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PREDICTION OF INFINITE VARIANCE FRACTIONAL ARIMA

BY

PIOTR S. KOKOSZKA (SALT LAkE City, UTAH)

Abstract. We establish conditions for the existence and inver-
tibility of fractionally differenced ARIMA time series whose in-
novations are in the domain of attraction of an a-stable law with o < 2
and consequently have infinite variance. More importantly, we study
the effect of truncation on the minimum dispersion linear predictor of
X, .+ based on the infinite past X,, X, _,,... We verify that the
truncated predictor X,., based on the finite past X,, ..., X, is
asymptotically efficient, and derive asymptotic bounds on the rate of
convergence to 1 of the efficiency of X, . The bounds are shown to
decay like power functions with the rate of decay depending on the
index of stability « and the difference parameter d.

1. Introduction. This paper studies prediction of a fractional ARIMA
(FARIMA) time series {X,} defined by the equations
(1.1) &, (BX,=6,B4'BZ, n=..,-101,..,

with the innovations Z, having infinite variance. More specifically, we assume
that the Z,’s are i.i.d. and belong to the domain of attraction of an a-stable law
with 0 < a < 2, ie. satisfy

(1.2 - P{|Z,| > x} = x"*L(x),
where L is slowly varying at infinity, and
(1.3) lim P{Z, > x}/P{Z, < —x} = c,/c;,

where ¢; and c, are non-negative constants satisfying c, +c, > 0.
We also impose an additional restriction on the distribution of the Z,,, viz.

EZ, =0 if a>1,

14 .
(1.4) EZ,=0 or Z, is symmetric if a=1.

Notice that condition (1.4) implies that 0 <c¢,/c, < o0 if 1 <a<2.

5 — PAMS 16.1
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An introduction to the theory of stable laws and their domains of
attraction is given, e.g,, in Laha and Rohatgi [20]. In (1.1), B is the backward
shift operator defined by BX, = X,_,, and 4 is the difference operator defined
by 4X, = X,—X,_,. The difference parameter d is allowed to take fractional
values.

We show in Section 2 that under standard assumptions on the polyno-
mials ¢, and ©, there is a unique moving average

. j=0

satisfying equations (1.1) whenever d < 1—1/a, and that the solution is
invertible if « > 1 and |d| < 1—1/a. In Section 3, we study asymptotic efficiency
of a predictor of X,,; based on the past values X,, ..., X,.

The FARIMA time series with finite variance innovations Z, were
introduced by Granger and Joyeux [11] and Hosking [12] to provide
convenient finite parameter models for modeling long range dependence,
a phenomenon drawing increasing attention in the last two decades (see, e.g.,
Beran [2]). On the other hand, there has lately been growing interest in
modeling real-world phenomena by time series whose constituent random
variables exhibit high variability. Consequently, many facets of the theory of
infinite variance stochastic processes have been investigated in recent years. To
name a few related contributions, let us mention here Cline and Brockwell [8],
Davis and Resnick [9], Bhansali [3], Kokoszka and Taqqu [17]-[19],
Mikosch et al. [22], and Kliippelberg and Mikosch [14]-[16] (%). Even though
all the above papers study moving averages with infinite variance innovations,
they impose comparatively strong summability conditions on the coefficients,
requiring at least absolute summability. Such assumptions are appropriate for
the study of ARMA models but, as is well known, the coefficients in the moving
_ average representation of FARIMA time series are, in general, not absolutely
summable and decay slowly like a power function. In this paper, we study
infinite variance FARIMA time series, i.e. models exhibiting both long range
deperidence and high variability. The theory of FARIMA time series with
symmetric stable innovations has been developed in Kokoszka and Taqqu [17].
The dependence structure of moving averages of the form (1.5) with symmetric
stable innovations Z, and not necessarily absolutely summable coefficients c;
has also been investigated in Kokoszka and Taqqu [19]. Whereas stable distribu-
tions are important archetypes, in applications it is often desirable to consider
innovations from the domain of attraction of a stable law. Recall that if the
Z,/’s are ii.d. and satisfy (1.2) and (1.3), then for some norming constants ay

(1) Futher references can be found in Samorodnitsky and Taqqu [23], Janicki and Weron
[13], and in Section 13.3 of Brockwell and Davis [4].
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N
lim ay' Y Z,5 X,
Now n=0

where X is a stable random variable and “d” denotes convergence in
distribution (see, e.g., Laha and Rohatgi [20]).

In Section 2 we show that equations (1.1) have a unique solution of the
form (1.5) whenever d < 1 —1/a, which is invertible if « > 1 and |d| < 1—1/a. As
is well known (see, e.g., Section 13.2 of Brockwell and Davis [4]), the
corresponding conditions under the assumption of finite variance are d < + and
|d| < %. The proofs in the finite variance case utilize the spectral representation
of stationary stochastic processes and Hilbert space methods. Our proofs rely
on Theorem 2.1 which establishes sufficient conditions for two time-invariant
linear filters whose coefficients may not be absolutely summable to commute.
Theorem 2.1 extends Theorem 2.2 of Kokoszka and Taqqu [17] which is
proved under the assumption of symmetric a-stable innovations. Theorem 2.1
plays a crucial role in our set-up, as neither the Box-Jenkins theory, which
requires the absolute summability of the coefficients of linear filters, nor the
classical I?>-theory is applicable.

Section 3 is devoted to the main subject of the paper, the study of the
asymptotic efficiency of the linear predictor

Py

(1.6) Xpsr= ), ;Xu;

j=0

of X,,, based on the finite past X,, ..., X,.

A natural and convenient criterion for the choice of the best linear
predictor for the moving averages (1.5) is to minimize the dispersion
disp(X,+1n—X,+5) (see Cline and Brockwell [8] and references therein). The
dispersion is defined as follows:

DEerINITION 1.1. For any moving average (1.5) with the Z,’s satisfying (1.2)
and (1.3) define

(1.7) disp(X,) = i lcj1*.

j=0

If the innovations Z, are oa-stable with the scale parameter o, then
o(disp(X,))"/* is the scale parameter of X,, ie.

[Eexp {itX,}| = exp {—o*disp(X,) |t|}.
In the case of finite variance innovations we have, of course,

(1.8) Var(X,) = disp(X,) Var (Z,).
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@

In Section 3 we Verify that Xn+k_Xn+k . Zj=0ujzn+k—j for some
coefficients u; and that

0 k—1 © n
1.9 disp(Xn+k_Xn+k) . Z l”j]a = Z ’cj|a+ Z Ick+n+j_' Z ajcn+j*1|a'
j=0 =0 j=1 j=0
As demonstrated in Cline and Brockwell [8], the right most expression in (1.9)
can be effectively minimized only for very special choices of the coefficients c;,
e.g., those appearing in the moving average representation of AR(p) and
ARMA (1,'1) processes. In the general case, the only feasible procedure to
follow seems to be to find the minimum dispersion linear predictor

o0

(1.10) Xive = Z a; X

j=0

based on the infinite past X,, X,_;, ..., and then use the truncated predictor
(1.6). As will be shown in Section 3 (see also [8]) the coefficients a; of the
predictor (1.10) are easy to determine.

The above procedure gives rise to the following question: Suppose X,ixis
a linear predictor based on the finite past X,,..., X,. (We do not know
whether there is a unique predictor X, ., minimizing the right most expression
in (1.9) and what the minimum is.) Assuming that

disp (X 41— Xn1p) < disp (Xntx—Xnsi)
we define the efficiency &, of X,., with respect to X, by

P disp (Xu+k_Xn+k)
" disp(Xn+k_Xn+k).

(1.11)

Since, by (1.9),
k-1
disp(fpt+k_Xn+k)> Z lela,
=0

~

we know, in general, only the upper bound on 1—¢,, namely

k=1, 1
1—-6 <1— ZJ““ chl .
" dlSp (Xn+k_Xn+k)

Therefore, it is natural to define the efficiency e, of X, by

k-1
Zj:() ch|a

1.12 e, =-—= .
(-12) " disp (Xp+x—Xn+a)

Consequently, any upper bound on 1—e, will also be an upper bound on
1—é,.
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It is verified in Section 3 that for FARIMA time series, e, tends to 1, as
n — oo, showing that X, is asymptotically efficient with respect to any linear
predictor based on X,, ..., X,. More importantly, effective asymptotic upper
bounds on 1—e, are established. It is demonstrated that 1—e, tends to zero
like a power function and the rates of convergence are given, which depend on
the index of stability o« and the difference parameter d. The above results are
then contrasted with corresponding results for ARMA processes, where 1 —e,
tends exponentially to zero.

We conclude this introduction by remarking that a number of interesting
approaches to solving the prediction problem for more general infinite variance
processes have been proposed. An interested reader is referred to Urbanik
[24]-[26], Cambanis and Miller [6], Cambanis and Soltani [7], Cambanis et
al. [5], and Miamee and Pourahmadi [21].

2. Existence and invertibility. In the remainder of the paper we assume that
{Z,,n=..., —1,0,1, ...} is a sequence of iid. random variables satisfying
conditions (1.2)—(1.4).

If there is v < « such that

(2.1) Y leyl* < o0,
j=o

then the series in (1.5) converges a.s. and in L, and the following inequality
holds: -
22) BIX,' <2E|Z,l" Y le
j=0

(see Avram and Taqqu [1]). Notice that condition (1.2) implies E|Z,|" < o
whenever v <a and E|Z,|P=c0 if p > a.

Theorem 2.1 below is used to establish conditions for the existence and
invertibility of the solution of FARIMA equations (1.1). It is also used in Sec-
tion 3. The proof relies on inequality (2.2) and the inequality of W. H. Young

(2.3) I *ell, < lgllylel, =1),

which holds for sequences ¥:= {{q, ¥, ...} €l* and ¢:= {c,, ¢;, ...} €I (see,
e.g., Chapter 13 of Edwards [10]). Even though the proof of inequality (2.3) is
not trivial, it can be readily verified that, for 0 <v < 1,

24 I *ell, < ¥l llell, <1

whenever both ¥ and ¢ are in [

THEOREM 2.1. Suppose {c,, ¢y, ...} and {{o, ¥, ...} are sequences of real
numbers such that for some ve[l,a) if 1 <a <2, and for some ve(0, a) if
O0<axl1

(2.5)

it

lcjlv < o,

I
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(2.6) Yot <o
j=0
Define
2.7) X,= Y ¢;Z,j,
i=0
(2.8) Y,= ) ¥;Z,
j=0
29) =Y a2z,
ji=o0
where
(2.10) a;=(*c); = Z Wi Ci—k-
Then, for every n,
(2.11) lim Y ¢, X,_, = 4,,
mow =9
(2.12) ) lim Z c;Y,_;=A,.
m—'oo_,

The convergence in (2.12) is in L-norm, and in (2.11) both in L-norm and
absolutely a.s.

Proof. First of all notice that it follows as an immediate consequence of
(2.3) and (2.4) that the random variables A4, in (2.9) are well defined.
Suppose first that P(z) = Z:':O P Z* is a polynomial. We shall verify that

0 mAj

@13) S BXook= 3 (3 picsi)Zo; as.
k=0

j=0 k=0

Consider the set

= {w: Vn, ) ¢;Z,_;(w) converges}.
j=0

Note that P(2,) =1 and, for any fixed w,eQ,,

s—k

kgopkxn—k(wo) Z pk(z C; /A k— _,(CDO)) = lim Z pk(z chﬁ—k—j(wo))

sPop=9  j=0

S mAj ® mAj

Z (Z PiCi-1) Zn-j(@0) = Y, (Y PuCj-i) Za- (o).

s j=p Jj=0 k=0
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To see that the series in (2.11) converges absolutely, notice that for o > 1

E{Y W X.—il} =E[X, Y ¢l < o0,
k=0 k=0

and for o <1 (implying v < 1)

E{Z N/k n- kl} E|X0|v Z |l//k|‘J < 0.

Note that E|X ’*! < o0, by (2.2).
To verify the L-convergence in (2.11) write, using (2.13) and (2.2),

=] mA]

Elzwk n—k™ AI _E|Z Z‘!’kjk) n—j— zazn J|

ji=0 k=0

maj

~ |3 (3 hernd)- (gowkcj~k>]z :

<2E|Zy) Z I Z Vicj—il" = 2E1Z,|" [PV welly,

J=0 k=(maj+1

where ¢® is the truncated sequence {0,...,0, ¢, Yi+1,...}. Clearly,
g™V, ->0if « > 1 and ||[g™* V||, > 0if « < 1, so the I’-convergence follows
from (2.3) if « > 1 and from (24) if « < 1.

The proof of (2.12) is similar. =

Suppose {&,,...,n=..., —1,0,1,...} is a random sequence, and
{hg, hy, ...} a sequence of real numbers such that the random series

Z;; o Bjén—j converges as. Then we define

H(B)¢ Zhén i

where B stands, as usual, for the backward shift operator. Using this notation
we have

COROLLARY 2.1. Under the assumptions of Theorem 2.1
(2.14) YB)CBZ,=AB)Z,=C(B)¥B)Z, as.
(Notice that A is defined by A(z) = ¥ (z)C(2).)

Theorem 2.2 below gives conditions for equations (1.1) to have a solution
of the form (1.5). The random variables 4~¢(B) Z, appearing in (1.1) are defined
as follows:

[¢0] s d
2.15) A4 (B)Z,:= Z,+ Zﬁﬂ i
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Note that the coefficients of Z, _; in (2.15) are the corresponding coefficients of
2/ in the series expansion of (1 —z)~¢, whenever d is not an integer. Unless stated
otherwise, we consider in this paper only non-integer values of d. Note that,
for d=..., -2, ~1,0, A™%(B)Z, is a finitte moving average. Since
I(+dyr@+1)~j** (3, the random series (2.15) converges a.s., provided
d—1Da< —1.

THEOREM 2.2. Suppose the polynomials @,(z) and O ,(z) have no roots in
common and P,(z) has no roots in the closed unit disk {z: |z| < 1}. Define

_0,00-97 _ 2

(2.16) C,(2): 5,0 = j;o ¢z, |z <1
If

(2.17) d<1-—1/a,

then the sequence .

(2.18) X, =CiBYZ,= ), ¢;Z,;

j=0
is the unique solution of equations (1.1) of the form (1.5).

Proof. It is shown in Kokoszka and Taqqu [17] that the coefficients c; in
(2.16) satisfy

¢ 0,
(2.19) TS W@

Consequently, since (d—1)a < —1, there is v <a which can be chosen
arbitrarily close to a such that (2.1) holds. To verify that (2.18) is a solution of
equations (1.1), set

A@)=0,0)(1-2)""=0,(z)C,(2), ld <1,
and, using (2.14), write v
) ®,B)X,=®,B)C,(B)Z,=0,B47°Z, as.
Suppose X, = Z;x; 0 €iZn-j is another solution. Theri
(2.20) ?,(B) X, =2,B)X,.

Applying @, !(B) to both sides of (2.20) (the coefficients of &, !(z) tend
exponentially to zero), we get X, =X,. =

Remark. Since v in the proof of Theorem 2.2 can be chosen arbitrarily
close to a, it follows that the partial sums Z;.';O ¢;Z,-;converge to C;(B)Z, in
If for each pe(0, o) (and as.).

() a; ~ b; means that a,/b, tends to 1.
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Our next theorem establishes sufficient conditions for the invertibility of
the solution (2.18) of equations (1.1).

THEOREM 2.3. Suppose the polynomials @ ,(z) and @ ,(z) have no roots in
common and neither has roots in the closed unit disk {z: |z| < 1}. Define

_ dip(z)(l—z)" ®

(2.21) H,(z2)=Ci'(z) = 0, = j=0hjzj, |z < 1.
If
2.22) . a>1 and |d<1-1/a,
then o
(223) lim Y X, = Z,
m-o ;=0

(succinctly, C;*(B) X, = Z,), where X, is given by (2.18). The convergence in
(2.23) is in IZ for pe(0, o), and if de(0, 1—1/a), also absolutely a.s.

Proof. Observe that, for de(1/x—1,0) and ve((1+d)™!, a), Y lc) <
and Y |k’ < o, and for de(0, 1—1/a) and ve((1—-d)~%, ), Y |¢)* < co and
Zlhjl < o0. Now it remains to apply Corollary 2.1 and Theorem 2.1. m

3. Prediction. In this section we assume that 1 < a <2, [d| < 1—1/a, and
the polynomials @, and @, satisfy the assumptions of Theorem 2.3. Recall that
{Z,} is a sequence of iid. random variables satisfying (1.2)+(1.4). Our results
retain valid (with « =2) if {Z,} is a finite variance white noise sequence.

We start by determining the minimum dispersion linear predictor of
X,+ based on the infinite past X,, X, _,...

THEOREM 3.1. There is a unique sequence {ag, 4, ...} such that

(3.1) . disp(Xnsx— ), 9;X,—;) = min disp(Xnsx— ), %;Xa- ),
j=’0 UOyULgreo j=0
where the minimum is taken over all sequences {uy, u,, ...} satisfying )" |u)| < oo
if d>0 and Y |u,", for some 1 <v <a, if d <0. The sequence {a,,a, ...} is
given by
k—1

(3:2) a;= — Z Chjrp—1s
_ t=0
where the c;'s and h;'s are defined by (2.16) and (2.21), respectively. Moreover,
o k-1
(3.3) disp(X,+x— Y, a;X,-j)= Y. lcjl
i=0 i=o0

Proof. The summability conditions on {u;} ensure that the series
Yot Xu-; is well defined.
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Setting
m .
(3.4) Cg‘)(z) = Z Cirr 2,
j=o0
we have
k-1
Xopsx= Y, ¢jZysy—;+CP(B)Z,,
j=o0

, X,-; = U(B)X, = U(B)C,(B) Z,.

0

J

By Corollary 2.1,
@ k-1 -}

(3.5) disp (Xpsx— X 4, Xu-j) = X lcf*+ ). o),
i=0 j=0

j=0

with the v/s defined by

s

v;2/ = CP(2)—U(2) Cy(2).

J

It follows that the minimum is attained if »;=0, j=0,1,..., ie
U(z) = C; ' (z2) CP(2), yielding

i jtk k—1
u; = Z hscj+k—s = — Z hscj+k—s = - Z czhj+k—t- @
=0 s=j+1 t=0

Remarks. 1. Theorem 3.1 can be rephrased as follows:
The minimum dispersion linear predictor of X, ., based on the infinite past
X, Xn-1, ... is given by

(3.6) X*,=Ci*(BCPB)X,=C{P(B)Z,.

We see that the minimum dispersion predictor XF.; coincides with the
minimum variance linear predictor for finite variance FARIMA processes (cf.
relation (13.2.42) of Brockwell and Davis [4]).

2. In view of (1.8), relation (3.3) extends the well-known formula for the
variance of the prediction error.

3. Theorem 3.1 extends Theorem 2.2 of Cline and Brockwell [8] which
states an analogous result for ARMA processes.

4. If the innovations Z, are symmetric a-stable, then
X:+k = E{Xn+lem Xn—la . "}5

ie. X?*,, is actually the regression predictor. The random variable X, ., — X7,
also minimizes the I?-distance, 1 < p <a, from X, to the closed linear
subspace spanned by X,, X,_;, ... (See Cambanis and Miller [6], Corolla-
ries 5.3 and 5.7)
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In practice only a finite number of past observations X,, X,_,, ..., X, are
given, and since, as remarked in the Introduction, in general, an explicit
formula for the values u,, ..., u, minimizing disp (X ,,+k—z;'= o Ui Xy—;) is not
available, one has to use the truncated predictor

| (3.7) Xn+k = Z ann—j’
j=0

with the a/'s given by (3.2). The following proposition gives a convenient
expression fog._ disp(X 41 =X +1)-

PropoSITION 3.1. For the truncated predictor X, given by (3.7) we have

k-1
(38) disp(Xn+k-Xn+k) = lcjla+rn1
j=0
where
| (3-9) =% IS(m)+S,m),
} m=n+1
o and
k-1 k—-j—-1
(310) Sl(m)= Z cj( z huck—j+m—u)_"ck+ms
j=0 u=0
k-1 k—j+m
3.11) S;m=Y ¢;( Y hCijimos):

Jj=0  u=k—j+n+1

Proof. Write

@ o0

(3.12) - Xn+k_)2n+k = Z C;Lpsi-j— Z ai(z chn—i—j)
i=0

j=0 i=0

=CoLntrktC1Lpti-1t oo tC—1Zpup

n
+ Y (Chtm—0gCn—1 Cmey— . — Oy CQ) Zy_ 1y
m=0
a0
+ ) (Chem—GoCp—ayCme1— o. — 8y C—n) Zp—pm-
m=n+1

We shall now verify that

(3.13) Chktm—AgCpn— 8y Cp—1— ... —A, ¢, =0, m=0,1,...,n
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Indeed, by (3.2),
Chim— Qg Cm— 81 Cum1— -+ — @y Cg

= Cermt(Colteil—1+ ... +c-1hy)cy,
Heohr1te I+ ... Fc—1hy)em—y
+(CohsmtCiMam—1+ - FCoy hmi1) o

= Crrm—(Cu ho) Cm—(C By + v 1 ho) Cm—1— ...

oo —(C iyt Cra 1 Bp—1+ ... FChmho) Co

= Cr4m—Cy(hgCnt+hyCm—1+ ... +hy,cp)

—Cpr1(hgCm—1+ ... Fhp_1Co)

—Crm(bBoco) = 0.

Hence, by (3.12) and (3.13), equality (3.8) holds with

oc
(3.14) Fa= Y lCktm—GoCpn—81Cn—1— + s — 0y Cryl”
m=n+1
Note that
(3.15) —(agcyta;cm—1+ ... +,Cn—p)

= (Cohk+C1 hk—1+ +Ck_1 hl)cm
+(C0hk+1+c1hk+ vae +Ck_1h2)cm_l

+(Cohk+,,+C1 hk+n—1+"' +Ck—1hn+1)cm—n
= co(hkcm+hk+lcm—1+ +hk+mcm—n)
+ey (M- CpthCmr+ oo Fhirn—1Cm—n)

+ck—1(h1 Cm+hzcm—1+ +hn+lcm—n)

k—1 k—j+n

= 2 ¢ Y huCimjim-u)

j=0  u=k—j
k-1 k—j-1 k—j+m
== Z CJ'( Z huck—j+m—u+ Z h, ck“‘j+m—u)-
i=0 u=0 u=k—j+n+1

Combining (3.14) and (3.15), we get (3.9). =
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Notice that, by (1.12) and (3.8),
k—1 1
(3.16) 1—e, <(X lef) "r
« =

where e, is the efficiency of X, defined in Section 1. It follows from (3.16) that
in order to find an upper bound on 1—e,, it suffices to find an upper bound
on r,. The following lemmas are crucial steps in this direction.

LemMmA 3.1. For S, (m)__deﬁned by (3.10) and any d < 1—1/a, we have

(3.17) 1imsupz"';;,,tlll)fjfm)| < Kk, w, d),
where

b Xd e (1) |a k—1 k—-j~1 .
3.18) K,k a d)= 4 14k Y e hl)].
G189 Koo D =ig_tyasti|s,@yr@| 1Y 5100, W]

Proof. Since

k—j—1

|S1(m)|u <2cx[ku Z IC |a¢| Z h Cx— —jtm— ul +|ck+m|]

we have
PN k-1
(319) Z, ‘..\-l("n)lm<2a|:k'z Z |C |a I Z h Ck—j+m— ul + Z |ck+m|]
m=n+1 j=0 m= n+1 k=0 m=n+1
k—1

=2 [k X lef* Ry )+ Ry ()],

In view of (3.19), to prove (3.17) and (3.18) it suffices to verify that

( ) k—j— 1 @ (1) ¢
(3.20) hIiS;IPTﬁT\( ; hl) d—Do+1]|® (l)F(d)I
and
_ R . 1 e 1) |-
(3.21) hmasup n(.,_zl(:ll S @ (1‘1)(1")(d)| ’

In order to find asymptotic upper bounds on R, (n) and R,(n), we use the
relation

S XUNP

322 I -
(22 ool ® ()@ 2
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(see Kokoszka and Taqqu [17]). We verify below relatlon (3.20), the proof of
(3.21) being the same. Notice that in the sum Zk_’_ h, k- j+m-n appearing in
R, (n), k—j+m—u > m+1, and, consequently, by (3.22), for any fixed ¢ > 0 and
sufﬁciently large n

k-j—1 .
Rim<( S Ih (

n=0

0,1

@ o
) fud=D2dy,

yielding (3.20). m
Lemma 3.2. For S,(m) defined by (3.11) we have
(@ If 0<d<1—1/a, then

Z$=n+1 S, (m)|*

(3.23) lim sup —ad <K, (k, a, d),
where

kd (1) a k—1 . w
(3.24) Kutka d =|o-nFa—g (X 6L lef)

(b) If 1/a—1 < d <0, then

(3.25) lim sup Z"';';t 12 2 K,y (k, 0, d),

n—+w

where

(326 K,k o, d) = —— ko,() I 5

@rna=1|e,0r—a| (& NE -
Proof Recall that for any sequence {uy, u,, ...} we defined
u?=1{0,...,0,u;, u541, ...}

Notice that for d > 0, heI! and ceI?, and for d < 0, heI* and ce L'. In either

- case

(3.27)- B % |2 = Z |Z ByCo -

v=j u=j

Using equality (3.27) and changing the summation indices, it can be
readily verified that

@ k-1
(3:28) Y 1S <k Y leff [RETTTT T D ae|lg
m=n+1 =0

We shall use in the sequel the following relation:

(3.29) fim 2,1)

1
|d] < 1—=
o

n—»uon_d 1= e (I)F( d)
(see Kokoszka and Taqqu [17]).
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Suppose 0 < d < 1—1/a. By the inequality of W. H. Young (inequality
(2.3)) we obtain

(3.30) |3+ D], < [BETF"T D fle]l,
Relation (3.29) implies, for any fixed ¢ > 0 and sufficiently large n,

33D R = S i< Y by
u=k—j+n+1 u=n+1
®,(1) ) 2,(1) nd
<(@(1)r( d)“)j“ Tdus= (@q(l)r(—d)‘ﬁ)_f

Hence, by (3.30) and (3.31),

”h(k—j+n+ 1) * c”

@ (1 a
(3.32) lim sup 9 (1)1"((1) d)I(Z| IV

Thus (3.23) follows from (3.28) and (3.32), completing the proof of part (a). The
proof of part (b) is similar. Use (3.20), (3.29) and the inequality

[T g, < [RETID) el 1. m

n—-d

Now we state our main theorem.

THEOREM 3.2. Suppose {X,} is the invertible moving average solution of the
FARIMA equations (1.1) defined in Theorems 2.2 and 2.3. Let X, i be the
truncated predictor of X, defined by (3.7) and (3.2), and let e, be its efficiency
defined by (1.12). Set

k-1
=2 lef)t
j=0
and
K1:= K,(k,d,0), Kz :=Kjz(k,d o}, Ki:=Kj (k,d, o)
(see (3.18), (3.24) and (3.26)).
(@ If l/a—1< d <0, then

1—e,
lim supm < KK,,.

(b) If 0 <d < %(1—1/a), then
1—e
llmsup

n—w

(c) If d=%(1—1/x), then

— "< KK,;.

. 1—
lim sup 1e_"d< K(K,+Kj,,).

n— o0 n
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@ If $(1—1/a) <d <1—1/a, then

l—e,
llmsupm < KKI

Proof Use inequality (3.16) and Lemmas 3.1 and 3.2. Note that
d—Na+1<1—@d+a if d<0, and for d>0, d—1a+1 < —ad iff
d<i(1—1/a). =

COROLLARY 3.1. The predictor X, defined in Theorem 3.2 is asymptotical-
Iy e:ff cient.

By (3.10), we have S,(m)=0 for the one-step predictor X,.,. This
observation combined with Lemmas 3.1 and 3.2 yields

THEOREM 3.3. Let e, be the efficiency of the one-step predictor X, 11 for the
FARIMA process defined in Theorem 3.2.

@) If 1/a—1<d <0, then

) 1—e, 1 o) |* &
B SUP T 1% S (@ e 1‘@(1)1’( o) (Tl
(b) If 0<d < 1~1/a, then
l—e, o,() =& .
<
lmswp- =& <@, mra-a 2. I

The next theorem gives upper bounds on 1—e, for the ARMA (p, g) time
series defined by the equations

(3.33) ®,(B)X, = 6,(B)Z,.

THEOREM 3.4. Suppose the polynomials @, and @ in (3.33) have no roots in
the closed unit disk {z: |z} < 1} and no roots in common. Set

r=min{lz: @,()=0}, s=min{zl: ¢,(z) =0}.
If Q > max(1/r, 1/s), then for any ae(0, 2]

1—
(3.34) lim sup Qaf" —0,

where e, is defined by (1.12).

Proof. Define coefficients ¢; and h; by

i 0,0 d i 9,02
jZ:O G = 2, (x)’ jg:o hjz. - o, (2)

, <1

Notice that
. 1/j . i _
limsuplc)*¥ =5, limsup|h|*’=r.
i~ jmw
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Observe that Proposition 3.1 and its proof remain valid for invertible ARMA
processes, and so by (3.16) and (3.9)3.11) it suffices to show that

o0

(3.35) limsupQ~™™ Y ¢, I*=0
n= o m=n+1
and
@ k—j+m
(3.36) Climsup Q™ .Y | Y ACu—jim—a| =0.

m=n+1 u=k—j+n+1

To verify (3.35), note that for any ge(1/s, Q) and sufficiently large m, |c,| < 4™,
and so

_ a0 qll q an
Q an Icmla < . <_) .

m =zn:+ 1 1—g*\Q
To verify (3.36), recall that the double sum in (3.36) is equal to |h* /"Dy ¢|2,
Since

1™+ ellz < "Bz lelz Ly,

it is enough to show that

a0

limsup@~™ Y [k, =0,

m=n+1
which is proved in the same way as (3.35). =

Remark. For the one-step predictor X, ;, equality (3.34) holds for any
Q> 1/r.

The power function rates of convergence obtained in Theorems 3.2 and 3.3
are essentially slower than the exponential rates for ARMA processes. This
reflects the fact that for FARIMA processes the future value X, ., depends
more strongly on the past (long range dependence) than is the case for ARMA
processes. Consequently, a larger number of past observations have impact on
the value of X, and must be taken into account to obtain a desired accuracy
of prediction.

In Kokoszka and Taqqu [18] and [17], a measure of dependence, the
codifference, is used to describe quantitatively the dependence structure of
infinite variance stable ARMA and FARIMA sequences. For ARMA processes -
the codifference decays exponentially to zero, whereas for FARIMA processes
like a power function.

6 — PAMS 16.1
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