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Abstract. Consider independent and identically distributed ran-
dom variables {X, X, , n>1} with xP{X > x} ~ a(logx)’, where
a>~—1 and P{X < —x} = o(P{X > x}). Even though the mean
does not exist, we establish Laws of Large Numbers of the form
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3 c,,P{—L >a}<oo

n=1 b”
for all é>0 and a particular nonsummable sequence {c,, n > 1},
where L # 0.
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Let {X, X,, n> 1} be independent and identically distributed random
variables with

xP{X > x} ~a(logx)®, where a> —1 and P{X < —x} =o(P{X > x}). |
From Adler [1] we have Weak Laws of the form
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where a, = k® for all a > —1 and L # 0. (These limits were used to establish
generalized one-sided Laws of the Iterated Logarlthm) Then in Adler [2] we
established Strong Laws of the form

lim ——Z"= 1 %X

n—row b

=L almost surely,

where na, was slowly varying at infinity and again L # 0.
The next question is whether we can extend almost sure convergence to
complete convergence, i.€., ¢, = 1 in (1). For our random variables the answer is
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a resounding ‘no’, but there is a similar result. We will show that
o0 " a4 X
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n=1

b

for all £ > 0, where ¢, = (nlogn)~! for the same nonzero L as in our Strong
Laws.

Before we establish our result we need a few comments about notation.
We define 1gx = log(max {e, x}) and lg, x = Ig(lgx). Also, the constant C
will denote a generic real number that is not necessarily the same in each
appearance.

From Adler [2] we have

i Yo, [gkt 2/k]Xk_ a
o (1gn) T (@+1)b
where both a and b are positive. So we set a, = (Ign)®~*"2/n, b, = (Ign)® and

L = a/((x+1)b). As in our Strong Laws we partition our sum into the three
terms:
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almost surely,
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The last term converges to L by basic mathematics. Next we show that the first
term converges to zero.

Cram. Y ° ¢, P{[},_, Y| > eb,} < o0, where o
' Y% = a. [ X, I(X,| < k(igk)*+?)—EXI(X] < k(igk)*+?)].
Proof From Markov’s inequality we get
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(g k)z‘b A K
(lgx)*dx
(lg n)’"’ Z {




Complete exact laws 217

C (lgk)z(b a—2)

(lg n)zb Z 2 k (lg k)ﬁ-z [lg k+(a+2) lgz k]z
gk)zb a—2 . C (lg k)Zb 2
(lg n)Zb z [lg k] lgn)zb Z ‘
Hence
n C/ign)®® if 0<b<1/2,
P{Y Y|>eb} << Clg,nflgn if b=1/2,
- 1 Clign if b>1/2,
whence

'2:1 {|Z:: Y| > eb,} < 0

since ¢, = (nlgn)™'. =

The real problem is the second term in (2). Even though the Borel-Cantelli
lemma holds, this is not sufficient. We will use a result due to Hu et al. [3]. This
result is quite optimal. Their theorem is:

THEOREM. Let {(Yy, 1 < k < k), n > 1} be an array of rowwise independent
random variables and {c,, n > 1} a sequence of positive constants such that
Z" 4 Cn = 0. Suppose that for all ¢ >0 and some 6 > 0:

(1) Z,I:lcnzk:lp{lYnkl > 8} < 00,
(i) there exists J >2 such that Y. c» (Z’;": LEYRI( Yyl < 9) < o,
(i) Yy, EYued (%l <8) 0 as n—co.
Then Y. c,,P{|Z’,:"=1 Y| > &} < o for all ¢>0.
CrLam. (i) holds with
=(nlgn)™t and Yy =a X I( Xl > k{gk)y*?)/b,.
Proof. Let 0 <¢ <1 and set y, to the greatest integer part of n*"". We |
have = . - ' |
P {|Yul > eb,} = P{X|1(X| > k(gk)**?) > ek(lgk)y*>~*(1gn)’}
= P{|X| > max {k(Igky*2, ek (Igk)***~*(1gn)’}}.
Thus j
Y cn ), P{|Yul >eb,} = Z Cn[z P{| Y| > ebn}+ Z P {| Yyl > eba}]
n=1 k=1

k=yp+1

[lg (ek (g ky*>~" (g n)’)]*
<cXa X g




218 A. Adler

00 n [lg (k (lg k)a+ 2)]"
+C n
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=1 k= ek(lgk)* 2~ (Ign)’
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nk=y,.+1 k(lgky**2

The second-term is-simpler to prove; it equals

+
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Let M be any integer larger than «; then the first term is
[ge+lgk+(x+2)lg, k+b(lg, n—Ilg, k)]*

C Z Z ek(lgk)m—FZ b(lg n)b
CYad {ZﬁoDg8+1gk+(a+2)lgzk]""'[lgzn—lgzk]"
< . EYE
o) k(g ky*2~* (g n)?

LY lgan—lg, k1M ‘}

k(gky 2" (lgn)’

(ge+lghk+(a+2)lg, k1* 7/ (g, ny
< C
Z:1 kzl ]Z k(gky*2?(1gn)®

Pn u M_l(lgzn)M“

+C Z Zk(lgk)“” b(lgn)b’ o

n=1

where
lge+lgk+(a+2)lg k <y <lge+lgk+(x+2)lg k+b(lg, n—lg, k):
Since y > Clgk, we have

o n a M—l(lg n)M+1 4] c,.(lgzn)M“ Tn (lgk)a—M—l
Z0 Z e gnp <C L (g k(g

L, (]gzn M+1 n (lg k)b M-3 Cp (lgz n)M+1 n (lgk)" 3
<C <C
,.;1 (gn) k§1 k n§1 (gn)’ k§1 k

<
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since
n 5—3 C if 0<b<?2,
1™ ) Cla,n if b=2,
k
= Clgnp=2 if b>2.

Finally, we have

i Z"‘ & [ge+lgk+(e+2)ig, k1°~ (lg, ny
e N Ty P

<C i C“Z f (gky (lgany c i ca(lgam)™ 2 (Igk)P=2

< < @
n=1 o k(gky*2- b(lg )b n=1 (Ign)y’ k§1 k
since
n 1 kb—2 C If O < b < 1,
Z(g,: S{Clgzn ifh=1,
k=1 ClgnP~' ifb>1,

which concludes the proof of part (i). m
CLAM. (ii) holds with J =2 and 6 = 1.

Proof. Again we select M as any integer larger than o. Thus

S EYZI(% < 1)

1

k=
_3 (g k2> " DEX2 (X > k(ghk)**?)
- - k2 (lgn)Zb

xI((Igky~*"2XI(X > k(lgky*?) < k(g n)")}
oy 0B s X > ke kA I(X < k(g kf 2 ()
=2 e ( (gky**) (X < k(lgk) (Ign))

k=1 (gn) o

W ‘(.lg“k)zw—a— 2) Kigk)=*2->(lgn)>

- S x2dF (x)
kgl k2 (lg n)Zb k(lgkj;“*‘ 2 (
(g k)z(b—m—z) k(lgk)=*2 - b(1gm® .
ey | G

1
Z (gky®~*" P k(1gky*>*(Ign)’ [Ig (k (g k21 (gn))]"
k2 (lg n)Zb
_c Z (Igk)P’~*"2[Igk+(x+2~b)lg, k+blg, n]*
- k(g n)
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_ Z":(lgk)""“_z[1gk+(oc+2)lg2k+b(lg2n—lg2k)]"
B k=1 k(lgn)"

(lgkb a—2 v
CL kign

n lgkb—a—ZM ) )
Z k(g )b Z[1gk+(rx+2)132k]“"[lgzn]’

(lgk)b a—2 a M- l[lg n]M+1
+e Z k(lgn)” ’

where Igk+(a+2)Ig,k <y <lgk+(x+2)1g, k+b(lg, n—Ig, k).
For the first term

[Z [gk+(a+2)lg, k1" [lg; n¥ +y* "M~ [1gy n]¥ "]
i=

n 1 kb—(l 2 M
El(iu I, [k e D g Ll
(lgk)b a—2 . _C(lgzn)M - (lgkb_2
\Ck; k(lgn)® [lg k1" Mg, ] = (gn)’ ,El ko

Therefore the first term is less than

Cg,n™/lgn)® if0<b<1,
Clg,mM*lgn ifb=1,
C(lg.n)M/Ilgn if b>1.
Working on the second term we have

(lg k)b—a—z ya—M—l [lgz n]M+1

(lgk)b ax— Zﬂgk)zl M- l[lg n]M+1

Z kgny <¢ Z k(gny

i(lgk)”‘M”(lgzn)M“<r'C(1gzn)M“"‘ (gk)~3

k(gny? DT
So this term is bounded by

Clg, ™ Ylgn) if 0<b<?2,
Clg,n)™*?/lgn)* if b=2,
Cllg ™+ /gn)? if b> 2.

Thus for all >0

Y el Y EYZI(Yul < 1))2 < o0, where ¢, =(nlgn) .
n=1 k=1 ’

k -'
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Cramm. (iii) holds, where once again 6 = 1.

Proof Let M be any integer larger than «. Thus
n

Y EY, I(Yul <1)

k=1

" (IgkP~*"2EXI(X > k(gky* ) ((ghP* 2 XI(X > k(gk)**?) < k(gn)})
= Z b
= k(lgn)

n g k)b a—2
Z P
k=1 kdgny
C Z (lg k)b a—2 k(lgk)=* 2 b(lgn)b (lg x)zz dx
k(gn) k(lgh)=+2 x

kb a—2 .
—CZ gk(; np [Ogk+blg;n+(+2—b)lg kI*** —[gk+(@+2)1g, kI***]

~EXI(X > k(gky*2)I(X <k(gky*>~"(gn))

k —a—2
=C Z ﬂgk(ib np [Ogk+(+2)1g; k+b g, n—lg, k)" —[gk+(+2)lg k1]

b—a—2
<cC Z (lgklzl [Z [lgk+(oc+2)lgz kI (o my +y* M (ga nf 1],

where Igk+(a+2)lg, k <y <lgk+(x+2)Ig, k+b(lgan—1gz k).
The first term goes to zero since

gk)b ax—2
Z k(lgn

Z [gk+(x+2)1g, kI** 177/ (ga Y’

ji=1

b—a 2
<C Z (lgk (f [lg k +(a+2)1g; k1* (g, n)

Z (gkyf™*? k)” =2 . v v (18R (lgz n"
_Clgn i (1gk"-2a0
(g ")b k=1 k
for all b>0.
Finally, we have
(lgk)b =2 yM M1 (lgk)” n2 «—M M+1

_C(lgzn)M“ n (lgk)b—M—Z

-0
gnf &k
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for all b > 0, which concludes the proof of part (iii), and hence our claim that

- e e [08RPTYKIX, g |
";(nlgn) lp{ a7 _(a+1)b|>6}<oo

for all e>0. =
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