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Abstract. The paper is concerned with the asymptotic behaviour
of solutions to the nonlinear stochastic heat equations, with spatially
homogeneous noise, in the whole space. Sufficient conditions for the
existence of invariant measures, in weighted spaces of locally square-
-integrable functions, are given.

For linear equations with multiplicative noise an invariant mea-
sure, supported by positive functions, is constructed. The existence of
a stationary solution to the vector Burgers equations is obtained as an
application of the general theory.

1. INTRODUCTION

This work is concerned with the asymptotic behaviour of solutions to the
stochastic heat equation: :

0,X(t, ) =44,X(t, O+b(E, X(t, ) (¢,1), EeRY, t>0,
X0,9=x(8), ¢eR,

where 4, is the Laplace operator on R%, b is a real function, # is a spatially
homogeneous Wiener process (see [5] and [13]). We investigate the existence
and supports of invariant measures for (1.1). The results of the present paper
allow to apply the Cole—Hopf transformation to a class of solutions of (1.1), to
construct stationary solutions of the vector, stochastic Burgers equation:

(1.2) Bult, &) =1 4.u(t, H—ut, &), Vo ult, O+VH# (t, 9

in RY, d>2 (cf. [1] and [7]).
The paper consists of 4 sections and is organized as follows.
After the Introduction, we collect in Section 2 some results on I%-spaces

(L.1)

and on the heat semigroup S(t), ¢t > 0, on those spaces needed in the sequel.

* The paper was completed while the authors were visiting the Scuola Normale Supe-
riore in Pisa, in spring 1996. The work of the second author was also sponsored by the KBN
Grant 2 PO3A 082 08, Stochastyczne réwnania ewolucyjne.
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We also recall an existence result for equation (1.1) from [13]. Existence of
solutions to (1.1) has been studied by several authors (see, e.g., [5], [8], [11],
and [13]). Here we use the approach from [13] which leads to Markov solu-
tions on weighted spaces I with weights .

Our main results on existence of invariant measures for equation (1.1) are
contained in Section 3. Theorem 3.1 gives a general sufficient condition for the
existence of an invariant measure for (1.1) on a weighted space I2,. In its proof
we use the so-called compactness method introduced, for infinite-dimensional
systems, in [2]. However, equations studied here are essentially different from
those treated in [2]. In particular, in contrast to the situation in [2], operators
S(¢), t > 0, are not compact in any IZ. Moreover, the diffusion mapping in (1.1)
is, in general, unbounded. On the other hand, as in [2], we construct an in-
variant measure as a weak limit of a suitable subsequence of time averages of
the laws of X (1):

1 T+1

[ ZL(X@)dt, T=1.

Theorem 3.3 is concerned with a more specific condition for the existence
of an invariant measure for equation (1.1) in terms of the coefficient b and of the
correlation function of the noise. The theorem is a generalization of a result
obtained by Dawson and Salehi in [5] for the linear case, under stronger
assumptions on the correlation function of the noise. In [5] the chaos expan-
sion technique was used and the invariant measure was constructed only on the
space of tempered distributions. Here we show that the invariant measure is
supported by IZ, where ¢ = (1+|¢[) ™!, £eR?, r > 2d. In the special case of the
constant diffusion function b we can recover some recent results from [4]. It
turns out that in this latter case, if d > 2, our sufficient condition for the
existence of an invariant measure is, in fact, also necessary.

The final Section 4 is devoted to more refined resuits for the lmear equa-
tion: '

13 0,X(t, &) =34,X(t, O+X(t, W (£, 1), EeR, t>0,
' X(0,8=x(), EeR. '

In Section 4 we discuss also the Burgers equation (1.2). In the linear case (1.3),
the measure dy, where 0 denotes the function equal to 0 on R4, is always
invariant. It is therefore important to show the existence of invariant measures
with supports different from {0}. This is the object of Section 4.1. Next, in
Section 4.2, we state a condition on the spectral density -of the covariance
operator under which there exists an invariant measure on a weighted Sobolev
space Hj. Here we use a novel technique of interpolation spaces. Then (see Sec-
tion 4.3) the existence of a stationary solution taking values in the set of strictly
positive functions on R? is studied by using a result recently proved in [15]. The
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final subsection is devoted to the applicability of the Cole-Hopf transform
X — —V,log(X) (see [1]). In fact, one of our main motivations to study the
questions discussed in the paper was to find sufficient conditions for the existence
of a stationary solution of equation (1.3) to which the Cole-Hopf transform can
be applied. Using the stochastic Feynman-Kac formula and some properties of
the stochastic flows developed by Kunita [9] a construction of such a solution
was recently proposed by Kifer [7]. Our approach, based on the theory of
stochastic evolution equations, seems to be more natural and leads to different
sufficient conditions (see Theorem 4.9). Moreover, it applies to non-linear equa-
tions that are beyond the scope of the stochastic Feynman—Kac formula.

The papér is a slightly modified version of preprint [16].

Acknowledgments. We thank Professor D. A. Dawson for the idea of
the proof of Theorem 4.1 and Professor S. Peszat for useful discussions.

2. PRELIMINARY RESULTS

Before giving a precise meaning to equation (1.1) we have to recall several
analytical concepts. _ .

By S we denote the semigroup generated by 34 on I? (R% or on some
extensions of I? (R%). We have, for all t >0 and all peI?(RY,

- G(t. | o1 — &P
Sty =G(t, ‘)*q) cand G, ¢ = G expl —, )

“where * denotes the convolution operator,

Since we work on the whole R? we will study equation (1.1) in weighted
spaces. An admissible weight ¢ is a positive bounded continuous function
o€’ (R% such that, for all T > 0, there exists a constant G, (T) satisfying

(2.1) . G(t,)*xg < C'Q(T)Q for all te[0, T1.
We denote by I, the weighted space I?(R?, \/¢(£)d¢) with scalar product
| @ = POV (Be(®)d

. and norm

lol2 = fd @* (&) eo(8)dE.
R
Since g is bounded, I? (R%) < L. In the following we will denote I? (R%) simply
by 2.
ExaMpLE. The functions
e(§) =exp(—rl)) with r>0 and () =(@+[¢)"" with r>d

are admissible weights.
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The next proposition states that the heat semigroup is compact from
a weighted space to another one. It is of great importance in our proof of the
existence of invariant measure.

PROPOSITION 2.1. For all admissible weights @, the semigroup S(?) can be
extended to a €,-semigroup on I,. Moreover, if § is another admissible weights
such that

r

then, for all t>0, :S-(t) is compact from I% to I%.
Proof. For all peI? and for all te[0, T] we have

IS@) 0l = IQ(E)(I G(t, £— ’?)qo(ﬂ)dﬂ) g

dé < 400,

< ,{,,9(5)( JdG(t, &—ﬂ)ch) (ILG(t, é—n)¢2(n)dn) dé

< | ,{.,G(t’ E—mo*me@)dndl < C,(T)lol;.
R4

Therefore the operator S(t) can be extended to a bounded linear map from
I% to itself. Moreover, since I? is dense in I3, it is easy to show that S is
strongly continuous in 2.

We claim now that, if (2.2) holds, then S(¢), t > 0, is a Hilbert—Schmidt
operator, and therefore compact from % to L.

Let {e¢;} be an orthonormal basis in I?; then, as can be easily verified,
{6""%¢;} is an orthonormal basis in I%. Moreover,

LY 2 2
S(t ei) ( G, é— e (n) d)d
> ()(ﬁ . lZ“{de(é) [6 &—n) 2 dn) de

< [ Gt E-ne me@)dtdn

R4
S@rt)™? | | G2, E—-mé " (me(©)didn

R4 R4

< @rt)™ 2 C,(4/2) Id ¢ (e )dd

and our claim follows by (2.2). =

Remark 2.2. Condition (2.2) holds for the classes of weights introduced
in the Example. If ¢ (¢) = exp(—r|é]) and (&) = exp( 71&), then (2.2) holds if
and only if > 7. Moreover, if ¢(£) = (1+]¢)~* and (&) =1+, then
(2.2) holds if and only if r > #+d.

By (@, #, (%), P)we denote a fixed stochastic basis. We will assume that the
(#)-adapted Wiener process #” in equation (1.1) has, in general, an unbounded




Invariant measures for stochastic heat equations 275

covariance operator Q of convolution type. More precisely we assume that
Ox =T*x, x€2(0Q),

where I is a positive definite distribution with even spectral density y = 0 (see
[6], Chapter II). This means that the Fourier transform of the function y is
identical with the distribution I' and that

EXH (1), 93K (), ¥ =t As)<T+ ¢, ¥)

for arbitrary rapidly decreasing functions ¢ and .
Following [13] we write equation (1.1) in the integral form:

(2.3) | X*(t) = S(:)x+f S (t—s) M (B(X*(s))) dW,.
0

The mapping M in (2.3) is defined, for ¢ in I% and rapidly decreasing functions
M@y =o('**y),
and the mapping B: IZ, — L2, is given by

B(#)(©)=b(, ¢(Q), EeR,

where b: R? x R — R is a measurable function. Moreover, W is an (#)-adapted
Wiener process on I? with the covariance operator I.

In the sequel we will always require that the spectral density y and the
function b satisfy the following assumption:

HypoTHESIS 2.1. (i) There exists pe[l, +o0], with (1—-1/p)(d/2) <1,
such that yeL? (R%.
(ii) There exist constants | and 1, such that

b, )—b(&, 2 <Ilk—2z| and b 0)<l, for all £eR*, [eR.

The number [ will be called the Lipschitz constant of b.
Notice that, under the above hypothesis, if ¢ €I, then B(¢)el? and

24 B@)-BW), <!ly—¢l|, and |BO), <lolelinsy forally, peLi.

We can now state the existence and uniqueness result for equation (2.3) as
proved in [13]. Let us recall that if (K, |-|g) is a Banach space, we denote
by €,0, T, (R, K)) the linear set of all (%)-predictable processes
Y: 2x[0, T] - K such that the map ¢ — E(|Y (1)|%) is continuous. The set is
endowed with the norm

|@lesi0,7.02(2,50 = Sup E (|Y(t)|%<)-
1€[0,T]

THEOREM 2.3. Assume Hypothesis 2.1 is satisfied and let g be an admissible
weight. For all x € L, there exists a unique solution X*(-)e¥€,(0, T, I (Q, L3,)) of
equation (2.3).
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We finish this section with an analytical result from [13], needed in the
following sections. It played a fundamental role in the proof of Theorem 2.3.
If E and F are Hilbert spaces, we denote by L,(E, F) the space of
Hilbert—Schmidt operators from E to F, and by || ||L2(E r) the corresponding
Hilbert-Schmidt norm.

" PROPOSITION 2.4. If Hypothesis 2.1 (i) holds, then, for all $ IZ, S(t) M ()
is a Hilbert-Schmidt operator from I? to I, and '

||S(t)M(¢)||L2(L2,Ls) < Ct-U-1pd gl

’ I-{emark 2.5. Theorem 2.3 and Proposition 2.4 are proved in [13] only
for exponential weights g (¢) = exp (—r|£|). However, the results as well as the
arguments of the proofs extend to general weights studied here.

3. EXISTENCE OF INVARIANT MEASURES

Let us recall that the process X*(-) is bounded in probability in % if
(3.1 Ve>0,3R>0: V>0, P{{X*(@); = R} <e.

In this section we prove that if the process X*(-) is bounded in probability
in I for proper g, then there exists an invariant measure for equation (2.3) on
the space I%. We also give conditions on the covariance operator of the Wiener
process implying the boundedness in probability of X*(-).

The following theorem is in the spirit of Theorem 4 in [2]. In contrast to
[2], the diffusion mapping in equation (2.3) is unbounded and operators S (z),
t > 0, considered as maps from I into itself, are not compact.

THEOREM 3.1. Assume that Hypothesis 2.1 holds and that, for an admissible
weight g, there exist another admissible weight ¢ and an element %in I, NI such

_ that

[ e(®)(6(©) " dé < + o0 and X*(*) is bounded in probability in I.
R? _

Then there exists an invariant measure for equation (2.3) in IZ.

Proof. To prove the theorem we show that for arbitrary (0, 1) and all
R > 0 there exists a compact set  in I such that

(32) P{X*(t)ex} = (11— P{X*(t—1)|; <R} for all t>1,

The boundedness in probability of the process X*(-) in I% then implies that
the family of laws .?(X" (®), t>1, is tight in L. Therefore the family
of laws

1 T,+:1 ~

T { L(X*@)dt, T>0,
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is tight as well and, by a general argument, the weak limit of any converging
sequence
1 T;+1

T j Z(X*@e)dt, T, 7+,

J

is invariant for equation (2.3) in 3.
As in [2] we divide the proof into three steps:

Step 1. Let ¢>2 and ae(q™!, 271). Then operators F:
1
=j (1=~ S(1—s) f(5)ds,

are compact from L?((0, 1), I%) to .
Since S(¢), € > 0, is compact from I% to I%, it follows that operators

Fif = T (L—sf~1S(1—3) f(s)ds = S(&) f (1—s—gf~ 1 S(1—s) f(s+8)ds
0. 14
are compact from L%((0, 1), I%) to I%,.

Direct estimates imply that llme_.o F} = F, in the operator norm, so opera-
tors E, are compact as well.

Step 2. Define, for all xeI,

V() = { (=97 =) M (B(X-())

1 1 1\ d
- {1—-{1=2)2
q<“<2( (1 p)Z)’

then there exists k, such that

If

E}' [Y*(s)I2 ds k, |x|
To show this notice that by Proposmon 2.4 we have

Ej' [Y*(s)lidds < k ) (E f(s—¢)*

/2
S6-0M B O, . 50 &

< kCUE | (j(_s—g)“z”" lB(X"(g))fdg)q/ ds,
o \o '

where o = (1—1/p)(d/2) < 1.
Since 2a+06 < 1, by Young’s inequality for -convolutions we have

1 1
E ‘{ |Y*(s)l4ds < kCT11g1, g (1 20— )2 E g | X* (<)l de.-
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Direct estimates (see also Lemma 3 in [2]) imply that for all g > 1 there exists
k, such that

EIX*@0) <k, (1+]x12),
and this completes the proof of Step 2.

Step 3. We can now conclude the proof of the theorem. By the factoriza-
tion formula (see e.g. Theorem 5.2.5 in [4]) we have

LX) = S(1)x+Sin (m2)

E, Y*(1).
= EY()

If

A (6) = {S(1) y+FE,h, where [y|, <0 and || <0},

q
q 2
L (0,1,L§)

then, for all 6 > 0, o () is relatively compact in I2,. Moreover, by Step 1 and
Chebyshev’s inequality, if § > |x|;, we have

1 0
P{X* ()¢ A (O)} < P{g Yz de > sinn(rm)}

1
<sin?(@m)n”1079E [|Y*()|Ede < k3670 (1+|x19),
0

where k, = sin?(am)n~?k,. Consequently, for all § > R we have
P{X*()e A (0)} = (1—ky0~9(1+RY) P{|IX*(t—1)|; < R}.

Since X* is bounded in probability in I%, for all ¢ > 0 we can choose R such
that P{|X*(1), > R} <e. It is enough now to fix 6> R such that
k307%(1+R% < &. This completes our proof. =

Remark 3.2. If there exist x such that, for some weight ¢ and state %

3 2
in I3,

(33) E(X*@)l;)* <x for all ¢>0,

- then condition (3.1) holds. In fact; by Chebyshev’s inequality we have

P{X*(l; > R} < R™2E(X*(@))3) < R™*x.

The following theorem provides a condition, on the covariance of the noise,
under which (3.3) holds for the constant function % (¢) = 1(¢) = 1 for all e R"
The result is a generalization of Theorem 3.4 in [5] to non-linear equations and
to general spectral densities.

THEOREM 3.3. Assume Hypothesis 2.1 holds and define

5 _T(@2-1)

Lo /\ ~
(34 =W «py'? and 1= o I FOI0rd,
R
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where T is the gamma function. If d > 3 and 1 < 172, where | is the Lipschitz
constant of b, then, for all admissible weights o,

sup E(|X1(t)|‘?)Z < +00.

tz0

Proof. First notice that IeI? for all admissible weights ¢. Let
X,(t, & =0 and

n+1(::) =1+ jS(z s) M (B(X,(s))) dW,,

so that X (t) — X! (t) in E(Q I2) for all admissible weights ¢ and a11 t=0.
Moreover, let Z, = X, — X, _;. F1x a basis {e;: ie N} of I with e;e & (R”). Then
for all £eR? we have

i I(I G(s, E—mb(n, 0)(v”2*e)(n)dn) ds

i=1

18

}

i

2
1<Id(IG(S€ Wb, 077~ n)dn>e(C)dC)

o~ 2
( dG(S, E—mb(n, O)VI/Z(C—ﬂ)dﬂ) d(ds

1l
O ey

) © P 2 @ ~
SB[ [ (GG, )3 (@) dzds= | | G(2s,2) [ (2)dzds.
0 R4 0 R4
Since for all {eR? we have
© r@ar-1
j6s, pas = "9 -,
0
and by (3.4) we get
w 1 AN I 2
Z | IG(s,é—n)(v”z*el)(n)dn> ds < B1.
. i=1 0 \R4 .
Therefore we can fix £eR? in the definition of Z, = X, letting

ARSE i f ( 1,66, &=mbar, 0)G *e;)m)dn) ap:,

and we obtain the following estimate:
E((z,(¢t, 9) <131 for all écR°.
Consequently, we also have

E(Z,(t, & Z,(t, m)) <I§l for all &, neR’.
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In a similar way, since |b(y, X, (s, 1))—b(y, X0 (s, M) < 11Z, (s, n)l, we have

i f(f G(t, E—m)[b(n, X, (5, n))— ('l, X, (s, n))] (12 *‘el)(n)dn) ds
i=10 X

<112}'j f jG(t 5, E—({—0)G(t—s, E—L—w)

0 Rd Rd

SN %
><E|21 (5, L+ Z, (5, L+w) 72 ()72 (w)dvdwd{

<M G(t—s,{~{—v)G(t—s, E=L—w)y' 2 (o)l Iy*/* (w)| dvdw dl

R Rd Rd

=213

:—,8 o=—=-

[G@t,pf Qdidt < PP,

0 Rd

Therefore we can fix £eR? first in the definition of Z,, and then in the
definition of X,, letting

ZZ (t! 6) , :
= i (I) (IdG(s, &= [b (1, X, (s, m)=b (1, X5, n))] (WZ#el)(n)dn) ap,
an.d' we get

E((Z,@ 9)?) < PPE.
In a similar way, for all n=1, 2,... we have
| E((Z,t, &) < PO,
Therefore, for any fixed weight ¢, we have
(E1Z, @) < P2 I~ g lolpscre)

and

(EIX' (@R < z (EIZ, 01D < Iy/TlolL, z /1.

This proves our claim because \ﬂl <1l =

COROLLARY 3.4. Let g(&) = (1+|&)~1. If the assumptions of Theorem 3.3
hold, then equation (2.3) admits a non-trivial invariant measure in L2 for all

r>2d.

- Proof. It is enough to apply Theorem 3.1 for o(&) —(1+|f| )~!
e(®) = (1+1&f)7* with d<r<r d e

Remark 3.5. If y”z 0, then I is identical with the Fourier transform
I’ of y introduced in Section 2.
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Remark 3.6. Assume that ),172 0,d>3and b(¢, ) =1 for all £eR?
and for-all {eR; then the assumptions of Theorem 3.3 reduce to

GBS . [ TORP A < +oo.
R4

By the equality |{|>~¢ = c|{| 2 (see [14], p. 128), condition (3.5) takes the form
§ y©I2dl < + oo,
Rd

that is exactly the necessary and sufficient condition stated in [4], p. 196.

4. LINEAR EQUATIONS

In this section we prove more precise results for the linear equétion (1.3).
Equation (2.3) becomes now :

@1 X*(t) = S(O)x+ j" S (t—s) M ((X* (5))) dW,.
(4]

4.1. Non-trivial invariant measures. Equation (4.1) has at least one invar-
iant measure: the Dirac measure J, concentrated on the constant function 0.
So the question arises whether the procedure developed in the previous section
leads to a measure different from d;;. The next theorem states that this is the
case if the invariant measure is constructed by using the solution to equatlon
(4.1) starting from the function 1.

THEOREM 4.1. Assume that Hypothesis 2.1 (i) holds. Moreover, suppose that
there exists an admissible weight ¢ and T; 7 + o0 such that the sequence of
measures on L,: :

1 T;+1

= j LX), n=1,2,..,

J

B =
converges weakly in L, to a measure p and that

sup | IxIgp;(dx) < +o0.
jeN Rd

Then p({0}) < 1.
Proof. Since S(t)I = 1, equation (4.1) for x = 1 becomes

X't = 1+fS(t—s)M((Xx(s)))dW

Taking expectation we get E(X'()) = 1. Thus.
T,+1

1
j'zxuj(dx)=F { E(X'(t)dt =1

Le i
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Moreover, there -exists # such that
f, bel2 s ) <
La

Now we fix A > 0 and define

G, I, i Ix Dyl < 4,
Y (x) = {A if <x, Iy > 4,

-2 if <x, Iy, < —A.
Then o N
@y 2 [ Gu D=2 [ Kx, Dyludx)
L} L {I<x, el > 4}

1/2
2 7 —-2(P{|<x, I,| > A})/? (I (x, 1)} u,-(dx))
L§
2|17 —2471 | <x, D p;(dx) = 1—-24" 1 A)|1)2.
L3

Since y;, is continuous and bounded on I%, we can pass to the limit with
j — + 00, obtaining

3"2wa(x)u(dx)z(l—zrlmzﬁ.

But ¥, (0) = 0, so by choosing 4 > 2x we conclude that u({0})< 1. =

Remark 4.2. Assume that Hypothesis 2.1 (i) is satisfied. Let ¢, § be two
admissible weights such that (2.2) holds and
4.2) sup E(|X'(®)I2) < +0, sup E(X'()I}) < + 0.
t>0 t>0
Then, by Theorem 3.1, equation (4.1) has an invariant measure x on I, and
Theorem 4.1 implies that u{0} < 1. Sufficient condltlons under whlch 4.2)
holds are given in Theorem 3.3.

Remark 4.3. Theorem 4.1 holds in the case of non-linear function b,
with the same proof. However, the problem is relevant only when b(¢, 0) = 0
for all £eRe.

4.2. Regularity. We show that, under suitable assumptions on y, any in-
variant measure y in I, for equation (4.1) is concentrated on a weighted H"
space. We obtain this result showing first that the solution of equation (4.1) at
time ¢ > 0 is more regular than at time t = 0.

We have to introduce some additional notation. Let H, be the completion of
the space of regular functions with compact support in R? with respect to the norm

i1/2
|9ln.e =( ] ID’¢(§)|2Q(§)d€) :

[zl <n R

The following is the main result of this section:
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THEOREM 44. If p is an invariant measure for equation (4.1) in I
and

43  [A+EPPP©dE <o with p> 1 and (1_;1)>g< "
R4

then pu(Hg) =1.
Since, by definition,

p(Hp) = | T (X*(0)) p(dx),

the theorem is an immediate consequence of the following regularization
result:

TueoreM 4.5. If (4.3) holds, then, for all x in I, and all t>0,
X*()e?(Q, #,, P, Hy). In particular, X*(f)e H? P-almost surely.

Proof. The proof is based on the interpolation theory (see [10]). For all
«€]0, 1[ we denote by ¥;*" the real interpolation space (H}, I%), > (see [10],
p. 15). Moreover, by definition, 7,°" =I2, and W'"= H%.

Step 1. First we prove that if an initial state is in some V", then the
solution of equation (4.1) is in € (0, T, I? (€, 7;*"). The result is proved in [13]
for spaces Hj. By Proposition 2.4 the map ¢ — S(t) M (¢) is bounded from
L to L,(I?, I2) and

IS@M @)l ya 5 < CeO 104 ]
We also know (see [13]) that if (4.3) holds, then the map ¢ — S (£) M (¢) is
bounded from Hj} to L,(I?, H:) and

IS0 M @)y, 1.y < CLO" VPR

From the definition of the interpolation spaces (see [10], p. 15) we easily
obtain

(LZ (1‘22 Hg): L2 (Ezs LZQ))«I,Z < Lz (L'zs %a,n).
By thé interpolation property we infer that if (4.3) holds, then ¢+ S (£) M (¢) is
a bounded map from ¥;*" to L,(I?, {,*"), and
—(i-1
IS@M DN, 12 yzm < CE™07HPED |G

vgn®

Now the claim follows from a standard fixed point argument in the space
% (0, T, (2, V™).

Step 2. Since [S(2)] 242 RS Ct~"?, by interpolation we get, for all
G
=0,6>0 with a+5 <1, '
IS O g yge+ my < CH1,

5 — PAMS 182
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Consequently,
IS (&) M (@) v+ om = IS ¢/2) S (¢/2) M (D)2 i+ o1m)
< ISU/2 2 ggmpie om IS ¢/2) M @)z vgn
< C2t2m—(-1n62) g2,

where C, = C? gna+(1-1/p)d/4)
Step.3. Now we claim that if

1 1\d
6<§;l:1—<1—5> 5] and OCE[O, 1—5],

then for all x in ¥;*" and all t >0
X*@®el (@, F, P, VE+o™).

It is enough to show that
t
[ SE—s) M (X*(s))dW,e 2 (Q, #,, P, VE+o").
0
But, if 2nd+(1—1/p)(d/2) < 1, then
t
E [ ||S¢t—5) M(X*($))|e,@evg o
0

T
2 .—2r6—(1—-1 di2
< X 0,1, 12095y § CEe™ 2 U7 1PED o < 4 oo,
0

and the statement holds.

Step 4. We are now in a position to conclude the proof. Fix ¢t > 0 and
choose me N such that m > 2n[1—(1—1/p)(d/2)]~'. Applying Step 3, in the
interval [0, t/m] with « =0 and 6 =m™' we get

X*(t/mye2(Q, %, P, V'),

Then applying again Step 3, but now in the interval [t/m, 2t/m] and with
a=m"1, 6 =m"!, by the Markov property we obtain

X*Q/mel?(Q, %, P, 2™,
Proceeding in this way, after m steps we obtain the claim. =

4.3. Strict positivity. In this brief subsection we show that any stationary
solution of equation (4.1) with values in the set of non-negative continuous
functions on R has, in reality, values on the space of strictly positive functions
on R?. This is done by using the following strict positivity result proved in [15].
Remark that, by [13], if x belongs to the space I?, then equation (4.1) has
a unique solution X* in 4,(0, T, I} (2, ).




Invariant measures for stochastic heat equations 285

THEOREM 4.6. Assume that Hypothesis 2.1 (i) holds and let x belong to
I2(R%). If x > 0 and, for some ¢ > 0, the set {£ € R?: x(§) > &} has the non-empty
interior, then X*(t) > 0 almost surely in QxR? for all t > 0.

The result can be easily extended to weighted spaces by using a standard
comparison result (see Section 4 in [15], or [12], or [8]).

COROLLARY 4.7. Let g be an admissible weight and assume that Hypothesis
2.1 (i) holds and let xe IZ,. If x > 0 and, for some ¢ > 0, the set {£€ R%: x (£) > &}
has the non-empty interior, then X*(t) > 0 almost surely in Q x R? for all t > 0.

Proof.-We ¢an assume that x > &lp,,, for some £¢>0,r>0, £eR9,
where by B(&, ) we denote the open ball in R? of center ¢ and radius r. Let
X, = XIpe, and xg = XIp g for R >r. Then x,eI?(R%, xz e *(R%; more-
over, el ¢, < X, < Xg and, finally, x; — x in I2, as R ~ + c0. By [15], Proposi-
tion 4.1, we know that, for fixed t, X (¢) < X*®(t) almost surely in P® pu.
Moreover, as can be easily proved by a parameter-depending contraction prin-
ciple (see Section 2), X™*(f) » X*(¢) in I as R +o0. The claim follows
since, by Theorem 4.6, X* (f) > 0 almost surely in QxR?. &

We are now in a position to prove the main result of this subsection. We
denote by B, the set {xeL%: x({) > 0 for almost every {eR‘}. Notice that

B, ={xeL: x({) > 0 for almost every {eR%.

THEOREM 4.8. Assume that Hypothesis 2.1 (i) holds, let ¢ be an admissible
weight, and p an invariant measure for equation (4.1) in I%. Suppose that
u(B,) =1, u({0}) = 0, and the set of elements of I, which have no continuous
modification is of measure 0 relatively to p. Then y is concentrated on B,, that
is: u(B))=1. :

Proof Our assumptions imply that p-almost every xeI? belongs to
B,—{0} and has a continuous modification. Moreover, if x # 0 lies in B, and
has a continuous modification, then for a suitable >0 the set
{¢eR* x(&) > ¢} has a non-empty interior. Therefore, by Corollary 4.7, for
fixed t >0, X*(t)e B, P-as. The claim follows since, by definition,

K(B) = [ I, (X Q) (@) = 1. =

44. Applicability of the Cole—Hopf transform. The previous parts of Section 4
were devoted to the study of specific properties of the support of invariant
measures to the stochastic linear heat equation (1.3). One of our main motiva-
tions in doing so was to find conditions under which there exists a stationary
solution of equation (1.3) to which the Cole-Hopf transform can be applied.

Let us recall (see also [1] and [7]) that the Cole-Hopf transform associates
with a real function ¢: R?— R the vector field #p: R — R® defined by

d d
Ho(f) = (—a—éllogq:(&), —&—logrp(é))-
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It is evident that the definition of s# requires that ¢ belongs to the set
H = {peHL (RY: ¢ (&) >0 for almost every éeR%}.

The Cole-Hopf transform was introduced in the deterministic framework to
construct a solution to the Burgers equation and has been recently used
(see [7]) in the case of the stochastic Burgers equation:

(44) d,u(t, &) = S A,u(t, —<ult, &), Vo ult, O+VH (6, 9

(see [1] for the one-dimensional case). Note that if X (t), ¢ > 0, is a solution to
equation (1.3) and one defines u(t) = 5# (X (t)), t > 0, then differentiating u (t)
formally, by the It6 rule, one gets exactly (4.4).

The following theorem gives conditions under which the Cole-Hopf trans-
form can be applied to a stationary solution of (4.1).

THEOREM 4.9. Assume that d > 2,

T I Four—a <1

with I’ defined as in Theorem 3.3, and that
§ 18P yP (6)dE < oo
Rd .

with p> 1, (1—-1/p)(d/2) < 1, ne N, n> d/2. Let moreover g be an admissible
weight such that

&df <+

re 0(9)
for some admissible weight 3. Then there exists a measure i on I% invariant for
equation (4.1) and satisfying i(H)= 1. In particular, if X (t) is a stationary
solution to equation (4.1) with & (X (t)) = i, then the Cole—Hopf transform is
applicable to X (1).

Proof. Theorems 3.1 and 3.3 imply that there exists a sequence T; / + o
such that the sequence
1 Tst1

= | ex'e)d, j=1,2,..,
T 1

J
weakly converges to a measure p on L% invariant for equation (4.1). Theorem
3.3 also yields that the assumptions of Theorem 4.1 are satisfied. Therefore we
have p({0}) < 1. Moreover, by Theorem 4.4 it follows that x(Hj) = 1. Finally,
Corollary 4.7 implies that X'(f)e B, P-almost surely; therefore u(B)=1
(for the definition of B, see Subsection 4.3).
Now let
. 1 {0}

i

6”} 0

= H—
1—p0} " 1-u{0}
Since J,is an invariant measure for equation (4.1), ji is an invariant measure




Invariant measures for stochastic heat equations - 287

as well and _

A(B,—{0)=1 and A(H)=1.
Moreover, by the Sobolev embedding theorem, we know that Hj, with n > d/2,
is included in the set of functions of IZ having a continuous modification. So
we can conclude that the measure j satisfies the conditions of Theorem 4.8.
Therefore we have i(BnH3) =1 and the claim follows being Hj < Hi. (R
and BnHyc H. =

Remark 4.10. In reality, what we obtain, under the assumptions of The-
orem 4.9, is that g(BnHj).= 1, which is a stronger property than what we
were looking for. This additional regularity was needed to ensure that the
measure 4 was concentrated on continuous functions, and thus the applica-
bility of Theorem 4.8.
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