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Abstract. We propose a class of weighted least-squares estima-
tors for the tail index of a regularly varying upper tail of a distribution.
Universal asymptotic normality of the estimators is established over
the whole model. Asymptotic mean square errors of these and earlier
estimators are compared within a submodel of regular variation, more
general than Hall’s model. We also discuss the choice of the optimal
weights and the choice of the number of extreme order statistics to be
used.

1. Introduction and main result. Let X, X,, X,, ... be independent ran-
dom variables with a common distribution function F(x) = P {X < x}, x€R,
and for each integer n>1, let X, , <...< X, , denote the order statistics
pertaining to the sample X, ..., X,. We assume that

1.1) 1-F(x)=x"](x), 0<x< o,

where | is some function slowly varying at infinity and o > 0 is a fixed unknown
parameter to be estimated. The class of distribution functions satisfying (1.1)
will be denoted by £,. Several estimators exist for the tail index « among which
Hill’s estimator is the most classical (see Hill [15]):

. kn
D k):=ky ' Y log* X, 1-in—10g* X\_ s
i=1

where the k, are some integers satisfying
t2  1<k,<n, k,»>o0 and k,/n—-0 asn— o,

and log* x = logmax (x, 1), xe R. The class of kernel estimators of Cs6rgd et
al. [5] generalizes the Hill estimator:

nikn

a1 ):= (£, 1 K () 0w Xuvsmsamtog Xoms)) ([ K019
i=1"n n 0
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250 L. Viharos

where K () is a non-increasing non-negative function such that j K (v)dv = 1;
the Hill estimator corresponds to K (v) = ljp<,<13. For 81mp11c:1ty of notation,
we assume without loss of generality from now on that F(0) = 0 for all Fe #,,
i.e. X is positive; otherwise one only has to replace log by log* in what follows
with some trivial extra reasonings in the proofs. The difficult problem of the
asymptotic normality of @ has been investigated by Hall [13], Hall and
Welsh [14], Haeusler and Teugels [12], Csorg6é and Mason [7], Beirlant and
Teugels [1] and their references, and, more generally for 4, by Csorgé et al.
[5]. However, as was shown in Csérgd and Viharos [8], &, is not universally
asymptotically normal over the whole class £,.

"Recently, Schultze and Steinebach [17] proposed three new estimators of
o, which are based on least-squares considerations under the restricted model
in which I(x) = ¢° in (1.1), for all x beyond a threshold and for some constant c.
(In a mathematically equivalent fashion, they in fact do this in a corresponding
exponential model)) Taking the logarithm of (1.1) in the restricted case, sub-
stituting x = X, 41-;, into —log(1—F(x)) = —c+a~'logx and approxima-
ting the left-hand sides by

_log(l_FAn(Xn+1—i,n'”)) = log(n/i),

where F, () is the sample distribution function, for some 2 < k, < n we have
logX,41-in~d+alog(m/i), i=1,...,k,, where d=oac. Least-squares fit
based on these approximative equatlons gives the first estlmator of Schultze
and Steinebach [17]:
. Loy (108(1/0)(10g Xy 1 i) =i * (X4, 108 X 1-50) (Xs1., log (/)
&y (k)= 17 p - k RV .
S log? (nf))—k; * (Yiz, log ()

Independently of Schultze and Steinebach [17], Kratz and Resnick [16] also
proposed d{®(k,) at about the same time, using a mathematically equi-
valent heuristic argument. Cs6rgd and Viharos [9] proved that for suitable
4 (k,) — o the sequence k2 {6 (k,) —u® (k,)} is universally asymptotically
normal over #, for all {k,} satisfying k,/log*n — o0 as n— co. In contrast,
Csorgd and Viharos [8] constructed distribution functions Fe %, such that
@@ (| n*3]), where |-| denotes the integer part, does not have a non-degene-
rate asymptotic distribution for any centering and norming sequences. Since the
Hill estimator was also constructed in the restricted model [(x) = €, it may be
concluded that the asymptotic normality of &{(k,) is more robust against
deviations of [ from a constant; see Csérgbé and Viharos [9] for more on this
aspect.

Beirlant et al. [2] obtained a subclass of kernel estimates of Csorgé et al.
[5] using a weighted least-squares method fitting an appropriate regression line
through a fixed data point. In the language above, this class of estimators,
containing the Hill estimator, has a lack of robustness properties similar to that
of the original Hill estimator. Beirlant et al. [2] also discussed the difficult
problem of the choice of the parameter k, in their estimators.
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These results raise the question of weighted least-squares versions without
forcing the regression line through any fixed point as a generalization of Schul-
tze and Steinebach’s [17] method. We show that, using appropriate weights, we
obtain a weighted estimator ¢{*? which inherits the universal asymptotic nor-
mality of &, and hence the asymptotic normality of ¢{*’ is also more robust
than that of the Hill estimator and the generalized Hill estimator &. In the
restricted Hall submodel of regular variation, discussed in Section 3 below,
Csorgd and Viharos [9] compared & to the optimal kernel estimator and to
other proposals, through the investigation of the asymptotic mean square er-
ror, and the kernel estimator proved to be the best. In Section 2 we show that,
in a mere general submodel, the asymptotic mean square error of the optimal
& is the same as that of the optimal kernel estimator.

Choosing some weights w;,, = 0,i=1, ..., k,, and minimizing the corre-
sponding weighted error sum of squares

kn

Z Wi (log Xn +1-im— & lOg (n/l) - d)Z:

i=1
we obtain the weighted generalization of &{:
6 (k,): =

kn

2 Wi (108 (/)10 Xt 1 —i)—( 3 Wia) (3 Wenlog X 1—in) (3 wenlog (/)

i=1 i=1 i=1

5 wialog? (1/)—( 3 i) (3 wialog o)’

i=1 i=1
In what follows we shall study the class of weights of the form
k, ji{k" J(x)dx

Win = Wy p(J) 1= —— - 1kn ,

—log (i/k,) +log x,
where J(*) is a weight function specified by conditions (i}+(v) below and x; is
a shift parameter chosen so that all the weights w;,, i=1,...,k,, are

non-negative. Let [x] denote the smallest integer not smaller than x and take
the step function
[xk,] o i—1 i
Jg(x):= —logT—1= —logk—n—l, K <x$k—n, i=1,...,k,

and set x;,:= e~ !. Then w;,(Jy) =1, and therefore we get the original least-
-squares estimator &). For the sake of technical simplicity we will consider a class
of smooth weight functions {J(x): 0 < x < 1}, which preserves the properties of
the function J,(x):= —logx—1 a Jg(x), described by the following

CONDITIONS. (i) flJ(x) dx = 0.
(i) J(-) is non-increasing on (0, 1] such that hm 0/ (¥) >0 and
J(1) < 0.
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(iii) The derivative J'(-) is monotone on (0, 1].
(iv) sup, ., XV’ (x)I is finite.
(v) The integral _[ x~ QD77 J(x)|dx is finite for some v > 0.

Condition (ii) forces ve(0, 1/2) in (v). Assume that y, satisfies J(y;) =0
Then the x; appearing in w; ,(J) has to be close to y;. Observe that, for any
number c,,

" (k,) =
im s Win(ea +1og (/i) —win (3 2 W) Y Win(c,+1og (n/)} 108 X, 1 i
] fl 1 Win (c,+1og (n/ i)) _( 7 =1 Win) ' (Zi= 1 Wi (ca+log(w/ l))) '

Set
ifkn

In+1-in-= k,. 5 J(X)dx

(i~ 1)fkn
and choose

k
c,,:=logx,+log;".

Then we have

kzn wi,n(cn+log(n/i)) = % Int1—in = knj-J(x)dx =0
i=1 0

i=1
resulting in
kn
Zi=1 On+1-inl08 Xns1-in
o —
Zi= L In+1-inlog(k,/i)

So we see that the final estimate d{"’ (k,) does not depend on the shift parame-
ter x;, within the class of shift parameters specified above.

Introducing Q(s):=inf{x: F(x) > s}, 0 <s<1, Q(0):=Q(0+), the in-
verse or quantile function of F, and letting Q (1 —s—) denote the left-continu-
ous version of the right-continuous function Q@(1—s), 0 <s< 1, it is well
known that F e Z, if and only if, for some function L(-) slowly varying at zero,

(13) Q(—s—)=s""L(s), O<s<1.

Let 3 denote convergence in distribution and let 4 (i, 6%) be the normal
distribution with mean pe R and variance ¢2 > 0, and define u A v = min (u, v)
and u v v = max (4, v). Understanding limiting and order relations and asymp-
totic equalities ~ as n — oo throughout if not specified otherwise, we can state
now the main limit theorem of the paper. All the proofs are in the fourth section.

a7 k) =

TuEOREM 1.1. If k, is any sequence of positive integers such that (1.2) holds,
then, whenever Fe R, for some ae(0, 0),

k32 (a7 (k) — S (k )} > /V(O a? 63),
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where, with t1(J):= —jé](v)logvdv

! H"—“’J(u)J(u)dudu

2.
gy.= z (J)
and " (k):=n(xDk,) ""’"J(nt/k )og Q(1 —t—)dt — a.

In Theorem 1.1 we do not need the restriction k,/log*n — o as in Theo-
rem 1.1 of Cs6rgo and Viharos [9]. The reason is that Theorem 1.1 above deals
with estimators &’ (k,) = & (k,, J) with smooth weight functions J satisfy-
ing conditions (i}(v). On the other hand, Theorem 1.1 of [9] deals with
i = "Mk, J,) with the step function J not satisfying conditions (i}(v). The
proof of Theorem 1.1 of [9] is partly based on the step

kA2 (65 (kyy T — 9 (kyy Jo)) = 0p (1),

where J,(x) = —logx—1 satisfies conditions (i}-(v). This step requires the
growth condition k,/log* n — oo (cf. the notice preceding Lemma 5.4 of Csérgd
and Viharos [9]). After this step, asymptotic normality of &’ (k,, J,) is estab-
lished, which is the main point of the proof of Theorem 1.1 of [9].

2. Asymptotic mean square errors. The theorem above suggests defining
the asymptotic mean square error of &{""’ as

M® = MMM (k,, J):=bZ(k)+a*a7k,; ! for some b,(k,) ~ {u? (k,)—o};

the sum of the asymptotic squared bias and variance (cf. Csérg6 and Viharos
[9], Section 4). We shall discuss the behavior of M in a submodel of (1.3)
studied by Beirlant et al. [2], restricting L to satisfy

-e
an L6 I;S()S))_l ! Q_1+5,(s), where im,(s) = 0 for all £>0,
for some rate function g(-) of constant sign and some constant ¢ < 0, where
(t7?—1)/e is understood as —logt if ¢ = 0. Condition (2.1) implies that g(-)
is regularly varying at zero with index —¢ (g(-)eRV?,) and there exists a
positive decreasing function h(-) regularly varying at infinity with index
20—1(h(-)eRV;;_,) such that

22) g> (1) ~ oj?h(s)ds as t - o,

where for ¢ = 0 we assume lim_ ‘0 g(s)= 0 and g% (1/t) is asymptotic to a non-
increasing function as t — oo (see Dekkers and de Haan [11], Lemma 2.8). To
evaluate the asymptotic mean square error, we need further conditions on the
underlying distribution which control the speed of convergence in (2.1):

L(st)

L(s) =0

(2.3) lim sup t*|5,(s)) =0 and lim sup t*

510 g<r<h 510 g<t<b

log
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for some constants A4, u > 0 and b > 0. Define
Jo(x)=@+1)9 1—(8+1)2971x* for any 9> 0,
and set
Jo(x):=1lim Jg(x) = —logx—1.
840

Then {J4: $ = 0} is a subclass of weight functions satisfying conditions (i}«(v)
of Section 1. Note that t(Jg) = 1 and 6%, = (23+2)/(29+1) for all § > 0. Set
q,(t):=(t"¢—1)/g for ¢ > 0 and g, (t):= —logt. The next theorem gives the
optimal weight function J, in the model given in (2.1)-(2.3).

. THEOREM 2.1. Assume that (2.1), (2.2) and (2.3) hold with some ¢ < 0, some
rate function g (), and some constants A, p >0, A+puc[0,2 1 +v),and b =1,
where v is specified in condition (v). For ¢ = 0 suppose that lim_ 10 g(s) =0 and
g*(1/t) is asymptotic to a non-increasing function at t — 0. T hen

k o? o2 k, 1 2 x4
(W)= 2 —" —J'= 2 J
MP =g (n)BJ,g+ P g( )( (J)qu(v)J(v)dv) o

and the optimal k, is determined asymptotically by

*. - n
(24) kn = kn = [hh (az O'}/(HBJ,Q))J ’

where |- | denotes integer part, h* () is the generalized inverse of h(:). More-
over, if ¢ <0, then

25) M (k) ~ (ao,)*/e= By =20 (1 —%)

A _. 2o et
n
and
min K" (it Jo) = M (2, T ).
If 0=0 and (k,g*(k,/n)” " =0, then M ~ g*(k,/n).

We conjecture that the J - in Theorem 2.1 is optimal over the whole class
of weight functions specified by conditions (i}(v) above. To compare & to the
- class of kernel estimators, we generalize Theorem 5 of Csorgd et al. [5] for the
model given in (2.1)2.3) (cf. the first example in the next section). We use
almost the same conditions on the kernel function K assuming left-continuity
instead of right-continuity in (H2) to involve the K (v) = 1j9<,<1; Hill case in
the restricted class (cf. Csorgdé and Viharos [10], Section 2.2):

(H1) K(u)= 0 for 0 <u < o0.

(H2) K () is non-increasing and left-continuous on (0, ).

(H3) f; K(v)dv = 1.

(H4) fSv 2K (v)dv < 0.

(H5) There exists a 0 < A < oo such that K(u) =0 for u > A.
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(H6) There exists a 0 < A < oo such that dK (u)/du = k(u) is defined for
u>A and limumu"‘/zk(u) =0

Beside (2.1)2.3) we assume the following conditions on the underlying
distribution:

(D1) The quantile function in (1.3) satisfies Q(0) = 1.

(D2) (i) In the Karamata representation given in (4.2) below, one has
either (H5) is satisfied and a(s) = g, for 0 < 5 < ¢ for some £ > 0, or a(s) = q,
for 0<s<1.

(i) One has either (H6) is satisfied, or the function b(-) in (4.2) ma}r be
chosen sueh that b(-) is "bounded on (0, 1).

THEOREM 2.2. Assume that the conditions (H1)(HS5) and (D1){D2), and all
the conditions of Theorem 2.1 above are satisfied for the underlying distribution,
restricting this time A+ p from [0, 271 +v) to the interval [0, 27 ') and chang-
ing b =1 to b= A. Then the asymptotic mean square error of & is given by

2 A

2 2 A 2
Mslx) = gz (%)DK,Q +akﬂ: 92 (%) (j‘ U_QK(U) dU) +- j.Kz (U)dU
0

n

The optimal k, is determined asymptotically by

k= K= e } .
h* ((2* 6%)/nDxg.,)
Moreover, if g <0, then
h™ (1/n)

_ _ 1
M) e i1 L) 1)

and the optimal K (-) is given by

. 20—1\1"¢ (/202 e,
Kel) = 0 <29 2) {(29—1> ’ }

if0 <v < (2—20)/(1—20), K*(v) = 0 otherwise. If ¢ = 0 and (k,g* (k,,/n))—1 -0
then M ~ g2 (k,/n).

The optimal kernel K¥ has the same analytical form as the one obtained in
the Hall model given in (3.1) below (cf. Theorem 5 of Csorgo et al. [S]). The
optimal J; = J_, also depends on the unknown nuisance parameter g so that
further study is needed to find methods to pre-estimate g (cf. the discussion of
the Hall example in the next section). Using Theorems 2.1 and 2.2, it is possible
to compare @& (k¥, J) to & (k¥), the Hill estimator and the optimal kernel
estimator. For each of these, the corresponding smallest possible asymptotic
mean square error M, under (2.1}42.3) is of the same order with the same
leading constant a*¢/?¢~1) 5o the comparison can be made by means of the
corresponding functions

m(g):= lim M, n/{a*?e"D = (1/n)}, ¢<O.
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Figure 1, drawn by the mathematical program package Maple V, depicts the
m(o) of & (k¥), of the optimal Hill estimator &P (k) and of &™ (k*, J,) for
3=1/2,1, 2, 3, —p tagged by the corresponding values of 3 of the five weight
functions J, considered, as they leave the picture. As was pointed out by
Csorgd and Viharos [10], the m(g) of ¢™ (k*, J_,) is identical to that
of the optimal kernel estimator so that the latter is not included separately in
Figure 1. It can be calculated that lim , _m(g)=2 for a® (k¥),
lim ,_ m(e)=(29+2)/(29+1) for @M k¥, Jg), 3> 0, and im ,__m()=1
for &M (k¥, J_,), &P (k%) and for the optimal kernel estimator. The optimal
estimator 4™’ (k¥, J_,) is uniformly better than the other estimators studied in
Figure 1. These coincide with the finding in Cs6rgd and Viharos [9].

T13
112
1 1.1
=172
11
v=1
T 0.9
=2
1}19=3.
veP fos
- + t + + 0.7
-10 - -8 -6 —4 -2 0

Fig. 1. The curves of m(g) for &®(k¥*) (dashed), 4P (&) (dotted), &™ (k¥, J5), $=1/2,1,2,3
; (solid) and 9 = —g (dash-dotted)

3. Examples. In this section we study two submodels satisfying the con-

. ditions of Theorems 2.1 and 2.2. Hall [13] and Cs6rgé et al. [5], Theorem 5,

investigated the asymptotic normality of the Hill estimator in the model given
by

3.1) L(s)=D,[1+D,s*{l+o(1)}] as s—0,

where D, > 0, D, # 0 and f > 0 are constants. In some practical situations the
parameters. D,, D,, B can be previously estimated from a given sample (cf.
Csorgd et al. [S] and Hall [13]). This is a submodel of (2.1) corresponding to
g(s)= —pBD, s? and ¢ = — B, and, by a routine calculation, satisfying (2.3) with
any b > 0 and 4, u > 0. This restricted model contains those distributions for
which the corresponding function L (s) (or equivalently I(x)) is nearly constant
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for small s (for large x). Plots of the graph of x'/2{1—F (x)} for large x, with
preliminary estimates d,, maybe helpful in exploring this. In this case, based on
Figure 1, it is reasonable to use &!"’ with some 9 > 1.

Next we discuss another model containing a typical family of L functions
that are not bounded near zero, given by L(s)= L,(s):= exp {log” (1/s)},
0 <y <1, taken from Bingham et al. [3], p. 16. This model, by a routine
calculation, corresponds to g(s) = ylog’ ! (1/s) and ¢ =0 in (2.1). This sub-
model also satisfies (2.3) with any positive constants b, 4 and u, as a tedious
calculation shows. From Theorems 2.1 and 2.2 we know that this time

- M, ~ y*log?~2(n/k,) if log>~*(n/k,)/k,—0

for all the estimators under investigation. Define
1
A,(Ly:= (x ()" [ J(v)log L(vt)dv.
0

By calculation from (1.3) we obtain

1! k
3.2 M k)—ao=——1(J u)logL(v—")dv=An,, L).
(3.2) n) D g ( " tnfn (L)
To see differences within this model between the original least-squares estima-
tor and the weighted versions, we shall study for finite n the behavior of the
asymptotic mean square error

M (k,, J, L, 0): = AZj(L)+o? a3 ki .

Introduce the function M*(¢; J, L, o):= A?(L)+a?e?t 1n 1, 0<t < 1, and
notice that

MM (k,, J, L, a) = M¥(k,/n; J, L, )

for any L in (1.3) and any k, as in (1.2).

Figure 2 contains the graphs of M%,,(t; J4, L;, 1), t€(0.01, 0.36], for
y=1/4, 1/2, 2/3, 3/4 in dotted curves, tagged by the corresponding y values of
the four slowly varying functions considered. These curves correspond to &)
Figure 2 also contains the graphs of M¥.,(t; J4, L,, 1), y = 1/4, 1/2, 2/3, 3/4,
for 9 = 0.05, 0.2, 0.5, 1 in solid curves. For each y investigated, the correspon-
ding curves for the different 3 values are close to each other. As numerical
evaluation shows, for y = 1/2 and y = 2/3, the absolute minima of the curves
become smaller and smaller as the value of 9 increases, albeit the decreases are
hardly noticeable. For y = 1/4 the minima are approximately the same, while
for y = 3/4 the estimator & is slightly better than d&{"). So there is a slight
advantage of the use of the weights for y values less than 3/4. For 9 > 1 the
minima shift more and more upwards as the value of 3 increases. From these
two examples we conclude that the choice $ = 1 appears to be reasonable for
bounded and unbounded functions L as well.
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e W‘ y=3/4

03 1 [8
025 § y=2/3
02}
0.15 ¢

6‘1 1 R ﬁ y=1/2

0.05

Y=1/4

0 0.05 0.1 0.15 02 0.25 03 035

Fig. 2. The curves of M%¥g(t; Jy, Ly, 1) for 8=0.05, 0.2, 0.5, 1 (solid) and 8 =0 (dotted),
y=1/4,1/2,2/3, 3/4

For sample sizes n = 400, 300, 200, 100 the curves shift more and more
upwards, but the whole global picture remains the same. Based on these and
additional figures belonging to further slowly varying functions as in Csorgd
and Viharos [9], the following pragmatic rule of thumb appears reasonable for
estimating o near 1 using the weight function J, = J,: For 100 < n < 300 use
& (k,) with 7n/100 < k, < 26n/100, and for 300 < n < 3000 use 4™ (k,) with
6n/100 < k, < 251/100. Several rules may be formulated for the adaptive
choice of k within the indicated ranges. For example, choose that k, for which
a™ (k,) and @™ (k,) are the closest to each other; this is a part of the suggested
rule and it uniquely determines the choice of a data-driven k, for n > 100.
From a further study as in Cs6rgd and Viharos [9], Section 4, it follows that
this rule of thumb can be extended to the range 0 < « < 2, which range ap-
pears to cover all cases that are important in practice.

Various adaptive versions of both the present weighted least-squares and
the kernel estimators are proposed in Cs6rgd and Viharos [10] and are inves-
tigated in an extensive simulation study. These are based on the respective
classes {Jg: 9 > 0} and {K¥: 9 < 0} of weight and kernel functions, suggested
by Theorems 2.1 and 2.2, and the procedures provide data-driven choices of
both k, and the shape parameter $ in both cases.

4. Proofs. Throughout, Csérgd and Viharos are abbrcv1ated to CsV, and
Z denotes distributional equality. We use the convention j f[a » When we
integrate with respect to a left-continuous integrator if not specified otherwise.
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To prove Theorem 1.1, we use the probability space constructed by Csorgo et
al. [4]. It carries a sequence {U,};>, of independent random variables uniformly
distributed on (0, 1), with U, , < ... < U,, as the order statisticsof U, ..., U,,
and a sequence {B,(t): 0 <t <1};2; of Brownian bridges such that, letting

G,(s):=n"1 )Y I{U,<s}, O<s<l,
k=1

and
U,:=Us, k—-1)/n<s<k/n,k=1,...,n

and putting N
" B.(5):=n"2{G,(5)—s} and 7,(s):=n"?{s—U,(s)}

for the respective uniform empirical and quantile processes, we have

sip OB O _ @‘"(i")’

sim<s<1—@m (S(1 —s))”2 o n

@.1) B, 1
sup [V (S) 1/ Z(i)L —o, (7)

sin<s<1—Gm (5(1—5)) n

for any ﬁxed fe[o, 1/4), »e[0, 1/2) and ¢ > 0.

Set &,:=(t(J)k,) Zf L Ont1- inlog X, 11—, where 7(J) is defined in
Theorem 1. 1 The next proposition states that &, is an equivalent version of
@™ in Theorem 1.1.

PROPOSITION 4.1. Assume that the conditions of Theorem 1.1 are satisfied.
Then -
ki {a, —u™ (k, )} > 40, a?a?)
- and
1
T (J) k,
" Proof. The proof of the first statement follows the gencral outline of the

proof of Theorem 1.1 of CsV [9]. The main difficult point in the present case is
to handle a whole class of weight functions {J} instead of the single one

[xk, |
—k——l.

Set g(t):=logQ@(1—¢—) and introduce the modified centering sequence

k,
E In+1- 1n10g_— 1+0(k 1/2)

Js(x) = —log

. knin
= () Hnkit | g@)J (e/k)dt+k; ' gnng(1/n)}.

1/n
Further, let G¥(s):={G,(s)A(1—n"YH}vn~! and, for I<m<r<n,

rin nGH(t)/kn m/n  nGH@)/kn
0,m,r):=—{ [ J(dsdg®), V,m:= [ [ J(s)dsdg(®.
min  ntfkn Uman  mfkn

4 — PAMS 192
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Fix any integers m and [ such that 1 <m << k,. Then we obtain
()@~ ) Z 0,1, m)—V,(1)+R,+6,(m, ) +V,(k)+6,(, k)
=:4,m, )+V,(k)+6,( k,)
as an analogue of (5.6) in CsV [9], where

R,:= Gun{g (U1, —g(1/m)}/k, = Op (Gnn/k,)
by an application of Lemma 5.4 (iv) in CsV [9]. Using condition (v), we obtain

1/k,,
k| J(x)dx =k, j XYy =WD=Y ] () g
0
1 1/kn
<k [ X~ (x)dx = o (KH2),

n k£1/2)+v

whence R, = Op(k, /»7"). Next we show that @, (m, [) = Op(J (1/k,)/k,) for
any fixed 1 <m< [l It is well known that
Ui i=1, .. )2 (S,/Surr: i=1,...,n),

where S;=Y,+ ... +Y, for some Y,, Y,, ... independent exponentially dis-
tributed random variables with mean one. Then
{nG,(v/n): 0<v<n}= {N(vS,,H/n) 0<v<ny,
where N() is a Poisson process with jump points 81, S5, ... Set
fy®):=g(sv)—g(s) and notice that (1.3) implies f,(v) »>logv~* as s|0 for
every v>0 by applying Lemma 54 (iv) in CsV [9]. Let us define
=inf{y: J(y) =0} > 0. On the event

E,:= {nG}¥(/n)/k, < y,}n{l/n < U,,},
for some 1,(v) between nG} (v/n)/k, and v/k,, for which necessarily J (1, (v)) > 0,

we have
I nkz '*G¥(v/n) Ll "
l@ m, D =|f { J(s)dsdg (v/n)| < | o G* <E>__ J (2, @) d(—g (v/n)
m vikn m n

tm v\ v

Gl - )——

k, " (n) k,
where the right-hand side equals in distribution

J(l/k ) | ” N(USn+1/")V1 Uld(_fun(l’)) = (OP(M)'

<J(1/k) | |—

d(—g@©/m),

ok, k,

Since P {E,} — 1, we indeed have 0, (m, ) = 05(J (1/k,)/k,), and similarly one can
prove that V,(1) = 0p(J(1/k)/k,). Using an argument similar to that in the
proof of Theorem 1.1 of CsV [9], we also have V,(k,)= op(k, /¥ and
k2 (j1,— ) = o(1). These steps heavily rely on conditions (i}(v) described for
the weight function J. Next observe that t'2J () = o(1) as t]0 by condition (v).
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Then by a diagonal selection procedure, similar to the one used in the proof of
Theorem 1 in Csérgd et al. [6], we can construct sequences 1 <m, <[, <k,
such that m, — oo, I,/m, —» o0, k,/l, — o0 and k}'* A, (m,, 1) = 0p(1). It follows
that

ka'? (1) (@, — ) = ka!? ©,(1,,, k) +0p (1),

and an argument as in the proof of Lemma 2 in Viharos [18] and the ap-
proximations (4.1) give

ka'? @, (L, k) = N, +0p(1),

k,./n

where N, : —(n/k )1/2 L “n B (1) J (nt/k,)dg (t) is a normal random variable
with mean zero and variance

11
EN) - [ [(urv)J(@)J(v)dlogu *dlogv*
00
(cf. the proof of Theorem 1.1 of CsV [9]). Thus
k" {8, () — i ()} = (2 ()" N, 0p (1)

by using ka/? (@, — u"’) = o (1), which proves the first statement of the proposi-
tion.

To prove the second half of the statement write
Yin i Gns1-inlogky/i)

Tk,
kn ifkn 1/kn
N _T(IJ), 2@ /g)/kJ(x)log kndx_i 3. 7 (log ;C _:—T%})_Ti;)
and note that sup, _ |J(x)| = O(J (1/k,)) and logx < x—1 for all x > 0.
Thus st
' fn il i1
1€ < O(J (1/k,) 1;2 . {)/k“ (x K 1) dx = 0(J (1/k,) igz (k—nlog:——k—)

0 (1/k,) .‘i (%(iq)—ki) - (9<I°g kn gy gk, ))

n ’l

By conditions (ii) and (v) we have
1/kn

o(l) = j ~DY (x)dx = J(1/k,) j XA~y gy s J(1/k,) — logk,

k1/2
for all n large enough. Hence &, = o(k, !/?). Finally, decompose (, as

1k 1 1/kn
= | J(log - dx— [ J(x)logxdx =:{{"~{{.
0 0

n
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Then, for all n large enough,

|C(1)| 1/kn 1/kn
Togk j' J(x)dx = j' xUBDHY 5= (2Y=v J(x) dx

n

1 (1/2)+v 1/kn
< (—) [ x~WP=vJ(x)dx = o(k, VD7)
kn 0

A similar argument yields that {2 = o(k, */?~"1logk,), which completes the
proof. =

Proof-of Theorem 1.1. Based on Proposition 4.1, it is enough to prove
that u™ (k,) - . For L(s) in (1.3) we use the Karamata representatlon for
slowly varying functions:

4.2) L(s)—a(s)exp{jﬁdu} 0<s<l,
where lim_ - a(s) = a, for some a,e(0, oo) and 11m o b(8) = 0. The first equa-
tion in (3. 5) in combination with condition (i) ylelds

2 0) (1 () —) = { T (9)log “(S""/")d +;J(){""§’"E@du}ds_ 1,+1,.
: 0

skn/n

From the equality
I,+1,=0( sup [log(a(®/ao)|+ sup [b()])

. 0<t<kn/n 0<t<kn/n
the theorem follows. m
Proof of Theorem 2.1. Inorder to prove thefirst statement, we establish

(4.3) () (" (k,)—a) ~ g (k,/n) ‘f) g, (0)J (v) dv.
Set
e(x):=(log(l+x)—x)/x and f,(v):= {L(k,v/n)/L{k,/n)}—1.

Then, using (1.3), condition (i) and (2.1), we obtain

() (4 (k) —0) = [ J () log(1+f,(v)) dv = g JW)f, 0 [1+&(f, )] dv

= g(k,/n) g J ) (g, (0)+ 9, (k/m) [1+¢ (£, (v))] dv.

Set 1, (v):= 6, (k,/n)+q, ©)e(f, ©)+5,(k,/m)e(f,(v). Then we get

D k)=2) | o @I @)
g(k,/n) jo q,(v) J (v)dv .‘o 4, 0)J (v) du
using condition (v) in the last step, where C >0 is a constant. Noticing

sup 2% |n, (o)

o<t<1




i
i
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that [e(x) < [log(1+Xx), x > — 1', we see that condition (2.3) implies
sup, ., <, tY®*”|n,(8) - 0, which proves (4.3). To obtain the optimal k, replace
n/k, by t and write

M = M (t) = g° (1/t) By o +(to* a3/n).
By Lemma 2.8 of Dekkers and de Haan [11], M () is minimized by
t =t* = n/k¥ ~ h* (a® 63/(nBy,,)),
from which (2.4) follows. For ¢ <0, by h(-)eRV55_,, we have

A1)~ R 1 #*d3 (07 _ __aldd
t* 2Q 2Q nB;e nBJ,‘_, 2Q BJ’Q k: )

ME () =~ (1o (1) + 2%~ 2 (“i)'

Hence

20 k* kT Tk 20

Using h™ ()€ RV3,-1)-1, we easily get (2.5). The 0pti~mal Jy can be ob-
tained by calculating the first and second derivatives of M (k¥*, J,) in (2.5)
with respect to 3. If ¢ = 0, then B, , = 1, which implies the last statement. m

Proof of Theorem 2.2. The asymptotic squared bias and variance of

&& are given by ( j K (v) b (k,v/n) dv)* and a2 k; * [ o K? (v) dv, respectively, where
b( ) is defined in (4 2) (cf. Theorems 1 and 5 in Csorgd et al. [5]; they do not
formally include the factor a? in their variance term). In the rest of the paper we
use the integral convention js = 0.4~ FOT some constant a,&(0, c0) we may
assume a(s) = a, in (4.2) as in condition (D2) (i). Hence b(s) = —sL(s)/L(s) and

k,vn *L(k, v/n) L (k,v/n)
Lk, v/n) - L{k,/n)

4 Lk,o/n)

= (j; log Lk d(vK (v)),

where partial integration with the convention [0 Sty @nd Lemma 1 of
Csorgd et al. [5] were used in the last step. Similarly, by partial 1ntegrat10n

j'K(v)b(k v/n)dv——j K(v) =2 —j' vK (v)dlog

j v ¢ K (v)dv = —_[ vK (v)dq, (v) = _[ g, (0)d (vK (v)).

Hence, as in the proof of Theorem 21,

4, Lk, v/n)
fo K@bk,omydo _ | Jo o8 T e my AWK ®) | _|Jo m@EKE))|
gle/mfav e K@dv | | gk mfsa,0)d (oK @) 13 4, (0)d (oK ()|
|j0 1, () K (v) dv| + |_f0 1,(®)vdK (v)l A +Ag,

1§54, @) d (oK @) 1f 2. @K @)’
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where we used the equation d(vK (v)) = K(v)dv+vdK (v). Using condition
(H4), we obtain 4,; < Csup,_,_  t'?|n,(z)} for some constant C. Partial inte-
gration, condition (H4) and Lemma 1 of Csorgé et al. [5] imply that the
integral _f v'/2 dK (v) is finite, and hence A4,, < C’' sup,, ., ,t'2 I, (8)| for some
constant C’. As in the proof of Theorem 2.1, by condition (2.3) we have
sup, ., ,t"* 1, () > 0. The rest of the proof is the same as the proof of
Theorem 2.1 above and the proof of Theorem 5 in Csorgé et al. [5] and,
therefore, is omitted. =
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