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Abstract. In the paper discrete time portfolio selection with
maximization of a discounted satisfaction functional is studied. In Sec-
tion 2 the case without transaction costs is considered and explicit -
solutions for special satisfaction functions are given. In Section 3 the
problem with proportional transaction costs is investigated and
optimal strategies are characterized.
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1. Introduction. Suppose on a given probability space (2, F, P) there is
a sequence (£,) of iid. random variables taking values from the interval
[—1, o). Consider a market with two investment possibilities: in bank with
a constant nonnegative deterministic rate of return r or in stock with random
rate of return £, at time n, assuming furthermore that £, are not concentrated
on a point and co > E{, > r. Denote by x, the total capital (wealth) we have at
time n and by c, the consumption at time n. Clearly, 0 < ¢, < x,. The re-
maining capital x,—c, we invest in bank or in stock. Let b, be a part of the
remaining capital invested in bank. Then starting with an initial capital x, = x
we have the following recursive formula:

(1) xn+1 = [bn(1+r)+(1_bn](1+én)1 (xn_cn)
or, equivalently,
@ Xp+1 = [1+b,7+(1=b,) ¢, 1(x,—c,)-

With consumption ¢, a certain satisfaction g(c,) is associated, where g is
a given satisfaction function.
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The portfolio selection strategy is characterized by a sequence u = (b, c,)
consisting of parts b, of capital invested in bank and consumption c, at time n.
The purpose is to maximize a so-called discounted (with discount factor
y, 0 <y < 1) satisfaction

®) L) = B Y. vg ().

The problem formulated above was considered first for a finite horizon
with g(c) = ¢*, 0 < a < 1 in [6]. Then the continuous time diffusion model was
studied in [5]. The case with transaction costs was investigated for the con-
tinuous time diffusion model with g(c) = c* or g(c) = Inc in [2] and [3]. In this
paper we present a discrete time counterpart of [2] and [3]. The advantage of
the discrete time approach is that we allow a general rate of return and still
obtain the characterization of optimal strategies in a form of no transaction
cone as in continuous time.

2. The case without transaction cests. In this section we consider the case
with no transaction costs. Define the value function

@ w(x):= sup J (u)

with supremum over all admissible control strategies u = (b,, c,). Let

B W = {f: [0, o)~ R continuous such that ||f]|, := sup %< oo}.
xe[0, )

We have

THEOREM 1. For ge W and y such that y(1+E&,) <1 there is a unique
Junction we W~ satisfying the following Bellman equation:
6 w) = sup {g(©+y sup E{w((1+nb+(1—b)(1+E))(x—0)}}.
ce[0,x] bef0,1]
Furthermore, w coincides with the value function defined in (4) and the optimal
strategies (b,, ¢,) are of the form b(x,) and é(x,) with b and ¢ being selectors for
which the suprema in (6) are achieved.

Proof. For fe# define the operator
() T,f(x):= sup {g(0)+y sup E{f (1 +1b+(1—B)A+&))(x—c)}}.

ce[0,x] bel0,1]
Since, for each x > 0, f (x) < || fll4-(x+ 1), and by the assumption E£ < o0, we
clearly have T, fe #". Furthermore, using the fact that E£; > r we easily infer
that T, is a contraction operator with constant y(1+E¢,) in the space #.
Consequently, by the Banach contraction principle there is a solution w to the
equation (6) unique in %. Iterating (6) we obtain
n—1

W) = SUp EL( 3, 9(e)+7"w ().
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Since y"|[E4w(x,) < Y"E4(1+x,) <y"(1+E&'x—>0 as n— 0, we obtain (4).
The remaining part of the proof follows in a standard way from the proof of
Theorem 4.2.3 of [4]. =

For a particular form of the function g we obtain the solution to the
equation (6) in an explicit form.

PROPOSITION 1. If g(c) = ¢* with 0 <a <1 and y < 1/4, where

8) I:= sup E{(L+nb+(1—b)(1+E&),
be[0,1]
the function w defined in (4) is a solution to (6) and is of the form
’ 1 1—a
o) w(x) = x° (W) .
Moreover, optimal strategies are (b,, ¢,),
(10) by=b, & =01-0H"")x,

where b is a value of 0 < b < 1 for which the supremum in the definition of 1 is
achieved.

If g(c) = lnc, the function w defined in (4) is for x > 0 a solution to (6) for
any 0 <y <1 and is of the form

__r Y
an w(x)—l_y lnx+/1(1 y)z - y)z lny+ ln(l ),
where
(12) = sup E{ln((1+nb+(1-b)(1+&))}.
bel0,1]

Furthermore, optimal strategies are
1
13 b,=b, & =—
( )4 n b4 cn 1+.y xn
with b being this time the value of be[0, 1] for which the supremum in the
definition of 1 is achieved. :

Proof. Consider successive iterates T,' h with T, defined in (7) correspon-
ding to the function g(c) = ¢* and the function h = 0. Clearly, T h(x) is a non-
decreasmg sequence. Moreover, one can show that T, h(x) = x* and for
n=1,

(14) Tr+ip(x) = x* (1 n i H -u))l =3

Therefore, when y < 1/, the sequence T)' h(x) converges to w(x) of the form (9)
and w is a solution to (6). Since for the strategy (10) we have

0<YE wkx) =y 2w(x)>0 as n— oo,
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while for any other strategy u, w(x) = J,(u), using the arguments of the proof
of Theorem 4.2.3 of [4] we infer that the strategies (b,, &,) given in (10) are
optimal and w defined in (6) coincides with that in (9).

In the case when g(c) = Inc, the corresponding iterations of the operator
T, with initial function h =0 form a sequence and

(15) T'h(x) =a,Inx+d,1+e,,
where
a, = 1, Qnt+1 = 1+7am -dl =0, dn+1 = y(dn+an)’

-y (ya)

e, =0, e, =7e,+In G forn=1,...

Consequently,

1-")1" n—1 . n—1 . (,ya_)yai
a, = , d = iy', and e, =) Yy iTlln———.
1—y i§1 " i=21 (@ir )"

Therefore, letting n — o0 we obtain

1 d Y and e 1ny+iln(1 1),

Y
a— n > T =
1—y -y’ (=2

a. —

n

~ from which the form (11) of the limit function w follows. By a direct sub-

stitution one can verify that w defined in (11) is a solution to the equation (6)
Moreover, for the strategies defined in (13),
1
Y"E . w(x,)=7y"nl+y" n—l_j:_—l—+y w(x)—>0 as n— o,
and for any n, E5{}__ v'g(c)} < Tyh(x), so that since T} h(x) > w(x), we
have w(x) > J, (u). Using the arguments of the proof of Theorem 4.2.3 of [4]
again, we verify that w is also the value function defined in (4). = '

Remark 1. It should be pointed out that in the case g(c) = Inc the solu-

‘tion w to (6) exists for any ye(0, 1) although neither the function In ¢ nor w is in

the class #. When g(c) = ¢* to have a solution to the Bellman equation (6) in

- the class #; y should be less than 1/, which is a weaker assumption than that

from Theorem 1. In both cases the optimal strategies (10) and (13) are such that
we have to consume a fixed (independently of time) part of the capital (wealth)
and the part of the remaining capital invested in bank also should be fixed as
an argument of the supremum either in (8) or in (12). The fact that optimal b, is
constant follows from the separability of (x—c) and ((1+r)b+(1—b)¢,) under
the expectation sign on the right-hand side of (6), which happens when either
w(xy) = w(x) w(y) or w(xy) = w(x)+w(y) for x, y > 0. Studying the so-called
Cauchy equation (see e.g. [1], Theorem 14.4) one can show that kx* and
k, In(k, xy) are the only functions with the above property. Consequently, one
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can expect that the satisfaction functions considered in Proposition 1 are the
only ones for which optimal strategies b, are constant.

3. The case with proportional transaction costs. Assume now that investing
in stock an amount x we have to pay Ax (1€ (0, 1)) transaction costs so that in
fact we have to spend (1+ 1) x. Similarly, selling actions for an amount x we
obtain only (1—p)x with ue(©0, 1). Let for x,y =20

_[rH-py >0,
16 R(x’y)'_{x+(1+,1)y if y<0,
and . -

17) %:= {(x, yye R*: R(x, y) > 0}.

Let the pair (x, y)e R> mean the position of an investor with amounts x in
bank and y in stock, respectively. Then we see that if (x, y)e %, the investor is
able to repay possible debts in bank or stock, and therefore we shall call
€ a nonbankruptcy cone. Let I, and m, be the amounts for which we increase or
decrease the stock position at time n. In other words, at time n we sell actions
for m, and receive in banking the account (1 —p)m, and buy actions for the
amount I, paying from our banking the account (1+4)l,. Assume we addi-
tionally consume the amount ¢, at time n. Starting with an initial capital
(xg»> Yo) = (x, y) consisting of the amount x on the banking account and y in
stock we obtain the following recursive formulae for our investment position
(x,, y,) at time n:

(18) Xpr1 = (1+1) (X, +A=p)m,—1+ D, —c,),

(19) Ynv1 = (1+én)(yn_mn+ln)

Consequently, our investment strategy ¥ now consists of a sequence of three
terms (I,, m,, ¢,). Given a satisfaction function g € #; a discount factor y and an

initial position (x, y) we have the following analog of the discounted satisfac-
tion functional (3):

20) Ty = B4 {3 Tl

In what follows we shall consider only initial positions (x, y) in the nonbank-
ruptcy cone %, and our portfolio selection strategy u = (I,, m,, c,) will be
admissible if and only if

(21) ¢, €[0, R(x,, y)] and (,, m)e (x,, y,, C,) .
with
22)  A(x,y,c):={(Il, me[0, o) x [0, o):
Viesuppe, R((L+7)(x+(1—pym—(1+2)1—c), 1 +&)(y+1—m)) =0},
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where by supp £, we denote the support of the measure generated by the
random variable &,. In other words, we consume at time 7 not more than we
owe on the banking account after liquidation of the stock account (paying
possible debts there) and we invest the remaining capital (x,—c,, y,) in such
a way that for each change of the stock prices at the moment n+1 we shall
stay in the nonbankruptcy cone %.

By analogy with (4) let

(23) w(x, y):=sup J,, ()

with supremum considered over all admissible u = (I,, m,, c,).
The'Bellman equation corresponding to the cost functional (20) is now of

the form

@) wey= suwp {90

ce[0,R(x,y)]

+y sup  E{w(@+n(x+A—pmm—(1+AI-c), 1+&)(y+I-m)}}.

(. med (x,p,c)

We shall look for a solution to the equation (24) studying the operator T,
in a certain space # defined, respectively, as follows:

@5 T, fxp:= sup {90

ce[0,R(x,y)]
7 sup E{f(A+D(x+(1—pm—1+N1=c), (1 +£) (y+I-m)}}
(I, m)esd (x,y,c)
and
7 I ACY) N
(26) W= {feC(‘g)- ”f”R-_(il:)E@ 1+R(x, y) < 00},

where C(%) is the space of continuous bounded functions on ¢ and
R(x, y) if x=0,

@n K(x’y):={R(x, D4x~  if x<0

~with x~ = max {0, —x}.

Denote by z, and z, the lower and upper bounds of the support of the
measure generated by &, respectively. We shall need the following auxiliary
result that characterizes orthogonal pairs (I, m), ie. such pairs for which
Im =0, in the set & (x, y, 0). '

LEMMA 1. For (x, y)e¥ the set o/ (x, y, 0) consists of the following or-
thogonal pairs (I, m):
(@) if l=0, y<m and y >0, we have

A+ (x+(1—0y) ]
1+A)(Q+z,)—(1+r)1—p ’

me(.v: y+
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@@ ifl=0, y<mand y <0 we have

L+ (x+1—py) }
T+A(A+z,)—(1+(1—p

me[O,y+

only when additionally
S -1+ +2z,)y
- 1+r

b

in the case when
—Q+AA+z)y
<
1+r

there are no ac.iniissiblre”m;
@) if =0, y = m, we have

QnxtC-ptz)y (1= (1+2z,)y
me[_ 1=—w(—z,) > le when x < ——T

and

1—
me[0,y] whenever x = _(=pd+zy)y

1+r ’
(v) f m=0 and y+1<0, we have :
A+ x+1A+H(A+2)y A+ (1+2)y
- . o _1+D(+z)y
le[ A+4)(z,—1 =Y when x T
and
1 1
le[0, —y) whenever x > _%‘rﬂl’;

V) if m=0 and y+1>= 0, we have
Q+)x+(1—pw(l+z)y ]
A+ 1+)—A+z)A—p ]

Proof. Notice that the following system of inequalities should be satis-
fied:

le|:max{—y, 0},

R((1+n)(x+(1—gym—(1+A]), A+z,)(y+1—m)) > 0,
R((1+n(x+(1—pm—(1+A)]), (1 +2z,) (y+1—m)) > 0.

Letting I =0 or m =0 in the above inequalities, by direct calculations we
obtain the result. m

Remark 2. Notice that after possible transactions at each moment of
time we should be in the cone

1+z, 1 14z, 1 }

——x,and y=> —

—= : 2___
¢ {(x’y)e(g Y2 T v 1+4 T4r 1-p~

since otherwise we leave ¥ with positive probability.
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Given functions f,, f,e# we have

T, fi (x, W—T, f,(x, )

|
29)
|
I
i

1+R (x, y) s CE[OS.‘I:(I:CJ)]V
x  sup |E{(fl—fz)((l+T)(x+(1—ﬂ)m:(1+l)l—6),(1+§1)(y+l—m))}|
(U myesd (x,9,0) 1+R(x, y)
1+E{R((1 1—wm—(1+1)I—0), (1 -
<ot R+ mm L4110, U+E) 0+ m))

=7 ”fl _.fz”ia sup sup Mxy(L m, C),

ce[0,R(x,y)] (I, m)es(x,y,c)

where we implicitly have defined M,,(!, m, ¢). Using Lemma 1 we obtain
LemMa 2. We have
(29) sup sup M, (,mc<L
ce[0,R(x,y)] (I.m)esd(x,y,c)

with
1+r
L = max 1+Er§1,ﬁmax{1+E§1,E61—zl} .
4“1

Proof. Since M,,(l, m, c) is nonincreasing in ¢, the maximum over c is
attained for ¢ = 0. Furthermore, one can easily see that

sup M, (I, m,0)
(l,m)ed(x,y,0)
is attained for orthogonal pairs (I, m). Therefore we use Lemma 1 to obtain the
following bounds B for SUD | et (,9.0) M,,(, m,0):
(i) when I =0, y<m and y >0, then B=1+4r;
(i) when I =0, y<m and y <0, then also B=1+r;
(iii) when [ =0, y > m, we consider four subcases:

(a) if
x+(1—pm<0 and xs—w,
L+r
then '
B=max{1,(1+r)(1+E§1)},
r—z,
(b) if »
x+(1—um<0 and x?—(l;‘u&ﬂ}i,
1+r
then

B=1+E¢,,
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(© if
(1-p(+z,)y
_— &L ——
x+(1—wym=>=0 and T+r s
then
EE. —
B=max{1,—“_‘—(1+r)( 1 zl)},
r—z;
(d) i
(1—pwW(+z,)y
] xﬂ—(l—u)m_;O and x> — 147 R
then

B=1+4+E¢;

(iv) when m =0 and y+1<0, then B=1+r;
(v) when m =0 and y+I> 0, we have the following subcases:
(a) if x—(1+4)! <0, and y <0, then

(A+ES)(+n(1—p }
AN+ —(1+z)A—pf’

(b) if x—(1+4)I <0 and y > 0, then

(L+EE)(A+n(1+4) }
A4+ A+ -1 +z) (1 —p ’

© if x—(1+A)I>0 and (1—p)(L+EE) = (1+7)(1+4), then
B=max{1 (E¢, —z))(1+n){1—p) }

B = max {1

B = max {1

A+ A+ - +z)A—p)
(dif x—(1+4)1=20,1—-w(A+EE)<(1+4r(1+4) and y <0, then
B=1+r, ,
€ if x—(1+H120,(1—pw(I+EE)<(14+7)(1+4) and y=>0, then
B =1+E¢L,.
Noticing that

(L+EE)A+A(+D)  _(1+EE)(1+7)
C+nA+)—-+z)A—p) ~ r-z

we obtain (29). m

Remark 3. Notice that we cannot consider 1+ R (x, y) as the weight in
the norm || ||z, since then we have a problem to evaluate in Lemma 2 the value
(1+r)x+(1—p)(1+EE)y+1 when x < 0, in terms of a constant multiplied by
1+ R(x, y).

We are now in a position to formulate one of the main results of this
section.

3 — PAMS 192
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THEOREM 2. For ge W and

1 r—z 1 1
30 <min{———, —* mi .
(30 v mm{1+E§1 147 mm{1+E£1 Efl—zl}}
there is a unique solution we W to the Bellman equation (24). Moreover, w is

a value function (23) corresponding to the cost functional (20). Furthermore, given
selectors

c: 4—[0,R(x,y)], I:€x[0,R(x, )] [0, ),
- : - m: €x[0, R(x, y»)]—[0, )

for which the suprema on the right-hand side of (24) are attained, the strategy
&= (X, Vs [, = 1(Xys Ys Ga)s 1, = M(X,, Y, &) is optimal.

Proof Notice first that since o7 (x, y, ¢) = & (x—c, y, 0), the multi-
valued function

(x, y) = {(c, I, m): c€[0, R(x, y)], I, mes (x, y, o)}

is continuous in the Hausdorff topology so that by D6(b) of [4] for continuous
bounded w the function Tw is also continuous. By (28) and (29) we see that for
y satisfying (30) the operator T, is a contraction in #". Therefore, there is
a unique solution to (23) in the space #". Moreover, by the definition of #” and
Lemma 2,

|Esy [y" W (x> yu)]l < 7" Wiz Exy [1+ R(x,, ¥,)]
< V" |Wllg Exy (14 R(Xp—1, Ya- )] L < "L |Wllz R(x, ) >0 as n—> 0.
The remaining part of the proof follows from the proof of Theorem 4.2.3
of [4]. =
From Lemma 2 for a particular form of the noise £, we obtain
_ COROLLARY 1. If the lower bound z, of the support of the measure gene-
rated by a random variable &, is equal to —1, then the assertions of Theorem

2 are true for y < 1/(1+ E¢&,). Furthermore, for each admissible strategy we have
. x,=20. ’

Proof. The first part of the corollary follows immediately from Lemma 2.
For the second part notice only that the admissible strategy to have (x,, y,) in
the nonbankruptcy cone % should not allow x, be negative. m

Next two corollaries characterize the properties of the value function w
defined in (23) using the Bellman equation (24).

COROLLARY 2. Under the assumptions of Theorem 2, if ge W is non-
decreasing, the function w is also nondecreasing with respect to both variables
x and y, ie. for h>0 we have

wx+h, y)2wx,y) and w(x,y+h)=w(x,y).
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Proof. The function w can be obtained as a limit of the nondecreasing
sequence T," h with h = 0. One can show inductively that T." h in nondecreasing
with respect to both variables for each n =1, 2, ... Consequently, the above
property is inherited also by w. =

COROLLARY 3. Under the assumptions of Theorem 2, if ge W is non-
decreasing and convex, then w is convex, ie. given Be[0, 1] and (x,, y,),
(x5, y,)€€, we have

W(ﬁx1 +(1—pB)x,, By, +(1—‘ﬁ))’2) = pwixy, y)+(1 =P w(x,, y,).

Proof. By the convexity of R and the monotonicity and convexity of g,
we infer that T, h(x, y) = g(R(x, y)) with h = 0 is convex. Assuming inductively
that T"h is convex, let I, m,, ¢; and I,, m,, c, be the strategies for which
suprema in T h(x,, y,) and T"*'h(x,, y,) are attained, respectively. Then

g(Bey+(1—B)eg) +yE {TPh((1+7) (Bxy +(1 = B)x,) +(1 — ) (Bmy +(1— fym,)

—(1+A) (Bl +(1— B) L)~ (Be, +(1—P)cy),

A+E)(Byy +(1A=B) ;) +(Bly +(1—B) y,)—(Bmy +(1—B)m,))}
> B{g(c)+yE{Trh((1+7)(x, +(L—p)m, —(L+ )], —cy),

1+&) i+ —m))+1=B) {g(cy)

+E{Tr (1 +1) (%, +(L—pym, —(1+ Dy —c,), (1+E) (y, + L, —m))}} .
Since

Bey+(1—B)c,€[0, R(Bx, +(1—B)x,, Bys +(1—B)y,)]

and

(Bly+(1—B)1,, Bmy+(1—P)my)

el (Bx, +(1—B)x,, By +(L—B) 3y, fe; +(1—P)cy),

we finally have the convexity of T;'*!, which by induction completes the
proof. & '

- The next corollary explains intuitively an obvious fact that orthogonal
strategies are within the class of optimal strategies.

CoroLLARY 4. Under the assumptions of Theorem 2, if ge W is non-
decreasing, there is an optimal strategy (I,, m,, ¢,) for the cost functional (20)
which is orthogonal, ie. I,-m, = 0.

Proof. Given the optimal selectors ¢, I and m defined in Theorem 2 let

Co = €(X,> V)
and put

Zl = t(xns y;n c(x,,, yn))_m(xn’ yn’ c(x,,, yn))’ mﬂ = 0
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if
1(%s Vs € (X5 Vo)) = m{Xps Yo € (X, V)
and B
ln = 03 mn = m(xm Yns C(xn’ yn))_l(xn’ V> C(xn’ yn))
if

(X Vs € (s V) 2 1% Yo €(X0s 1))-

Clearly, the strategy (I,, m,)e o (X,, y,, ¢,). By Corollary 2 and the Bellman
equation (24) for n=1, 2, ... we then obtain

G wx,y) < {96
+7E {w((1+7) (%, + (1 =), — (L + DT, —E,), L +E) (v, +L,—m,)} }.

Consequently, w(x, y) < J,, (@ with a=(,m,, ¢,), and finally w(x, y)
= J,, (@), ie. the strategy i is optimal. =

Properties of the function w for a particular form of the satisfaction func-
tion g are shown in the following

PROPOSITION 2. Ifg(c) = c*with0 < a < 1 and y < 1/4 with A defined in (8),
the function w defined in (23) is lower semicontinuous and is a solution to the Bellman
equation (24). Moreover, w is convex and for ¢ > 0 and (x, y)e € we have

(32) w(ox, gy) = " w(x, y).

Proof. If g(c) = ¢*, the sequence T;h with h = 0 is nondecreasing and
bounded from above by the optimal value of the cost functional J, ., corre-
sponding to zero transaction costs, which by Proposition 1 is finite. Conse-
quently, the limit function w(x, y) is a solution to (24). Moreover, w is also of
the form (23). Since ¢* is convex and each function T.! h(x, y) is convex, by the
arguments of the proof of Corollary 3, w is also convex. The lower semicon-
tinuity of w follows from the continuity of T." h(x, y). To complete the proof
it remains to notice that for ¢ >0, n=1,2,..., and (x, y)e¥ we have
T hiex, ey) = ¢* T h(x, y). =

Remark 4. When y satisfies (30), since c*e #, w is a unique solution to
(24) and we¥.

Since the function g(c) = Inc is not in the class #; this case has to be
studied separately.

ProrosiTiON 3. If g(c) =Inc, for any ye(0, 1) the function w defined in
(23) is lower semicontinuous and is a solution to the equation (24). Moreover, w is
convex and for ¢ > 0 and (x, y)€€ we have

In
(33) wiew, 09) = +Ww(x, )

Proof. Notice first that the optimal value of the cost functional J,, does
not exceed the optimal value of the cost functional J,., (without transaction
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costs), and therefore by Proposition 1 we infer that, for any ye(0, 1),
sup, J., (@) < o0. For
1 r
h ———l R l —

(x,5) = nREx, Y+l
the sequence T, h(x, y) is nondecreasmg, continuous in (x, y)e ¥ and its limit
function w is lower semicontinuous and is a solution to (24). Moreover,
h(x, y) = J, (@), where the strategy i is to keep everytime the stock account
equal to 0 and consume

_ . - R
cn 1+ ( n: yn)

Consequently, T h(x, y) is the value function corresponding to the optimal
strategy over the horizon [0, n], and then the strategy #, and therefore
w(x, y) < sup, J,,(u). For an e-optimal strategy # = (I,, m,, C,) we have

7" E%y {9 (C,)} — oo.

Therefore liminf | _y"E% {InR(x,, y,)} >0, since ¢, < R(x,,y,). Conse-
quently, )
lim inf " E¥ {h (x,, y,)} > 0

and

l1m T h(x, y) >11m1nfE " { Z g@)+y"h(x,, y)} = E%, {i 7 g(c)}-

Therefore, w(x, y) > E%, {Z[ 0 7'9(@)} = sup, J.,(w)—e, and finally w(x, y)
= sup, J,, (). The convexity of w follows “from the convexity of h and
T'h(x, y) as in the proof of Corollary 3. Since

. 1’”
lng+T h(x, y)+ 1 1+r

T, h(ox, @y) =

letting n — co we see that the property (33) holds. =

From the Bellman equation (24) and Propositions 2 and 3 we can get the
following form of optimal strategies:

THEOREM 3. If the value function (23) is a solution to the Bellman equation
(24), then the cone € can be split into the following three zones:

34 S:={(x, ) wix, y)
= sup {g@+y sup E {w((1+n)(x+(1- wm—c), (1 +E)r—m)}}},

ce[0,R(x,»)] (0,m)ed(x,y,c)

(35) NT:= {(x, y): wix,y)
= sup {gO+1E{w(1+1(x~0), 1 +E)O)}}},

ce[0,R(x,y)]
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(36) B:={(x,y): wix, )
= sup {g(c)+'p sup E{w((1+r)(x—(1+/1)l—c),(1+f1)()’+l))}}},
ce[0,R(x,y)] (1,0)esd(x,y,¢)

called, respectively: S — selling, NT — nontransaction, B — buying zones. In
particular cases when g(c) = c* with a.€(0, 1) or g(c) = Inc the zones S, NT and
B are cones. If the zones are closed sets the optimal strategy is the following:
when (x,, y,)€S — sell assets until we leave the zone S; when (x,, y,)e NT — do
nothing; and when (x,, y,)€ B — buy assets until we leave B. -

Proof. Let for (x, y)e¥
37 t(x,y):= sup {g@+yE{w(l+n(x—a), 1+&)M)}}-

ce[0,R(x,y)]
If (x, y)e S, then
(38) =inf{m>0: t(x+(1—p)m, y— m) w(x, y)}
is the optimal sale, while if (x, y)e B, then
(39) [:=inf{l>0: t(x—(1+ A1, y+]) = w(x, y)}

is the optimal amount of assets we have to buy. By the properties (32) and (33)
for g(c) = ¢* or g(c) = Inc the boundaries of the zones are lines, and therefore
the zones are cones. m
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