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Abstract. For a real p (1 < p < 2) and its conjugate p’ we
characterize Banach spaces E for which an operator T: L, —E
is 8,-Radonifying iff T’ is p-absolutely summing. In case p = 2 these
are exactly spaces of type 2 as was proved by Chobanjan and
Tarieladze [1]. For p < 2 the condition is much stronger because
these are spaces of stable type p isomorphic to a subspace of
some L,.

Let E be a real Banach space. For a real number p (1 <p < 2) let
L, be a separable Banach space of measurable functions having p-integrable
absolute value. Let 1/p+1/p’ = 1. An operator T from L, into E is said
to be 0,Radonifying if exp(—|T al?) is the characteristic function of
a Radon measure u on E. Here 0, is a cylindrical measure on L, with
the characteristic function of the form exp(—|gl?), geL,. Thus T is
6,-Radonifying iff 7(0,) extends to a Radon measure on E. In this case
the Radon extension is a p-stable symmetric measure on E. It turns out
that the set X,(L,, E) of all 6,-Radonifying operators becomes a Banach
space under the equivalent norms

0, (T) = (g IxIrdu)tr, 1<r<p<2.

Let us recall that E is of stable type p if there exists a constant
¢ > 0 such that for all x,,x,,...,x,€E

€] z &) <e( X Il

S,
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for each r with 0 <r < p, where ¢&,,&,,...,¢&, is a sequence of iid. -
random variables with characteristic function exp (—|t/).

If E and F are Banach spaces, then the operator T: E — F is called
p-absolutely summing (TeIl,(E, F)) if for some constant M and for each
X1, X3, ..., X, € E the inequality

n

[ Tx;||? < MP?, sup 3Kk, xHP

el |lx'll€1 i=1

3

holds. Denote by x,(T) the least such ‘constant M.

The following relation between the 6,-Radonifying operators and the
p-absolutely summing operators is known in a more general version as
the celebrated L. Schwartz’s duality theorem (cf. [2] and references therein):

Prorosition. If TeZ,(Ly, E), then T'e I, (E, L,).

The converse implication does not hold in general. In the following
theorem we characterize Banach spaces for which it holds.

" THEOREM. Let 1 < p < 2. Then the following two conditions on a Banach -
space E are equivalent:

(1) TeZ,(Ly,E) if T'ell,(E,L,) for each space L,.

(2) E is of stable type p and isomorphic to a subspace of some L,.

Proof. (1)=(2). Let x,, x;,..., x,€ E. We define an operator T from
L, into E by

Ab1=

ATl = % Kx 0P

Condition (1) implies the existence of a constant ¢ > 0 such that
6, (T) < cm,(T'). In addition, let us observe that the characteristic function
of the p-stable measure u defined by T is equal to the characteristic

function of the distribution of the E-valued random vector Y x;&,. Namely,
- : i=1
@) = exp (=1 T'alf) = exp (= T, I, 0P,
" Thus we have |

E] Z &l = (LI dn)™" = 0,,(T) < emp(T) < ¢ Zl Ixali?)?,

‘which shows that E is of stable type p.

To prove that the space E is isomorphic to a subspace of some L,
we choose x,, x5, ..., X, and y;,y,,..., ¥, belonging to E with the property

Y Kxi,apP < Y, Kyieapl?  for all aeE'.
i=1 i1
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Now we define operators T and S from L, into E by
: n ) n
IT"al? = Y, Kx, )P and  |S'al? = Y Ky, adlP  for all aeE"..
i=1 i=1

The inequality | T"al| < ||S’a|| for all ae E’ implies =,(7") < =,(S’). Since
each Banach space is of stable cotype p for p < 2, we have

( -_il ”xi”p)l,‘P < €1 (E “ .gl.xi 6;“")1/' = Cy G'pr(T)

< (1) < 7)< e 3 ).

By Llndenstrauss-Pelczynskl s theorem ({4], Theorem 7.3) we claim that E
is isomorphic to a subspace of some L,.

(2)= (1). Consider an operator T': Lp — E such that T’ is p-absolutely
summing. Since E is isomorphic to a subspace of some L,, by Kwapien’s
thearem [3] we have Tell,(L,,E). It follows from separability of the
space L, that there exists an isometric imbedding J from L, into L,[0,1].
Then TJ' is p-absolutely summing. By Kwapiefi’s theorem [2] there exists
a strongly measurable function ¢ from [0, 1] into E with Ejjo||” < oo such

" - that

’ 1
IT"al” = |JT"a|” = f|<<p(t),a>|”dt-

Since E is of stable type p, exp (—{| T allf) is (by [5]) the characteristic
-~ function of a Radon measure, ie, T€X »(Ly, E), which completes the proof.

CoROLLARY. Let 1 < p < 2. Then the followmg two conditions on a Ba-
nach space E are equivalent:

(1) TeZ,(L,, E) lf and -only if T'e Il (E', L,) for each space L,.

(2 E is of stable type p and lsomorphlc to a subspace of some L

Remark. It is known by Rosenthal’s theorem (see [7]) that condmon (2)
is equivalent to each of the following ones:

(3) E is isomorphic to a subspace of some L, and does not contam an
isomorphic copy of 1,.

4) E is tsomorphlc to a subspace of some L, and_there exlsts a real r
(0 < r < p) such that the topologies of L, and L coincide on E.

(5) There exists a real q (p <g<2 such that E is isomorphic to a sub-
space of some L,.

'‘Added in proof After th1s note was completed, ‘the authors were made
aware of the paper of D. H. Thang and N. D. Tien, On the extension
of stable cylindrical measures, Acta Math. Vietnam. 5 (1980), p. 169-177,
where an equivalent result was established. Methods of proofs are however
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- different. We also refer the reader to our paper p-stable measures and
p-absolutely summing operators, p. 167-178 in: Lecture Notes in Math. 828
Springer Verlag, 1980, for some additional results on this subject.
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