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Abstract. The paper is devoted to a study of the extremal
rearrangement property of statistical solutions of Burgers’ equation
with initial input generated by the Brownian motion or by a Poisson
process.

1. Introduction. The non-linear diffusion equation
(11) C ’ ut+uux = %uxxa

t>0,xeR, u=u(t, x), u(0, x) = uy(x), also called the Burgers equation, with
random initial data has been studied for a long time (see, e.g., [3]). It describes
propagation of non-linear hyperbolic waves, and has been considered as
a model equation for various physical phenomena from the hydrodynamic
turbulence (see, e.g., [12] and [5]) to evolution of the density of matter in the
Universe (see [15] and [8]). Due to the non-linearity, its solutions enter several
different stages (depending on the viscosity parameter which in the present
paper is chosen to be 1/2), including that of shock waves formation.

Several mathematical papers written over the last few years have studied
the question of large-time scaling limits for solutions of the Burgers equation
with random initial data (see, e.g., [2], [18], [20], and [7]), the structure of
shocks [16], and connections between the so-called intermediate asymptotics
in Burgers’ turbulence and the theory of extremal processes (see [14] and [17]).

In a recent paper [11], the authors discovered an extremal rearrangement
property of statistical solutions of the Burgers equation with initial velocity
potential data of the form

N

12 U= [ w0y =3 adie

i=1

* Research supported in part by grants from ONR and NSF.



366 ' Y. Hu and W. A. Woyczynski

Here | x | denotes the largest integer smaller than or equal to x. Roughly
speaking, the property can be formulated as follows. Let £’s be independent,
identically distributed, with either Gaussian or Poisson distributions. Then,
among all the permutations of the components of the coefficient vector
(cy ..., cy), the permutation satisfying the condition

CISCNSCZSCN_I S-..

guarantees the maximum variance (energy density) of the limiting solution
random field.

‘In this note we study a continuous-time version of the above extremal
problem with initial input of the form

(1.3) , Uo(x) = [ hix—y)dM (y),

where h(y) = 0 is a continuous function with compact support, and M (y) is
either the Brownian motion or a Poisson process defined on the whole real line.
Although the continuous-time phenomenon is similar to the one encountered
for discrete moving averages, it turns out that the passage from discrete to
continuous initial data requires non-trivial modifications in the proofs. We do
not know if our results extend to processes other than the Brownian motion
and the Poisson process.

The following result parallels Theorem 1 of Hu and Woyczynski [11].
Notice, however, that the scaling in the continuous case is different from the
scaling in the discrete case.

THEOREM 1.1. Let u = u(t, x) be a solution of (1.1) with initial data (1.3).
Then, for each xeR,

3/4 = _1_ )
(14) £u(t, x./1) N(O,\/E‘Ea(h)“

- in probability as t — o0, where,

@) if M(y) is the Brownian motion,
(1.5) o) = j(exp(‘jlh(x+y)h(y)dy)—1)dx’;"
N R

(i) if M(y) is the Poisson process,
1.6) o(h) = {(exp(f ("M —1) (" - 1)dy)— 1) dx.
R R :

The next result shows that the variance o (h) in (1.4) is an increasing
functional of kernel h.

THEOREM 1.2. If h,(x) < h,(x) for all xesupp(h), then o(h,) < o(h,).

Finally, our main result shows that the maximum rearrangement princi-
ple, proved in [11] (Theorem 3) via the Schur convexity arguments (see, e.g., [9])
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also has a parallel for continuous-time moving averages. The result is again in
the spirit of domination principles developed in [13].

THEOREM 1.3. Suppose h() = 0 is a symmetric-unimodal continuous function
on R with compact support. Then
¥.7 6(h) = maxa(g),

gebln
where M, is the family of all continuous functions equimeasurable with h.

The detailed definitions of notions used above, and some auxiliary results,
are given in Section 2. Section 3 describes the relevant general domination
principle, and the limit behavior needed in the proof of Theorem 1.1 is
established in Section 4. Section 5 contains proofs of Theorems 1.1 and 1.2,
and of Theorem 1.3 — the main result of this paper. Finally, in Section 6
we provide some additional comments on the domination principle from -
Section 3.

2. Preliminaries. Let us begin with establishing the notation that will be
used throughout the paper. Let f(-) be a non-negative continuous function on
R, with compact support, and let m(A4) be the Lebesgue measure of the set
AeR.

DermNniTION 2.1. Functions f;, f, on R are said to be equimeasurable if, for
all ¢ >0,

m({y: fi(y) = c}) =m({y: £, (») = c}).

DeFmNITION 2.2. A function f is said to be unimodal if, for any ¢ >0,
{y:f(y) = ¢} is an interval.

Notice that this definition has been structured so that it can be easily
adjusted for functions of several variables by, say, replacing “an interval”
by “a convex set.” Elsewhere, we plan to extend results of this paper in that
direction. '

DEFINITION 2.3. A function f is said to be symmetric-unimodal if f(-) is
a unimodal function and if there exists t, such that, for all xeR, f(t,—x) =
=f(t0+x).

LeEMMA 2.1. Suppose f(t) is a continuous function with compact support such

that supp(f) = [a, b]. Then there exists a symmetric-unimodal and continuous
function fe M, such that

f(b—a)24+a—x)=f((b—a)2+a+x) for all x>0.

Proof. Define I(c) = m({y: f(y) > c}) for ¢ = 0. It is easy to see that I(c) is
continuous and strictly decreasing in the interval [0, max f(y)]. We can extend
I(-) to the interval [0, co) by assuming I(x) =0 when xe[maxf(y), ).
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Introduce a function f(-) satisfying the symmetry condition
f(b—ay2+a—x)=f((b—a)2+a+x) for all x>0,

and defined as follows: If x = (b—a)/2+a+1(z)/2 with ze[0, maxf(y)], then
we set f(x) = z. If x > (b—a)/2+a+1(0)/2, then we set f(x) = 0. The function
I(x) is continuous and strictly decreasing for x € [0, max f(y)]. Therefore f(*) is
well defined, symmetric-unimodal and continuous on R. It is easy to check that
fe# o

In the rest of this paper, we shall always denote by f thls special
symmetric-unimodal function in .#,.

The property of being symmetric-unimodal is preserved under con-
volutions. The following result is due to Wintner [19]. -

ProPoSITION 2.1. Suppose f, and f, are two symmetric-unimodal functions
such that their convolution is well defined on R. Then

90) = [ K=0f)dx

is symmetric-unimodal.
"Now, let
R (x) = [f(x=y)f(—~y)dy.
It is easy to check that R,(—x) = R,(x). Since R,(x) is an even function, we
can restrict our attention to xe[0, oo).

Another function R +(x), related to R, (x), will be used in the remainder of
this note. It is defined as follows. Let

R () = ¢ if x=m([0, 0)n{y: R (y) > c});
B if x> m([0, )N {y: R (y)>c}).
Using an argument similar to that of the proof of Lemma 2.1, it is easy to check
that the R 7() is well defined on [0, o), continuous and decreasing.

3. A domination property. In this section, we will prove the main
domination property of this note. The notation is that of Section 2.

ProprosiTION 3.1 (domination property). Suppose f is a continuous and
symmetric-unimodal function with compact support. Then, for any ge.#,
and any x >0,

3.1 g ()dy < ij(y)dy
and
(32) T R,(y)dy = ij(y)dy.

To prove the above proposition, we need the following four lemmas.
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LeMMA 3.1. If fis a continuous and symmetric-unimodal function, then, for
xe[0, o),
(3.3) ﬁf (x) = R, (x).

Proof. Since f(x) is symmetric-unimodal, we know that f(—x) is
symmetric-unimodal as well. By Proposition 2.1, R,(x) is also symmet-
ric-unimodal. Due to the fact that R (x) is even, R;(x) is decreasing in

x€[0, o). In view of the construction of ﬁ +(x) given in Section 2, the result
follows. = '

LEMMA 3.2. For any ge #,, the equality (3.2) holds true.
Proof. We first notice that

© ey §

R, (y)dy = (5) R,(y)dy.

Indeed, this is so because

. max(Rg())) .
R(ywdy= | m({y: R(y)>c})de

0
max (Rg(»))

= ity Rg(y)>C})dC=ZRg(Y)dJ’-

[}

O ey B

Next, it is easy to check that .
max(g(y))

T RO =(emdf = [ mlty: 90)> f)de)
max(f(y)) 2 2 ©
=( g m({y: f0) > c})de)” = (SN dy)" = § R, (y)dy.
Since both R, (y) and R(y) are e\}en, the lemma follows. =

Before .we state Lemma- 3.3, some - additional 'notation is needed.
Let II denote the permutation group on {1,2,...,n}. For a vector |
d=(ay, a,, ..., a,) and nell, write

. n& = (An(1)s An(2)s -+ > an(n))-,

Denote by (a1, ap2;, ..., g, @ special non-increasing rearrangement of
(a1, a5, ..., a,) satisfying apy; > apz) 2> ... > apy. The following result can be
found in [11].

Lemma 33. Let neZ”*, =(c,, ¢y, ..., ¢,)€R", with ¢, >0 and let, for
k=1,...,n—1, : ' - :

. n—k
(G4 R, (¢) = Z CiCi+tk-

24 — PAMS 15
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If mo€ll is a permutation such that

(3.5) Cro(1) S Crom) S Cro(2) S Crotn—1) S Cro(3) S Crotn—2) S +-+5

then, for k=1,...,n—2,
k

k ' k
(3.6) max Y R, (@)= 3 Ry(®< } Ri(myd),
= i=1

{Liseens Ik}j=1
where {I,, ..., L} ={1,2,...,n—1}, and

o n—1 n—1
(37) Z R[i}(é) = Z Ri (TL'OE).
i=1 i=1

We will use Lemma 3.3 in the proof of Proposition 3.1 by finding first
a way to discretize our continuous moving average problem.

Without loss of generality, we assume supp(f) < [0, 1]. Some auxiliary
functions and notation will be used. Let, for x > 0,

n—1
fi(x):= 'Z:o S/ Ly, + 13my (%)

and
R,(x):= % Y f((Lxn yn+i/n)f(i/n).
i=1

lIf no{ f/M}Izs = {f(mo (G)/n)}iz o is a rearrangement of {f(i/n)};=¢ such that
mo{ f(i/n)}i=, satisfies condition (3.5), then we put
n—1
f,. (x):= iz:of (“o @y ") Tiijn i+ 1ymy (%)
and )
R,(x):=

N —

3. o Lxn -+ (s ).

For the sake of simplicity we are adopting here a convention to the effect that
n (k) = k whenever k > n. We shall keep this convention throughout the rest of
this paper.

From the definition of R,(x) we know that R,(x)= R,(k/n) when
k/n < x < (k+1)/n. Introduce a special permutation eIl such that

7 (R, (k/m}i=3 = {R,(Z(Ym)}izo
is a rearrangement of {R,(k/n)}i=4, satisfying the monotoniéity condition
(38) R, (&(1)/n) > R,(ZQ)n) > R, (ZG)n) > ...

Finally, define ,
(3.9 R, (x):= R, (| xn]).
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LemMA 3.4. In the above notation, as n— co, we have

(i) f,(x) = f(x) uniformly for xe[0, 1];

(@) R,(x) > [f(x+y)f()dy uniformly for xe[0, 1];

(iii) R, (x)—tRf(x) where Rf(x) is defined in Section 2;

(iv) £, (x) > f(x) uniformly for all xe[0, 1], where f(x) is def ned in
Lemma 2.1 (with a=0, b=1);

) R,(x) > [f(x+y)f(y)dy, where { is the same as in (iv).

Proof. (i) follows from the uniform continuity of any continuous function
with compact support. To verify (ii) use the definition of integral and the fact
that f(x+y)f(y) is continuous and has a compact support on RxR.

To verify (ii)) we need the following steps. Notice that R (x) =
= [f(x+)f(y)dy is continuous, even and has compact support. Hence, by the
definition of R 7(x), we see that R ;(x) is a continuous decreasing function on
[0, o0), which is strictly decreasing on [0, m({y: R (y) > 0})].

From property (ii) we infer that, for a fixed ¢ > 0 and for any ¢ > 0, there
exists an N such that, for all n > N,

(3.10) {x: Rp(x)=>c—e} > {x: R,(x) =>c} > {x: R;(x) >c+é}.
Therefore, using the continuity of R (x), we get

(3.11) m({x: R;(x)=c}) > hmm({x R,(x) = c}) = m({x: R;(x) > c}).

Notice that

# {k: R,(kjn) > ¢}
! .

(3.12) m({y: R,(y) > c}) =
Since R,(x) is continuous, for each ce(0, max R, (x)) we have

m({x: R;(x) = c—e})>m({x: R;(x) >c})>m({x: R;(x) > c+&}).
Therefore, for any ¢ > 0 there exist N (¢) such that for all n > N we have

# {k: R,(k/n) = c— s} # {k: R,(k/n) = c+e}+1
n n '

m({x: R,(x) = c}) =
From the definition of R, (-) we know that R (') is decreasing, and

E,,(# {k: R,,(k/n);d}))d’ R,,(# {k: R"(k/n)>d}+1><d-'

n n

Therefore, we get

R,(m({x: R;(x) > c}))

cte> R, (#{k R, (k/n)>c+s}+1)
n
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and

En(m({x: Rf(x)ZC}))> Rn(# {k R,,(’;/")?C—S}> > c—¢.

In other words,

(3.13) lim R, (x) > ¢ > lim R, (x),

n—*aw

n—*w

where x = m({x: R,(x) > c}). This proves statement (ii).

To verify (iv), we will proceed as follows. In this case, f(x) is defined as in
Lemma 2.1, with a = 0 and b = 1, symmetric about the line x = 1/2. Notice
that, for each ce(0, maxf(y)),

{: f) = ¢} = [1/2=m ({y: £(5) > e})/2, 12+ m({y: f(3) > c})/2],
and {x: f,(x) > c} is one of the intervals:
[k/n, (n—k)/n) or [k/n,(n—k+1)/n) or [k/n,(n—k—1)/n),

where k/n < 1/2 and k = min {i: f(i/n) = c}. Since {f,(k/n)} is a special
rearrangement of { f, (k/n)} which satisfies (3.5) and since fe ;» we infer that,
for all ¢ >0,

ko1 m(:fo)>) =k 1 m(y: /) >c)
n 2 2 ? n 2 2 s

and
n—2k

—>m({y: f(»)>¢c})

as n— 0. As in the proof of (iii), we have

_li_ry_f:,(x) > ¢ > lim £, (x),
so that f, (x) —f(x).

Finally, observe that fe M, is a continuous function with compact
support, that {f, (k/n)} is a rearrangement of {f,(k/n)}, and that f, (x) uniformly
converges to a continuous function (property (i)). This gives the uniform
convergence in (iv).

To verify (v), we just need to show that

R O e L)

n

as n— oo. This follows in view of the uniform convergence in (iv). =
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Proof of Propos1t10n 3.1. Using all of the above facts we infer that, for
all x, k= [xn],

R, (y)dy = lim jR (y)dy

n-=>00 g

O'—'ai-t

1

< lim ((—2 max Z Z g(; +i)/n)g(1/n))+o(1))

n—w n {{15eees lk}_’ 1i=

""“’(;nk (g glg(n"U+i)/")g(“o(i)/"))+o(1))

— tim [ R,()dy = f(j'g(y+2)g(2)d2)

n—+w g

[

where the first inequality follows from (ii), the third line by Lemma 3.3, the
fourth line by (v), and the last line by Lemma 3.1,

By construction, § is also continuous, symmetric-unimodal and belongs
to .#,. Since R, (y) [resp. R;(y)] is a (modified) convolution of § [resp. /] with
itself (which is even), we get R;(y) = R/(y). =

4. The limiting behavior. Explicit solutions of the Burgers equation (1.1)
can be obtained via the Hopf-Cole transformation (cf., e.g., [10], [3], and [20]):

(41) u(ts x) = t_lf((tt: ;c))’
where _
— 2

@ 2= oo 52

R

_ =y ,
4.3) . I(t, x) = fexp|{ Uy(¥) 5 dy,

R

and U,(y) = j’y_ » Uo(x¥)dx is the initial velocity potential. As stated in the
Introduction, the initial velocity potential is assumed here to be of the form (1.3).

Lemma 4.1. (i) If M (y) is the Brownian motion, then, in probability,
4.4 lim ™21 (t, x/t) = \/2nexp (4 [ h(s)? ds).
t—> oo
(ii) If M (y) is the Poisson process, then, in probability,
4.5) lim ¢~ Y21 (¢, x\/i) = /2nexp (f (" —1)ds).
t-> o0
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Proof. (i) If M(t) is the Brownian motion, then

E\%I(t, x/t) = ifexp(— (il/—ify—)z)Eexp ({ h(y—2)dM (2)) dy
= fexp (- (x _24" )2) exp (% [h(s)? ds) dy = /2Znexp G [h(s)? ds)

and
EI(—\%I (& xﬁ)>2 = E(%f exp(— (—x-‘—%—y—)z) exp (| h(%'—Z) M (2))dy)2
~ [fexp (_ (x—um; (x—uz)Z)
x Eexp ([ (1 (/tuy —2)+ h (/tu?—2)) dM (2)) du, du,
 ffexp (_ (xmu)?t (x—u2)2>
x exp ([ (1 (/uy — 2)+ b (/tu, — 2))° dz) du, du,

= exp([ h? (s)ds) || exp ( _ e—ug)+ (x——uz)z)

2

x exp (fh (/tuy —2) h(/tu, —2) dz) du, du,.

Since h(-) has compact support as long as u, # u,, we have

lim h(\/tu, —2) h(/tu,—z) = 0.

e d

- Notice that the Lebesgue measure of the set {(uy, u,), u, = u,} is zero. By the

Lebesgue Dominated Convergence Theorem,

(4.6) ‘ hmE(\/_ (¢, x\/—) —Znexp(jhz(s);is).

t—

Therefore lim,., ,, Var (t‘”zl(t, x\/f)) =0, and an application of the Che-
byshev inequality gives Lemma 4.1 in the case of the Brownian motion.

(ii} In the case where M (y) is the Poisson process we have

\/_ I(t, x\/ \/_j'exp( ( \/;t y) )Eexp(jh(y z)dM (z)) dy

= [exp (,_. x _2y ) 2) exp({ (" —1)ds)dy = \/ﬂ exp(f (e"®— 1) ds)
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and

E (\—}-;I(t, x \/E))z =E (ﬁjexp (— (x‘/+y)) exp(fh(y— Z) dM (z)) dY>2

)2 a2
_ _”exp(— Ce—uy) -;(x U) )
x Eexp (_[(h (\/Eu1 —z)+h (\/Eu2 —z))dM (z)) du, du,
= [fexp (_ (x—u1)242- (x—uz)z)

x exp (f (exp (1 (/tu; —2) +h (/tuy —2))— 1).dz) du, du,

= exp(2 [ (" —1)ds) ﬂ exp (_ (x_“1)2"2' (x_uz)z)

wexp ([ (exp (h(y/ii, —2) 1)
x (exp (h(/tuy—2))— l)dz) du, du,.
Since e"”—1 has compact support as long as u, # u,, we have

11m (exp (h(/tu,—2))— )(exp(h(\/iuz—z))— 1) =0.

Again, the Lebesgue measure of the set {(u,, u,), u; = u,} is zero, and an
application of the Lebesgue Dominated Convergence Theorem gives

4.7 Lm E(\/ (t, x\/—> = 2mexp (2f (" —1)ds).

t—+w

Therefore, again lim,_, Var (t‘”zl (t, x\/f)) =0, and another application
of the Chebyshev inequality yields Lemma 4.1 for the case of the Poisson
process. = . o

LeMMmA 4;2. Let Z be a solution of the Burgers equation described in (4.1).
Then

4.8) Eb(t_ 34 Z(t, x /1)) =0

and

(4.9) Var (™3 Z (1, x /1) = /216 (h),

where, for M(y) being the Brownian motion

4.10) & (h) = exp (| h*(s)ds) [ (exp(f h (v—s) h(—s)ds)— 1) dv,
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and for M (y) being the Poisson process
@.11) G (k) = exp(2f (" —1)ds) f (exp (f ("~ —1) ("9 —1)ds)—1) dv.

Proof. A verification of (4.8) is trivial, and we omit it. Let us check (4.9).
In the case where M(t) is a Brownian motion we have

(4.12) E(ré‘/‘*j(\/bc—y)exp(—M)éxp{jh(y—u)dM(u)}dy)2

—_ 2
‘=t1/2j'§(x___yl)(x_y2)exp ( yl) +(x y2) )

".=E(tll4j(x;Y)eXP( & zy))eXP{fh(\/;y—")dM(“)}dy)z
(

ty, —u))* du} dy, dy,

X exp {_[(h(\/;y1 —u)+h

= exp ([ 1? (u)du)t'/? ﬁ(x’-x(yl tygt Gtya= - §7 —)’2)2)
X exp(— {xz —(y1+y)x+ (y1+y)* -Z (¥4 —J’z)z})
xexpl([ (/2 (v =y = ) () duldy, dyy.
Moreover,
(4.13) exp(j'hz ) du) £1/2 ” (xz—x(yl +y)+ O +}’2)2?1 (yy —Yz)z)
X exP(—{xz— (rit+y)x+ s +y2)2“: (s —yz)z}) =0.

Subtracting (4.13) from (4.12), we get
E(t=*Z(t, x JY)? = exp ([ b (u) du)t'2 <x2 —x(y, + ¥y2)

_*; (4 +J;2)2; (}’1_}’2)2) exp <-—{x2- (e + V) X+ (s +.V2)2': (y _.Vz)z})

x (exp (1 (\/t (v, —y)—u) R (—w) du)—1)dy, dy,.
Changing variables v, = y, +y,, v, = \/t(y; —J,), We obtain
E(t™¥*Z(t, x./1))° = 2exp (| h* (5)ds) ff (x> — xv, + v}/4—v3/4t)
x exp(— (x2 — v, x 4 v}/4)— v}/4t) (exp (| h (v, — ) h (— ) du)— 1) dv, dv,.
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Since exp(fh(v,—u)h(—u)du)—1 has compact support, by the Lebesgue
Dominated Convergence Theorem we get

HmE(:=**Z(t, x\/f))2 = 2exp ([ h* (s) ds) || (x* — xv, +v}/4)

1= o0
x exp(— (x2 —v,x + v3/4)) (exp(f h (v, —u) h(—w) du)— 1) dv, dv,.
Finally, observe that

[ (x*—xv; +vi/4)exp(— (x*—v,x+v}/4)dv, = f/f

which corixpietes the proof of Lemma 4.2 in the Brownian motion case.
In the case where M(t) is the Poisson process we proceed in a similar
fashion:

E(:=>* Z(t, xo/1)" = exp (2§ ("™ —1) du)t'/2 ﬁ(xz—x(yl*'h)

n (1 '*'}’2)271 (ys _J’2)2) exp(_(xz_ (9, +y)x+ (y1 +.V2)2: (01 —}’2)2))
x (exp (] (exp (1 (/2 (1 — y2) — ) — 1) (exp (A (— ) — 1) du) — 1) dy, dy,.

Changing variables as above, after a computation similar to that in the
Brownian case, we complete the proof in the case of the Poisson processes as
well. =

The following rate-of-convergence result in the central limit theorem for
dependent random variables is due to Bulinski [1].

PROPOSITION 4.1. Let {X;(t), je U ()} be an m(t)-dependent field on a finite
set U(t) < Z¢% and let, for some se(2, 3] and all t >0,

sup (EIX;@F)Y = C,@t) < co.

Then
il:yP(é_l‘(t) Y (X;()—EX;() < x)— D (x)]

JeU(t)
< ko U ()] ME@) m*c~ Y (1) + M, () m* (2) log®~ V2 U (¢)|
+|U (0)** M2 (1) m*5 (),

where 5(t) = (Var ) ju X, ()% > 0, ko = ko (d), |U (¢)| is a number of points in
U(t), M,(t) =6"1(t)C,(t), and ®(x) is the distribution function of N(0, 1).

LeMMA 4.3. The distribution of t*Z(t, x\/;) weakly converges to
N(0, \/2ré(h)) as t — co.
Proof. Without loss of generality we assume that supp(f) < [0, 1].
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Throughout this proof g, =g, means that

910 i sup 92

0< htn}';nfgz ® t-*so}llpgz ®) =%
Let
e 5t (x—y)
H(@t)=t" | (x—y)exp| — 5 exp(j'h(\/;y—u)dM(u))dy.
Thcr_l

2

—1/8 )2
=tl/4 j |x —y| exp (— (x 2y)

— o0

. o
E[H @)=t | |x-—y|exp(—(x Y) )dy

) dy=t"*exp(—t'/4),

and

—11/8 a2 2
E|H(t)|2xt1/z( { Ix_ylexp(—(x Zy) )dy) =t'2 exp (—2t14).

Using Chebyshev’s inequality, we get H(t) >0 in probability as ¢ — oo.
Similarly, we can get as t - oo the convergence in probability:

1/400 (x—.V)z
t 1j;s(x—y)exp - exp(jh(ﬁy—u)dM(u))dy—»O.

For the remainder we have

it (x—y)exp(— (x—2y) )exp(j'h(\/;y—u)dM(u))dyx Y o ),

—~1/8 —15/B Sk <t5/8
" where
k+ 1)Vt x— V)2
1, () = t'/4 _[/_ (x—y) exp(— ( 2y) )exp (j'h(\/zyl— u)dM (u))dy.
kivt

Since supp (h) < [0, 1], 1, (¢) is a 2-dependent sequence. Using Proposition 4.1,

" we get

U@ =2t°%,  Cy(0) = max(E|n, ) P=t™4, 6@t)=<1, M,(t)=<t"14.
k

Since d = 1, we have
ko lU (0| M3 ()22 + |U (£)|V/? M3 (t) 2%/3 =< ¢5/8 y~3/4 4 ¢5/16 t 12 < U8,

so that
tT3Z(t, x /1) > N(0, /2nG(h)). =
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5. Proofs of the main results. In this section, we prove our main theorems.
Suppose R, (x) and R,(x) are integrable functions with compact support on
[0, C], where C>0. Let R,(x) and R,(x) be defined as in Section 2.
The following result is due to Burkill [4].

PROPOSITION 5.1. Suppose that R, (x) and R,(x) satisfy the following
relations:

X
[Ri(»dy<[R,(ydy, 0<x<C,

QO Sy ¥

and

Q tmy O)

R, (y)dy = [ R, (y)dy.

Then, for all convex continuous functions ¢,
C C .
fo(Ry(»)dy < (R, (y)dy.
0 0

Now, proofs of the three theorems formulated in Section 1 can be given in
quick succession.

Proof of Theorem 1.1. Since

t734Z(t, xSt
‘J)=—I((”%

by Lemmas 4.1 and 4.4 we have

t-3/4z(t,x\/£)_> ( 1 ).
P N O,ﬁa(h).

Proof of Theorem 1.2. Notice that for all x, yeR we have
hy (y+x)hy (x) < hy(y+x)hy(x)
in the case of the Brownian motion, and

(exp(h, (y;l- x))—1)(exp (r; (x))—1) < (exp (hy (y+x))—1) (exp (b, (x))—1)

in the case of the Poisson processes. Since ¢(x)=e*—1 is an increasing
function, the proof is complete. =

Proof of Theorem 1.3. In the case where M (y) is the Brownian motion,
since ¢ (x) = e*—1 is convex and R,(x) = [h(x+y)h(y)dy is continuous and
has compact support, Propositions 3.1 and 5.1 give us the desired result.

In the case where M (t) is the Poisson process, consider f(x) = "?—1. It
is easy to check that f(x) is continuous, symmetric-unimodal and has compact
support if and only if h(x) is continuous, symmetric-unimodal with the same
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compact support. Also, e*—1 is a strictly increasing function. Since h > 0, we
get also f > 0. If ge.#,, then by a simple computation we have ¢—1¢.#,.
Therefore, as in the Brownian motion case, applying Propositions 3.1 and 5.1
to the function f(-), we obtain the result in the Poisson process case. @

6. A remark on the domination property. In Section 3, the domination
principle of Proposition 3.1 showed that, for all x > 0,

8

X X o0

gﬁg(y)dy < ({Rf(y)dy and (S) R,(»dy = g R;(y)dy,
where f is a non-negative continuous symmetric-unimodal function with
compact support, and ge .#,. In this section we will show that, as a matter of
fact, the left and the right-hand sides in inequality (6.1) are not too far from
each other if their averages are not too far from each other. More exactly, their
difference can be uniformly majorized by the difference of their averages. Define

o(f)i= | | R,(»dyx.

—w X

PROPOSITION 6.1. Let R r and R, be as in Section 2. Then, for any ge #,,

(6.1) sup IIR (y)dy— IR;(y)dyI V2R, 0)(e(9)—2 (),

Sx€ oo
where the constant R, (0) does not depend on g.
Proof Since f is symmetric-unimodal, R, = R,. Let

A(x) = fR,(y)dy— Eﬁg(y)dy.

Obviously, 4(x) 20 for x = 0. For x, > x,,

A(xz)—A(x1)=szRf(y)dy— § R,(y)dy < IRf(y)dy R, (0)(x;—x,)

or
4(xy) = A(xz)—Rf(O)(xz“x1)-

Let x, =0 in the inequality above. Since 4(0) =0, we have

x—A4(x)/R;(0) =0
For any x, >0,

X2

0@—e(N=[dwdx> |  A()dx
0

x2— A(x2)/Rg(0)

x2

= ) (4(x3)— R (0)(x,—x))dx = 4% (x,)/(2R +(0)).

x2 — A(x2)/R£(0)
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Therefore, for any x = 0, we get

4(x) </2R; 0)(e(@)—e(f)). m
PROPOSITION 6.2. Let o(g) and o¢(f) be the same as in Proposition 6.1.
Assume that R satisfies the Lipschitz condition with constant M, i.e, for any
V1, Y5 =2 0, we have

|Rf(}’1)“'“‘Rf(Yz)| < Mfl_V1_.VZ|-
Then, for any ge.#,,

62 s IR,(0)-R,(0I<\/4M/2R,0)el@—e(),

where the constants do not depend on g.

Proof. For y, > y,, we have
(ﬁg'(yl)_Rf (.V1))_ (ﬁg(yZ)_Rf (J’2))
= ﬁg(Y1)_ﬁg(Yz)_ (Rf(Y1)_Rf()’2)) < Rf()’z)‘“Rf(J’1) < Mf(Y1—J’z)-

Therefore, for y, > y,, we have

(6.3) R‘g(yZ)_Rf(yZ) = ﬁg(Y1)“Rf(Y1)_Mf(Y1_YZ)
or S
(6.4) Rf(Y1)_§g(.V1) = Rf(yZ)_R’g(yZ)—Mf(yl_yZ)'

Observe that we have ﬁg (0)—R,(0) = 0. Indeed, we can divide both sides
of (3.1) by x, and let x > 0. Hence we get

R,(0) < R, (0).

Since R, (0) < R, (0) (because R, is a rearrangement of R,), and since for ge .#,
we have

‘R, 0) = [g(=y)g(—pdy = [f(=))f(—y)dy = R, (0),

our observation follows.
Taking y, =0 in (6.3), we get

y 2 (R,() =R, (n)/M;.
If ﬁg(y)—Rf(y) > 0, using (6.3), we obtain

(65 2 sup 4(y)> § (R, (y2)— R, (y,))dy,
OsySe y=(Ry0)— Re())/M; _
> § (R,(W—R,(»)—M,(y—y,)dy, = (R, () — R, ()*/(2M).

y=(R ()~ Ry My
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If ﬁg(y)_Rf(y) £ 0, using (6.4), we have

y+(Rs(y)— R0/ My

66) 2 sup 4()> | (R, (y1)—R,(y,))dy,
Ty y
Y+R0) R 00/ My "
2 ) (R ()R, (0)—M(y,—y)dy,
y

= (R,()—R, ()" /2M)).
Combining (6.5), (6.6) and (6.1), we get (6.2). m
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