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Abstract. We define and study the sign-symmetric Dirichlet-type
and Liouville-type distributions on n-dimensional space. We give
a complete stochastic representation for infinite sequences of random
variables {X,: ne N} with the property that for every ne N the random
vector (X, ..., X,) has a sign-symmetric Liouville-type distribution.

1. Introduction. In this paper we study a family of multivariate dis-
tributions which contains as special cases many well-known classes of distri-
butions, including the spherically symmetric distributions [3]. The distribu-
tions treated here may be obtained by the following construction. Let
Z,, ..., Z, be mutually independent, real-valued, random variables, where the
probability density function of Z, is

o
(1.1 s 12 P T exp (— |z
2T (i) P~z
for z;eR and positive parameters o, and B;, i =1, ..., n. Further, define
Z.
12 . o U,= !

i (Z:= ] IZjlaj)I/ai

for i=1, ..., n. This construction is similar to a well-known procedure for
constructing the Dirichlet distributions using gamma random variables [11].
The distribution of the random vector (U, ..., U,) is called the sign-symmetric
Dirichlet-type distribution.

We shall also study the distribution of the random vector

(1.3) Kys oo, X,)=(U, @1 U, @),
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where @ is a positive random variable independently distributed of
(U,, ..., U,). We call the distribution of the random vector (X, ..., X,) the
sign-symmetric Liouville-type distribution. This construction is similar to
a well-known procedure for constructing the multivariate Liouville distri-
butions using Dirichlet random variables (cf. [5], [7]1—[10], [18]).

When «; = 2, the distribution of (X, ..., X,) has been considered in [4];
in addition, when f; = 1, this class reduces further to the spherically symmetric
(or rotationally invariant) distributions, a family that is widely utilized in
probability and statistics both in finite-dimensional settings (cf. [3], [5], [12],
[17]) and infinite-dimensional applications (cf. [13], [14], [17]).

When o; = « and f; = 1, the distribution of (X, ..., X,) reduces to the
| -isotropic distributions (cf. [17, [2], [15]), so-called because they have the nice
property that the level curves of their densities are spheres in the [,-norm on R".
It has been shown recently [16] that, within Bayesian analysis, the /,-isotropic
distributions satisfy certain robustness properties known to hold for indepen-
dent, identically distributed data.

To explain our choice of terminology, note that the distribution of the
random vector (X,, ..., X,) is sign-symmetric if it has the same distribution
as (r;X,, ..., r,X,), where r,, ..., r, is the Rademacher sequence of indepen-
dent (and independent of (X, ..., X,)) random variables with P(r; = 1)
=P(r;,= —1)=1/2. We use the terms “sign-symmetric Dirichlet-type dis-
tribution” and “sign-symmetric Liouville-type distribution” to underline that
our distributions differ from the Dirichlet and Liouville distributions not only
by their sign-symmetry but that they also differ by the shape of their supports.

In Section 2 we derive certain preliminary results for the sign-symmetric
Dirichlet-type distribution. In Section 3 we give some basic properties of the
sign-symmetric Liouville-type distribution, including marginal and conditional
distributions, and formulas for moments and correlations. We also deduce the
extent to which a sign-symmetric Liouville-type random vector (X,, ..., X,)
has a unige representation of the form (1.3) for some sign-symmetric Dirichlet-
-type random vector (U,, ..., U,) and positive random variable @.

Section 4 contains the main results of this paper. We prove that an infinite
sequence of sign-symmetric Dirichlet-type random variables exists if and only if

* B.Ja. < o0, and in that case we construct the sequence. In both cases,
j=1 Fi/%i q
Yoo Bi/a; < o0 or Y, Bi/o; = co, we derive a stochastic representation for

infinite sequences of sign-symmetric Liouville-type random variables. It turns
out that in the former case, the sequence of sign-symmetric Liouville-type
random variables is a scale mixture of a related sign-symmetric Dirichlet-type
sequence; while in the latter case, it is a scale mixture of a sequence of
independent random variables each having density (1.1). This situation is
completely unlike that of the exchangeable I -isotropic sequences [1], [2], [15];
in that context it is not possible to obtain more than one type of stochastic
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representation for exchangeable I -isotropic sequences of random variables, for
then we have Y.__ f/a;— 00 as n—oco.

Finally, it should be noted that all the techniques used in this paper also
apply to the corresponding distributions on the positive orthant; that is, the
distributions of the random vectors (U, ..., U,) defined as in (1.2) but where
the random variables Z, have densities

o;
I'(B;/a)
for z; > 0,i =1, ..., n. Therefore all our results have natural analogues for the

classical Dirichlet and Liouville random vectors as well as for the distributions
considered in [19].

2. The sign-symmetric Dirichlet-type distributions. Throughout a, ..., a,

.- - i
and B, ..., B, are positive parameters. We use the notation p; = ZF . Bj/o; for
i=1,...,n Wealsolet (@), = a or 0 according as a > 0 or a < 0, respectively.

zf* "t exp(—zf)

2.1. LEMMA. We have

n—1 n—1
fooef@= 3 (=) =TT =t du, = 272
i=1 i=1

Rn-1

F(ﬂn/an)nljllr(ﬁi/ai)
r'e) =1 o
Proof. To prove this result, we use the symmetry of the integrand to

reduce the domain of integration from R"~! to R%"! (where R, = [0, c0));
replace each u; by u}/*; and then apply the classical Dirichlet integral

51, [7]. =

2.2. DerINITION. A random vector (U, ..., U,) is said to have
a sign-symmetric Dirichlet-type distribution with parameters o, ..., o, and

Bis.oos By 1f

(i) U, is a symmetric random variable;
@) Y, ,|UJ* =1 almost surely; and
(iii) the joint density function of (U, ..., U,_;) is

- F(p") e % - o ABnfan)—1
2. i JBi—1(1 _ | .
2.1) FBJw) ,-1=_[1 2T By lu Pt (1 i; )

Whenever Definition 2.2 holds we write
Uy, .., U)~FD (04, ey U3 Bys ---5 B)-

If a; =1, then the distribution of (U,, ..., U,) may be called the sign-
-symmetric Dirichlet distribution. If a; = 2 and B; = 1, then the random vector
" (Uy5 ..., U,) is uniformly distributed on the unit sphere {(x,, ..., x,): x3+ ...
...+x% =1} in R" (see [3] and [12]). f &, = « and B = 1, then (U, ..., U) is
I -isotropic [1], [2], [15].
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We now collect some basic properties of the distributions % («,, ..., o,;
Bis ..., B). We will first deal with the properties of the marginal distributions.

2.3. PROPOSITION. Suppose that (U, ..., U) ~ LD (0y, ..., 0y By, .-, B,)
and 1 <k <n. ’
(i) The marginal density function of (U,, ..., U}) is

I'(p) ¢ o; £ pn—pr—1
2.2 n Fi—1(1__ i )
@2 Tl ar g 0= X b,

(ii) Let ¢ be a random variable taking values +1 each with probability 1/2,
and ‘independent of (U, ..., U,). Then for any a >0

(Ul, v U e )] |Ui|"“)1/a) ~ LDy, oo 0y 05 By ey Bro (Pu— D) ).
i=k+1
Proof. (i) The marginal density function of (U, ..., U}) is

I'(p,) " Bi—1 _ Bz —1 " .
F(,B/cz)lnl2r(ﬁi/ ﬂ|| ank[(l Zlul) ,llllu‘l U

The desired result can be obtained by substituting

for j=k+1,...,n—1, and then using Lemma 2.1.

(i) It is not difficult to see that the conditions (i) and (ii) of Definition 2.2
are satisfied. As for the third condition, this follows from the formula obtained
above for the marginal distribution of (U,, ..., U,). =

24. Remark. As a simple application of (2.2) we obtain the following
result. Suppose that a and f are positive numbers. Also suppose that the (k+ 1)-
-dimensional random vector (V,, ..., Vix1) ~ LB (15 -- -5 O, & Brs---5 Bys D)

If
ﬁ/“ = Pn— DPy>

then it follows from (2.2) that the vectors (U, ..., Uy and (¥}, ..., ¥,) have the
same distribution.

2.5. PROPOSITION. Suppose that (U, ..., U) ~ F D0y, ..., 0; Bys--vr B)
and 1 < k < n. Then the conditional density function of (U, ..., Uy_,) given
{Uk+1 = U1 0es U =u } is

2.3) F(Pk) kl:f %; lu |ﬂ.—1(1_ Z Iu 'ai)(ﬂk/ﬂk) 1(1 i lu |a,)1 Pr

F(Bk/ k)l 12F(ﬂ,/ ) l;,% i=k+1
Proof. This is obtained in the standard way by dividing the joint dens1ty
function of (U, ..., Up—y, Ugyy, ..., U,) by the marginal density function of

(Uk+13 ey Un) &
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2.6. Remark. By rewriting the conditional density function of
(Uys oo Up—y), given {Upyy =44, ..., U, =u,} in (2.3), in the form
2.4) I'(p,

u, lﬁi-_l n (Brcjus)— 1 RA:
I' (B i Il 2F(ﬁ Ja) | R ( ; ) ’

-+
where R =1-Y" |UJ* and 4, = =Y ;_ ja- we see that (2.4) or (2.3) is also

the conditional density function of the random vector (U,RY= |, Uj_RYme=1),
given R, where

k-1 u;

R/

Uys s U~ FD (s ey 0 By - B
2.7. PrOPOSITION. (i) For hy,..., h,> 0,

- hey _ I'(p.) o LB/ + hy/o)
BN = oy L T

(i) For i,j=1,...,n,i#],

I'(p,)T (B;/o; +2/a)
F(pn+2/ai)r(ﬁi/ai).

E(Ui) = Cov(U,, Uj) =0 and Var(U)=

(iii) For i=1,...,k and h> 0,
E(IU;'I" | Upe1 =ths1,..., U, =u,)

_ )T (Bi/othjo) & i,
F(pk+h/ai)r(ﬁi/ai)(1 j=kz+1|”,| )

Proof. These formulas follow immediately from Lemma 2.1. &

2.8. Remark. In the Introduction it was implied that if Z,, ..., Z, are
independent random variables with density function (1.1), and U,, ..., U, are
defined as in (1.2), then

Uy oo, U~ D (g, ey s By oens B

This claim can be verified by observing that U, is a symmetric random
variable; that ZLI |U,|* =1 with probability 1; and that the joint density
function of (U,,..., U,-,), which is calculated from the joint density of
Z,, ..., Z, is of the form (2.1).

3. The sign-symmetric Liouville-type distributions.

3.1. DermiTION. A random vector (X,,...,X,) is said to have
a sign-symmetric Liouville-type distribution if there exist a sign-symmetric
Dirichlet-type random vector (U,,..., U,) ~ D (0, ..., %, B4, ..., B,) and
a nonnegative random variable &, independent of (U, ..., U,), such that

X, .., X)) = (U0, ..., U8 ")

3 — PAMS 161
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Whenever Definition 3.1 holds we will use the notation
(Xiseors X))~ FL (0, -vs 03 By oens Bas O)

3.2. PROPOSITION. Suppose that (X, ..., X, ) ~ L L (01, -..s %y Bis --» Bus @)
and O is absolutely continuous with probability density function g. Then the joint
density function of (X,,..., X)) is

n

(3.1) 10 [ 5™ 1(z‘txi"")‘ ” (lel“')

i=1
where Xys ..., X, €R.
Proof. Since ZL U =1 almost surely, it follows from Definition 3.1
that @ = ZL ,1Xil* almost surely. Then the result is obtained using the
standard method of transformations. =

3.3. ExampLes. (i) Let o; =2 and ;= 1. Then the random vector
(X oo ts X))~ L L0y ovs Uy Brs ovvs Brs O)

has a spherically symmetric distribution [3], [12].

@) If o, =1, then (X,,..., X,) may be viewed as a sign-symmetric
Liouville distribution.

@i) If o; =a >0 and B, =1, then (X,,..., X,) has an [ -isotropic dis-
tribution [15]. In the case where (X, ..., X,) is absolutely continuous, the
density function is constant on the I,-spheres {(x,, ..., x,)eR™ Y _ |x|* = c},
¢ constant.

(iv) Suppose that @ has a beta distribution with parameters p, and f/a,
where «, f > 0. Applying Proposition 3.2 and Proposition 2.3 (i) we deduce
that the distribution of (X,,..., X,) is the same as the distribution of
(Y, ..., Y,), where (Y, ..., Y,) is a subvector of the vector

(Y15 tees Yn+1) ~ 5”9(0(1, ven Oy O ﬂla cres ﬁn’ ﬂ)
" Note that the distribution of (X, ..., X,) depends on « and f only through the
ratio B/a; cf. Remark 2.4. '

(v) Similarly to the independence properties of the Liouville distributions
[7], the random variables X, ..., X, are mutually independent if and only if
each X, has density function

o, Pl | lﬂ . { bl ]} ¢ R .
————|x " " exp {—b|x,;|* or x,eR,i=1,...,n.
2r (Bife) " '

In that case, ® has density function

an
r'(p,

rfrmlebr for r>0.
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The marginal distributions of (X, ..., X,) ~ &L, ..., 0, B1s .-, Bu; ©)
are given in the following result.

34. PROPOSITION. Suppose that (X,,..., X))~ L L0y, ..., % By, ..es
B,;©) and 1 <k <n. Then

(Xl’ ceny Xk)"’yg(al, cesy “k; ﬂl""’ ﬂk; @k)’

where
0,=(1- Y [UMe.

i=k+1

M oreover, O, is absolutely continuous (with respect to Lebesgue measure) and the
density function g, of O, is

—F(&')__ Pk_lw —p\Pn—Pk—1 I_Pnld
T TATET RS A LG

for r >0, where A is the distribution function of ©. -

g (r) =

Proof. By Definition 3.1 we have
(XU . Xk) = (U’1 @1;’:11’ s Uk@Uak)-

n

Letting R, =13, |UJ%and U;= U;R; "™, i=1, ..., k, then we obtain

OR, =6, and (Xi,...,X,)=(Ui(R,8)/,..., Up(R, ©)'/).

Moreover, by applying the techniques used to establish Proposition 2.3 we
deduce that R, has a beta distribution with parameters p, and p,—p,.
Next, it follows from the definition of the sign-symmetric Dirichlet-type
distributions that (Ui, ..., Uy) ~ L2 (ay, ..., %; By, ..., B;) and is indepen-
dent of R, ® = O,. Finally, the density function of &, is calculated directly
using the representation @, = R, @ and the known distribution of R,. =

We now study the uniqueness of the representation &% (a, ..., a,;
Bis --.» By; ©) for the sign-symmetric Liouville-type distributions.

3.5. PROPOSITION. The representation (X,,..., X))~ L L@, ..., %,
By, .-, By ©) of a sign-symmetric Liouville-type random vector (X, ..., X,) is
unique if .
(i) n=2 and © has a continuous density function, or
(i) n=3..
_ Proof. We will only prove (ii) since the proof of (i) is similar. Thus
suppose that

Xps oo ts X))~ L L@y ey 03 Brsones Buy ©)
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and also that
Xy oot X)~ LD ..., 0 B, ...y By O).

Now consider the random vector (X,, ..., X,-;). By Proposition 3.4 there
exist positive random variables @,_, and &,_; such that

(-X19 ---aXn-l)N g90°?(a11 vens Op—1; ,313 vres ﬁn—l; @n—l)

and
(Xls ---;Xn—l) ~ y_?(og’l, R a;l—l; ﬁlla srey ﬁ;l_l; é:)In—l)-

Moreover, ©,_; and @,_; are absolutely continuous with continuous density
functions, say, g,-; and §,-,, respectively. Applying Proposition 3.2 with
©,-, and O,_, we obtain two representations for the density function of
(X, ..., X,—1). Setting

firr @) =r'"Ptg, () and  f()=r'"P1g, i (r)  for r>0,

and then comparing the two representations for the density of (X, ..., X,—4)
we obtain the identity

n—1 n—1 n—1 n—1
32) Ju-1 ( ) lxilai) H [t~ =c, ﬁ:—l(z lxi|a€) I1 P,
i=1 i=1 i=1 i=1

where ¢; is a constant.

Now suppose that there exists j < n such that f; # f;, and without loss of
generality assume that f; > f}; by renumbering the variables in (3.2) we can
even assume that j = 1. Then (3.2) reduces to

n—1 , n—1 n—1 , n—1 ,
(33) foma (X ™) be P70 T Il =y S (X 1609 T el
i=1 i=2 i=1 i=2

As |x,| — O, the left-hand side of (3.3) tends to zero for every fixed x,, ..., X,—1.
This implies that the right-hand side of (3.3) is identically zero, which
eventually leads to the conclusion §,_; = 0. This is clearly a contradiction.
Therefore f, < B;. If f; < f, then a similar argument leads to the conclusion
gn—1 = 0, again a contradiction. Therefore §, = ;. By considering the random
vector (X ,, ..., X,) instead of (X,, ..., X,—,) and following the above proce-
dure, we eventually obtain §; =f; for all j=1,...,n

Applying this conclusion to (3.3), we are now faced with the identity

n—1 n—1
Ja-1 ( Zl Ixf|ai) =c, fn—l( Z 'xz"aé)s
i= i=1

where c, is a constant. By equating the level curves of both sides of this identity
we find that for any r > 0

n—1 n—1
{Gegs oo X )ER Y I =7} = {(xys .oy Xam ) ER™E Y x| = g1},
i=1

i=1
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where the constant c;, is possibly dependent on r. It is well known that this last
identity holds if and only if o; = «; for all i=1, ..., n—1. As before, we also
deduce that o, = o, by working with the random vector (X,, ..., X,).

In conclusion, the parameters a; and f; are uniquely determined by the
distribution of (X,, ..., X,). In turn, the distribution of @ is also uniquely
determined by the constraint @ =)"_ |X,|* almost surely. m

We now turn to the behavior of the conditional distributions of sign-
-symmetric Liouville-type random vectors.

3.6. PROPOSITION: Suppose that (X4, ..., X)) ~ L L (04, .., &3 B1s -5 Byy ©)
where © is absolutely continuous with density function g, and 1 < k < n. Then the
conditional distribution of (X, ..., X)) given {X;11,..., X,} is S L0y, ..., &;
Bis ..., Bx; ©.), where @, is the conditional random variable Zf=1 |X|* given

Vr Xl

Proof. Since @ is absolutely continuous, the joint density function of
(X4, ..., X,) is given by Proposition 3.2. Also the marginal density function of
(Xk+1, ..., X,) is obtained from Proposition 3.4. Dividing the joint density by
the marginal density, we find that the conditional density of (X, ..., X,) given
{Xy+1=%+1,-.., X, = x,} may be written as

Bi—1 a1~ Pr
(pk)l_lzr(ﬁ/ )lxl @lxl )
k n n " x| %
x (Z lxilai)lik—l( z Ixil,,i)pn—Pk—l (Z |xi|ai)1—pn Q(Ztl ll ) ,
1 K+1 1 gn—k(zk+1 |x|*)
where g, is defined in Proposition 3.4.
Noting the general expression for the density given in Proposition 3.2, we
see that the above expression for the conditional density is the same as the joint
density of SZ (ay, ..., o; By, ..., fi; @), where @, has the density

g(x+r)
Gn—- k(r)

and r = Z; ey il Tt ds stralghtforward to verify that this last expressmn is
the density of the random variable Z X% given Y XM =7. =

ka_l rPn_Pk"'l (x_|_r)1 —Pn

In ending this section, we note that the calculation of the moments of
a sign-symmetric Liouville-type random vector (X, ..., X,) proceeds directly
from Definition 3.1 and the formulas for the moments of the sign-symmetric
Dirichlet-type random variables. In particular, if E(@%*!) < co, then, for any
keN,E(X#**Y)=0,i=1,...,n

4. Infinite sequences with sign-symmetric Liouville-type distributions. In this
section we treat the properties of infinite sequences of random variables
for which every finite subsequence follows a sign-symmetric Liouville-type
distributions.
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4.1. DEFINITION. An infinite sequence of random variables {U;: ie N} is
said to have a sign-symmetric Dirichlet-type distribution if for every ne N
there exists a symmetric random variable W, such that the random vector
WUy, ..., U,, W) has a sign-symmetric Dirichlet-type distribution.

4.2. PROPOSITION. Suppose that the sequence {U;: ie N} has a sign-sym-
metric Dirichlet-type distribution. Then there exist sequences of positive numbers
o;, Bi, ¥; and 6, ie N, such that for every ne N the random vector (U, ..., U,
W)~ FD (g, ..., %, Vus Brs --vs Bns 0,). Moreover, the sequences «,, f; and
0;/y; are uniquely determined by the distribution of {U,}.

Proof. Choose an neN. By an application of Proposition 2.3 (i) we find
that the density function of (U,, ..., U,) exists and is proportional to

n n
(1_ Z |ui|ai)(-t:n/7n)—1 l_[ |ui|ﬁ‘_1.
i=1 i=1

Since n is arbitrary, this also establishes the existence of the sequences a;,
B:» y; and J,. Moreover, the uniqueness of these sequences follows from
Proposition 3.5. m

4.3. DEerINITION. An infinite sequence of random variables {X;: ie N}
is said to have a sign-symmetric Liouville-type distribution if for every ne N
the random vector (X, ..., X,) has a sign-symmetric Liouville-type distri-
bution.

4.4. PROPOSITION. Suppose that {X;: i€ N} has a sign-symmetric Liouville-
-type distribution. Then there exist sequences of positive numbers «; and B;, ie N,
and an increasing sequence of random variables @, < @, < ... such that, for
every neN,

Xy X))~ P Ly, ..., 0 Brs ey B O)).

Proof. The existence of the sequences «; and f, ieN, follows as in
Proposition 4.2

Next, again choose neN. By the definition of the sign-symmetric
Liouville-type vector, there exists a sign-symmetric Dirichlet-type vector
Uy, U)~F2(ay, ..., a, By, -, B,) and a nonnegative random variable
®, such that

Xy, s X,) = (U, 83/, ..., U, 05,

Moreover, this representation also holds for (X, ..., X,+), so that there exists
a sign-symmetric Dirichlet-type random vector (U, ..., U,.,), with distri-
bution P (a3, ..., 0y+1; B1s ..., Bu+1), and a nonnegative random variable
©,.1 such that

(4.1) Xis s X)) = (UL O, .., Uny 1 ©)0%).
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Now we calculate the marginal distribution of (X, ..., X,) starting from (4.1).
Then we obtain

(Xlu LR ] Xn) = (Vl (R@n+1)1/¢'1’ seey I/n (R@n+1)1/a;‘+1)’

where R = (1—|U,44|*+*) and V,= R~ Y% U}, i=1,..., n. Then it is evident
that

Vs oo es V) ~ LDy ..oy O3 BLs - -vs Br)-

Next, it follows from Proposition 3.5 that o; = ajand ;= fi,i=1, ..., n, and
also that @, =(1—|Up11["*) 0y < Opyy. ®

We will use the notation {X;: ieN} ~ L& ({a;}; {B:}; {©;}) whenever
a sequence of random variables X,, X,, ... has a sign-symmetric Liouville-
-type distribution as described in Definition 4.3. If the associated random
variables @; each has a beta distribution with parameters p, and ¢;/y,,
i=1,2,..., then it follows as in the proof of Proposition 4.4 that the
distribution of the sequence {X,} reduces to a sign-symmetric Dirichlet-type
distribution, which will be written as {X;: ieN} ~ ¥2({«;}; {B:}).

4.5. THEOREM. Suppose that {X;: i€ N} is a sequence of random variables
such that

{X;: ieN} ~ 2L ({o}; {B:}; {03},

where {a;} and {B;} satisfy Z::l B./a; = co. Then there exists a probability
measure A on R such that, for all ne N, the joint density function of the random
vector (X, ..., X,) is

Ix /Pt [ sPrexp{—s Y x|} A(ds).

1 5y 5, Pl ,Zl }

Equivalently, there exists a nonnegative random variable ©® and a sequence of
mutually independent random variables {Y;: ie N}, all independent of ©, where
each Y, has density function (1.1), and such that

Xy ..., X,)=(Y,0Y, ..., Y,0Y") for all neN.

Proof. The method of proof will be similar to the one used in Theorem 2
of [15]. Thus, choose ke N. Then for any n > k we may regard the distribution
of (X,,..., X,) as a k-dimensional marginal distribution of (X, ..., X,); this
defines the random variable @, for any n > k. By Proposition 3.4,

@n = (l—lUn+1|m"+1) @n+ 15

hence @, is absolutely continuous and with a continuous density function g,,.
Furthermore, the density function g, of @, is given in Proposition 3.4.
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Letting f;(r) = r' "Pg,(r), icN, we can write the formula for f, as

I'(p,)
(4.2) Silr) = ———"—— [ =)™ fL(0)dt.
- T (p)T (P~ pk)j
By [20] it follows that the function f; is (p, —p,)-monotone. Letting n— co and
noting that p,—p, = z:' wu 1 Bife;— 00, it also follows that f is completely
monotone. That is, there exists a positive measure 4, on R, such that f; is the
Laplace transform of /,,

43) - fk(r)=?e‘”lk(ds)

for r > 0. Now choose n = k+ 1 in (4.2), substitute (4.3) into the right-hand side
of the resulting formula, and interchange the order of integration. Then we
obtain

F(Pk+1). Brer ]
fBrer /o) =1 r8)dt
F(pk)r(ﬁk+1/ak+l)(j; f}C‘Fl( )

I (pr+1) ~
t(ﬁk+1/¢k+1) (e str+1) g ds)dt
F(pk)r(ﬂk+1/ak+1) o .f x+1(ds)

_ F(pk+1) j‘ s"”"“’"‘“)e_"lkﬂ(ds).

r'(py o

Comparing (4.4) with (4.3) and applying the uniqueness of the Laplace
transform, we get

44 L=

Ak+1(d3) ﬁ%sﬁk+1/ak+li (dS)
+

Using this recurrence relation we obtain

_ T(p‘ 1) ﬂ/ai) - (pl) gPe—P1 )
a9 = (Lo @ = g5 2@

Since g,() = r"~1f, (), r > 0, is the density function of [X,|, we have

1= {rotf, (r)dr = (1771 f &7 A, (ds)dr = T'(py) | s77* A, (ds),
0 0 0 0
proving that the measure 1 defined by A(ds)=TI(p,)s P 1,(ds), s>0, is
a probability measure.

Now we express 4, in terms of 1, and then, by (4.3), we obtain

ar cg.svk e A(ds).

This completes the proof of the first part of the theorem.

Silr) =
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To see that the second statement in the theorem implies the first one, it is
enough to notice that the desired measure A is the distribution of @. The
converse follows by defining a random variable @ independent of {Y;: ie N}
and with distribution 2. &

4.6. COROLLARY. If the o; and B; satisfy Zf’: , Bi/a; = o0, then there exists no
infinite sequence {U;: ie N} ~ %2 ({o.}; {B:}), a sign-symmetric Dirichlet-type
sequence. In particular, there exists no exchangeable infinite sequence of positive
random variables such that every finite subsequence has a Dirichlet distribution.

Proof. Assume that such a sequence exists. Then from Proposition 4.2 we
obtain a formula for the marginal density of U,. Equating this formula for the
marginal density of U, with the one obtained from Theorem 4.5, we have

oy T(Byfos+0.1/71) | 151 e
2 F(ﬁl/a1)r(51/yl) I~ (1 —]x|*)%

Fr1 f ghiler gy s |x|**} A(ds)
ST [ e

for some probability measure A on R,. But the left-hand side of this
last formula is a density function with support in the interval [—1, 1], while
the right-hand side has unbounded support on R,. Therefore we have
a contradiction.

Finally, the second statement is proved by choosing o; = o« and 8, = § for
o, >0 =m

Now we turn to the case where the infinite sequences «; and f; satisfy
Zzlﬂi/oci =p < 0. That is, p,—p < 0 as n— 0.

4.77. Remark. Suppose that p,—»p < oo as n— 0. Define a consistent
family of measures {u,: ne N} such that g, on R"" has density function

r(p) p~ o; -1 “ a\P~Pn— 1
3) Flo—marg " 0= 2 k.

By Kolmogorov’s extension theorem ([6], p. 121) there exists a sequence of
random variables U,, U,, ... such that for every ne N the measure y, is the
distribution of the random vector (U, ..., U,). Then there exists an infinite
sequence of random variables with a sign-symmetric Dirichlet-type distri-
bution.

Consider now the sequence of random variables R, = Zf=1 |UJ*. Then it
follows from (4.5) that E(R,) = p,/p—1 and

p.(p—p,) -0

Var(R)) = =5 (1 1)

as n— 0.
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Therefore R,— 1 in probability and also in distribution. Since the sequence R,
is increasing, we also have R,— 1 almost surely.

Define the infinite sequence of random variables {X;: ie N} = {U,01/:
ie N}, where {U;: ie N} is a sequence of sign-symmetric Dirichlet-type random
variables, ® is a positive random variable with distribution 4, and @ is
independent of {U,: ie N}. Then for each ne N the joint density function of the
random vector (X, ..., X,) is '

I'(p /[ *; Bi—1 7 _ c a\P Pl 1-p
ro-p) arm " 10 BT ST,
This proves that the sequence {X;: ieN} ~ L& ({a;}; {:}; {6;}). Moreover,
as n—>c, ©,=Y"_ |X|*=R,0—6 almost surely.

Note also that (U,,...,U)~ FZ(ay, ..., d,; By, ..., By R,), with the
random variable R, =Y_ |UJ“=1-Y" |UJ* almost surely.

The following result provides a converse to the construction of the
sign-symmetric Liouville-type distributions given in the previous example.

4.8. THEOREM. Suppose that {X . ie N} is a sequence of random variables
such that

{X;: ieN} ~ L {a;}; {B:}; {©1)),

where {a;} and {f;} satisfy p,—p < oo as n—oo. Then there exist a sign-
-symmetric Dirichlet-type sequence {U;: ie N} ~ 2 ({o;}; {B;}) and a non-
negative random variable ©, independent of {U;: ie N}, such that {X;: ie N}
= {U,;0': ieN}.

Proof. From Definition 4.3 we infer that for every neN there exists
a sign-symmetric Dirichlet-type random vector

(Wl'"’ T VV”‘!") ~ y@(al: ceey Oy ﬁls vees ﬁn)
. and a positive random variable @, independent of (W, ,, ..., W, ,) such that
| (Xl’ crre Xn) = (Wl,n@i%hl, vy Wl,n@p}/an)..

Consider now the sign-symmetric Dirichlet-type sequence of random
variables constructed as in Remark 4.7. For this sequence, we know that for
each neN :

U, U, R _
((2';1 U IU,-I")”“") TR i B

7 7

Now, for i =1, ..., n, we choose
U

Won = et
(Zj=1 IUjl J)”
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Therefore, for each neN
2]

( ) 1/ay - @ 1/;,,
4.6) Xl,...,Xn =(U (*'—-n"—'n———> 5 suuy "("—") )
( 1 Zj=1 IU}laj 2;:1 |Uj|aj

almost surely. Writing out (4.6) for two positive integers n and k, k < n, we
have

" U
@) o, = ( M) o,
) Zj:l U4

almost surely. Next, we let n—>o0 with k fixed, and apply the result (in

Remark 4.7) that 2?: |U* — 1 almost surely. Then the right-hand side of (4.6)
converges almost surely. Therefore there exists a random variable @ such that
©, converges to @ almost surely. Then (4.7) implies

k
=0y U
j=1

almost surely. Consequently, it follows from (4.6) (with n replaced by k) that
Xy, ..., X)) = (U, 0%, . U=

almost surely.

It remains to prove that @ is independent of {U;: ie N}. To see this,
consider (X, ..., X,) as a k-dimensional marginal subvector of the random
vector

Xy oo X)L L0505 B ey B ), k<n.

By Proposition 3.4, the density function of @, is

I'(p,) pe-1 ¢ Pn—pr—1 1—
—_— Pk S—r)fn P lgtTEn ] (ds for r >0,
TTATRT s A A @)

where /l is the distribution function of @,. Letting n— oo, since @, — O, we get
Ay 4y where A is the distribution functlon of @. Since p,—p, lettmg n— o0 in
the above formula for g,, we obtain

I'(p) a7 ot g
. S—C s—7r)2 Pk 131 P A(ds
T (p) T (p—py) g( * @)
for r > 0. Then the joint density function of (X, ..., X,) is
rp ¢ -1 F
Flo—py eGP {6

for xy,...,x,eR; and by Remark 4.7 this is also the marginal density of
(U, 0, ..., U, "), where O is independent of {U,: ic N}. Since k was
chosen arbitrarily, the proof is complete.

gi(r) =

g (r) =

k
[xJ2)" 777 5172 ) (ds)
i=1 +
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