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Abstract. Sign-symmetric Liouville-type distributions on n-di-
mensional space are characterized by certain (n— 1)-dimensional distri-
bution of quotients in a special form.

1. Introduction. In 1996 Gupta et al. [1] introduced a family of multi-
variate distributions which is an important generalization of many classes of
distributions. It may be obtained by the following construction. For a, >0
let % (a, f) denote a distribution with probability density function

o
f(@):= |z]f~texp(—|z®), zeR.
© =2 @m

When Z,, ..., Z, are mutually independent, real-valued random variables and
Z; ~ & (;, B;) for some positive parameters «; and f; (i =1, ..., n), then the
distribution of the vector

(11) (Xl,...,X,,):=<

Z,- @' Z, @V )

(Z;=1 Izjlaj)ll‘m (Z;=1 |Zj|zj)1/an
where @ is a positive random variable independent of

Z, z,
12 Usy oo Upi= [ — ... S—
2 : <(z.=1|z,-w)”ﬂ (z,:qlz,-w)m)

. 7
is called the sign-symmetric Liouville-type distribution and denoted by
FL 01y -+-» O3 By ---»> Bu; O). (Besides, the distribution of the vector (1.2) is
called the sign-symmetric Dirichlet-type distribution and denoted by
D@15 e 03 Brs -5 Ba))

The problem of explaining relations between distributions of random vec-
tors X = (X4, ..., X,) and quotients (X/X,, ..., X,—1/X,) has a long history.
In one of the recent investigations in this field Wesotowski [3] proved a theo-
rem characterizing symmetrically invariant two-dimensional distributions by
the Cauchy distribution of quotients. This result was generalized to finite-di-
mensional a-symmetrically invariant distributions by Szablowski [2], who con-
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sidered a certain Cauchy-like (so-called a-Cauchy) distribution of the quotients.
On the other hand, Wesotowski [4] proved that a distribution of an a-spherical
random vector is uniquely determined by a distribution of quotients. In this
paper, methods adapted from [2] and [4] are applied to obtain a charac-
terization of the sign-symmetric Liouville-type distribution that generalizes
previous results,

We will use the following notation: If x = (x,, ..., x,)T € R", then

1%l : = (il Ix,|7) e,

L= N
For xeR and g > 0, x‘? := sign (x) - |x|% Throughout the paper «, ..., a, and
Bi, ..., B, are positive parameters and p;:= Z;.=1Bj/cxj fori=1,...,n

2. Characterization.

DeFINITION 1. Let @1y «ees Qu by, -, bysqy > 0. We say that a random vec-
tor X = (X,, ..., X,) has a distribution 9 (a,, ..., a,; by, ..., by+,) if its joint
density function is

F (Zn+ 1 ) et
21) Hl 1 G i | 1Ia|b;—1 Ix |a1+1 LiZibe
( Sy L (3 )
The distribution & is a generalization of a-Cauchy distribution defined by
Szablowski [2]. More specifically, we have the following

Remark 1. A random vector (X,,..., X))~ 9(a,...,a; l/a, ..., 1/x)
has the n-dimensional a-Cauchy distribution (« > 0).

On the other hand, the distribution introduced by Definition 1 is a special
case of the sign-symmetric Liouville distribution. Applying Proposition 3.2
from [1] we get

CorOLLARY 1. A4 random vector (X, ..., X,) ~ Dy, ..., Gn; b1,y ... bpyi1)
has the distribution S (ay, ..., Q,; 4, by, ..., a,b,; O), where © has the inverted
beta-distribution 9% (Z:.’=1 bi, by+1, 1), i.e. the probability density'[zinction of @ is

fr)= ! rEi=1bi=1 L Hi O<r<oo
_B(Zlei, by+1) r+1 ’ ’

B denoting the Euler beta-function.

The main result of this paper is
THEOREM 1. A random vector X without an atom at O has the sign-symmet-

ric Liouville-type distribution L (o1, ..., %) B1, ..., Bu; @) if and only if the
Jollowing three conditions hold:

(i) X ~ —X (here the symbol ~ denotes the equidistribution);
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(i) for some je{l,...,n} and for some o> 0 the random vector
(Ximla) X§uap e X§1jf1/‘l> X'<lan/1>>
X}“ﬂ"”’ e XJ{«;/«) i X§"‘f/"> > Xj"””
has the (n— 1)-dimensional distribution D (@, ..., o; B1/%1, ..., Bu/0);
(iii) Y; and ZLllX {% are independent.
It is easily seen that sign-symmetric Liouville distributions contain a-sym-

metrically invariant distributions as a subclass. Hence and in view of Remark 1,
Theorem 1 is an important generalization of Szablowski’s result [2].

Y::=

J

3. Auxiliary results and proofs. We begin with three technical lemfnas (an
easy proof of the first one is left to the reader):

LemMMA 1. If ¢ >0, then Z ~ % (o, B) if and only if Z¥ ~ 2% (v/q, B/9).
LEmMMA 2. Let Z, ..., Z, be mutually independent, real-valued random var-
iables and Z; ~ % (o;, B;) for some positive parameters o; and f; i=1, ..., n).
Fix je{l, ..., n} and let q; > O for i # j. Then the joint density function of the
random vector
9 Zgrm'qu) Z§a_11— 1/aj-1> Z§iji+l/li+l> Zﬁf‘"/‘l")
(Z§¢j/‘11)’ e ZJ(GJ/QJ-l) ’ Z}dj/lun) LA Z§¢jl‘1n)>

is

6D [T 2| [] gtz ®0)- ool

where g; stands for the probability density function of Z{*/%9,

e A" exp(—lzl)¥) dz,

Proof. Let f: R*"! - R be a bounded function. Since Z; are independent,
we see that

M Zj-1 Zj+1 2y
Ef(Z) -[ -f f(z<¢j/¢11)’ A CH IR DARPACH ] TR Vi Z(“J‘/‘In))

X H gi(zi)dzl...de_lej+1...dzn‘g(Z)dZ,

i£j
where g is the probability density function of VAN Let (withrzfﬁ_g;ed)

X; 1= z,/z$4M0  for i #].

The Jacobian of this transformation is [ J;x;2z¢*/4°. Formula (3.1) is now easily
sCCn. =
LEMMA 3. Let X=X, ... X )~FLL @1, ..., Un; B1s..os Bu; @). Fix
je{l,...,n} and let q; >0 for i #j. The random vector
w X{x/a0 X}iff 1fay-1> Xﬂf{' 1/85+1> X {anltn>
X= (XJ("J‘/‘II)’ U Xm0 Xl 2T XJ(!:/%))

has the distribution D(qy, ..., qj—1, dj+15 -+ > Gns B1/015 -5 Bu/ots):
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Proof. Since for every ke{l,...,j—1,j+1,..., n}
X,ﬁ""""‘) Z§ak/qk>

X§¢j/4k> = Z§¢j/‘1k)’
the probability density function of X is defined by (3.1). Consequently,

g(xq, ..., Xj—1s Xj41s «ves Xn)

{aj/q) {aj/qid>|(Bifai)gi— 1 (%/‘11) ‘l: .
zZ —|X; Z EXpl—IX; 2

R i*j" - i#j
€

“ar (/51/ )

J i ]q; )G — 2jpn— a g

Using symmetry and the integral formula (g, v > 0)

st 127 T exp (= |z1¥) dz

* 1 v
x""lexp[—pxFldx = — '”"’F(—),
g pL=p] " p

we get

I |zi2= "t exp [ —|2* (Y Ixif* +1)] dz = (Z bxd®+1)"""T (p,).

i#j j i#j

Therefore

g(xl’ LT xj—ls xj+1: ey xn)

il 1; Jql "
z"nn;(ﬁ/ T i D R
i=1 i/ %) i Uj i

l—[';kj qi F(p ) -
=t - n Ixil(.ﬂe/ai)qa—l |9 +1 Pno
n,-=1r(.3i/°5i)i1;[j ) (;j, )

Now we are in a position to prove Theorem 1.

Proof of Theorem 1. Let X:= (X{*/,..., X{*") for some a > 0.
Then X = U, @Y%, where :

gemne

(@, ..., Z$)
ZF, . Z5),

(U, and @ are independent). From Lemma 1 we get

U, ~ y@(a, oo oc;&oz, ...,&a)

%y %y

U,:=
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and
X ~ 562”(05, ceny O &oc, . gﬂa; @).
oy (v
Furthermore,
X~FL gy ey Oy B1y-es Bus @)@XN .?Z(oc, ceey O %u, ey %oc; @).
1 n

Wesolowski [4] showed the following fact. Let the distributions of random
vectors . - --
* ((__1)81Y'1,”.’ (__l)e,. Yn)s

which have been constructed from a random vector Y=(Y;,..., Y;) con-
centrated on the unit a-sphere S,:= {xeR" ||x|, =1}, coincide for any
(815 .--» €)€{0, 1} and let a random vector P = (Py, ..., P,) take the form
P = RY (for some positive random variable R independent of Y). Then the
distribution of the vector P is uniquely determined by the distribution of the
quotients (P,/P;, ..., Pj—1/P;, Pj+1/Pjs ..., P,/P), j=1,...,n. Since X ob-
viously satisfies the assumptions of the above statement, applying Lemma 3 we
obtain the result of Theorem 1. m
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