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ON CERTAIN SUBCLASSES OF THE CLASSES L,

BY

T. RAJBA* (WROCLAW)

Abstract. Loéve in [5] introduced the classes L, associated with
number ¢, ce R, as the classes of probability measures satisfying the
condition (1). Many authors investigated those classes ([2], [5]-[9],
[20], [21]). In this paper we consider certain subclasses L., .. c.o Le,wk
of the classes L.. We prove that they coincide with the classes of
distributions of series of some random variables and with the classes of
limit distributions of some normed sums. We give a characterization of
certain classes D,,, . associated with L.,

Urbanik in [18] introduced the conccpt of the decomposability
semigroup associated with probability measure P, as the set of all
numbers ¢, such that PeL, ([11]-[14]). The class L of self-
decomposable distributions coincides with the class of probability
measures P such that D(P) o [0, 1]. The class L,,, m > 1, of multiply
selfdecomposable distributions may be described as the class of proba-
bility measures P such that PeL,, ., for everyc,,..., c,e[0, 1], or
in terms of multiply decomposability semigroups it is equivalent to the
inclusion D, (P) > [0, 1]™, where D,(P) is the multiply decom-
posability semigroup defined by the formula D, (P)= {(c,, ..., Cm);
PeL,,..} (31, [4), [10], [15]-[17], [19D).

>Let @ bé the characteristic function of a probability measure on the real
line R. We say ([2], [3]) that ¢ is c- decomposable ceR, if -

@ () =o(ct)o.()), teR,
for some characteristic function ¢,. L, is the family of all c-decomposable laws.
Ly and L, are the families of all laws. Every L, is closed under compositions
and passages to the limit.

Let X be a random variable with the characteristic function ¢. The proba-
bility distribution of the random variable X will be denoted by £ (X). Re-
writing (1) in terms of random variables we obtain @eL, if and only if

@ Z(X)=ZL(cX+X,)
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for some random variable X, with the characteristic function ¢,, such that
X and X, are independent.

For nondegenerate and c-decomposable laws, the inequality |c| < 1 is sat-
isfied. Further, if ¢ is nondegenerate and c-decomposable with 0 < [c| < 1, then
@ is the characteristic function of a continuous distribution [21]. In the sequel
we consider only nondegenerate laws and the numbers ¢ such that 0 < || < 1.

For nondegenerate ¢, pe L., 0 < |c| < 1, if and only if it is a characteristic

function of
a

@ . X@=Y ¢z,
- k=0
where Z,, k=0,1, 2, ..., are independent and identically distributed random
variables. Then the series converges a.s. (almost surely) and ¢z, = ¢, where
@z, means the characteristic function of Z, (see [5] and [6]).
Rewriting (3) in terms of characteristic functions, we obtain @ e L, if and
only if

o

4 e® =[] o)

k=0
for some characteristic function ¢,.
Further, g e L, if and only if it is the limit of a sequence of characteristic
functions of normed sums S,/B, of independent random variables with
B,/B,. 1 —c:

(5) @548, () = 2 1),
where S, =Y, +...4+Y,, and Y, Y,,... are independent random variables

(see [2]).

Now we define certain subclasses of the classes L.

Let ¢;, ¢y, ..., xR, k= 1. We say that ¢ belongs to L, ... if and
only if

- (6) ¢ (t) =@ (cl t) De, (t)a (PN (t) = @, (cz t) Deyper (t)’ ces

*for some characteristic functions @,,, @c,c;s @e.....c0-
We note that (6) is equivalent to the following statement:

(7) (pELcn (pCIELc;’ veos Py, L‘k—1ELCk'
Obviously, if peL,,, .., then
(8) @ (t) =@ (Cl t) Pey (CZ t) oo @iy ey (Ck t) Dey,y.vene (t)a

(9) g(X) = g(ch+c2Xc1 +C3XL‘1,62+ e +ckXc1 ..... Ck—1+XC1 ..... Ck)

o With char-

.....
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We say that v,b belongs to D, ., if and only if there exist characteristic
functions @, @, ..., Ccy,..on sat1sfy1ng (6) such that ¢, =y. For
cp=¢C,=...=¢,=c, instead of L, .. @cy cor Xcyrooorr Dci ,,,,, o we will
write L, gy, @e.o> Xe iy Dey» TESPECtively.

We note that

(10) Lcl oCle = 1,Ck < Ln ..... Cr— 12 Lc , (k) < Lc S(k— 1)

Let Z be a random variable with the characteristic function y. We say that
v belongs to D(k) 1f and only if
any - 7, E(In*(Z|+1)) < 0.

The following theorem is a generalization of the theorem proved by Zaku-
silo in [20] for k=1.

THEOREM 1. For each k, k > 1, the classes D, ), 0 <|c| < 1, are indepen-
dent of ¢ and coincide with the class Dy,.

Proof Given k> 1and 0 <|c| < 1. Let {Z;,  ;}7 . . =0, and let Z be
independent and identically distributed random variables with an arbitrary
common characteristic function .

Let N=1{0,1,2,...} and N*={(j;,...s /i) J1s-.-» €N}. Consider
a one-to-one and onto mapping x: N— N* For elements of N* we put

12) xm) =((x@), ... xM)), |x@| = ;l(x(n))j, n=0,1,2,...

We are going to investigate the convergence of the series

(13) Z clx(n)l Zx(n):

n=0

say to a random variable X, (c).
As in [20] (see also [1]), we consider two series:

@ Y P{|cF™ Z, > 1), .
n=0
(11) z E(|c|x(")| Zx(n)l; |c|"(")| Zx(n)l < 1)
n=0

We observe that the convergence of the series (i) and (ii) is equivalent to
the convergence of the following series (i) and (i) and, consequently, (i")
and (ii"):

) i

J

P({|cr...c%Z;, il >1}),

.....

NI‘IMS
[=]

0]

(ii") Y oY E(ct...c*Z;,, gl 1l R Z;, sl < ),

Jj1=0 Jk=0
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) Y. Y P(leh...c*Z,. 0> 1),
n=0 Ji1+..+j=n
(ii") Z Z E(|cj‘...Cj"Z ,,,,, ,kl |Ch...cj"Zj1 _____ jkl < 1).

Jit.tie=n

Taking into account the equality % (Z;,
series (i) in the form

W =% (Z) we can write the

.....

5 (") pazs e

. “ n=0
" The-convergence of the above series is equivalent to the convergence of the
series

i (n+1¢" 1 P({In|Z| > nlnjc!]})

n=0

j=n

Z (n+1*"1 Y P({jlnjc™ ! <In|Z} < (j+ )nlc™1]})
w n+1

= Y (Y YP({rlnjc™ ! < In|Z] < 1+ D)Infc1]).

n=0 j=1
The above series is convergent if and only if the series

i (n+1¥P({nlnjc™!| <1n|Z| < (n+1)Injc™']})
n=0 :

is convergent, which is equivalent to satisfying the condition (11).
The series (ii”) equals

 (n+k—1 _
> < o )Ic"IE(IZI;IZ|<Ic ).
n=0

The convergence of the above series is equivalent to the convergence of the

series

A4 Y (D EQZE; 12] < e i)

n=0

- f (n+ 11 E(Z1; 121 < 1)

8

n—1
+ 2 (+ 17" Y E(ZI e < 2] < e Y

n=0 ji=0

<E(Z; 12l < 1) Z (n+ 1 el

+ Z (n+1)k 1|c|n Z |C_1|"+1 P({]c—llj < |Z| < |c—1|1+1})

n=0 j=0

k—1 | . |
<o S ZP({| WLIZl <l W) Y A i

S Tl D n=j+1
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Since

Z (41" = Z(z+;+2)" el
(Z (* 1)(j+1>'"(i+1>k-1-m)|c|i

( )(J+1)'" S (i1t

m=0

- k=1),. mlk—1—m)!( 1 \i-m
Smgo( o o S5 (1—_ch>

(k—l)!( 1 )kl
< +i+1)
I—[e| \1—|c |

for the series in expressions (14) we have the inequality

||MT lMB

2P <IZl<[e™FH]) ¥ (T
i=0 n=j+1

(k !

—lel ;

k-1
ZP({Ic‘1|J |Zl<|c"1|f+1})( 1| |+]+1> .

Since the series in the above expression is convergent if and only if
E(In*~1(|Z| +1)) < oo, this completes the proof that the convergence of two
series (i) and (ii) is equivalent to satisfying the condition (11). We note that
condition (11) is independent of ¢. Hence we conclude that the series (13) is
convergent if and only if the condition (11) holds; moreover, the convergence of
the series (13) is independent of the choice of the mapping x. Thus we can write
X, (c) in the form

Xk (C) Z Z ch.. cjkzh ----- Jie®

. J1=0 k=
Putting -

P @) =Y @), @eg-1) )= I:Io Oci(c't), ...

vos Qe i—1)= H @5, 1<j<k,

n=0
@ (2) = @c0) (1),
we complete the proof of the theorem.
Let k>1 and 0<|cj <1 for 1 <j< k. Consider now the series

j1=0 k=0

i1,mju @8 in Theorem 1.
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Then taking into account the inequality

(min fefy* =+ < eyl ey’ < (max |k,
1sjsk 1<j<k

as a corollary to Theorem 1 we obtain

THEOREM 2. Let k > 1. The classes D, .., 0 <lc] <1,1<j<k, coin-
cide with the class D,.

From the proof of the above two theorems we obtain immediately the
following two theorems: o

THEORJEM 3. Letk>1and 0<|c|<1for 1<j<k. Let ¢ be a charac-
tenstlc Junction. Then the following condztzons are equwalent

(@) peL,,,. o
(b) @ is the characteristic function of

(15) X(Cl,..., Ck)= Z Z C{l...Ci‘k Jhyeennic?

j1=0  je=0
where {Z;,  .}%. . i.=o are independent identically distributed random variables
with the same characteristic function . Then the series converges a.s.
(c) @ is the characteristic function of the form

w

(16) e@®= 1] ... ﬁ Wl

J1=0  jx=0
for some characteristic function .
THEOREM 4. Let k> 1 and 0 < |c| < 1. Let ¢ be a characteristic function.
Then the following conditions are equivalent:
(@) peL.q.
(b) @ is the characteristic function of

(izi)

(17 ‘ X,l(c)=ic“ Z Z,;

where {Z, }rjyn=0,1,2,...,j=1,2,...,("¢%1"), are independent identically

- distributed random variables wzrh the same characteristic function Y = @ g.

Then the series converges a.s.
(c) ¢ is the characteristic function of the form

(18) @) = H Ly (c t)]( :)

for some characteristic function 1[/ = Q)

In the next theorem we show that the classes L, ) coincide with some limit
distributions of normed sums.

THEOREM 5. Let k=1, 0<|c| <1, and @ be a characteristic function.
Then @eL.g if and only if there exists a sequence of positive numbers
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By, By, ..., B,/B,+1 — ¢ and a sequence of random variables U,, U, ...

such that, for independent random variables {X,;},;; n=0,1,2,...,
n+k—1)

j=1,2,..., ( k-1
L Xp)=2U,) and ZLX,)=LU)yfor k>1,

(19)
n—i—1+k—1 n—i+k—1
S > <‘-<~. — 4, E]
( k—1 )<] ( k1 ) 0ign—1,k>1
n+k—1 \
. . . e k—1
20 - . Yo = 2 Xuj
j=1
21 Sniy =Yt .-+ Tow

such that the characteristic function of S, 4,/B, is convergent to the characteristic
function ¢, '

(22) ) (pS,.,(k)/Bn (t) >0 (t)

Proof. Let B,, B, ..., B,/B,+1 —c be a sequence of positive integers

and U,, U,, ... be a sequence of random variables. Suppose that for indepen-
dent random variables {X,},;,n=0,1,2,...,j=1, 2,("IEI 1), as in (19),

and for Y, 4 and S, 4, n=1, 2, ..., defined by (20) and (21), respectively, the
convergence (22) holds. Since

B,_
DS, )/Bn (t) = 08, _1,4/Bn-1 (B—l

t) PY 1, (x)/Bn (t) >

B,_
where (Ps,,_1_(k)/B,.-1 <_”§—1 t) - (p(ct)y

denoting by ¢,y the characteristic function which is the limit of ¢y, ..z, (t)
(see.[2]; without loss of generality we can assume that ¢y, .z, () is convergent
to a characteristic function, passing to a subsequence if necessary), we obtain

23 @ () = @(ct) Pey () -

and, consequently, ¢ € L. This completes the proof of “if” assertion for k = 1.
Now suppose that k > 1. Then

ntk—2 0+k—2
O, 10/Bn (1) =[(PU0/B..(t)]( k=2 ) [(pvn/Bn(t)]( k=2 )

n+k—3 0+k—3
= Pracs s (EB— t) [9oumn @10 +=3)....[pum, 01 (43 )

>

where
Bn -1
P¥ni/Bn (&) = Oe,1y (D) Oyoy oiBas B

n

t) g @c’(l) (Ct).

12 — PAMS 191
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Hence, as for @ 1), WE can put
n+k—3)

. ( (0 +k— 3)
Pe,2) = lgg [oves, O ¥—3

. [ov.s, @I\ k=3 ),

Then we obtain ¢, €L, and, consequently, peL, ).
It is not difficult to show (by induction) that for 1 <j<k—1
(24) @iy (D) = 0.y (€) @ i+ 1) (1),

where 7
n+k—-(G+1) 0+k—(j+1))

qocm(t)ﬂnn Toogm 100 [onm, @100, 1<j<k-1,

e, (1) = lim U, (1)

By (23) and (24) we obtain ¢ e L ). Thus, p €L, 4 in both the cases, and
the “if” assertion is proved.

Now suppose that peL, ), k = 1. It follows from Theorem 4 (b) that
there exist independent and identically distributed random variables {Z, ;}, ;,

n=0,1,2,....j=1,2,...(kie1), with common characteristic function ¥, i.c.
. n+k—1
qDZ",jz(pZ=ll’3 nﬁo: 132a--'>J=1’23'-':( k—l )s

such that ¢ is the characteristic function of

(n+k—1)
© k—1
X =>Yc Y Z,;
n=0 j=0
Let B,, B;,... be a number sequence such that B,/B,.;—c. Put

U,=B,Z,,,X,:=U,n=0,1,2,... In the case k> 1 we put
n—i—1+k—1 . n—i+k—1 .
.‘Xn,j=BiZn,ja ( k1 ><J<< k=1 >, 0$l$:n—1.
Further, we put

(=1

Yoo = Y X Sww=Yipt - +Ye n=12,..
i=1

In the case k > 2 we have

(0+k—2) 0+k—2)+ (1+k—2)

?Sn.00/8.(t) = [ @882 (1)] [es,_.5.2z(1)] ( k-2 k=2
.- Lop3.(1)] (0 iz 2)+ +("‘,1cj’£‘2) (@B, (1)] (0 e 2)+ a ("J’:: 2).
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Taking into account that

0-+k=2 j+k—2\ (i+k—1\
( k—2 )+---+( k—Z )“( k—l ): ]“—0, 1,2,-.-,”,

we obtain

0+k—1 1+k—1
25) 05.0m () = W (] *-1 )[w (B t>]( u i

B YL Y G
e I e

Formula (25) in the case k = 1 evidently also holds. From (25) it follows that

n+k—1)

DS, 0i8n (£} = f[ [lg(c" t)]( k-1

and this, by Theorem 4 (c), yields ¢s, 5, (t) = @ (¢). Thus the assertion “only
if” is proved.
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