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Abstract. We study the heat diffusion in a domain with an ob-
stacle inside. More precisely, we are interested in the quantity of heat
in so far as a function of the position of the heat source at time 0. This
quantity is also equal to the expectation of the sojourn time of the
Brownian motion, réflected on the boundary of a small disk contained
in the unit disk, and killed on the unit circle. We give the explicit
expression of this expectation. This allows us to make some numerical
estimates and thus to illustrate the behaviour of this expectation as
a function of starting point of the Brownian motion.
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INTRODUCTION

Assume that a heat source is placed in a bounded domain D with a heat
absorbing boundary dD. Also a small obstacle O with heat reflecting boundary 60
is placed inside the domain. A natural question arises: given a position of the
obstacle, what will the point ze D\O be where we must place the heat source, so
that the quantity of heat -

o] Ao

Q(2):= | dw {dtu(t, z, w)
D\O 0 .

will be a maximum? It is a classical optimisation problem for linear partial
differential equations (see also [12] and references therein). Here u(:, z, -) is the
unique solution of the heat equation with mixed boundary conditions

©u/ot)(, z, ) =(1/2) Adu(-, z,") in R% x(D\O),
M(O, Z, ) = 52()

(Qu/on)(-, z, w) =0 for wedo,
u(,z,w)=0 for wedD.
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The purpose of this paper is to give, using some probabilistic remarks, an
answer to this question for the simple case where D is the unit disk in the
complex plan and O is a small disk inside D.

To modelise heat as a probabilistic object, we need to consider the Brow-
nian motion starting from ze D. The reflecting and the absorbing features are
ensured by imposing that the stochastic process is reflected on ¢0 and killed on
0D. Then the quantity of heat is related to the sojourn time of this stochastic
process in the domain D\O. By a simple stochastic calculation we can see that

0 (z) = const* E, (1),

where 7 is the first hitting time of 0D by the stochastic process. Hence, finding
the quantity of heat is equivalent to finding the preceding expectation (see also
[4], Chapter II).

Let us note that we may follow the potential theory point of view: the
quantity of heat is the integral on D\O of the fundamental solution (Green
—Neumann function or 0-potential) associated with the stochastic process. If
D\O is an annulus centered in the origin, the Green function for the Dirichlet
problem was explicitly calculated by many authors: [13], p. 140; [3], p. 386;
[11], p. 6.41 (see also [2], Section 11.7 and notes therein). In [6] a general
Neumann problem is also described (see Sections 15.2 and 15.7). At our knowl-
edge, there is no reference for a mixed boundary problem on the annulus.

It must be noticed that, since the expression of Q(z) which we obtain is
complicated, in general, computing its maximum is not easy. We illustrate the
behaviour of this function using some numerical computations.

1. SETTING AND MAIN RESULT

1.1. Setting. Let us consider a complex Brownian motion B starting from
a point z with |z] < 1. It is well known that the expectation of the exit time from
the unit disk of B is (1/2)(1 —|z|?), and it is a maximum when the starting point
is z=0.

~ Assume that a reflecting obstacle is placed in the unit disk. What will the
expectation of the exit time be from the unit disk of the Brownian motion
which is reflected when it hits the obstacle? Let us denote by (x?: ¢ > 0) the
process which is a reflected Brownian motion on an inner small circle y,, of
radius Ry, killed at the first hitting time of the unit circle y,.

It is a simple calculation (see also [11], Chapter 6) to show that if the
circles y, and y, are concentric, then the expectation of exit time from the unit
disk of x? is (1/2) (1 —|z|> + R3 log |z|?). This expectation is a maximum when the
starting point lies on the circle 7y,.

We shall also consider the process (x}: t > 0) which is the Brownian mo-
tion reflected on the unit circle y; and killed at the first hitting time of y, (see
also Figure 1).
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h o 4 o
Figure 1. Reflected Brownian motion on y, or on 7y,

We may assume, without loss of generality, that vy, is centered on the real
axis. Take coe]—1, 1[, Roe€]0, 1 —|col[ and denote the domain between the
circles yo and y, by

Q={zeC: |z] <1, |z—col > Ro}.

For j =0 or 1, we shall denote by 7; the first hitting time of y,_; by the pro-
cess x/:

(1.1) Tj = inf{t ‘> 0: X‘tie'}’l_j}.
It is known that, for any zeQ, for j =0, 1, 7; is finite P-as.

1.2. Main result. We are interested in computing the expectation of the
hitting time, E,(7;), j = 0, 1, as a function of the starting point z. These func-
tions are given in the following main result:

THEOREM 1.1. The expectations of the hitting times are given by
(1.2)  E,(to) = (1/2)(|z sinh p—cosh p|?> — |z cosh p—sinh p|?)
|z cosh p—sinh p| |z gsinh 2p—7|
—lo : -
|z sinh p— cosh p| |z ¥ — g sinh 2p| -

R%. |zcosh p—sinh p||zr—qsinh 2p| |z 2q(1 —q)sinh 2p —s

il | .
7 8| sinh p—cosh p| |z ¢ sinh 2p — | [z 5 — 24 (1 — ) sinh 2|

+ Y, sz, p, R)

n=1

and
(1.3)  E,(ty) = (1/2)(|z sinh p—cosh p|? —|z cosh p—sinh p|?)

o R |z cosh p—sinh p|
8 |zsinh p—cosh p| |z — g sinh 2p|?

|
H
i
|
|
i
i
l
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2
+—
r

o |z cosh p—sinh p| |z g sinh 2p —r|
2 %8| sinh p—cosh p| |z s— 2q (1 — q) sinh 2p|

_gz(1+cosh2p)—sinh 2p|*> — R*|z (1 —cosh 2p) +sinh 2p|?
r |2z r — 24 sinh 2p|?

+ X sz, p, R),

n=1

(1 +coft— (1+Ro)2—c% |
(I—co—R2’ E1_Ro) =

(1.5) gq=({1-=R?*»/2, r=cosh?p—R?sinh?p, s= costh—R4 sinh? p.

where we have put

: 1 1
(1.4) p=Zlog R =tan h( log

The sequences (s (z, p, R)),»1 are explicit (see (3.6)) and converge to zero as
R*", uniformly for zeQ.

The quantities s& are sums of logarithms and fractions of the same type as
the other terms in (1.2) and (1.3).

Let us note that for ¢, = 0 we find the formulas of the concentric circles
case. The expectation of the exit time of the Brownian motion from the unit
disk (without obstacle) can be obtained by taking ¢, = Ry, =0.

1.3. Main ideas and plan. The reflected process that we study can be writ-
ten, for j=0, 1, as

(1.6) x{ = B,—ki

with
t

(17) k{) = Oa k{ = j‘nj (Xé)d |kj|sa kjlt jl(xfeyj)d |k |ss
0

Where n; is the outward normal at y; to Q, and, for j =0, 1, (ki: t > 0) are
adapted continuous and locally bounded varlatlon processes (see also [10],
p. 512).

The expectation of the hitting time t; is then expressed as a functlon of the
starting point z:

(1.8) E,(t)= —2H,;(z), j=0,1.

Indeed, for j =0, 1, let H; be a smooth function which satisfies the mixed
boundary conditions of the (Dirichlet—Neumann) problem:

1.9) 4H;=1 in Q,
(1.10) OH;/0n; =0 on v;,
(1.11) H;=0 ony_;
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By It6’s formula we can write
t t t
H;(x})—H;(z) = [ VH,(x) dB,— | VH,(x}) 0, (xd) d )+ (1/2) | AH,;(x)) ds.
0 0 V]

To get (1.8) it suffices to put ¢t =1; and to take the expectation.
Hence, it suffices to compute the function H;. But, for j=0, 1,

(1.12) H;(z) = {GP(w, z)dw, z€Q,

2
where G isithé'fundarﬂéﬁtal solution of the problem (1.9)-(1.11). For j =0, 1,
G satisfies

(1.13) AGP (W, 2) = 5,(z) for ze®,
(1.14) (0GP /on)(w, 2) =0 if zey;,
(1.15) CPw, =0 if zey;_,.

In (1.13) and (1.14) the differentiation is with respect to z.

If the circles y, and y, are concentric, the expression of this fundamental
solution can be obtained as for the reflected linear Brownian motion (see
Section 2). By using a suitable linear fractional transformation we reduce the
general case to the case of concentric circles (see Section 3.2).

The proof of Theorem 1.1 is given in Section 3.3, except for some technical
lemmas postponed to the Appendix. Finally, Section 4 presents graphs of the
expectation as a function of z.

2. CONCENTRIC CIRCLES CASE

2.1. Expectation of the hitting time. In this section we shall assume that
co = 0, that is, yo is centered in the origin. For the sake of completeness, we
recall some classical results (see also [11], Chapter 6).

PROPOSITION 2.1. The expectations of the hitting times are given by

2.1) E, (to) = (1/2)(1—|z|* + R log|z|?)
and
2.2) ‘ E,(t1) = (1/2)(R§ — 2> +1og(|zI*/R3)).

Note. We have already noted that (2.1) and (2.2) are nothing but (1.2) and
(1.3) with ¢o = 0.

Proof of Proposition 2.1. It is classical: for j =0, 1, the function

Hj(Z):z —(1/4)(a]—|2|2+b}10gIZIZ), a_,-, bjER,
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satisfies (1.9) in the annulus
Ag,:={weC: Ry < |w| < 1}.

Then we find g;, b; such that the boundary conditions (1.10), (1.11) are fulfilled.
Therefore (2.1) and (2.2) are obtained by (1.8). &

Remark 2.2. The maximum of the function z — E,(z¢) lies on the circle
yo and the one of the function z+ E,(z,) lies on y,. &

Note. It must be noticed that in this case we have the “intuition” of the
solution of the problem (1.9)(1.11) because the domain, the annulus Ag,, is
very particular.

2.2. Fundamental solution for the annulus. We shall point out the fun-
damental solution of the problem (1.9)1.11) for the annulus A . This function
will be denoted, for j =0, 1, by G{*9, and it satisfies (1.13)}«1.15) with Ag,
instead of Q.

The idea comes from the study of the linear Brownian motion on ]0, 1[,
reflected at O and absorbed at 1 (see also [4], pp. 77 and 79, or [9], p. 97). This
process has the density

Y [@(y. —x+4n+2)+q,(y, x+4n+2)—q,(y, —x+4n+4)—q:(y, x+4n)],
where q,(y, x):=(2nt)" 2 exp (—|x—y|?/2¢).

For the 2-dimensional case, we shall use the homothetic transformation
u(z):= z/R, and the inversion v (z): = R3/Z instead of the translation and of the
symmetry (see also [11], Section 4.3). The a-potential associated with the pro-
cess x’ is obtained by integrating in ¢ the product by e~ of the following
density:

T [pw, ("2 09) (2)

+pe(w, 42 (@) —pe(w, (@™ * 0 V) (2))—pe(w, 1*" (2))],
whiere p,(w, z) = (2nt)~ ' exp(—[w—z|%/2t). Tt is known that ...

e p,(w, z)dt = (1/21) Ko (/20 |w—2z),

St §

where K, denotes the modified Bessel function of index 0. Moreover,
Ko(f) ~log(1/B) as B10 (see, for instance, [8], p. 133).

Letting « | 0 in the expression of the a-potential for the process x/, we get
the O-potential or the Green function

d lw—p®" @) [w—(u**** 0 v) (2)]

2,2 F = o @l = @]

n=—
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To obtain the solution of (1.13)(1.15) on Ag,, we need to add a harmonic
function (see also [13], p. 140, [3], p. 386, [11], p. 6.41, for the Dirichlet
problem):

PROPOSITION 2.3. For j=0,1 and for w # z, we introduce

2 @ — R4"|2|W—1/ZR4"+2_2j|2
23) G log b+ 3 loglt—Z KoL ERy ]
( ) G (W Z) + Z 0 |W— 1/2R3n02]|2 |W_Z/R8-n+2|2

BRI an

n=—om

Then G satisfies (1.13)1.15) on the annulus Ag,.

Proof-We prove the result for j =0, the case j = 1 being s1m11ar The
function G is well defined. Indeed, the series in (2.3) is convergent. For
instance, if ne N, the series behaves as kzw R, which is convergent since
0 <Ry <1 (here k= —w/z—wzR}+wZ+wR}/z).

Since, for zey,, zZ = 1, the general term of the series in (2.3) equals 0 and
(1.15) is obvious.

For the proof of (1.14) let us put z = ge'’. To compute the normal deriva-
tive it suffices to differentiate with respect to g, since the circles are centered at
the origin:

() (0GE/d)(w, e”’) = 1/(2ng)
4 i i —e“’/Rﬁ" eie/Qz Rgn+ 2 eiﬂ/QZ Rgn eia/R3n+2
2 W_Qeiﬂ/Rgn w_eiB/QR8n+2 w__eiO/QRg-n W_QeiB/R8n+2 :

n=—oo

Clearly, the series is uniformly convergent. For instance, if ne N, the series
behaves as kY R, where k=w(1+¢*)(1—R})/(¢*e”). For zeAg,,
0 24+1 < R5*+1, so the series converges.

Then we can verify (1.14), since, by (), we get

oG L1 TN _gRE Ry
9o W, 0€)g=ro = 55— +5 lim W— e RE1 " g/ RET3

ZﬂRO 2n Nfon=-N
1 1 il R—4N P 4N +4
1 ( e/ /RS ) N

an0+£11VTm W— ena/R aN-1T eiO/R4N+3

Finally, to prove (1.13) we note that, for ne Z, the points A, of the form
wRE", 1/wR&"*2, 1/wR§", wRg"+?2 ‘

lie in the complementary of the annulus Ag,, excepting w. Hence the functions
log|z—A,)* and log|z—4,/* are harmonic in Ag,, and

4. GG (w, z) = (1/2m) 4, (log|z—w| +loglz]) = 6,,(2). =
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Remark 2.4. The function G{*? is not symmetric in (w, z). However, we
can prove that, for j=0, 1,

(2.4) 4, GRV(w, z) =6,(w) for wedg,.
Indeed, we note that, for ne Z, the points of the form
R?,", 1/2Rg"+2_2j, l/z_R‘é"_zj, Z/Rgn+2

lie in the complementary of the annulus Ag,, €xcepting z. Then we can proceed
as for the proof of (1.13). m N

23. Find the expectation using the fundamental solution. By integrating
(2.3) on Ag, we find the expectation E, (t;), j = 0, 1, that is (2.1) and (2.2) up to
the multiplication by —2 (see (1.8) and (1.12)).

Let us remark first that the integrals of the terms of the series are zero
except for the term corresponding to n = 0. Indeed, this is a consequence of the
facts that, for j=0, 1,

>1 if neZ¥,

[2/RE", |1/ZRE™2), |1/2RE" >, [2/RE"?) are {< R, if nezt.

and of the following
LEMMA 2.5. We have

2n(1—R3)log |4 iflAl>1,
25) | loglt—idt = < —2nR3loglll—n(1—|AP)  if Ro <4 <1,
Aro _2nR3logRo—n(1—R2) if |4 < Ro.

The proof of this lemma is postponed to the Appendix.
On the other hand,

l2I*
R¥

lw—z|? lw—1/2 R}~ 22

B 1/ZR. T e/ RE

d+—j

1
f- G&RP)(W, z)dw=ﬁ j' log —-

ARg
Since, for j = 0, Rg < |z| < 1, |z|/R3 > 1, 1/Z| R3 > 1 and 1/|z] > 1, using again
(2.5) we get

| GFO(w, z)dw = (1/2m)loglz] | dw+(1/4m)(—2n R§log |zl —n(1—|z?)

Aro Aro

+2n(1—R3)log (1/|z| R3)—2n (1 — R3)log (1/|z) —2n (1 — R§) log (|2|/R3))
= (1/2)(1—R})log|z| +(1/4) (|zI* — 1 —2log|z]) = (—1/2) E: (co).

The calculation is similar for j = 1, by noting that R3/|zZ| < Ro. m
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3. FRACTIONAL LINEAR TRANSFORMATION AND GENERAL CASE

3.1. Fractional linear transformation. Let us consider, for teR, the trans-
formation

(3.1) a,(0):= {cosht+sinht

{sinht+cosht’ teC.

This is a one-parameter transformation group: a,a, = a,.,. We recall below
some well-known properties of these transformations. -

Remark -3.1. The image of the circle centered in the origin, with radius
tanh r, by the fractional linear transformation a, is a circle centered on-the real
axis. Moreover, this transformation leaves the unit circle invariant.

Indeed, it is no difficult to see that |a,({)| = 1, provided |{| = 1. On the
other hand, by classical properties of the fractional linear transformations, the
image of an orthogonal circle to the real axis is a circle orthogonal to the real
axis. Therefore, the center of the image circle lies on the real axis.

Moreover, the images of the points tanhr and —tanhr are tanh(t+7)
and tanh(z—r), respectively. Hence the image circle has the center
(1/2)(tanh (¢ +7r)+tanh (t—r)) and the radius (1/2)(tanh(¢+7r)—tanh(t—r)).

In particular, the circle y,, centered in ¢y, with radius Ry, is the image of
a circle centered in 0 having the radius R, by the transformation of parameter p,

where R and p are given by (14). =

Remark 3.2. Let o and a~1 be the solutions of the equation
a+a”t = (1+c§—Rf)/co.
By a geometric reasoning we can see that, for j =0, 1,
3.2) C—a)/((—a~1) =const provided {ey;.

Therefore, y, and y; are in the family of Apollonius circles with respect to o and
a~! (see [1], p. 84). There exists an orthogonal family of circles which pass
through the points « and «™!, and satisfy

32) - - arg({—a)/({—a~ 1) = const
(see also [7], p. 53). =

3.2. Fundamental solution for the general domain. We shall point out the
fundamental solution of the problem (1.9)-(1.11) using the one on the annulus
Apg, and the linear transformation defined above (see also [11], p. 6.19):

ProrosITION 3.3. For j =0, 1 and for w # z we introduce
(3.3) TGP (w, 2):=GP®(a-, W), a_,(2)),

where G{® is given by (2.3) with the parameter R given in (1.4). Then G{? satisfies
(L13)(1.15).
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Proof. Let us first notice that
(%) a_,(z2)eAr={{eC: R<|{| <1} provided zeQ

(see also [11], p. 4.29). It follows, by a reasoning similar to that for the proof of
Proposition 2.3, that

4,GPw, z) = 4,GP(a-,(w), a_,(2))
= (1/2m) 4. (logla- , (z)—a-, ()| +log(la-, (2)|/R%)).

Since a, is a holomorphic function, the second term in the above sum is a har-
monic function. Then, by (3.1), we get

|a-p(2)—a-,(w)| = |z—w|/(| —zsinh p+cosh p} | —w sinh p + cosh p)).
Therefore,
4,G;(w, z) = (1/2m) 4, (log |z— w|—log|(1/tanh p)—z])

and we get (1.13), since tanhp < 1.

In order to obtain (1.14) we use the corresponding property of G{®, () and
Remark 3.2.

Indeed, to calculate the derivative of GY? in the normal direction to the
circle y; we can use an infinitesimal shift along an arc of circle from the or-
thogonal family given by (3.2). We have already observed that a., send the
Apollonius circles (3.2) in the concentric circles in 0 and the orthogonal family
(3.2') in straight lines through O (that is, into two other orthogonal families of
circles in wider sense; see [1], p. 79). Therefore, using an infinitesimal shift
along a segment on a line through 0, the upper derivative is equal to the
derivative of G{¥ in the normal direction to the image circle centered in 0. But
this derivative is zero and (1.14) follows.

Finally, (1.15) is a consequence of (¥) and the corresponding property
of G®. m

3.3. Expectation of the hitting time: the proof of Theorem 1.1. As in Sec-
tion 2.3 we shall find the expectation of the hitting time using- (1 8), (1.12) and
the fundamental solution obtained in Proposition 3.3. e

By (3.3) and (#) from the proof of Proposition 3.3, we can wrlte for
j=0,1,

H;(2) = [G®(a-,(w), a_,@)dw = | G®(L, a_,(2))Tac ()| dL,

where Jac({) is the Jacobian of the transformation a,. Let us write this Jaco-
bian as :

ae(@) = 1 IS U U WA
" |(sinhp+coshpl* sinh*p|{—k[* 4sinh*p “*\|(—K?)’
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where k = —1/tanh p < —1. Therefore,

1 1
H;(z) = Asinh* p AIR GV(C, a-,(2) 4, (W) dg.

| Using Green’s formula, we obtain

1 1
®) o
4sinh4pAIR A, G, a-,(2) IC—klzdg
o 1

1 R

g (16 0
1 2 '

=k oa

) Hj(z) =

GP(L. a_p(z))) do:= A9+ AP,

where the normal derivatives and the surface integral are with respect to (.
By (2.4), the first integral in (i) is the same for j=0, 1, and equals

1 1 1 tanh? p

.. A - _ _ ' .
(i) '~ 4sinh*p |a_,(z)—k? 4sinh®p |l +a_,(z)tanhp]
By (2.3), the second integral in (i} can be written as
; la_ 2P 0 1 1 8. a2
) _——— p r - - e P ]
T a,{k (1°g RY -k —kEm R )Y
1 i 0 1
+i6n sinh“p,,;_"oD aL (tj'" € a0, R)ElC—klz
1 0 . ,
} —K—_Hz"%tj,n(ca a—p(z)’ R)) do:= A9, +A%,
where

o E—a- @RI —1/a_ @) R*" 22
linlls -y @), R) = log 1/a_, @) R* 2P| —a_,(z)/ R

| o

Since the derivatives are in {, the first integral in (iii) equals

; ! o 1 o 1 la, @)
Ay = o400 — - do |lo LA
& 16m sinh®p ({lnj; 1 Onll—kf? {ICI£R} on |{—k* ) B R

To compute the preceding quantity we shall use the following
! LeMMA 34. For 0<p <1,

1 1 2
0 do = @

G4 4 i KPP
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We postpone the proof of this lemma to the Appendix, and we use its result to
obtain

I R a,@F 1/ R?\ o,
(iv) A@l_Z(l_(kZ—RZ)Z/(kZ—l)Z)IOg R ~Z(1—F)log R

since k*—1 = 1/sinh?p and here r is given in (1.5).
The second term in (iii) can be written as

O) A= e 3 {0 0y @RI R, 0y (/R)
+(J(1, l/d_p(z)R4"+2_2’)—J(R, l/d__,,(z)R“"fz_zJ))
—((1, Va_,@R*" ¥)—J (R, 1/a_,(z) R*2))
—(U (L, 4, @RI R, a_, @R Y= Y AD,,

where m

w) J, ,1):={|§Ij=g}(logIC—AIZ%ﬁ—ﬁ%MgIC—A-IZ)da.

The expression of J (g, 4) is contained in the following result, the proof of
which will be given in the Appendix:

LemMma 3.5. For 0<g <1,

8mo?

CRT e
63 e = B ogoit— ik -t IR
@=gy 5 Pk )

Recalling that 1/k = —tanhp, by (vi) and (3.5) we can compute the general
term of the series in (v):

I, )=J(R, )
(vi) 16msinh*p

r

R? .
%logM+tanhp|—ﬁlog|/1+R2tanhpI if |4 >1,

R2 1 1—|A}* tanh?p
Ylog|1 + Atanhp|— - 5 log|4+ R? tanh p| — :
_ 3log |1+ Atanhp| o) og|i+ R*tanhp| 4sinh?p |1+ Atanh p|?
if R<|i <1,
R? g 1—|i*>tanh?p
$log|1+ Atanhp|—=—log R |1 BRIy :
(#log[1+Atanhp|—> ;log R|L+ Atanhpl — -7 weg i A < R
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Here g and r are given in (1.5), and
Aef{a_,(2)/R*, 1/a_,(z)R*" 272, 1/a_,(z) R* %, a_,(z)/R*"* %
‘ neZ,j=0,1}.
In order to apply (vii) for the calculation of A%%,, we need to study the
modulus of the complex in the preceding set for neZ and for j =0, 1.
For n=0,
R<la_,(z)| <1, |1/a_,(z)R¥>1, |l/a_,(z)>1,
: l1/a-,(z)R™?| <R, |a_,(2)/R*}>1.

Therefore,

1+a_ Ztanh —la_,(z)|* tanh?
(vid) APy = Slog Tap@R tanhpl 1 1-ja, (@) tanh p
2 la_,(z)+ R*tanhp| 4sinh®p| |1+a_,(z)tanhp|

R? i la-,(z)+ R*tanhp| |1 +a_,(z) R* tanhp|

2r* 8|1 +a_,(z) R* tanhp||a_, (z) + R* tanhp|

and

llo R*|1+a_,(z)tanhp|? 1 1-—la_,(z)/*tanh?p
2 %% la_, () +R*tanhp? 4sinh’p |1+a_,(z)tanhp

_R_Zlo R'1+a~p(Z)Rz tanhp| g_la~p(2)Iz—R4tanh2p
272 g |a..p(Z)+R4 tanhp| 2r Ia_p(z)+R2 tallhplz .

For neZ% and j=0,1,
la—p (2)/R*, |1/, () R*"* 272, |1/a_,(2) R*" ™21, |a_,(z)/R*"*?| > 1,
while, for neZ* and j=0, 1,
la—p(2)/R*™, 11/a-, () R* 7272, |1/a_,(z) R~ %], |a_,(z)/R*"*?| < R.

(x) A=

Thus, for neZ% and j=0, 1, the computations give S

‘ . 1 la_,(z)+R* tanhp||1 +a_,(z) R*** 2~ 2/ tanhp|

x) AR+ AR = §<10 i +pamp (z)R*~ % tanhp| |aip(z)+R4"+2tanhp|

|1+a_,(z)R*" tanhplla_p(z)+R-4"“”tanhpl)

la_,(z)+R** 2 tanhp| |1 +a_,(z) R**~? tanhp|

_R_2<1 la_,(z2)+R**2tanhp||l +a_,(z) R*"**~ 2%/ tanhp|
2r? 1+a_,(z) R*"*2~ 2 tanhp||a-,(z)+ R*"**tanhp|

|1 +a_,(z) R* tanhp| |a_p(z)+R4"‘2+2jta.nhp|)

+log

+lo

la_,(z)+R*** I tanhp| |1 +a_,(z) R* 2 tanhp|
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q (1—|a_,(2)*> R®*"tanh’p |a_,(z)|>—R®" **¥ tanh?p
2r\ [1+a_,(z) R*"tanhp|®*  |a_,(z)+R*" ~2*% tanhp|?

la_,(2)>—R®*%tanh’p 1—|a_,(z)]* R®" *tanh?p
la_,(z)+R*"** tanhp|> |l+a_,(z)R* 2tanhp|? )’
where g and r are given in (1.5), and a_,(z) = (zcoshp—sinhp)/(—zsinhp

+coshp).
. Combining (i), (i), (iv), (vil) and (x) we get

5

(xi) Ho(z) = A, + AQ+ A0+ Y, (A2, + A ),
n=1
while from (i), (ii), (iv), (ix) and (3.6) we get

(xii) Hy(2) = Ay + AR+ 480+ Y. (A8 + A8 ).

n=1
Thus (1.2)(1.3) are obtained by using (1.8) and (x), where we have put
(36) ' S)(lﬂ(za D, R):=—2(Ag£n+/19}(—n))a ne N*, i=0,1

In order to end the proof, let us show that, for j = 0, 1, the series with
general term given by (3.6) are convergent. For instance,

ilo la_,(z)+R* tanhp| |1 +a_,(z) R*"*2~ % tanhp|
2 %%l +a_, @ R*™ Jtanhplla_, () + R tanhp|

has the same behaviour as k).  R*", where
k=(1/a-,(2)+a_,(z)R*"*—a_,(z) R""*—R?/a_,(z))  tanhp.

The other series with logarithm can be treated in the same manner. Similarly,

@

Y

n=1

(1—|a_p(z)|2R3"tanh2p la_,(2)>— R~ **4itanh?p
1+a_,(z) R*"tanhp|?> "~ |a_,(z)+R* 2% 2 tanhp|?
_Ia_p(z)lz—Rs”‘”tanth_ L—la_,(2)? RS""“tanhp)
la_,(z)+ R*"* % tanhp|* [l+a_,(z) R*~2tanhp|

behaves as kY. R*", where
k = (—2tanh p)(1—R™?)(ja—,(2)|— R*/la_, (2))).

This ends the proof of the theorem except for the proofs of the lemmas. =
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4. NUMERICAL RESULTS

In this section we present numerical approximations of the analytical
representation of the expectations given in (1.2) or (1.3). We plot two views of
the expectation as a function of the starting point: three-dimensional graph and
its vertical section.

Figures 2 and 3 illustrate the case j = 0. Recall that for the concentric
circles case the maximum lies on y,. Suppose now that cy %= 0. When R, is
small, the position of the maximum is close to zero as we can see in F’ igure 2.
The 1ncrease of R, gives a displacement of this position towards y,. This is
quite different with respect to a deterministic motion in which it is qu1te natural
to think that z must be far from this circle.

Figures 5 and 6 correspond to the case j = 1. The maximum lies on y; and
its value is a decreasing function with respect to R,.

In parallel to the semi-analytical method present in this paper we con-
sider a classical finite element method to solve the partial differential equations
(1.9), (1.10) and (1.11). A solution of this problem is in H? (Q), the Sobolev space
of function u such that u, Vu and Au belong to I?(Q). By the finite element
we compute an approximation of H; belonging to a subspace V; of continuous
functions piecewise linear in Q. The results obtained by the finite element
method are similar to those obtained by the semi-analytical method conside-
red in this paper. One difference between the two methods is that the maximum
obtained by the finite element method is an approximation with an error
of order h2, h being the discretisation parameter. In Figures 4 and 7 we re-
present results computed by the finite element technique, which correspond
to Figures 2b and 6b, respectively.
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Figure 2. Case j =0 with ¢ = 0.1 and R, = 0.01
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Figure 4. Case j =0 with ¢, =0.1 and R, = 0.01, by the finite element technique
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Figure 7. Case j=1 with ¢o = 0.3 and Ry, = 0.4, by the finite element tecﬁnique

APPENDIX

We give here the proofs of lemmas which we used.

Proof of Lemma 2.5. Let us put {:= pe®, A:= ge”™ and, for ¢ #0,

a:=(g/o)sint and b:=(g/o)cost. We can write . - -
1 2n : e

I:= | log|l{—A4?d{ = | odg | dflog(o*+ 0% —2gc cos 0 cost —2¢0 sin B sint)
ARg Ro 0
1 2n

= | gdo(2nloge®+ [ dflog(l+a*+b>—2acosf—2bsinb)).

Ro ]

Since

2n
| d6log(1+a*+b*—2acosf—2bsing) = 2nly: 14254 log(a®+b?)
] .

(see also [5], p. 528, 4.225.4), we obtain
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1
I=2m { gdg(logo®+ 1,5, log(o?/c?)
Ro
ZE(I;OQdQ)logaz ifo>1,
= ZR(I;OQdQ)10g0'2+2TEEQlOngdQ if Ry<o<l,
21t_f11{oglogg2 do if ¢ < R,.
The preceding equality lies also for o =0, and we get (2.5). m |
Prqof of Lemma 3.4. Let us put {:= ge and a:= g/k < 1. We can write
i o 1 j 1
iy UT—RE =0 69@ +Kk*— 2kg cosf
zj"( 2a+2cosh)df izf do _ad 2=n
k2 (1+a*—2acosf)? " K2 da o 14+a®>—2acosf  k*dal—a?
From this we get (3.4). =
For the proof of Lemma 3.5 we need the following result:
LemMa A.l. For AleC,
log (=4 2mg {log IA—e*/k*  if 1A > e,
A.l ' ——do = . :
Ay (|;|I=e} IC—kl* k*—g* |loge®*1-W/k* if |l <e.
Proof. Let us put {:=é? A:=o0€", a:=9g/k <1 and, for o #0,
b:=g/o. We can write
log £ — A log ?
BT =S gp— 8%
wea 1=K o kg 14+a%—2acosf
Id@lOg(l-l_bz 2b cos 6 cos T —2b sin O sin 7)
k 1+a*—2acos6 '

I:=

The first integral is equal to (2nlog o2)/(1 —a?). Then (A.1) is easily obtained for
. real. /1 (that is, for 1 =0 or t = n) since o
jdelog(1+bz—2bcos0)_ 4n  flog(l—ab) if b2< 1,

° 1+a®>—2acos®  1—a? |log(b—a) if b2>1

(see also [S], p. 594, 4.397.16).
Then, by a classical argument of analytic continuation, we obtain

log ({—4)? 2o {log(A—g?/k)? if |A] > o,
7 do=——5" 2 2
fa=a |C—Kl k*—o® (loge*(1—-4/k)* if |A] <.

The preceding equality lies also for ¢ = |4] =0 and its real part is nothing
but (A.l). =
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Proof of Lemma 3.5. We shall use the same notation as in the proof of
Lemma A.l. We write J(g, 1) = I,—I,, where
o 1

; I,:= log|{ —A*? ———do
1 ' (Iclj=e} el lanK_k'z

2n a 1
= ¢ | d@log(e*+0*—2¢0 cosf cost—2go sinBsinr)EQ—
(1]

02 +k?—2kg cosf
—2a+2cosé
(1+a%—2acos6)?
log (g% + % —2gao cos cost—2gao sinfsin 1) '
1+a*—2acosf ’

5
I:= ———log|{—A|?do
27 g =R a8

2n 1

2n
= % { d6log(o®+ 0> —2¢0 cosf cost—2g0 sinf sint)
5 o -

_aad
" k?0a

2n
| do
0

| 0 7Tk kg cosﬁ Elog (0*+ 6% —200 cosB cost—2pa sinf sin 1)

2n 1

—bjde ) 2b—2cosfcost—2sinfsint
o  02+k®—2kgcosf 1+b*—2bcoshcost—2bsinfsint

0 2% log(l+b*—2bcosfcost—2bsinfsint)

b2 (4
babg b 0% +k*—2kg cosf

3 But (A.1) can be written as

2 log(e®+0* —2g0 cosf cost—2ga sin 0 sin)

(A4-2) (j,- 40 1+a*—2acosf
_ 2n {log@*(1/b*+a®—2(a/b)cost) if |A] > o,
" 1-a® |loge®(1+a*b*—~2(a/b)cost) if |4 <@
or as
o =  log(1+b*—2bcoshcost—2bsinfsing)
i i .3 - S . J—
T (A3) g,de 0% +k*—2kg cos@ - e

_ 2n (log(l14+a?b*>—2abcos7) if |4 >,
k-0 |log(b*+a*—2abcost)  if |4 <e.

By the derivation of (A.2) and (A.3) with respect to a and b, respectively, we get
4mg>  @*—|Alkcost ~ 8mg® |

RWe—¢) - =)
4n |M(A—kcosT)  8mg?

kK*(k*—g*) I1=Ak>  (k*—0?)

log|i—g*/kl  if |4 >e,

11=

sloge|l—-Akl if |4l <e,
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and
dnp?  @?—|Alkcost
2022 11— 2 /K2 if 14] > g,
b= e
' if 1Al <,

k*—g* |1—A/k?
and the proof of Lemma 3.5 is done. =
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