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ON APPROXIMATIONS TO GENERALIZED COX PROCESSES
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Abstract. A refined estimate of the rate of convergence of
one-dimensional distributions of nonrandomly centered generalized
Cox processes to location mixtures of normal laws is presented. Asymp-
totic expansions for these distributions are constructed. Some esti-
mates for the concentration functions of these distributions are proved.

1. Introduction. This paper* is a continuation of our works [1]-[3] and
[7] in which we considered generalized Poisson and generalized doubly stochas-
tic Poisson processes (called also generalized Cox processes). Some fragments of
our research were described in [5]. Here we consider the accuracy of the
approximation of one-dimensional distributions of generalized Cox processes
by location mixtures of normal laws. We deal with nonrandomly centered
generalized Cox processes since the very problem of construction of approxi-
mations assumes that the approximated random process should be nonran-
domly centered. In [2] we gave necessary and sufficient conditions for the
convergence of one-dimensional distributions of nonrandomly centered gene-
ralized Cox processes, proved some convergence rate estimate and formulated
two theorems on asymptotic expansions. Here we sharpen the convergence rate
estimate given in [2], prove and discuss the results on asymptotic expansions
announced in [2] and present some estimates for the concentration functions of
generalized Cox processes.

Let N, (t), t = 0, be a homogeneous Poisson process with unit intensity
and let A(2), ¢ > 0, be a process independent of N (f) and having the following
properties: A(0) = 0, P(A(t) < o) = 1 for any ¢ > 0, the trajectories of A (f) do
not decrease and are right-continuous. A doubly stochastic Poisson process N (¢),
called also a Cox process, is defined as the superposition of N, (¢) and A(t):

N@®=N(4@®), t=0.
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In this case we shall say that the Cox process N (t) is controlled by the process
A(f). The properties of Cox processes are described in rather full detail
in [6].

Let X,, X,, ... be identically distributed random variables (r.v.’s). Assume
that for each ¢t > 0 the r.v.’s N(t), X,, X,, ... are independent. The process

N@)

(1.1) S() = Z t>0,

will be called a generalized Cox process (for definiteness, we assume that
Zo =0). The processes of the form (1.1) play important roles in many prac-
tical problems For example, if A(f) = At with A > 0, then S (t) turns into a clas-
sical generalized Poisson process which is widely used as a model of many real
phenomena in physics, reliability theory, financial and actuarial mathematics,
etc. Many applied problems which can be reduced to the analysis of special
generalized Poisson processes are described in [3] and [5]. More general pro-
cesses S (¢) of type (1.1) with random intensity A’ () are of course more adequate
models for the processes of the payments of an insurance company or of the
increments of stock prices where real intensity is essentially stochastic. It
should be especially noted that the risk process, that is, the surplus of an
insurance company, which plays the key role in actuarial mathematics is, by
definition, a nonrandomly centered process (1.1) with N (¢) being the number of
claims up to time ¢. In the classical definition of a risk process, N () is a Poisson
process. Therefore the results presented below concern the generalization of
some of the classical asymptotical results of the risk theory to generalized Cox
processes.

Throughout the paper, the symbols =, 5 and £ will denote weak conver-
gence, convergence in probability and commdence of distributions, respectively.
The standard normal distribution function (d.f.) and its density will be denoted

_ by & and ¢, respectively.

For the sake of convenience, without loss of generality everywhere in what
follows we will assume that EA(t) = ¢, t = 0. This relation can be interpreted
both as the proportionality of the mathematical expectation of the controlling
process to time and (which is most important for asymptotic inference) as the
parametrization of the controlling process A (f) by its expectation. Since we
consider one-dimensional distributions, we therefore will construct approxima-
tions to generalized Cox processes with infinitely increasing expectation of the
controlling process. In addition to the above assumptions we will assume that
there exists DX, = 6%, 0 < 62 < 0. Let us write EX; = a. Then, as is easy to
see, for t>0 we have ES(t)=at, DS(t)=0t+a’DN(t), and hence
DS(t) # 62t if a # 0. Nevertheless, in the subsequent reasoning we will nor-
malize \S (t) by a\/z instead of ./DS (¢), thus formally not assuming the exist-
ence of the second moment of the controlling process A(t). In [2] we proved
the following result:
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THEOREM 1. Assume that A(t) 5 oo (t - c0). Then one-dimensional distri-
butions of a nonrandomly centered and normalized generalized Cox process (1.1)
weakly converge to the distribution of some r.v. Z:

S@t)—at

o/t
if and only if there exists an r.o. V such that

() Z2 . /(1+a*/6)W+(a/6)V, with W and V independent and
P(W < x)=®(x), xeR; _.
(i) (A @O~/ St=>V (t— o).
From this theorem it follows, for example, that under conditions of Theo-

rem 1 one-dimensional distributions of a nonrandomly centered and normal-
ized generalized Cox process (1.1) are asymptotically normal:

S(t)—at x N
(205 <) ~0f3) oo

with some asymptotic variance 62 < oo, if and only if 62 > 1 and

P(A(\t};_t<x)=d5(—a 6:5):-—1) (t — o0).

2. Convergence rate estimates for nonrandomly centered generalized Cox
processes. In this section we shall give some estimates for the rate of conver-
gence in Theorem 1. It follows from Theorem 1 that the distribution of the r.v.
(S®—at)/c \/Z) is close to the limit one if and only if the distribution of the r.v.
(4 (t)—t)/\/f is close to that of V or, which is in a certain sense the same, if the
distribution of the r.v. A(¢) is close to that of \/E V +t. However, in general, the
latter r.v. can also take negative values while the controlling process of a Cox
process has to be positive. Therefore, instead of \/EV+t we will deal with the
“accompanying” process A*(t) = l\/ZV+t|, which, as ¢t —+ oo, behaves more
and more like \/ZV+t, and hence like A (t) (in [5] we considered the accom-
panying controlling process of the form A*(t) = max {0, \ﬁV+t}).

Let N*(t) be a Cox process controlled by the process A*(t) and

N*(2)
(2.1) S*® =Y X.
j=0

(1.2)

=7Z (t—- o)

By F,(x) and F¥(x) we will denote the d.f’s of the r.v.’s (S () —at)/(c \/f) and
(S*(t)—at)/(c \/Z), respectively. Then from the identity

22) F,(x) = (F,(x)—F# (x))+ F¥ (x)

it follows that given an appropriate estimate of the accuracy of the approxima-
tion of the distribution of the generalized Cox process S(f) by the distribution
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of $*(t) and an estimate of the rate of convergence as t — oo of the distributions
of the process S*(t) to the limit one, we can obtain an appropriate estimate of
the rate of convergence of the generalized Cox process S(t).

First give an estimate for

A(t) = sup |F,(x)—F (x)].
LEMMA 1. Let S, (t) and S, (t) be two generalized Cox processes generated

by one and the same sequence of r.’s {X;};>1 and controlled by processes A, (t)
and 4, (1), respectively. Then

sup |P S, () <x)—P(S,(0) <x)| *

< ]‘Dmin(z, %) IP(A, (t) < A)—P (4, (1) < 3)| dA.
0 .

The proof of this statement can be found in [1].
From Lemma 1 it follows that

23) 4@ < jmm< f)IP(A(t)<A P(/tV +1 < 4)|da

[e.e]
< { min

(2. 7

) IP(A() < ) —P(/tV +t < })|di

1 A+t
+ | min 2,—)P(V< )d/l
fmin 7 7
< (2\/_ >‘P<A(t)_t<u)—P(V< u)
Ju ﬁ+1 Vi
@ 1 A+t
+ | min 2,—)P(V<— )d& ot
fmin 7 7 2
The first summand in ®(¢) is the mean metric with the weight func-
tion

di

w(t, u) = min {2/, @/\/t+1)" 2} 1> —/9),

which characterizes the distance between the pre-limit and limit d.f’s of the
controlling process (here and in what follows by 1(4) we denote the indicator
function of a set A). It is easily seen that for u < 0 the derivative of the function

(u/\/g+ 1)~1/2 with respect to ¢ is negative, and hence, at these u, w(z, u) does
not exceed its value at the point ¢ at which 2\/5 = (u/\/f+ 1)~ 2, This value
equals 3(u|+./u*+1)<|u|+1. It is obvious that with nonnegative u we
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have w(t, ) < 1 so that w(t, u) < |u|+ 1. Therefore the properties of the first
summand in o (t) are similar to those of well-studied difference pseudomoments
(see [12], pp. 33 and 113-126). At the same time, the second summand in w (£)
does not depend on the pre-limit controlling process. It is easy to see that if, for
example, V is the standard normal r.v., then

[l <R ) )

< exp{-——zt-} (iﬁ+\/%)’

that is, in this case the second summand decreases exponentially as ¢ grows.
Let us put

ﬁ.’-} = E IX1I35 .u3 = E |X'1_a|39 L_3 = CO ﬂB/(a.2+a2)3,"2,

where C, is an absolute constant in the Berry—Esseen inequality. It is well
known that

1
04097 ~ 0+3 < C, < 0.7655.
6./2n

LEMMA 2. Assume that B < co. Let N, be a Poisson r.v. with parameter
4> 0 independent of the sequence {X};>,. Then

P( ! (NAX-—al)<x)-¢(—ﬂ—)<i.
aﬁ = /o2 +a? \/1

For the proof see [3] with the constant refined in [8] (}).

Let us write
—aV
F,(x)—scp<ﬂ‘—“)
Vo2 +a?
THEOREM 2. Let By < o0, E|V|<oo. Then for all t>0 such that
P(V=-—/t)=0 we have

sup
x

¢(t) = sup

1 L
24 < — inf 3 E VJ
24 e(t)<\/zo<1q<1[\/1—_‘q+Q(q) Vil+e@)
with o (t) defined in (2.3) and
1 1
0 (@) = max {a’\/Zne(l——q)(1+\/1—q)}'

(*) After the paper [8] had appeared its authors learned about the paper [10] published
much earlier with exactly the same estimates which were independently obtained in [8].

3 — PAMS 182
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Proof. Using (2.2) and (2.3) it suffices to estimate
—aV
Ff(x)—E¢(M) .

ot +a?
With y > 0, by N, we will denote a Poisson r.v. with parameter y assuming it to
be independent of the sequence {X};>;. Then for any ee(0, 1)

el 3 -o Gz <
(T4 )G ("8 5 <)-0( S5

—€ !
= II+I2‘

o(t) = sup

o(t) = sup

dP(V <)

By the Markov inequality we have

e/ < E|V|1(:}_8J)

(2.5) I,<P(V<—

At the same time we obtain

1 NuJt+t (ax-—av)\/z)
—_— X — t+t
—;fwfts?‘p (\/v\ﬁ+t( Z ! a(UJ )) o\/U\/E+t
—cp(%) P (V < v)
1 NvJE+t
- X.—
_;L_Sl;p (o’,/v\/i+t(j§1 ! a(U\/£+t))<y)

—cp(\/—%y_;—z /—\”fﬂ)' dP(V <)
a o

© 1 NuJt+t
< T suplp(— L — ("% "%~ +t)) <)
_'!:/_Sl:p <o’«/v\/2+t< Z a \/— Y

aP(V <v)

()

/ v
—F d =lz11123.
d(y)— 45( \/;+1)l P(F/<u) I +1

Estimate I,, with the help of Lemma 6.3.2 in [9], according to which
|®(x)— (px)| < x¢ (min (1, p)x)jp—1] for p>0.

+jsup

—evt ¥



Approximations to generalized Cox processes 253

Then

I, < E (supygb( /—+1))' / v ’dP(V<v)
-5'\/; y>0 \/_ \/-
+T SuPJ’d’(Y) ‘1‘ [—F +1’ dP(V < v) = I35, +15,;.
o y>

/\/LE+1‘ dP(V <)

_ 1 O |(1=~/oi/t+1) (1 +/0//t +1)]

Moreover,

I3 < I [SUPY‘P(Y\/ “3)]

—&vt

dP(V <)
Vv 2me(l—e¢) —Li 1++/v//t+1 ’
1
<\/21|:et(1—s)(\/1—8+1)E'V| (-e/i<V<0)
Typy < — ]'DKI—VU/\/;_HE_F_\’v/\ﬁ+1)|dP(V<v)
J2me o 14+./v//t+1
1
< ElVIL(V .
< o Vi >0
Therefore, with regard to (2.5) we obtain
1 314 E V|
2. I =
@8 L+l < max( ' 2me(l—g)(/T—c+1) ,/ Nz Q()\/

since the third term under the max sign is always less than the second one.
Estimating I,, with the help of Lemma 2 we obtain

© APV <v L

2.7 - Iy<L; | ( ) 3

—evt fﬁ—{—t \/t(l—a)

By unifying (2.6) with (2.7), we arrive at the desired estimate. The theorem is
proved.

CoRrOLLARY 1. Under the conditions of Theorem 2,

()< j (( = 2)3,2+E|V0+w(t)

To prove Corollary 1 it suffices to calculate the right-hand side of (2.4)
with g being the solution of the equation Q(g)./1—q = 0.7655.
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Remark 1. In many applied problems the data is represented by obser-
vations registered at equidistant time instants (time series). And if a seasonal
component can be assumed pronounced in this series with a seasonality period
t coinciding with the length of the time intervals between observations, then it
is quite reasonable to assume from the very beginning that we deal not with

A(t) but with the “accompanying” controlling process |\/5V+ t}. This assump-
tion results in w(t) = 0.

Remark 2. The condition P(V = ——\/f) = ( guarantees the positiveness
of the “accompanying” controlling process, and hence the correctness of the
definition of all the Poisson r.v.’s considered in the proof of Theorem 2.

3. Asymptotic expansions for the distributions of generalized Cox processes.
Relation (2.2) allows us to obtain an appropriate asymptotic expansion for F, (x)
from the asymptotic expansion for F¥(x) and an estimate for the difference
F,(x)—F¥(x), e.g., given in Lemma 1.

We shall say that an r.v. Y satisfies the Cramér condition (see, e.g., [11],
Section VI1.3) if
(3.1) liln‘ll suplEexp{isY}| < 1.

The following statement is well known (see [11], Section VL3). Let us put
S" =Xl+ “ea +X".

PROPOSITION. Let in addition to the above assumptions the r.v.’s {X;};s1
satisfy the Cramér condition (3.1) and E\X,|* < oo, where k > 3 is integer. Then
k-2

P(S;\_/‘%" < x)—qﬁ(x)—j;1 v Q,(x)

where ©=n""? and the functions Q;(x) are defined by

sup =o(t"7?),

x

u 1 m+2 fm .
(32) Qj(x) = _¢(x)ZHj+21—1(x) l;[lﬁ (Zm——-i:%W) s J= 1,..., k-2.

Here the summation is carried out over all nonnegative solutions (k,, ..., k) of
the equation ki +2k,+ ... +jk; =j, 1= ky+ ...+ kj; Ym+2 is the semi-invariant
of order m+2 of the r.v. X, and H,(x) are the Chebyshev—Hermite polynomials
of degree m, ie.,

H,(x)$(x) = (—1)" ™ (x).
In particular, if we put ¢, =EX{, I=1,2, ..., then

(33) 0, () = —¢ @6 —1) %,
_ 2
(34) 0,(x)= —¢(x) l:(xs —3x) 0524::)'4 + (x> —10x3 + 15x) %:I .
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Now we shall give two analogs of this statement for generalized Cox
processes. In the case a = 0 the asymptotic expansion for the d.f’s of generalized
Cox processes was constructed in [2]. Here we shall concentrate our attention
on the situation EX, = a # 0. In this case the limit distribution of nonrandomly
centered generalized Cox processes is determined by Theorem 1 and is of the
form

Ed ( crx—aV),
Jo*+a?
where V'is the limit r.v. for the standardized controlling process (A (t)—t)/\/i.
(As before, we assume that E A (f) = t.) At first we shall present a statement on
the asymptotic expansion for the generalized Cox process with a rather pecu-

liar structure of the limit r.v. V. However, as we shall see below, this situation
turns out to be quite natural.

THEOREM 3. Let the r.v. V have the form V = V,—EV,, where V, is a non-
negative r.v. satisfying the condition: there exist y >0 and a polynomial P (h)
such that for any h =0

(3.5 Eexp {hV,} < P(h)exp {yh*}.

Assume that E|X,|* < oo for some integer k > 3 and that X, satisfies the Cramér
condition (3.1). Then for any t = (EV,)? we have

S(t)—at B ox—aV\ " w;(x)
P(—a N <x> E¢<————az+a2) ,-; e

sup

x

<e(),

where

&(t) = :I:min (2, ﬁ) |P(A () < )—P (A () < )| dA+o (= *2/?),

Ao(t) = /tV+t,

w@= Y Y [ P(=D)Pra(~D)r()dy, j=0,...k—2,

I+m=jd=0 —w
I,m20

_ 4 i . [ oy—aV _
xa») —WE[V ¢<ﬁ):l’ d=0,..., k=2,

D, is the operator of formal differentiation with respect to y, the polynomials P,(’)
are defined by the relation

_ J i (it)m+ 2 Ot 2 km
() =2, ,,.I=Il k! [(m+2)!am+2 o J=Les k=2,

in which the summation is carried over all nonnegative solutions k., ..., k; of the
equation ky+2k,+ ... +jk;=j, 0y =EX"*2, Py (x) =1, the polynomials
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P,.i() are defined by the formal equality
. k—2 1d1+1 il © - mo
(3.6) exp{ Y v W t } = mgo t dz‘ov P (%).
Remark 3. It is easy to see that
Pypo(x)=1, Pypp=0, j=1,...,k=-2,

x% o x3a x* o
P11(x)=+~—2-;772, P21(x):6733= P22(x)=%7f:
o T x*a x>, 0 ' x6 o3
P31(x)=§ﬁ, P, (x) = 12253, Paa(x)-:m,
x3a — x*a, xPa?
Pl(x) 60 339 P2(x)_24 :+720_3

Remark 4. The first two functions w, and w, have the form
.ox—az oy ox—az \ z ox—az
_ — H| ——|dP(V < 2),
w, (%) fdJ(W) [60,“2 HZ( a2+02)+2 1( /_a2+0'2):| (V< z)
ox—az oy ox—az 3 ox—az
—— H "
w20 == ¢(¢T) [2402 % 3(W)+7za4az ( /ﬁaz)

vz g ox—az ) o o (0x—az
126* 74\ /a2 +02) 602, \ /a?+0?
2.3 _
42 % H3< = “22>]dP(V<z),

82 a‘+o

where H,, () are the Chebyshev—Hermite polynomials.
Remark 5. Condition (3.5) holds if ¥, = |£|, where & is a bounded r.v. It

_ also holds if £ is a normal r.v. This condition does not hold for an exponential

or Poisson r.v. V,. The r.v. V;, must have all moments.

Proof of Theorem 3. Using the relations (4.2), (4.4), (5.8)(5.11) of the
paper [1] to prove Theorem 3 it suffices to show that

* (g)—
3.7 J, = M ds = o(t~*~212),
|s| < év'e
h
(8) I,= 01 45— o-w-2m),
5Vt < |s| < Artie—2)/2 s
*
3.9 Jy = w ds = o(t~ %22,
svVi|s|<dee-22]| S
where

a _ S*(t)—alt)}
fX(s) Eexp{zs <—a \/; ,
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(3.10) h(s, )= e"”‘d(G(x)+k§t_"/2 q,-(x))

j=

Zt iy z V"exp{ 252 }F(is@)Pmd(is)Eexp{% V},

l+m=j d=0
Im=20

G = | 45(‘"’ z“l) dP(V < 1),
| Se \ Ve
P, (x) =1 and the polynomials P, () are defined by formulas (3.3) with ¢ and
the semi-invariants y,,., replaced by o, and the moments o, ,, respectively,
and the polynomials P,,() are defined by relation (3.6).
Estimate the integrals J;, i = 1, 2, 3. Note that the characteristic function
(ch.f) fi*(s) can be represented as

R R o \/) : exp{Vf (f)n (7)—1)}

where
| v(s) = exp{fx,(s)—1—isa,}, fx,(s)=Eexp{isX,}.
Here v(s) is the chf. of the r.v.

N
Y=) X;—a,
i=1
where N is a Poisson r.v. with unit parameter independent of X,, X,, ... so
that EY =0, DY =a, >0, E|Y|* < c0o. Note also that the seml-mvarlants
Vi J=1,2,..., k, satisfy the relations

71 =0, 'Yj=°‘j:j>2-

To the function v(s/(c \/E))‘ we can apply Theorem 9.12 from [10] with n re-
placed by t. From this theorem it follows that for any & > 0 there exists a § > 0

such that for |s] < 6\/2 we have

A s s*a, k22 Pis\Ju,/0%)
v <o._\/2)—exP {— 20_2 } <1 +J;1 tj,l2 )

(3.12)

2
oy

< Cet~®k-212 (|s|"+|s|3“"‘2’)exp{—S4 > }, C>0,
o

with polynomials P() of degrees 3j defined in (3.10).

Consider J;. Let us put
2 k-2
i=t N

(3.13) v(s, 1) = exp{—s

20
3.14 ) =0(s, (= )=1)L.
(3.14) f(s,t)=0v(s t)Eexp{V\/;(fl(a\/J 1>}
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Using the representation

fxl(—s—‘\/—) UJ+T(S t)
with 2
(s, 01 < 52

and relations (3.11) and (3.12), for |s| < 5\/ t we obtain

vt(;%)——v(s,t)‘ exp{V\/ (fxl( ) )H

ot (GL\/J—U(S, )| -E exp {|V| }

<Cet“"'”ﬂ(lsnu|s|3<k-z>>exp{‘—s4;2} {IVNS'M}

62
g St—(k_z)/zPl (lsl)exp{|sl 2 ElVI s :2 (1_? 2“2)}’

262 o

(B15) 56— (5, )l <

<

-where P, () is some polynomial. The last inequality in (3.15) was obtained with

the help of condition (3.5). Since J is small enough, there is a function integrable
with respect to s on the right-hand side of (3.15). Thus we have proved the
inequality (see (3.7))

(3.16) J < T +o (™ *"22),
where (see (3.13) and (3.14))

(3.17) T, = f6, =) 5
: |s| S8vt 5
Prove that J, = o(t~*~2/2), Let us write (see (3.13) and (3.2))
| k—1 LAY ]
(isy o;
(3.18) fi(s, ) =v(s, t)Eexp{V Y W}’

k=2 11 1 1
(3.19) LG, ) =v(s, t)Eexp{ % V} [1+ Y Il/; (Z aj(l;]yoim):l

(3.20) 7405, 8) = v(s, t)Eexp{ V} [1+k‘22 g2 i le,.,(is)].

i=1
Then since

s kb (isy oy
fX1 <O'\/Z> = j;l W-i-rk(s’ t)
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with
Isl* o
|rk (S7 t)l S Gk tk/’; »
by virtue of (3.15) we have

(B21) £ (s, )—fi (s, Bl
exp{v PECL NS exp{v"f a,(if,yf,,z}
< Io(ss OE lexp {\/tV 7, (s, D} — 1|

< Io(s, D1/t (s, DIE [VIexp{IV1/tlr (s, o)}

|s* o, | [* ot
< |v(s, B)| prCE E|V]exp<| | PTESVIE

k k 1 12
< o (s, )| k' (lk . (EV2)1’2( exp{ZIVI —alst'-‘ﬁ})

Sk—1 s2o §Ak—1) 52
<t 1’/2P(|s|)exp{-#E|V| 2(1 Y azk_osz ,
oy

<lv(s, 1) E

where P, () is some polynomial and the last inequality is again due to
condltlon 3.5). From this inequality it follows that for é > 0 small enough we
have

(3.22) M = ot~ #2012,

Is|<ave

Now consider the difference f, (s, t)—f, (s, t) (see (3.18) and (3.19)). We have
1y (s, )—F2 s, )

k2l (isY o VS Yy Y
exP{V )} o (U™ 2)/2} Z I (Z pEPTESVE
Iv(s O (' Il 1oty S st o)
<&=D Z W EWErep Y] L G-

2o ot oyl
St_(k_l)/ng(lsnexp{ }(E p k- 1))1/2(5 exp{ZlVls Z P }) s

< v(s, ) E

j=2

where P, () is some polynomial. In the same way as (3.21), it follows that for
0 > 0 small enough we have

(3.23) L6, ‘);fz (s, t)l ds = o0 92),

Is|<8vi
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It is easy to see that

(3.24) f2(s, D—f3(s, O < los, Yle~* 2 F R (s) EB,(V)),

where the sum over j contains a finite number of summands and R;() and P;.(-)
are some polynomials. Hence it also follows that for é > 0 small enough we
have

AN AP

(3.25) -

0 (= *D12).

sl af

Now cons1dcr the difference f (s, t)—h(s, t) (see (3 10)). For th1s difference the
inequality similar to (3.24) holds, and therefore

f3 (S, t)-—h(S, t)
S

(3.26) ds = o(t~ = 12),

|s| €8t

Therefore from (3.22), (3.23), (3.25) and (3.26) it follows that J, = o(t~*~2/?)
(see (3.17)), and hence by virtue of (3.16) we obtain J, = o(t~*~?/?),

The relation J, = o(t~*~2/2) (see (3.8)) follows directly from the form of
the function h(s, ) (see (3.10)).

Prove that J, = o(t~%~22) (see (3.9)). Note that since the r.v. X satisfies
the Cramér condition, we have

lim sup 1/, (9 <4 < 1,
lim sup |v(s)] < hm sup exp{lfy,®—1} <q, < 1.

Is| > o

Therefore for é\ﬂ < sl < At*~2/2 we have
' 7
v

NG

Eexp{—V./1}

<gs<1

7 and (see (3.11))

v'(%/g) exp{V\/me(%\/z)}’
< gsEexp{—./tV} e"P{‘/EV Ix, (a%ﬁ)\}

< g5E exp{—/tV (1-q)} <gsexp{/TE|]}l, 0<g,<1.

Here the right-hand side tends to zero faster than any power of t. Hence it
follows that I, = o(t~%~2¥2) (see (3.9)).

Now, the assertion of the theorem follows from (3.10) and the inversion
formula for the Fourier transform. The theorem is proved.

Ife* ()l <
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Now consider the discrete-time case t =n =1, 2, ... and assume that the
controlling process A(n) has the form

n
(3.27) An)y= )Y Z,
Ci=1
where {Z,} are independent identically distributed r.v.’s, Z, >0, i > 1. This
representation occurs in the situation where A (t) is a homogeneous stochastic
process with independent increments, and the generalized Cox process is ob-
served at equidistant time instants so that Z, are the increments of the control-

ling process A (t) on the time intervals between observations. We shall assume
that EZ, =1 so that EA(n) = n. Let us put

v=E@Z, -1, 1=1,2,...

Define the formal “semi-invariants” @; by the equality

o0

logEexp {(Z, — 1) (fr, &)~ 1)} = ¥, %(is)f.

j=2
In particular,
@, =Vv,05, @ =3v,0,0,+V,03,
@, = 3v, 03 +v, 0t +602a, v, —3v3al.

THEOREM 4. Assume that there exist y > 0 and a polynomial P (h) such that
for any h >0 the rv. Z, satisfies the inequality

(3.28) Eexp{hZ,} < P(h)exp{yh}.

Let E |X,|¥ < o0 for some integer k > 3. Assume that X, satisfies the Cramér
condition (3.1). Then

S(m)—an\ ox EE ()
r( iy ) "’(.FZM) L e

o —
,(X) = ——— P
y N/ gt 0y l+§=j ) :

I,m=0

= o(n™®"21),

sup

x

where

(—Dy)P.*;(—DM(\/T"L;) dy,

j=1,.., k=2,

D, is the operator of formal differentiation with respect to y, P (x) = By(x) =1,
the polynomials P() are defined in Theorem 3, and B¥ (") are defined in the
same way as P,() but with the moments o, replaced with semi-invariants
®Cm+2-

Remark 6. We do not assume that the r.v.’s Z; should satisfy the Crameér
condition (3.1). Therefore they may be lattice.
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Remark 7. Condition (3.28) is stronger than (3.5). This condition holds
for any bounded r.v. Z,, e.g., binomial, but it does not hold for exponential or
Poisson r.v.’s. Note also that the r.v. Z, must have all moments.

Remark 8. The first functions P*(x) and v;(x) have the form

3
x> @y

x* e x% @}
PO ="3 B =" 3+5 ¢

at 7250 72657 -

_ @yt H( ox )( ox )
0. () 60 (@) N ¢ V& +a,)

®y+0y ox ox
= - H
) = 2y 3(\/w2+a2)¢<\/te2+a2)

_(@ytas) H ( ox )¢( ox )
26* (@, +a,)  ° m \/m ’
where H, () are Chebyshev-Hermite polynomials.
Remark 9. The functions v;(x) can be calculated by the formulas

6 ox

Qj ’
@ty '\ /@, +a,
where the functions Q;(x) are defined by (3.2) with semi-invariants ., re-
placed by @,,.,+0,+,. In particular,

v;(x) =

623+OC3

0 (x) = — ¢ (x) Hy(x) ;

2
0. =—¢(9 [H )5+ Hy () %]

Proof of Theorem 4. We will prove Theorem 4 using the same scheme
as was used to prove Theorem 3. Here we have

. S*(n)—an
3.29 2 (s) = _—
(3.29) Ja" (s) = Eexp {ls oy }

(el (s ()

For any &> 0 there exists a 6 > 0 such that

1
E exp {(21—1)<fxl (GL)—I)} E exp {(z ~1) ; (’ls') f" ’}
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k
< &7*|s|* E exp {3 |Z,—1| icl_?% E lelkt"}

< et By(s)) exp {3, 6752 7%}, s < 8/m,

where y, >0, and P,(-) is some polynomial. The last inequality is due to
condition (3.28).

Further, since the r.v. X, satisfies the Cramér condition and Z, is not
degenerate at zero (because EZ, = 1), we have

161 (Eee (5 (7)—1)}

<(Eexp{~Z,(1-q)))" < g Is| > 6/n,
with g5, g¢€(0, 1). Now the assertion of the theorem follows from the formulas
similar to (3.7)+3.9), (3.12). The theorem is proved.

The structure of the controlling process of the form (3.27) is typical in
many applications. At the same time it helps us to understand better what goes
on in the situation described by Theorem 3. Now we return to Theorem 3 and
assume that A (n) can be represented similarly to (3.27) but with not necessarily
positive Z; and consider some examples.

ExampLE 1. Let EZ; =0 and DZ, = §%. Set

.1 2
A =3 1Zy+ ... +Z]+n— f-f.

Then EA(n) = n and
- A@m)—n
7

where W is a standard normal r.v.

=|W|-E|W| (n— ),

ExXAMPLE 2. Put Z, = 0. Then under the same conditions on {Z};>, as
above, setting

.1 2
Aw) =5 max Zo+Z,+ ... +Z)+n— /—T?,

O0<i<n
we also obtain EA(n) ~n and
A@m)—n

Jn

ExaMpLE 3. Under the conditions of Example 1 let us set

=|W|-EIW| (- ).

N 1
A =———=(Zy+ ... +Z+n—/n.

az\/r—l



264 . V. E. Bening and V. Yu. Korolev

Then EA(n) =n and
Am)—n

Jn

In all the three examples we observed the same structure of the limit r.v. as
in Theorem 3 (the first two examples correspond to ¥, = |W| while in the third
example we have V, = W?). These examples are nothing more than the illus-
trations of the invariance principle. So we can conclude that Theorem 3 corre-
sponds to the situation similar to that in which A (¢) is a function of a Wiener
process. As’this is 50, rather an unexpected structure of the r.v. ¥in Theorem 3
is due to the requirement that the controlling process should be positive.

Note that, in Examples 1 and 2, ./2n/n is the asymptotic expectation of
the r.v.’s

6"YZ,+...+2Z] and 67! max (Z,+Z, + . +Z).

0<isn

=W2—EW? (n- ).

By subtracting exact expectations instead of their asymptotic values in the
definitions of A(n), we can provide the equality EA(n) = n.

Remark 10. By virtue of the representation (3.29) we can represent S* (n)
as a sum of independent identically distributed r.v.’s and use well-known results
to construct asymptotic expansions for its distribution (see, e.g., [11]). How-
ever, in this case the representation of the functions v;(x) turns out to be less
convenient. By reducing the proof of Theorem 4 to that of Theorem 3 we
express v;(x) in terms of the r.v.’s X; and Z which are “atomic” for the problem
under consideration.

4. Estimates for the concentration functions of generalized Cox processes.
In this section we shall present some estimates for the concentration functions
of one-dimensional distributions of generalized Cox processes S (t). Recall that
the concentration function of an r.v. Y is the function

QY(D-—supP(x Y<x+1), [=0,

" see, e.g., [11], Section IILI.
It is well known that if X, X,, ... are independent and have identical
nondegenerate distributions, then there exist ¢ > 0 and § > 0 such that

@“.1) @ <l-ss?, <6, i>1

where fy,(s) is the chf of the r.v. X, (see, e.g, [11], Section 1.2) and the
concentration function of their partial sum S, = X, + ... +X, satisfies the in-
equality

42) 0s.0) < C, a)”ﬁ‘ I>0,
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with

4.3) ' C(, 0) = (%)2 max (1, 671) \/%’

where ¢ and & are the same as in (4.1).
Here we shall present three analogs of (4.2) for generalized Cox processes
S(t). Let us put

0, =05y, 1=0.

First cohsidef the most general case. Let V be the limit r.v. for the standard-
ized controlling process A (t):

At)—t

N

4.4

=V (t- o).

© Set A*(f) = |t+./tV].
THEOREM 5. Assume that (4.4) holds.

I. Let the rv. X, be nondegenerate. Then
I+1 96
+ 2(

—_—
V1=t

II. Let the r.v. X, be degenerate at a point o # 0. Then

, 11 N~ +1 _[96\%,  _
Qt(l)sogt;l(c(ﬁ, 1) ﬁ“(gg) (le]"t+1) P(V < —q\ﬁ)>+a>(t).

Here C(g, 6) and w(t) are defined in (4.3) and (2.3), respectively.

Proof. I. Let S*(t) be the generalized Cox process generated by the se-
quence X, X,,... and controlled by the process A*(f). Let us write
0F () = Qs«y(), I = 0. Using the inequality (6.3) of [1] and the estimate (2.3)
we have

(4.5) 0.()< 2D+ ®.

Apply Lemma 3 from [11], Section II1.1, according to which for any r.v. Y and
any [ >0, a >0 we have the inequality

Qt(0<0<11;£1 (C(‘o“, 9) 95

)2 max (1, 8) P(V < —qﬁ))+m(t).

2 a
(@6) an)s(%) max(, a™) { 1fy(9)ds,

where fy () is the ch.f. of Y. It is easy to see that the ch.f. f;*(s) of the r.v. $* ()
has the form

(4.7) f*(s) = E exp {I/t+ Vil (fx, (59)—1)}.
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Let ge(0, 1). Since X, is nondegenerate, using (4.1) we therefore obtain
@8)  If*(9) <Eexp {\/tV+el(Ifx, () —1)}
= E exp {(/tV+0) ([fxr, O - D} 1V = —/2)
+E exp {—(/tV+ ) (fi, @ — D} 1V < = /1)

—qw/- o
<( f + I)exp{(\/?vﬂ) (fx, = 1)} dP (V< 0)+P (V< —/2)

—t—q

<exp{—(1—gt(1-Ifx, O} +P(V < —a/1)

<exp{—es?(1—q)t}+P(V< —g/1), o<
If I > 1, then set a = é/l. Then applying (4.8) we obtain

49) or(
< (3_?)21 max (1, 5*1)< "f exp {—es’(1—q)t} ds+? P(V< _\/E))

—a

slﬁC(s, 9) “f exp{—s(l—q)tsz}ds—}—z(g)zmax(l, NPV < —q\/E)

I+1 962
< CC, 5)ﬁ+2<9—5) max (1, ) P(V < —q./%).

If 0<I<1, then we set a=0 in (4.6) and again use (4.8) to obtain
(410) Q¥ ()

(gg)zmax(l, 6‘1)(} exp{—e(1—q)ts*}ds+26P(V < —\/E))

VAN

: <(l+1)\/%C(s, 5)_}0 exp{—a(l—q)tSZ}ds+2(¥)2niax 1,8)PV< —q\/f)

<Cg, 5)——’-+1—+2(96) max(1, 8) P(V < —q./%).

Ja—gt "\%
Now the first statement of the theorem follows from (4.5), (4.9) and (4.10).
To prove part II first assume that o = 1. Then we obviously have

f¥(s) = E exp {—Jt+/tV|(1—€¥)}.
Thus repeating the argument similar to that which was used to prove (4.8) we
obtain the estimate

@.11)  |f*(s)] < E exp{—[t++/tV|(1—cos s)}
<exp{—t(l—g)(l—coss)}+P(V'< —q/0), qe(0, 1).
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But

11
—coss > o~ 57, <L
4.12) 1—coss %5 Is] <1

Now, by putting a =1 in (4.6) and using (4.10) and (4.11), we obtain
413) 0@

< (g—g)zmax(l, 1)(; exp{—t(1—q)(1—coss)}ds+2P(V < —q\/f)> ‘
(96) (l+1)(j' xp{—%(l—q) tsz}ds+2P(V< —-q\ﬂ))
(96) (l+1)( oj? exp{—%(l—q) tsz}ds+2P(V< —q\/E))

11 1+1 (96)2
=C|l—,1)——+2|=) (+1) P(V< —q. /1),
(24 ) i 2las) GO /)
and the desired result for the case a = 1 follows from the relation (6.3) in [1]
and (2.3). To prove part II for the case of an arbitrary a« # 0 note that, in (4.12),
QF () = Quwy (1), where N*(t) = N, (A*(t)). Now the desired result follows from
4.13) and the obvious relation
oFf()= QN*(:)(l Ial_i),

which holds for an arbitréry a # 0. The theorem is proved.

COROLLARY 2. Let, in addition to the conditions of Theorem 5, E|V| < c0.
L. If the rv. X, is nondegenerate, then

2.0 < —%(\/C(s, 5)(z+1)+§—g\/2max(1_, 5)E|V|)2+co(t).

IL If the rv. X, is degenerate at a point o # 0, then

Hod =t +1 11 96 2
0,() < ——= 7 ( c(ﬂ, 1)+§§,/2£|V|) +o().

Proof. This statement easily follows from Theorem 5 with the help of the
Markov inequality and the elementary fact: for any ¢,,c, >0

ot (§25+%) - Ve

Now we proceed to two special cases in which it is possible to simplify the
estimates for the concentration functions of generalized Cox processes.

4 — PAMS 182
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THEOREM 6. Let (4.4) hold with V = V,—EV,,, where V, is a nonnegative
r.v., EVy < 0. Then for t > (EV,)* the following statements hold:
L If the rv. X, is nondegenerate, then

0,() < C¢e, 0) “\/%
) - o

IL. If the rv. X, is degenerate at a point o # 0, then
' 11\ o141 |
“on<c(y ) a0

V-,

Here Ay (t) = sup, |F,(x)—FP (x)|, F (x) = P (S° () < x) and S° (¢) is the general-
ized Cox process generated by the sequence X,, X,, ... and controlled by the
process A°(t) = \/E(VO —EV,)+t.

The proof of this theorem follows the same scheme as that of Theorem 5.
The only distinction is that instead of (4.8) we should use the following estimate
for the chf. £°(s) of the r.v. S°(¢):

If2(s) <E exp{—(\/EV+t)(1—|fK1 (9)))} < Eexp {.—(\/EV+t)as2-}
<exp{—(t—/tEV)es?}, -Is| <3,

which holds for t > (EV,)>.
Remark 11. To estimate 4,(t) one can use Lemma 1.

+4,4 ().

Finally let us consider the discrete-time case t =n =1, 2, ... and assume
that ' '

a0= 3 2,

where Z; are independent nonnegative identically distributed r.v.’s. Let us put
0, (D) = Qs (D-

THEOREM 7. Assume that @ =EZ["* < 0.
L If the rv. X, is nondegenerate, then

1/2

I+1
0,(h<Ce, 0y —=.
Jn
IL If the ruv. X, is degenerate at a point o # 0, then
11 Il =t +1
a.0<C P
24’ ﬁ

Proof In the case under consideration ‘we have

f(6) =E exp{isS()} = (E exp{Z, (fx, (- 1)})",
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and therefore if X, is nondegenerate, then, by (4.1) and Holder’s inequality, for
Is| < 6 we have

17, < (E exp{—Z,es?})" <Eexp{—nes®Z,}.
And if P(X, = 1) =1, then |

1) = E exp {Z, (- 1)})’,
so that by (4.10)__er Js| €1 we have

£, (s)l < (E exp {Z, (coss—1)})"

11 g 11
< (E exp{—ﬂ s221}) =E exp{—2—4 nszzl}.

Now it remains to use the inequalities similar to (4.6), (4.7), (4.8) and (4.13). The
theorem is proved.

Remark 12. Condition (4.4) is actually used only as a hint on that  (¢)
and A4,(t) in the above estimates should tend to zero as t — .
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