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CONVERGENCE OF WEIGHTED AVERAGES
OF ASSOCIATED RANDOM VARIABLES

BY

PRZEMYSEAW MATULA (LusLIN)

Abstract. We study the almost sure convergence of weighted
averages of associated and negatively associated random variables.
Our theorems extend and generalize strong laws of large numbers for
positively and negatively associated sequences. We also present ap-
plications of our results to almost sure central limit problem.

L. Introduction. Let (X,),.y be a sequence of random variables defined on
some probability space (2, &/, P). A finite family {X,, ..., X,} of random
variables is called associated if

COV(f(Xl, ...,'X,,), g(XI:v aeuy Xn)) = 0

for any real coordinatewise nondecreasing functions f, g on R" such that this
covariance exists. It is called negatively associated if for any disjoint subsets
A, B< {1, ..., n} and any real coordinatewise nondecreasing functions f on R4
and g on RB

Cov(f(Xy, ke A), g(X,, keB) <0

An infinite family of random variables is associated (negatively associated) if
every finite subfamily is associated (negatively associated). Thesé¢ concepts of
dependence were introduced by Esary et al. [5] and Joag-Dev and Proschan [7].
Basic properties of associated and negatively associated random variables may
be found in [5], [7], [9] and [10].

Let (a,)..y be a sequence of positive numbers. We set b, = Z:=1 @, and
assume that

4y a,/b,-»0 and b,5>00 as n-o .

Let us also define S, = Z:=1Xk and S$* = Z:=1aka.

In this paper we are interested in almost sure convergence of a sequence
(S¥ —ES¥)/b, to zero as n— oo. This problem for positive random variables
with uniformly bounded expectations was considered in [6]. In the case a, = 1,
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we have the strong law of large numbers which, for positively and negatively
dependent random variables, was studied in [4], [8] and [9]. Our goal is to
extend and generalize some of the results obtained in [4] and [8]. The con-
dition (2) used in our main theorem is due to Etemadi [6], but in general our
result cannot be obtained from his,

2. Results.

THEOREM 1. Let (X,),.y be a sequence of associated random variables with
Jfinite second moments, and (a,)..y a sequence of positive numbers satisfying (1).
Assume that

2) f i a;a;Cov (X;, X )/b? < 0.

j=1i=
Then as n— oo, (S¥ —ES¥)/b, — 0 almost surely.

Setting a, = 1, ke N, we get b, =n and S, = S¥. Thus Theorem 1 yields
the following corollary:

CoROLLARY 1 (Theorem 2 of Birkel [4]). Let (X,).n be a sequence of
associated random variables with finite second moments. If

3 3. "2 Cov(X;, §) < oo,

j=1
then (X )uen fulfils the SLLN, that is (S,—ES,)/n — 0 almost surely as n — co.

The following example shows that our Theorem 1 is more general than the
mentioned result of Birkel [4].

ExampiE 1. Let (£,)..y be a sequence of indepeﬁdent random variables
with the same standard normal distribution. We set

=T—wul(€i+-. +£,,)/\/— for arbitrary ueR.

(X,)nen is a sequence of associated random variables. In paragraph 2.1 of [12] it
is proved that for j<n :

Cov(X;, X,) = \/% _} exp[—x%/2] <¢ (ﬁun;_\j/N>_¢(u)> dx,

where @ denotes the standard normal distribution. Let us observe that for

n/16 < j < n/4 we have
NUndV/PRVEL
n—j 2
For u <0 and x < u, from the above it follows that
NZNERN NN
Jn /n 2
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Therefore
Cov(X;, X,) = & (u)(®(/3u/2)— D 1) >0
and
Lj/41
Cov(X;, 8)= Y Cov(X;,X)=C
i=[j/16]

for some constant C. Consequently, (3) is not satisfied. But as in [12] we

claim that
[+ o]

-Cov (X, X 0 C- - - <
121 ;Zl ] ])/1 g J 121] IOgZJ

Thus (2) is satisfied and, for every ueR, we have

.1 11 £1+...+6k) )
im — ) —|[_pouyl>—F—]|—@(@®) ) =0 almost surely.
'n—vwlognk§1k<( ,)< \/I; (u) y

Our condition (2) is the same as condition (b) used by Etemadi [6] but
the following example demonstrates that our result cannot be obtained from
Theorem 1 of [6].

ExampiE 2. Let (£,),ey be a sequence of ii.d. random variables such that
E¢; =1 and E&3 = 2 (e.g. exponential with parameter 1). For ne N let us put

1 1
X, =Ffl+ +2—"_—1€,._1+n§,,.

It is easy to see that (X,)..n is an associated sequence such that
EX,=n+®m—-1)2""*" and Var(X,)>n?* for neN.

Therefore neither Theorem 1 of [6] nor Theorem 2 of [4] is applicable in this
case. But let us observe that for i <j we have

1/, i-1 i
COV(X,‘, X}) = 2j—1<l+ 2i—1> $ 2]-_2.

Thus we get
1 1

o0 J 1
-Cov(X;, X))/lo < — <
j;1 i;U] ( M g < _)Zl 121 21 2j 10g j 121 272 log?j

We conclude from Theorem 1 and the above inequality that

logn Z (Xk EX;) —» 0 almost surely as n— 0.

Now let us state an analogue of Theorem 1 in the case of negatively
associated random variables. This theorem extends some of the results ob-
tained in [8].



340 P. Matula

THEOREM 2. Let (X ,),en be a sequence of negatively associated random vari-
ables with finite second moments, and (a,),.y a Sequence of positive numbers
satisfying (1). Assume that

0 ag
@ Y b—’gVar(X,-)< .
j=1%Yj

Then as n— oo, (S¥—ES¥)/b, — 0 almost surely.

3. Some applications. Theorem 1 provides a very useful tool for proving the
so-called strong version of the central limit theorem (see [11], [12] and the
references therein). In this section we state a result of this kind for associated
random variables. ' )

In what follows let 62 = ES? and denote by @ the standard normal dis-
tribution. We shall also need the following coefficient:

(5) ' um=sup Y Cov(X;, X,).

keN |j—k|=n

THEOREM 3. Let (X,),.n be a sequence of associated zero mean random varia-
bles such that S, has bounded continuous density for every neN. Assume that

(6) u(m)=0(e"*) for some A>0,

M : . 'llg{ 62/n >0,

@®) supE|X,]? < .

Then "

)] PI:}HE, T;;kéliI(_w,u)(Sk/ak) = di(u):l =1 for all ue(—o0o, o).

As in [11] (Remark 3) one can easily get the following equivalent form of

" Theorem 3.

CoRrOLLARY 2. Under the assumptions of Theorem 3

_ . "1
(10) P[}ng _wsi};m @k§1EI(_m’u) (Si/or)— P ()| = 0:| =1.
4. Proofs. _
LEMMA 1. Assume that X4, ..., X, are associated zero mean random vari-

ables with finite second moments. Then, for every ¢ > 0,
P[max (S|, ..., |S.)) > €] < 87> ES.
Proof. Applying Corollary 5, formula (17), of [10] we get
P[max(0, Sy, Sz, ..., S) > €] <¢"*E[max (0, Sy, S5, ..., S)1* < ¢ 2ES.

Replacing random variables X, ..., X, by — X4, ..., — X, which are also
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associated we obtain

P[max(0, —S,, S5, ..., —S,) > ¢&] <& 2ESZ.
Hence ;
P[max(l’gll, LERE |Sn|) > 8] S P[maX(O, Sl! SZ, e Sn) > 6/2]
+P[max(0, —S;, —S, ..., —8,) > &2] < 8¢ 2ES?.

Proof of Theorem 1. Without loss of generality we assume that
EX, =0, keN. Since b, — oo, for each ke N we may define n, such that

b, <2 <bp.+1-
Let us observe that b

© Opyt+1
1— = <ﬁ<1

bnk+1 .
and by (1) we have b, /2* -+ 1 as k — oco. Therefore there exists a constant
M > 0 such that, for every keN,

1 b,

o < 2—,:‘ < M.
It is easy to see that if m, >j, then 27* < bj'.
Let ¢ > 0 be given; then we have

o 1, m © 1
Y P[E—l Y aX|> s] e ?) b—zVar(S,’{‘k)
k=1 np i=1 k=1"%ng
© 1 M i
< 2M28—2 Z F Z z a,-ajEXin

k=17 j=1i=1

© i
=2M%"2Y (3 4793 ag;Cov(X;, X))
j=1 kmezj i=1
sM2 = 1 d

< W Z 12 Z a,'ajCOV(Xg, X}) < 0.
3e* =i bj sy
The Borel-Cantelli lemma implies that b, 'S — 0 almost surely as
k — co. Thus it suffices to prove that

b,! max |Sf—S%|—0 almost surely as k— co.

m<i<n,+1

Let us note that b,' < 2M?b,, . ; therefore, applying Lemma 1 to random
variables @, +1Xn 415 -0 Oy Xnes > WE g6t

Y P[b;! max |S¥—St|>¢] <8 %Y bn2E(Sk,,—Sk)?
k=1 k=1

n<i<ne+1

< 16M%2 Y b2 Var(Sk,,) < .
k=1

This completes the proof of Theorem 1.
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Proof of Theorem 2. The proof of Theorem 2 goes the lines of the
proof of Theorem 1 and is based on Lemma 4 of [8] instead of Lemma 1, so we
omit details.

We need the following version of Lemma 2.2 in [1].

LEMMA 2. Suppose X and Y are associated random variables with bounded
continuous densities. Then there exists a constant C > 0 such that

sup(P[X < x, Y< y]—P[X < x]P[Y< y]) < C(Cov(X, Y))'"°.

S

Proof of Theorem 3. We shall apply Theorem 1, so we start with
estimating the covariance of I(_ 4 (Si/0;) and I _  ,(S;/0;) for i <j. In the
consecutive inequalities, C; > 0 denotes an absolute constant.

We have

(A1) Cov(l(=aw (S0, I = o (Si/a)
= P[Si/o; < u, Sj/o; < u]—P[S;/o; <u]P[S;/0; < u]
< C,(Cov (Si/ay, S;/a))'"*
2 1/3 2 . . o\ 1/3
- c, (0',- +Cov (S;, Sj—uS,-)) ! <c, <o’,~ +u(l)+... +u(]—l)) / '

0:0; 0i0;

Let us observe that by (6) there exists a constant C; independent of i and
j such that for any i <j we get

u(D+... +u(j—i) < C;
Assumptions (7) and (8) together with Theorem 1 of [2] yield
" Cy'n<02<Cs'n for every neN.

. Therefore we get

(12) COV\(I(— 0,u) (Si/a'i)a I(—- o0 ,u) (Sj/aj)) < CG (i/j)ll3 .
From (12) it follows that ‘
21 41 . |
13 = _ Jo). I, o
( ) j;l ]10g2_] igl i Cov (I( 00,u) (Sl/o-l)3 I( o0, u) (Sj/aj))

1
<Cs 3. w1 2 5P <.

By Theorem 1 we have

1 21
(14) Iognkzl k(I( w01 (Sk/0k)— P [Si/04 < u]) - 0 almost surely

as n— co.
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Now observe that our assumptions, by Theorem 2.1 of [3], imply

(15) sup |P[S,/o., <u]l—-®u) < C,-n"Y2log?n.
Thus
n n 2
(16) L 1|P|::5'k/t‘fkSu:l—fﬁ(u)l< Cs ZIOg k—>0 as n— 0.

logn = k logn,%, k¥

From (14) and (16) we obtain the assertion.
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