the kernel H and the distribution
function F are imposed. These facts are the main ingredients in the proof of the
following theorem on the bootstrap based confidence regions; see [32], [&],
and [33] on this topic. In the theorem below we use P%~ () to denote the a-th
quantile of the function P¥.

THEOREM 1.2. For each a€(0,1) and ¢ >0
1.2) P{Wy=Pi (@} =1—a+O0(N"'*9), N- +oo.

At this point a natural question arises: Does Theorem 1.2 hold with ¢ = 0?
An inspectation of the proof of Theorem 1.2 shows that (1.2) holds with ¢ = 0 if
the distribution functions P, and P¥ have Edgeworth expansions of order
O(N~1) and Op(N~17%) for some & > 0, respectively. In order to prove such
a result we need to require more than moment conditions and assumptions on
the limit distribution. As an example reflecting this fact we formulate the
following result:

There exist infinitely differentiable and rapidly decreasing functions
a, ..., a, such that the asymptotic expansion

(1.3) Py(x) =P (x)+a,(x) N1+ ... +a,(x) N ¥+ R(x)

holds with a remainder term R satisfying, for any ¢ > 0 and some constant ¢ > 0,

' n
(14) sup x|"|R()| < —=r+c sup (%) Eexp{itVy}|dt

Nk+l
xeR 0<pu<m N1-e|f|€Nk+1

for all NeN.

This result appeared in slightly different forms in [24], [26], and [27]; see
also [7] and the survey paper [6].
Thus our further task is to investigate which assumptions on H and the
distribution of the X yield bounds like
sup |(d/d)"Eexp{itVy}|=O0WN"5), N- +o, -

ltl = e(N)

with some function g: N — [0, + oo) such that ¢(N) —» + oo for N - + o0, and
for every L = 0. , .

We assume that 4 = R¢ and that the random variable X has a non-zero
absolutely continuous component. This means that for some ae(0, 1] the
distribution function F of the X allows the representation

(1.5) ' F=aF,+(1—-oF,,
where Fy and F, are distribution functions, and F,, is absolutely continuous.
We use Y, Y,, ..., ¥y to denote iid. R%valued random variables having the

distribution function F,.
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We use 2f(x) to denote the gradient of a function fat a point xe R®. Also,
if £ is a random variable, let £ denote a symmetrization of £.

THEOREM 1.3. Let me Nu{0} and

(L.6) EIH(X,, X)I"+E|H(X, X,)|" < + .
Let B and C be some cubes in the space R® such that
(1.7 P{YeB} >0, P{YeC}>0.

LetZ,, Z,, ... be independent R*-valued random variables having the distribution
function Fy{-|B}. Put v

Sy(x) AN"V2{H(Z,, x)+... +H(Zy, x)}. -

Furthermore, assume that for every ¢ > 0 there exist numbers AeR, k > 0, and

v > 0 such that A, x, v < & and such that for every D = 0 the followmg three
conditions hold:

(1.8) supN"P{sup 12Sy(x)|| = N*} < + o0
NeN
- (1.9) sup NPP{sup |2 Sy(x)|| = 1/N"} < + o0;
: NeN xeC

(1.10)  sup N°P{sup sup [|ZSy(x)—2Sy()|l = 1/(2dN")} < + o0,

NeN j =yeCy
where C;,j =1, ..., [NY*]? are the subcubes of the cube C such that Vol(C,)
= Vol(C) for all j=1, ..., [N}, and ||| denotes the Euclidean norm in the
space R°. Then, for every ¢ >0 and L >0,

(1.11) sup |(d/dt)"Eexp{itVy}l = O(N™5), N - +oo.
t:|t| > Ne

Some simple corollaries to Theorem 1.3 are given in Section 5 (see
Corollaries 5.1-5.3 below). Let us note that in some special cases the validity of
the bound (1.11) was investigated by Sadikova [48], Yurinskii [55], van Zwet
[58], Csorgd and Staché6 [18], Gotze [26], Zitikis [56], [57], Helmers [35],
Bentkus et al. [7], etc. See also the survey paper by Bentkus et al. [6].
- We shall now discuss applications of Theorems 1.1-1.3 to some good-
ness-of-fit statistics. Let A = (0, 1), and let X = U, where U denotes a (0, 1)-
-uniform random variable.

Beran’s statistic B}. Let by, by, ..., Y bf < +o0, denote the Fourier

coefficients with respect to the basis {€”>"*, e Z} of a probability density f on
the circle S of unit circumference. If the function H is given by

(1.12) H (x,y)£2) bfcos2nl(x—y),

=1
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then V, is Beran’s statistic B%; see [9], [10]. Further investigations of the
statistic B, and more general ones as well, are done by Mardia [41], Giné
[23], Prentice [46], and Baringhaus [4].
STATEMENT 1.1. Assume that the number of non-zero coefficients by, b, ... is
infinite and Z::ob,zlz < +00. Then
(i) Theorems 1.1 and 1.2 hold for Beran's statistic B3.
(i) For every fixed me Nu{0}, L > 0 and & > 0 the bound (1.11) holds for
all teR such that |t| = N*
-(iii) There exist infinitely differentiable and rapidly decreasing functions
ai, a,, ... such that, for every fixed k and me NU{0}, the asymptotic expansion
(1.3) holds with the remainder term R satisfying

(1.13) sup |x|"|R(x)l = O(N"*"1), N> +o0.
xeR -
In the range N'2*¢ < |t| < ¢, N for some ¢, and any & > 0, the bound
(1.11) is given in [40].
Thus, in view of Statement 1.1 (iii) it follows that for Beran’s statistic
B% the bound of Theorem 1.2 holds with & = 0 as well.

Watson’s statistic Wii. Here the function H is given by
Hl(xa y) 4 EI(X’ U)I(ya U)s ’

where I(x, v) £ I{x < v} —v—E(I{x < U}—U). Thus Vy is Watson’s statistic
W@ (see [54]).

STATEMENT 1.2. (i) Theorems 1.1 and 1.2 hold for Watson’s statistic Wy.

(ii) For every fixed me Nu {0}, L > 0 and & > O the bound (1.11) holds for
all teR such that |t| = N-

(iii) There exist infinitely differentiable and rapidly decreasing functions
a,, as, ... such that, for every fixed k and me N {0}, the asymptotic expansion
(1.3) holds with a remainder term R satisfying (1.13).

In the case m =0 the result 1.2 (iii) was proved in [24]..
Thus, in view of 1.2 (iii), the bound given in Theorem 1.2 for Watson’s
statistic Wi¢ is valid with ¢ =0 as well.

The goodness-of-fit statistic w%(q). Let q: (0, 1) > [0, + o0) be a measura-
ble function such that { x(1 —x)g(x)dx < + co. Here the function H is given by

Hj(x, y) £ EJ(x, U)J (v, U)q(U),

where J(x,v) £I1{x < v}—v, and ¥, is the w?-statistic; see [42] for an
exhaustive review on w?-statistic. Let us recall that in the case g(x) = 1 for all
xe(0, 1) this is Cramér-von Mises’ statisticc and in the case g(x)
= 1/x(1—x) for all xe(0, 1) it is Anderson—Darling’s statistic.




332 F. Gotze and R. Zitikis

STATEMENT 1.3. (i) Theorems 1.1 and 1.2 hold for the Cramér—von Mises and
Anderson—Darling statistics. » »
(ii) Let me NU{0} and assume that

(1.14) u(m) £ j' {[ sq(s)ds}" du +_f {[ sq(s)ds}"du < +o0.

Furthermore, assume that there exists a non-empty interval (y, 6)<(0, _1) such
that

(1.15) - ) . g(x)>0 for all xe(y, d),
and, for some numbers t> 0 and ¢ > 0,
(1.16) |‘1(x)'—¢l()’)| Sclx—yFF for all x, ye(y, 6).

Then, for every fixed ¢ > 0 and L = 0 the bound (1.11) holds for all teR such that
] = N-

(ili) Fix k, me Nu{0} and assume that (M) < + oo for M =k+2 and
M =m. If the assumptions (1.15) and (1.16) are satisfied, then there exist
infinitely differentiable and rapidly decreasing functions a,, a,, ... such that the
asymptotic expansion (1.3) holds with the remainder R satisfying (1.13).

In the case p = 2, Statement 1.3 (ii) improves Theorem 2.7 by Bentkus et
al. [7] where the same bound (1.11) was proved under the condition
sup{lg’(x)|: xe(y, )} < + oo (instead of (1.16)) and in the region [f] = N¥/2*¢
only. Let us note that if assumption (1.15) is valid, then there is an infinite
number of non-zero eigenvalues A;; see [7] and [6] for more details on this
subject. Statement 1.3 (iii) improves the corresponding results for w?-statistics
given by Bentkus et al. [7].

In view of Statement 1.3 we claim that for the Cramér-von Mises and
Anderson-Darling statistics the bound given in Theorem 1.2 is valid with ¢ =

.as well.

2. Proof of Theorem 1.1. Let S*: L,(A, F*) > L,(A, F*) be the operator
defined by the formula o S

S*f 4 E*H*(, X*) f(X*) = { H*(, ») S )F*(dy).
Denote the eigenvalues of $* by A}, A%, ..., |A¥| > |A%| > ... Given the random

variables X,,..., Xy, N fixed, V* as n tends to mﬁmty converges in
distribution to the random variable

Vx4 E*H*(X*, X*)+ Z AF(GE— D).

LemMA 1.1. For every K € N and every A = O there exists a constant c such that

21 P{izl MKI/\/ZK} cN~4
for all NeN.
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Proof. The idea of the proof is based on the proof of Lemma 4.1 by Bickel
et al. [14]. Let us first note that without loss of generality we may assume
Ag #0 and A= 1. Furthermore, let e,, ..., ex be the eigenfunctions of the
operator S corresponding to the eigenvalues A4,,...,4;, and let
S,: Ly(A, F)—»>L,(A,F) be the (self-adjoint and positive-definite) Hil-
bert—Schmidt operator corresponding to the kernel

(%, YEHE, X)H(X, y).

Then 4, ..., 4k are the eigenvalues of the operator S, corresponding to the
eigenfunctions ey, ..., . Define

o4 U {lle & = 1/2},

where |||z« denotes the norm in the space L,(A, F*). Since EeZ(X) = 1, the

quantity 1—P(s/) does not exceed Z L P{Eez(X)—le, & > 1/2}, and there-
fore 1-P(&/) < cN~4. Thus we get the bound

22)  P{AH < Ael/V/2K} < P14 < /2K J0st) + N A,

Let 6,, denote the Kronecker delta, and let

B A ﬂ ﬂ{|N Ze(X)e X)— 5,,,,| 1/(2K)}.

plql

We clearly have

1-P(#) < Z ZP{|N Ze(X)e(X) O = 1/2},

r=14=1

and, -therefore, 1—P(%) < cN~4 This bound together with (2.2) implies

(23) P < /2K < PR < /2K ) 0B)+cN 4,
and therefore our further task is to show that the bound (2.1) holds for the

quantity P({|4%] < [Al/\/2K }nof &) instead of P{|AFl < |igl/\/2K}.

Let us examine the event % more closel ly. Assume that ¢, e, + . +cKeK =0
in the space L,(A, F*). This means that Z e,(X)=0forallj=1,..., N.
Thus

0=N"1 |5 cpe (X)I—Zcp+2 > e N Ze(X)e(X) 5,.,,}

ji=1p=1 p=1g=1

pIPP

>3 —(1/2K){Z e} >4 X .
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Therefore ¢; = ... =cg = 0. Thus the functions e,, ..., eg are linearly indepen-
dent in the space L,(4, F¥).

Hence ef £ ¢,/|le,llg+, p=1, ..., K, are well-defined (on the set .2¢) and
linearly independent in the space L,(A,F*) (on the set 4%). Thus,
@4 span{e?, cens e,?} is a K-dimensional subspace of the space L,(A, F*).

Furthermore, let S%: L,(A, F¥) — L, (A, F*) be the (self-adjoint and posi-
tive-definite) Hilbert-Schmidt operator corresponding to the kernel

(%, ) E*H* (x, XY)H*(X*, y).

If ef, ..., e¥ are the eigenfunctions of the operator $* corresponding to the
eigenvalues Af, ..., A%, then A¥2, ..., A¥? are the cigenvalues of the operator
8% corresponding to the eigenfunctions e%, ..., ef. Since ¢ is a K-dimensional
subspace of the space L,(A, F*), the following estimates hold:

o ASEle . ISEle . <SES S D
24 A% = sup inf > inf > inf =
@4) K= e e = reo 1Sl ~ yos IS

where 2 denotes an arbitrary K-dimensional subspace of L,(A, F*). Since
Opats = {S,e,, €,)p, We have

(2.5) (5%eg, eQdp = dpgdi+Lpgs

where (-, -)r and (-, -)p denote the inner products in the spaces L,(4, F) and
L,(A, F*), respectively, and

6 4 <S2e q>F <S2 ep ] eq >F'

Furthermore, since f = Z _,¢ed for some ¢ £ (cy, ..., ci) and [effif = 1, we
obtain | f|Z < K|e|?, where llel? 4 c2+...+c2 and therefore,

<S faf)F" <(6pqlp)pq 1,...KC» c>+<(qu)p,q=1 ..... K€, L‘>

> Jglel*— , Jnax IEMIIIL‘II2 {4&— ,Jmax |Epal} 1S IE/K

where {-, > denotes the inner product in the space RX. Applying the just
obtained estimate in the right-hand side of (2.4), we get

M2 - max |EJV/K,
=1 K

which implies

(2:6) P < Weli/2K }nof ) < PUREK) > (3~ max 6,}/K}

<P{ix/2 < max [Sol-
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Let us show that the right-hand side of (2.6) does not exceed cN ~4 . This could
be proved as follows: Write £,, as the sum 4, +4,+4,, where

Al é <Szep’ eq)F_<S2eP9 eq>l""9 AZ 'é(Sze?, ed?)l?*{"ep”p”eq"w_l}’
A, 4(S,e0, 0> —<S%ef, edDp.

One could easily prove that for every j=1,2, 3, every 4 >0 and every
positive constant c,, the quantities P{|4;| > ¢,} do not exceed ¢N~“. Since
V% > 0, this-completes the proof of the lemma. m

LEMMA 1.2. For every A > 0 there exists a constant ¢ > 0 such that
| P{/N |P,—P%|, >a} <cN 44ca 4
for all NeN and a = 0.
Proof. Because of Lemma 1.1 we only need to show that
2.9
P{/N IP,—P%l, > a, 13| > I4l/\/2k, k=1,...,K} <N 4+ca™4

for a number K depending on A. In the following we estimate |P,—P%|
using Fourier’s inversion formula. Let us first state some auxiliary results.

Let L,(A,F) denote the complex Hilbert space L,(4, C, F) of all
measurable functions f: A — C such that

113 £ Ef(X)F(X) = [ fTdF < +oo.

The inner product in this space will be denoted by {:, ->. Also, let I denote the
identity operator, and J denote the trace operator in the space L, (4, F). Then

Ecxp{itV,,} = exp{T},
where

t
T, £itEH(X, X)—2 [ 7 {SU ~2ivS)~ 'S} vd.
0

A similar representation holds for the quantity E*exp(itV¥}.
Let us prove that there exists a constant ¢ > 0 which might depend on
K and Ay only, and such that, for all we[0, 1],

2.8) P 4 lexp{wT*+(1—w) T} < c(1 +|t)~ ¥/,
Indeed, the representation

Te{SU—2iv8)" 18} = T {SU +4v2 %)~ 18} + 2iv T {S(I +4v25%)~1 52}
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shows that
29) ReZ{S(I—2ivS)~ 'S8} = i _ M
' F PR W YT
A similar representation holds for the quantity Re Jp{S*(I —2ivS*)~1§*} as
well. Therefore.
(2.10)
o 1*2 2t ;
exp{ ZWIZ__—I 421*zudv w)j'z 1+4 lev v}.

Okl Ok=1

Since A¥2 > 2Z/2k) for all k=1,...,K, the bound (2.10) implies
¥ < c(1+{f)" %2, which completes the proof of (2.8).

Starting from (2.8) we may use Fourier’s inversion formula to bound the
quantity |P,—P%|,. We get

1
(2.11) [P,—P%ll,<® 4 ImlEexp{iti}—E* exp{itVi}ldt.
- rlt

Furthermore, the bound (2.8) implies

1 .
212 &, = [ [lexp{WE*+(1—w) T} |~ {T* — T}ldwdt < ¢,
RO

where
4 [(L+]e) %2 {T*— T} dt.
R

" Let us prove the estimate

- (213) P{/N @, > a} < cN “+4ca™4,

which clearly completes the proof of the lemma.

Let us introduce some additional notation. Denote the resolvent operator
of S by R(-, S), that is R(z, S) 4 (zI —S)~* for any complex number z. Unless
otherwise stated, we shall always assume z = 1/(2w) With these notat1ons we
may rewrite T as follows:

t . N i B
T,=itEH(X, X)+ [ECGR(z, S H(X, ), H(X, ))pdv.
0
Also, a similar representation holds for the quantity T;* as well. Therefore,

t
" HT*— T} = ik, +1™1 [ hy(v)do,
) |




Approximations for von Mises statistics 337

where
h, 4 E¥H*(X*, X*)—EH(X, X), -

hy(0) £ E* GiR(z, SYH*(X*, ), H*(X*, )5e~ECGR(z, S)H(X, 1), HX, )y.

Consequently, , N
D, < clhy|+4[h,],

where

Afh,] 4 5(1+ltl)""zltl"1glhz(v)ldvdt-
R

It is easy to see that P{\/N |h,| > a} < cN~*+ca™4, Therefore, in order to
prove (2.13) we only need to show ‘ S
(2.14) P{/N A[h,] =2 a} < cN “44ca™ 4.

Here we use the estimate A[h,] < A[h3]+A[h4]+A[h5] where h,(v), h4(v)
and hs(v) are the following three quantities, respectively:

E*(R(z, S H*(X*, ), H*(X*, )p—E*(R(z, SHHX*, 9, HX*, pe,
E*{R(z, S*)H(X*, ), H(X* Pr—E*(RE, S)HX*, ), HX*, e,
E*(R(z, S H(X*, ), H(X*, ))m—E{R(z, SHX, )H(X Pe-

Some straightforward calculations show that

P{\/N A[h] > a} <cN “+ca 4
for j= 3,4, 5, which proves (2.14) and the lemma. & -
We will now prove Theorem 1.1. By Theorem (2.3) in [24], we have

2.15) IPy—Pollo < cB3A3P//N

where 8, £ E|H(X, X)*+E|H (X 1» X,)|3. Let us note that the cited result also
yields the bound

(2.16) - [P —P%ll, < )3(,1 NN

where B% is similar to f, with the distribution function F replaCed by the em-
“pirical distribution function F*. Thus, the bounds (2.15) and (2. 16) and Lem-
mas 1.1 and 1.2 together complete the proof of the theorem. m = -

3. Proof of Theorem 1.2. For the proof of Theorem 1.2 we need the
following lemma (cf. Lemma 1.1' by Beran [10]) several times:

LemmA 3.1. For each a€(0, 1) we have P,(P3'(x) > 0.

Proof. Without loss of generality we may assume that 4, > 0. It is clear
that the lemma follows from the following result:

22 — PAMS 15
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There exists a point x,e[ = o0, +oo) such that P(x) =0 for all x < x,
and P (x) >0 for all x > x,.
Let p and gq denote, respectively, the densities of the random varia-

bles A,(Gi—1) and Y, , 4,(GE—1). The density p vanishes for all x < —4,
and is positive for all x > — 4,. Since the function P, is continuous, the densi-
ty g is not degenerated. Our claim follows from the representation
P, (x)= j p(x—2z)q(z)dz such that P, (x) = 0 for x < x, and P, (x) > 0 for all
Xo < x < z for some zeR. The assumption P/,(z) =0 now leads to a con-
tradiction with P/ (x) >0 for xg<x <z =

Without loss of generality we assume £ > 0 in the proof of Theorem 1.2 to
be small (say ¢ < 10" 1% and N > N, where N, is a large fixed constant (which
might depend on ¢ >0 and a€e(0, 1))

We have

() P{Vy> P ()} = P{P (V) > a} = P{(PE—PL) (V) + PL(Vi) > o).

Let B, = N~1*% Using the bound (2.5) of [24] (in the case s = 4) and
Lemma 1.1 we get, for every 4 > 0,

P{|Pf—P%l, = Bo} = OIN™4).

Therefore, using a Slutzky argument (see Lemma 3 on p. 16 in [44]) in the
right-hand side of (3.1), we get the bound (1.2) provided that

(.2) P{Vy 2 PLI()} =1—-y+O(NT'™)

Furthermore, since P, (P3'(y)) =y, we obtain

P{Vy =P ()
=1—y+P{Vy—PL ' )+P'() = P 0} —P{V, = P ()}
Thus in order to show (3.2) it is enough to prove _
(33) 44 |P{Vy—PL 0)+P310) > }—P{V, = ., = O(N 1+,

Write q(f) £ q,(f)2 f~'(y), and let h 4 P% —P,,.
Since P, (P3'(y)) = const(P,,, @) >0 (recall that N >c,, where ¢, is
a large fixed constant, and note that P, (P5*(®)) > 0), we infer that the quan-
tity :
q(PR)(h) 4 —h(PZ'())/Pu(Ps' ()

is well defined. We shall show at the end of the proof that on a set of
probability close to 1 the quantity g'(P,)(k) is actually the directional
derivative of the function g at the point P in the direction h.)
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An application of Slutzky arguments shows that the quantity 4 does not
exceed 4,+4,+4,, where

4; £ ||P{Vy—q' (Po)h) 2} —P{V, =} s
4, £ P{ig(Pt)—a(P)~q'(P.)(H)| > Bo},

A3 L supP{x—B, <V, < x+B}-
xeR
Using the fact that the Fourier transformation of P, decreases rapidly, we
easily arrive at the bound 4, < ¢, = O(N~**#). To prove the same bound for
the quantity A, note first (see some details below) that, for any fixed real x,

(3.4) hix)=N~"1 if(X_,-, X)+71y,
=1

J

where f is a measurable function, the iid. random variables f(X;, x) are
centered and have finite moments of all orders. Furthermore, the remainder
term ry is such that for every 4 = 0 there exists a constant ¢ > 0 such that

- (3.5 P{N|ryl > a} <cN “4+ca™4

for all NeN and a>0. .

The asymptotic expansion (3.4) with the remainder term ry as in (3.5)
could be proved by using the Fourier transformation and (with slight
modifications) following the lines of the proof of Lemma 1.2; we omit the
details of the proof. Using Slutzky arguments together with the bounds (3.5)
and 4; < cf, we obtain, for every 4 > 0,

(3.6)
N
4, <|P{Vy+N"* 2, JXj, xo)/Prolxo) > }=P{V, > o +ON*9),

where x, £ P '(y). The first summand on the right-hand side of (3.6) is of the
order O(N~1*2); this fact follows from Corollary (3.20) by Gotze [27] (see
Example 3.7 therein as well). Thus we have proved 4, = O(N~1*%), and still
have to show

3.7) 4, = O(N~1"9),
Let B, £ N~Y2*¢ and put o 4-.%0...0&14, where

ah 2 {2 = /2K }, oo 2{IH) o < B} =0, 1,2

(k" denotes the x-th derivative of the k; A'® 4 k). We have already known that
1—-P(o,) = O(N~*) (Lemma 1.1) and 1 —P(s#,) = O(N %) (Lemma 1.2). Some
slight modifications of the proof of Lemma 1.2 lead to the bound (valid for
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every fixed k=0,1, 2,...) .
(3.8) P{J/N ||, >a} <cN “4+ca 4,

which shows that 1 —P(s4, ) = O(N~4) for k = 1, 2 (we omit the details since
they are straightforward).

Therefore, we may restrict our analysis to the set & only. On this set, for
some constants ¢, and ¢, which do not depend upon N and 7€[0, 1], the
following two bounds hold:

H(H ') >c, >0 and |H/(H;'(®))| <c,, where H 4P +h.

This leads to the following Taylor expansion (w1th all the quantities well
defined) for q(P*):

. 1
a(P%) = q(P)+q (P)(h)+ [ (1 —1)g" (H)(h)*dr,
. . o

where :
q"H)R) = 2h(H Ok (H* Q) HH: *0))
—h(H: @) HY (H ) HU(H 0))
After some tedious but elementary calculations, we obtain
P{llhll W] o+ 1215 > ﬁo}+0(N ),
whlch together w1th the bound (3.8) completes the proof -of (3.7), and of the
theorem as well. &

4. Proof of Theorem 1.3. In the proof we shall use the following lemma:

Lemma 4.1. Let 0<a<b< 1 be any numbers, and let g be a function
~ differentiable on (a, b) such that sgn g'(x) = const for all xe(a, b), and, for some
numbers & >0 and P,

<lg’ (x)l 4 for all xe(a b).

Furthermore let h be a funct:on integrable on (a, b) such that, for some
Y> 0,
h(x) = Y for all xe(a, b).
Then, for all 145> 0 and all T such that 1| = 1,

@4.1) 14 ”-exp{izg(x)}h(x)dxl

Y min{®?, 1}

S N3
289 min{z3, 1}(b—a)>.

< fh(x)dx—
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Proof. With some slight modifications we shall follow the lines of the
proof of Lemma 2.1 by Gotze and Hipp [30]. Without loss of generality we
assume that sgn g'(x) = 1. Because of A(g*(x)) = Y and g'(g~ '(x)) < ¥ for all
xe(g(a), g(b)), we get

4.2) I< :j:exp{nx}{ ((:((fc))))—%} —|g(j;)exp{nx}dx|
;h(x)dx——{g(b) g(a)}+—lg(§a)exp{m}dxl

Furtherrnore,

43) lgi)exp{nx}dxl (o) —g@)|22,

where v £ t{g(b)—g(a)}/2. To estimate the quantity |[v™'sinv| on the
right-hand side of (4.3) we use the bound |x~!sinx| < 1 —min{d3, 1}/12 which
is true for all d, > 0 and all |x| > d,. Let us find a number d,, such that |v| > d,.
It is clear that |g(b)—g(a)| = ®(b—a). Therefore, d, = 1,P(b—a)/2, and so we
have

sinv min {®?, 1}

4.4 <1- 43

min{z}, 1}(b—a)>.

v

Now taking the bounds (4.2)+(4.4) together, and using the bound |g(b)—g(a)|
> @(b—a) once again, we get the lemma proved. =

" Let us note at the beginning of the proof of Theorem 1.3 that we do not
specify the constants ¢ in the text below; we only want to emphasize that all of
them are non-random, do not depend on both N and t, and are non- negatlve
‘We subdivide the proof into several steps.

Step 1 (reduction of the general case to the case m = 0). Because of the
moment condition (1.6), we interchange the signs of differentiation and
integration in the quantity (d/df)"Eexp{itV};}. Then we write V§' as a multiple
sum and use the fact that X,, ..., Xy are identically distributed. We get

|(d/dty"E exp{itVy}| < cN*"E|E® exp{itVy}|,

where E® denotes the conditional expectation with respect to X, ..., Xy_om
when all the other random vectors are fixed. Thus the theorem follows if

@4.5) E[E® exp{itVy}| < cN~".

. Step 2 (using the absolutely continuous part). Here we employ arguments
used by Bikelis [16]. Without loss of generality we assume that N > c,, where
c, is a large constant (which might depend only' on m and o). Write
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N, 2 N—2m and fix Xy_,m+1,..., Xy. Because of decomposition (1.5), we
have

(4.6)  E°exp{itVy} = [exp{itV;} (dF)™*

Ni

=) (]jl)af(l—a)zvl—f { {exp{itVy} (dF oY (dF, )N .

i=0

Now split the summation in (4.6) into two parts: Z 4 the sum taken over all
j="0,..., N, such that |j—aN,| < ./N, logN,and }" £ the sum taken over

all j= O , N, such that [j—aN,| > ./N, logN,. A theorem by Bernstein
[11] ylelds the bound

N ) .
4.7 Y ( ,1) (1 —a¥r 77 < 2exp{—x?}
) G—aN1) J

2 2xv/Nia(l —a)

for every x < /N, a(l1—a)/4. If we take x = x,, where x, is the solution of the
equation 2x./a(l—a) =logN,, the bound (4.7) implies that the quantity

Z" (Ijl)w;(l —CZ)NI ~Jj
does not exceed ¢cN~L. This bound and representation (4.6) together yield
4.8)

|E® exp{itVy}l < ¢N- Lyy < )w’(l—cx)”‘ ~I [ |fexp{itVy }(dFo)fl(dl?‘l)"“‘J

To estimate the second summand on the right-hand side of (4.8) we use the fact

that |j—aN,| < /N, logN, (which implies that j > [N,a/2]). This fact and
the estimate (4.8) show that the theorem will follow if we show

(49) E|fexp{itVy}(dFo)™*2) < cN~E.
Step 3 (reduction to the set B x C). The main idea of this step is based on

arguments by Bikelis [16], G6tze [24], and Bickel et al. [14]. Let § £ P{Y e B}
and y £ P{YeC}, and let

F,()2 87 'P{YenB}, F,()2Ly 'P{YenC}.
Furthermore, let us put N, £ [N,a/4] and write
(4.10)
Jexp{itV } (dF o)V = [exp{itVy} (dF o)V 2(dF )Y 5(dF0)[” 16/21= 2Nz
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In the first group of dF, on the right-hand side of (4.10) we decompose each F,
as follows: Fy, = fF,+ (1 — p) (“some distribution function”), and in the second
group of dF, on the right-hand side of (4.10) we decompose each F, as follows:
F, = yF;+(1—v) (“some distribution function”). Now going along the lines of
Step 2, we infer from (4.10) that in order to show (4.9) it is enough to prove the
bound

I £ Elfexp{itVy} (dF )V AF ;)22 < ¢NE,
letZ,Z,,Z,,...,and W, W,, W,, ... be independent random vectors having

the distribution functions F, and F,, respectively. Using the symmetrization
technique of the proof of Part 1 of Lemma (3.37) by Goétze [24] we get

IN28/2]1 IN27y/2] -
széEEGexp{iﬁ S Y {HE} Wy-HEZP, u@}}',
j=1 k=1

where Z¥ and Z}* are independent and have the same distribution function F,.
The E® denotes the conditional expectation with respect to the random vectors
W, k=1,...,[N,y/2]. Therefore,

[N2y/2]

E

J=E

[N28/2]
E*Inexp{zx]v Y {H(Z¥, W)—H(Z}*, W)}}
j=1

where E® this time denotes the conditional expectation with respect to the
random vector W. Thus in order to complete the proof of the theorem we need
to show

@.11) J<cN-E.

Step 4 (proof of the bound (4.11)). Let us rewrite the quantity J in a
more convenient way for further calculations. Let us put M £ [N,f/2],

t42t./M/N, and let
1 ,
4,4 ;II exp{itSy(x)} po(x)dx|,
c

where p, denotes the density of F,. Then J = EANv2,

Fix an elementary event . Because of (1.8)-(1.10), we may assume without
loss of generality that there exists a direction ke {1, ..., d} and a point x such
that

(4.12) sup [{DSy(x), e>| < M*,
xsC
(4.13) KDy (x,), €| = 1/(dM"),
(4.14) sup [{DSy(x)— DSy (y), el < 1/24M"),

x,yeCr
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where C,e{C,, ..., Cyyyv} is such that xeC,. Rewrite C, as the Cartesian
product I, x ><I of intervals. Then, with dx} denoting integration with
respect to the varlables different from x,, we have

1 1
4.15) 4, < - C\j'c po(x)dx +—y— | | exp{itSy(x)} po(x)dx|

<$ [ Po(x)dx+- I Hexp{nsu(x)}po x)dx;|dx;.

e,
To éstimate the quantity |f;,...dx,| we are gomg to use Lemma 4.1. For this, fix
Xqs ens Xk—15 Xg+1s ---» Xg, and let g(x,) £ S,,(x), h(x,) £ Po(x). Also, let a and

b be numbers such that I, =(a, b). For every number xeC, we have
g (x,) = {DS\(x), e,>, which implies :

(416) () = KDSy(x0)s €)1~ < DSy (¥) — DS (o), e)l.
Using (4.13) and (4.14) on the right-hand side of (4.16), we get |g'(x;)|
= 1/(2dM*). Therefore, we may choose

& = 1/2dM").

The same proof shows that for all xeC, the sign of g'(x,) is the same (and
equals sgn{2S,,(x,), ¢,>). For a number ¥, as is easy to see from (4.12), we
may use '

¥ = M*.
Since P{YeC} > 0, there exists a cube C, =C such that for some ¢, >0 we
have py(x) > ¢, for all xeC,. Thus (if necessary, replace the set C by C,) for
a number Y we may use

Y=c,.

~ Thus, using Lemma 4.1, we get

|§ exp{itSys(x)} po(x)dxy| < [ po(x)dx,—cM ~*~3*min{c3, 1}(b—a)’.
Tie T

Hence, because of the bound (4.15), we have
@17 4, < 1—cVol(C)M~*~*min {12, 1}(b—a)*.

If we now use the bound 1 —x < exp{—x} on the right-hand side of (4.17), then
we obtain

< exp{cM'~*%min {3, 1}}.
Takenow 3 =M"'" 10‘(logM )2 and note that the number & > 0 may be taken

as small as we want, say ¢ < 107 1°, Then the bound (4.11) follows immediately.
This completes the proof. =
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5. Proof of the statements. Let us first prove Statement 1.3. To do that we
give a special case of Theorem 1.3.

COROLLARY 5.1. Let me N v {0} and
(5-1) EHU,, U)"+EHU,, U,)" < +co.

Assume that there exists a non-empty rectangle (., f) X (y, 6)=(0, 1) x (0, 1) such
that for all xe(a, B) the function y+— H(x, y) is differentiable on the interval

(v, 8). Put Sy £ (T, + ... + Ty)/x/N, where T, ..., Ty are independent copies of
the random function T4 H (x+(B—o)U, *). Furthermore, assume that for every
¢ > 0 one may find numbers Ae R, x > 0, and v > 0 such that A, x, v < ¢ and such

that for every D 2 0 the following three conditions hold: -

(5.2) sup NPP{ sup |Sy()| > N*} < +o;
NeN xe(y,8)
(5.3) sup N°P{||Skll L, < 1/N*} < + 00;
NeN
(54) sup NP {sup sup |Sx(x)—Sk())l > 1/2N9} < +0o,
NeN i xyely
where 1,=(y, 8),j =1, ..., [N"], are subintervals of the interval (y, d) such that

Vol(I;) = (6—7)/[N"]. Then, for every ¢>0 and L >0,
sup |(d/d)"Eexp{itVy}l =0(N"%), N- +o0.

t:|t| > N=

Proof. The corollary is an easy consequence of Theorem 1.3. Let us note
only that the condition (1.9) follows from (5.3) by using the inequality

(5.5) IS¥ ] Laiv.y < I8N Loriy /0 —7 - ®

Also, to prove Statement 1.3 we need the following lemma which is
a simple consequence of Corollary 1.2 by Bentkus [5].

LEMMA 5.1. Let 9 be a centered Gaussian L,(y, 8)-valued random variable
the covariance of which is the Hilbert-Schmidt operator L,(y, ) — L,(y, 9)
corresponding to the kernel

d d

—E{%H(H(ﬂ—ym, x)}E{din(w(ﬂ—v)U, y)}-
If, for some 1>2,

d 2 12
aH(a+(ﬁ—a)U, x) dx} < 400,

[
(5.6) E{j
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and the random variable ¥ is not concentrated in any finite-dimensional subspace
of L,(y, 0), then the condition (5.3) is satisfied.

Proof of Statement 1.3. (i) This is an immediate consequence of
Theorem 1.1.

(ii) Let us verify the conditions of Corollary 5.1 with the function H,; when
d=1, =0, and § =1. The equivalence of the moment conditions (5.1) and
(1.14) is easy to prove. Thus let us verify (5.2)+(5.4). Note first that

1 X4 ~
%, 3 HU ) = ~ 89400,

57) . Sy)=——
7). 0=—=3

where &y denotes the uniform empirical process. Let us look -at the condition
(5.2). Tt is clear that without loss of generality we may assume

(5.8 sup{g(x): xe(y, 8)} < + 0.

Thus, because of (5.8) and Lemma 2.3 by Stute [53], we obtain

(59)  P{sup [£y(x)a) > N*} < P{c sup |6y(x)] > N*} < N2,
xe(y,0) xe(y,8)
which completes the verification of (5.2).

The condition (5.3) is satisfied because of Lemma 2.1 and (5.1); compare
the discussion concerning the infinite-dimensionality of the weighted Brownian
bridge given just after Theorem 1.4 in [6].

Let us now show that (1.16) implies (5.4). Write'

A 4 P{sup sup |&y(x)q(x)—Ey(»)q(y)| = 1/2N")}.

i xyely

The assumptions (1.16) and (5.8) imply that, for some constant ¢, > 0,

-(510) A < P{sup sup |&y(x)—Fy(y)l+sup sup [Ey(x)N"7 > ¢, N7,

i xyelj J  xyely

Using the bound (5.9) with g(x) =1 on the right-hand-side of (5.10), for
a constant ¢ >0 we get
(5.11) A < P{sup sup |&y(x)—&y(3)|+N* """ 2 cN "} +cN~ P

Jj xyel;

< P{sup sup |€(x)—&(y)| = cN "} +cN P
J xyel;
if & < vt— 4. Using Lemma 2.4 by Stute [53] or Inequality 3.2 by Shorack and
Wellner [51] it follows that for small numbers v > 0 and « > 0 the right-hand
side of (5.11) does not exceed ¢cN 2. Let us note also that the numbers 4 > 0,
v > 0 and « > 0 could be chosen arbitrarily small (but satisfying the condition
K < vT—A).




Approximations for von Mises statistics 347

(iii) The result is a direct consequence of part (ii) of this statement; see
Section 3 (or Section 2) in [7] for more details. =

Let us now prove Statement 1.2. For this we formulate another special
case of Theorem 1.3.

COROLLARY 5.2. Assume that

(5.12) sup

x yE(O 1)

d .

Let us put SN (T1 +...+ TN)/\/ﬁ where T, ..., Ty are independent copies of
the random function T £ 4 H(U, ). Furthermore, assume that for every & > 0 one
may find numbers k >0 and v > 0 such that x, v < & and such that for every
D = 0 the following condition holds:

(5.13) sup N°P{sup sup |Sy(x)—Sy(»)| = 1/(2N")} < + 0,
NeN J o oxwyely
where 1,=(0, 1), j = 1, ..., [N"], are subintervals of the interval (0, 1) such that

Vol(I;}) = 1/[N"]. Furthermore let % be a centered Gaussian L,(0, 1)-valued
mndom variable the covariance of which is the Hilbert—Schmidt operator L,(0, 1)
— L,(0, 1) corresponding to the kernel

d
(5.14) (x, y)HE{ d H(U, x) H(U y)} {iH(U, x)}E{ﬁﬂ(U, y)}.

Assume that the random element % is not concentrated in any finite-dimensional
subspace of L,(0, 1). Then, for every me NU{0}, e>0 and L >0,

sup |(d/dt)y"Eexp{itVy}|=O0(N"L), N +oo.
t:|z} = N&
Proof. We shall show that Corollary 5.1 implies the result. Take
x=y=0 and f=6=1. Then, for every j=1,...,[N"], choose
a non-random point y;el;. Using Slutzky’s arguments, we get

(5.15)
A4P{ sup |Sy(x)| = N*} = P{supsup|Sy(x)| = N*}
xe(0,1) ) J o xely
< P{sup sup [Sy(x)—Sy(y)| = /(2N")} +P {sup |Sy(y;|+ 1/(2N") > N*}.
j xyel; j

Because of (5.13), the first summand on the right-hand side of inequality (5.15)
does not exceed cN P, Therefore, 4 < cN P follows if

(5.16) P{sup |Sy(y;| = N*/2} < cN~P.
: i
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But the bound (5.16) (and (5.2) as well) are consequences of Markov’s inequality
and the bound E|Sy(y)I® < ¢ which holds, because of the assumption (5.12), for
all k=1,...,[N"] and all D > 0, where the constant ¢ > 0 does not depend
on N. Furthermore, because of Lemma 5.1 the assumption (5.3) is satisfied as
well. This remark completes the proof of the theorem. m

Proof of Statement 1.2. (i) This is an easy consequence of Theorem 1.1.

(i) The proof is almost the same as that of Statement 1.3; use Corolla-
ry 5.2 instead of Corollary 5.1.

_ (i) This is a consequence of part (ii); use results from Section 3 of [7]. .
Finally, as a simple consequence of Theorem 1.3 we have
COROLLARY 5.3. Assume that

d 2
(&) 7o

Furthermore, let 4 be a centered Gaussian L, (0, 1)-valued random variable with
covariance being the Hilbert—Schmidt operator L,(0, 1) - L,(0, 1) corresponding
to the kernel defined by (5.14). Assume that the random element % is not
concentrated in any finite-dimensional subspace of L,(0, 1). Then for every
meNuU{0}, ¢ >0 and L =0,

sup l(d/dt)’"Eexp{itVN}i =0(NY), N-4oo.

r:|t| = N*

(5.17) sup

x,ye(0,1)

< 4 00.

Proof. This corollary follows from Corollary 5.2. Note that the assump-
tion (5.12) holds because of (5.17). Furthermore, using the bound .

sup N” sup |Sy(x) —Sy(»)| < IS8 Laan/v/ N1,

NeN x,yely .

- we see that the left-hand side of (5.13) does not exceed

(5.18) P{IS¥Olloayp = / IN"] 2N}

If v> 2k, then for every D >0 the quantity (5.18) does not exceed cN~P
because of the Markov inequality and (5.17). This completes the proof of the
theorem. =

Proof of Statement L.1. (i) This is an easy consequence of Theorem 1.1.
(i) Because of Y7 bfl> < + o we have

2 ©

d
(5.19) mHl(x, y) = —22n)* Y bI?cos2nl(x—y)

=1

for all x, ye(0, 1), which shows that the condition (5.14) holds. The assumption
on infinite-dimensionality of the corresponding Gaussian random variable is
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satisfied because there is an infinite number of non-zero coefficients b, by, ...
Thus, Corollary 5.3 implies the desired result.

(iii) Because of (5.19) we have

N N
41 Y, X H{, Uk)—I I ffN(x)ﬁn(y) H(x y)dxdy,

]lkl

which shows that By = #,(8y, &), where 7, is a polynomial of degree 2 in the
Hilbert space L, (0, 1). Therefore, results by Bentkus et al. [7] might be used to
get the theorem proved. (In-the case m = 0 one may use general results for von
Mises statistics by Gotze [24], [26].) =
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