PROBABILITY
AND
MATHEMATICAL STATISTICS

Vol. 20, Fasc. 1 (2000), pp. 127-140

DISCRETE TIME PERIODICALLY CORRELATED
MARKOV PROCESSES

BY
%

A. R. NEMATOLLAHI anp A. R. SOLTANT (SHIRAZ)

Abstract. We consider a discrete time periodically correlated
process {X,} which is also Markov in the wide semse. We provide
closed formulas for the covariance function R (n, m) = EX, X,, and for
the spectral density f= [ fix] of such a process. Interestingly, we ob-
serve that the covariance function, and also the spectral density, is fully
specified only by the values of {R(j, /), R(j,j+1),i=0,1,..., T—1},
where T is the period of the process.
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1. Introduction. In this work we characterize the covariance function and
also the spectral density function of a real-valued periodically correlated Mar-
kov (PCM) process {X,, neZ}, Z stands for the set of integers. Periodically
correlated (PC) processes are, in general, nonstationary. This class was first
introduced in 1961 by Gladyshev [5]. He studied the structure of the covariance
function and provided an interesting spectral representation. Works of Glady-
shev initiated a line of research in the theory of second order processes. We cite
the works of Hurd [6], Miamee [9], Gardner [4], Makagon et al. [7], Soltani
and Shishebor [11]. The book by Gardner [4] is rich in demonstrating various
applications of periodically correlated processes in sciences and engineering.

Markov processes are more familiar objects and have been the center of
tremendous research activities. We consider the discrete time Markov proces-
ses that were studied by Doob [3]. See also the works of Mehr and Mcfadden
[8] and Borisov [1] on the structure of the covariance of a Markov process.

This paper is organized as follows. In Section 2 we provide preliminaries
on PC processes and Markov processes. Section 3 is devoted to the struc-
ture of a PCM process, where a closed formula for the covariance function
R(n,m)= EX,X,, of a PCM process of period T is presented (Theorems 3.1
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and 3.2). Interestingly we observed that the covariance can be specified only by
the values {R(j, ), R(j,j+1),j=0, 1, ..., T—1}. We study the spectral den-
sity of a PCM process in Section 4 and derive its general form (Theorem 4.1).

2. Preliminaries. Let {X,, neZ} be a second order process of centered
random variables, ie., EX, = 0, E|X,|> < c0, ne Z. The process {X,, ne Z} is
said to be periodically correlated (PC) if there is a positive integer T for which
the covariance function R(n, m) = EX, X,, satisfies

2.1)  R@,m=Rm+T,m+T)

for all n}m in Z. The smallest T'is the period. It follows from (2.1) that for each
7 the function R,(t):= R(n+7, n) is periodic in n with period T, i..
22 R,(1) =R,+1(x), n,t€Z.

Following Doob ([3], p. 90), a real-valued second order process {X,, ne Z}
is Markov in the wide sense if, whenever ¢, <...<t,,

(23) E{thIXt1’ ""th—1} =E{th|th—1}

is satisfied with probability 1, where E stands for the linear projection. If the
process is Gaussian, then E is a version of the conditional expectation. The
following facts on covariance of Markov processes, in the wide sense, are
essentially due to Doob ([3], p. 233). Let

R(ny, n;)/R(ny, ny) if R(ny, ny) >0,

e(ny, ny) = {0 if R(ny, n;) =0;

then {X,, neZ} is Markov if and only if ¢ satisfies the functional equation

e(ny, m) =g, oM, ny), n <nsn,,

which is the same as

(24) R(nla ﬂ)R(n, n2) = R("’a n)R(nla n'Z): ny sSn< ny.
Tt-follows from (2.4) that o L
2.5) R(ny, n) = G(n)H(nm), ny <y,

for some functions G and H (see Mehr and Mcfadden [8]). This kind of co-
variance is known as a triangular covariance.

Borisov [1] completed the circle even for continuous time processes,
namely, let R(t;, t;) be some function defined on . xZ and suppose that
R(t1, t;) # 0 everywhere on J x 7, where 7 is an interval. Then for R (¢, t,)
to be the covariance function of a Gaussian' Markov process with time space
J it is necessary and sufficient that

(2.6) R(ty, t;) = G(min(ty, t,)) H (max (¢, t,)),
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where G and H are defined uniquely up to a constant multiple and the ratio
G/H is a positive nondecreasing function on 7.

It should be noted that the Borisov result on Gaussian Markov processes
can be easily derived in the discrete case for second order Markov processes, in
the wide sense, by using Theorem 8.1 of Doob [3], p. 233.

By PCM we mean that a real second order process which is periodically
correlated is also Markov in the wide sense.

3. Characterization of the covariance function. In this section we charac-
terize the covariance function of a PCM process X = {X,, ne Z}- of period
T and also the covariance function of the T-dimensional stationary process
which is customarily associated to it, i.e.

Y. = (Xors Xar+15 --» Xur+7-1), NEZ.

Note that under the Markov property it follows from (2.6) that R,(7),
given by (2.2), satisfies

GmHMn+7) ifr=20,

(3.1) R,.(T)2=R(n+'5,")={G(n.H)H(n) if 1<0.

Assume that ¢ = 0 in (3.1) to obtain G(n) = R, (0)/H (n). Therefore (3.1) reveals
that

(3.2) R,(1) = %:)T)an), 1320, neZ.

Now it follows from (3.2) that for n >0

R,(1) R,(1)Ry-1(1)  Ro(l)

H(n+1)=R"(0) “R,0R,_.(0) " Ry (0)

Hn=...

H(0),
giving
n—1
B3 . Hm)=H©O) []g9(G), n>0; o
j=0

ergm

where g(j) = R;(1)/R;(0). Hence

kT+n—-1

HKkT+m)=H(©O [] g(). n=0,1,..,T-1,
j=0

T—-1 n—1
=HO[[] ¢G)}* I 90
Consequently,

H(kT+n) =HO)[F(T-DT*§(n—1)

9 — PAMS 20.1
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for all k=0,1,2,..., n=0,1,..., T—1, where

~ ! - o~ - lzj(l)
34 I) = , =1, _ _
(34) g jlzlog(J) g(=1) 10) R,0)

On the other hand, let 7 =1 in (3.2); then

R_,(0) R,OR-psi(0) R_;(0)
R M) = R R () R ()

H(—n)= H(0).

Therefore

H=n=HO ] 601" = 2O ] 00" = HO ] o'

j=-1 j
Hence

kT—n
H(—kT+n)=H©O) [] [g(T-H]1"', n=0,1,...,T-1,
i=1

*k~1)T+T—n

=H©O) [I [gT-p"

T T—n
=HO)[[]9(T—)]"%V [] [g(T—H]*
j=1 ji=1
=HO)[A(T)]* *K(T—n),

where A(l) = H;=1[g(T_j)]_1' Also note that

T T—-1
AT =TI (T=1"" =[] gD * =[g(T-1172,
i=1 j=0

and
i [1.Lo(T—jn""
KT-n=]]lg(T-N"=-"Tg—
T, g (11"
h(T
= ‘[%E_—l =[g(T-DI""§@n-1).
Consequently,

H(—kT+n)=HO)[G(T-DI*"'[§(T-1)]1" §(n—1)
=HO)[§(T-1)]"*§(n-1).

So we have proved the following lemma:
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LemMA 3.1. The function H in (3.1) is given by
HkT+n)=H©O)[§(T-11§(r—1)
for all keZ, n=0,1,..., T—1, where § is given by (3.4).

Now we are in a position to characterize the covariance function of a
real-valued PCM process. The following theorem provides the details.

THEOREM 3.1. Suppose X = {X,, ne Z} is a real PCM process with covari-
ance function R, (1) given by (2.2), for which R,(t) #0,n,t€Z. Then

(3.5) R,(mT +v) = [§(T-)I"§0+n—1)[§(n—1)]" 'R, (0),
(3.6) R,(—mT+v) =R,y ,((m—1)T+T—v), A
form=0,1,...and n,v=0,1..., T—1, where §(l) = [];=0Rj(1)/Rj(0) and
g(—-1)=1.

Proof. Let t =mT +v > 0. Then it follows from (3.2) and Lemma 3.1
that
H(mT +v+n) HO[G(T—-1)]"gw+n—1)

H(n) H0)g(n—1)

=[g(T-D]"Fw+n-1)[Fn—1)1"*R,(0),
for m=0,1,... and n,v= 0,1,..., T—1. Also note that
R,,(—H’IT—l'U) = EXn—mT+v.Xn = EXn+vXn+mT
=Ry, MT—0) = Ry, ((m—1) T+ T —v).

The proof is complete. m

R,(mT +v) = R,(0) =

R,(0)

Remark 3.1. Interestingly it follows from Theorem 3.1 that, for each
n=0,1,..., T—1, R,(r) is fully specified by the values of {R;(0), R;(1),
j=0,1,..., T—1}

"It is natural to investigate conditions on a given set of 2T elements {R;(0),
R;(1),j=0,1,..., T—1} to insure that the function R,(z), given by (3.5) and
(3.6), is a covariance function of a PCM process. The following theorem pro-
vides the- details. . o

THEOREM 3.2. Suppose {R;(0), R;(1),j =0, 1, ..., T—1} is a set of 2T non-
zero real numbers that satisfy the following condition:

(3.7) R} (1) < R;(O)R;4(0),

forj=1,2,..., T—1, where Ry(0) = Ry (0). Then the function R, (z), which is
formed from {R;(0), R;(1), j=0,1, ..., T—1} through (3.5) and (3.6), is a co-
variance function of a PCM process.

Proof. Clearly, R, (t) given by (3.5) and (3.6) is periodic in n. For R, () to be
the covariance function of a Markov process it has to satisfy the Borisov con-
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ditions [1], cited in Section 2. Note that
R,(t)=R,mT+v)=R(n,mT+v+n)

=[g(T-DI"§w+n—1)[§(n—1)]"" R,(0)
=HOG(T-D)I"g+n—1)[H©0)§(n—1)]"' R, (0)

mT+vi+tn—1
~HO[ T[] g(IH®I 'R, = HmT +v+n)G ).
j=0 . o
Therefore =~ - )
R,(tx) = R,(n+71,n) = H(t+n) G(n),
where

Ho) = HO[T 40 66 = [HMI ™ RO,

Note that G(£)/H (t) = R,(0)/H?(t) is positive. Finally, we show that, under (3.7),
d = G/H is nondecreasing on Z. Let t =mT+n >0 and 0<n+1 < T—1.
Then

d(t+1)  H*(t) Ri+1(0)  H?>(mT+n) Rurin+1(0)
d()  H*(t+1) R,0)  H>*mT+n+1) Rur..(0)

_ [g(n—l)]ZR,,H ©) _ [Rn(O)T Ry+1(0)
i | R,© [R.(D)] R0
 Ra(0) Ry (0) _
R,.:1(0) R,(0)

and for the case n=T-—1

d(t+1)=H2(mT+T--1) Rm+1)7(0) [g”(T 2)]2 R7(0)
d(z) H*(m+1)T) Rur+r-10) | G(T—1)] Rr—1(0)

=[RT_1(0)]2 Rr® _Re i) Re©) _
Rr1()] Rr-1©)° Ry Rr—1(0)

Therefore G/H is nondecreasing on nonnegative integers, and the same ar-
gument provides that it is also nondecreasing on the negative integers. =

Remark 3.2. Note that it follows from the Cauchy—Schwarz inequality
that |§(T—1)| < 1. Indeed,

T- IR(
j= OR(O)

T-1
520 EX 1 X
T-1
].—[j={] EX.?

G (T - ll—lﬂg(J)I—




Periodically correlated Markov processes 133

T—-1
< [1,-o [EX%, EX?]'? _ [EX3EX3EX}EX}...EX}EX}_ 1"
I1,_, EX? EX3EX?.. . EX%_,
_[EX3EX3]'* {
EX2 ’

which can also be deduced from the monotonicity of G/H. Therefore
Y IR, (@) <0,n=0,1,....,T—1. =

As observed first by Gladyshev [5], corresponding to every PC process
X,, ne Z, the T-dimensional random sequence ¥, = (Y3, Y7, ..., Y7~ 1), where
Y= X,r+rn€eZ,k=0,1, ..., T—1,is stationary in the wide sense. In order
to know more about {X,} it would be useful to study {Y,}; see Gladyshev [5],
Miamee [9], Makagon et al. [7].

THEOREM 3.3. Let X = {X,, ne Z} be a PCM process with the covariance
function R, (v) and let {Y,, ne Z} be its associated T-dimensional stationary pro-
cess with covariance function Q(t). Then

Q@) =CRG(T-1)J, =0,

and Q(t) = Q*(—1), where the matrices C and R are given by

COO COl CO,T—I
C = Cio Ci1 o Cireg ’
CT—1 o' CT—11 . Cr-1,r-1
Cr=gd(—DGKk-1)1"", and
Ry (0) 0 0
R= 0 R (0) 0

. Proof. Let Q) = [Qi(7)]jk=0,1,..,7—1 be the "c'ovariancefqugrix of ¥,.
Then for j,k=0,1,..., T—1 '

ij('f) = EY}’;+1: Ylyf = E-X(n+t)T+anT+k = EXrT+ij
=EX.r4j-r+x Xk = R (T +j—k).

Hence

Ry(xT) RizT—1) ... Ry (tT—(T-1))
Ry (T +1) R (zT) oo Rp_y(xT—(T—-2))
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Also by the Markov property of {X,} it follows from Theorem 3.1 that for
120,0<j-k<T—1

R, (T +j—k) =[G(T—-DI§(j—k+k—1)[g(k—1)]"" Rc(0)
=[G(T-DI§(—DGKk—1)]"" R (0),
and by using (3.6) we obtain
Ry (—1T+j—k) =Ry j 4 (=D T+T—j+k) =Ri(c—1) T+ T—j+k)
=[T-DI 1 §g(T+k=1)[FG—D1 ' R;(0).
* =[G(T-DI§*k—1)I[F(i—1)1"* R;(0).
Consequently, for j > k we have ’
[§(T—1)] Ci R(0) if 120,
[G(T-1)]""Cy;R;(0) if 1<0,

where Cj, = §(j—1)[§(k—1)]*. Also, note that since Q (1) = @* (—1), where
* stands for the transpose, we have

R, (tT+j—k) = R;j(—<T+k—j),

(3.8) Qu (1) = Ry (cT+j—k) = {

and therefore, for 1 > 0,

CooRo(0)  Co1Ri(0) ... Cor-1Rr-1(0)
CIORO(O) CIIRI(O) Cl,T—lRT—l(O)

CT—I,ORO(O) CT*l,lRl(O) CT—I,T*IRT—l(O)

Note that since @ (t) = O* (—1), we have characterized @ for all 7. The proof is
now complete. =

Remark 3.3. It follows from Theorem 3.3 that foreach k =0, 1, ..., T—1

Q) =

-the process Y¥ = X, .4, n€Z, is an AR(1) process with the covariance function

'Pk(f) = [g(T_l)]lrle(O)z k= 0, 1’ LERE T_l_’ EEZ-

" 4. A characterization for the spectral density> The spectral density of a PC
process was introduced by Gladyshev [5]; if it ex1sts it is a Hermitian non-
negative definite T x T matrix of functions

f(l) = [f:r'k(/']-)]j,k=0,1 ..... T—ly

for which

R = 3 Biesp( ),
k=0

2z
(4.1) Bi(x) = | € (A)d(2),
0 .
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where f,(4) and f(4), j, k=0,1,..., T—1, are related through
1
fiA) = ?ﬁc_,-((/l—an)/T), j.k=0,1,...,T—-1, 0< i< 2m.

In this section we characterize f of a PCM process.
Let us denote the spectral distribution matrix of the process Y, by

H(l) = [ij u)]j,k=o.1,...,r—1,
where

—iit

1
Hy(2) = Q}k ©Ai+1lm — > O (T)
T 2n0<|r|<T
For more details see Brockwell and Davis [2] and Rozanov [10]. It was proved
in Remark 3.2 that ) [Q;(7)l < co, therefore each Hy has a uniformly con-
tinuous density hy (1) = H jk(di)/dl. Moreover,

| hu(2) = z Qu(t)e™™, 0<i<2m

LemMA 4.1. The spectral density matrix k() = [hy ()]jx=0,1
T-variate stationary process Y, is specified by

71 Of the

.....

! 1 ' .
j 4D ) = 5 (F(T =D (Cu R, 0)~ Cu R, 0) ¢

+Cy R (0)— CyR; (05> (T— 1)},

for j2k, 0<1<2n. For j<k, hy(A) = hkj(/l).
Proof For j—k >0 it follows from (3.8) that

e

Jk(/l) Z (tT+j—k)e™*

[Z R, (tT+j— k)e"“+Rk(] k)+ZRk(rT+] k)e"“]

T=—w T=

= ﬁ{cijk(O)‘F Z [§(T — DT Cy; R;(0)e

=1

+ ¥ [§(T— 1 C Ry (0)e ™)

=1

1

T 1Y ik
=—{c,-kRk(0)+ck,-Rj(0) g(T—1)e

1—-g(T—1)e*

+ Cjy Ri(0)

G(T—1)e
2n

1—g(T—1)e ™
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_ 1 AT — 1 o — (T — 1N ik L 52 (T _
—2n|1—g(T—-1)e“|2{Cijk(O)(l g(T-1)e*—g(T-1)e*+g*(T 1))

+CiyR;(0) (T —1) e (1—(T—1) e
+C Ry (0 §(T—1) e~ *(1 -G (T —1) %)}
1 "
= g neE 9 T
+ Ciu Ri(0)—Cy; R;(0)§* (T 1)} =

Remark 4.1. Lemma 4.1 provides the spectral densiiy of each
Y’I: =X nT+k> ’

ij R; 0 — Ci R, (O)) et

Ry (0)(1-¢*(T—1))
2n|1—gG(T —1)e4*’

which is the spectral density of an AR(1) process.

hi () = k=0,1,...,T—1, 0< A <2m,

THEOREM 4.1. The spectral density of a PCM process is a Hermitian non-
negative definite T x T matrix of functions

f)= [fjk('l)]j,k=o.1 ..... T~15
where
1
T?2n|1—G(T—1)e*?
X {(1 -3 (T-1)) TZI exp (:ﬁt%,(k—_i)) R,(0)
T—-1 T-1

PSS [g(r_1)(c,,,Rl(0)—cszp(0>)

x(exp(i(p—l+ni;2ni(p(c—jp)

+exp(_i(p—l+T)A;2ni(lk—jp)))

+(Cip R, (00— §* (T —1) 1 R, (0))
y (exp (i(p—l)/l—Zni (pk—jl))

(4.3) Ju(A) =

T

+exp(_i(p—z)z,+;ni(zk—jp)))]}

for any j,k=0,1,...,T—1, 0< A < 2m.
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Proof. It was proved by Gladyshev ([5], Theorem 2) that
1 _
J) =TU(/1)h(i)U 1),

where f(4) is the spectral density matrix of the {X,}, and U(}) =
[Ux(M)]jk=0.1..,7—1 i a unitary matrix depending on A with elements
2nijk—ik
U]k(l) ] T'—l/Z exp (RUTM)_

Note that U~'() = U*(4); therefore

S
Ua'(D) = Uy = T™2exp (—’” = )

Consequently,

1T 1T-1

i) =— Z Z Un () bip () Ui (A)
T ;=% 4=
1 2nijl —ilA ipA—2mipk
-124 iy —1/2 b

szo lz T ( T )h,p(/l)T exp( T .

Hence

(44 Ju@) =

[TZ: Il‘zl (1(p—02—;ni (pk—jl)) y ()

. i pi exp(i(p—l)/l—;ni(pk—jl))hpl(/l):l’
r=0 l=_0

where

hp(4) =

=g I T~ D(Cn RO~ Cyp Ry 0) ¢

+C,p R, (0)—Cp Ri(0) g*(T— 1)] , 1 21 P,

with Cj = §(j—1)[g(k—1)]"1. By substituting h in (4.4) we obtain

1 T-1T=1 (i(p—1)A—2mi (pk—jl)
f;k(l) T221'C|1 g(T 1 1AIZ{PZO lzp < T )

X [j(T - 1) (Cpl Rl (0) - Clp Rp (0)) e“ + Clp Rp (0) - Cpl Rl (O) g-z (T - 1)]

+3 5 oD g7 1) Ry 0-CaRO)

p=0 1=0

+CuRi(0)—Cy, R, (0)5* (T — 1)]}
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1 T-1 —2mip (k—j)
= T22n|1—57(T—1)e""|2{p§0 eXp( T

% [§(T—1)(Cpp Ry (0)— Cpp R, (0)) €%+ C,p R, (0)—C,p R, (0) 5> (T —1)]
T—-1 T-1 A k l )
(” )4~ 2mi(pk—] )) [9(T —1)(C Ry(©)— Cyy R, (0))

+Y ) ex

p=0I=p+1 T
T—-1 1 - _ . s

+CuR, 0= CuRIOF T—1]+ ¥ 5 exP<‘(P DA ;m(pk, ,l))

p=01=0

X [QN(T— 1) (Clp Rp(O)—Cpl Rl (0))e_ll+ CpI Rl (0)_Clp Rp (0) gz(T_ 1)]}

_ 1 ot/ 2mip(k—j)
“T22n|1 g(T—l)ef*F{Eoe"p( T )R”(O)
(l(p—l)l—hi(pk—ﬂ)

) [57 (T-1) (Cp! R, (00—-C, R, (0)) et

T-1 T-1 e e
+CyRO)—CuROFT -]+ Y. ¥, exp< oD 2nilk JP))

p=0l=p+1

+ Z_:l Z exp

p=0l=p+1

T

X [§(T=1)(Cp Ry (0)—Ci, Ry (0) e+ C1, R, (0)— Cpu Ry (0) 42 (T— 1)]}

- 1 . TS o (2 i)
S TIR[l—g(T—1) e {(1 —3*(T-1)) p;o exp (—Tﬂ_) R,(0)
T-1 T-1

+2 X [ﬁ(T-1)(szRz(0)—Cszp(0))

p=0I=p+1
y (exp(z(p——l-i- T)/'L;Zn;(pk—]l))+exp (_1(p—-l+ T)i;—Zm(lk—]p)))

RO (-1 e R 0) (exp (i (0= 2ritpk —jl)>m,

+exp (_i(p—l)l+;ni(lk—jp)>):|}. .

In the spectral analysis of PC processes it is usually desirable to obtain the
fu in (4.1). Let T=2. Then fy(4) =1 fo(4/2) and f;, (4) =  fo((A—2m)/2) for
A€[0, 2m), and therefore

_ {2£00(24) fo<i<m,
f"(’l)‘{zfn(z(z—n)) if #<A<2n.
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Also note that by doing some algebraic simplifications we obtain

Ry (0)+R, (0))(1 —§* (1))
8n|1—g(1) e

(Ro O)+R, (0)) (1 — g (1))

Joold) = ( [1+2xcos(4/2]],

f11()= Snll_g(l)emlz [1—2acos(4/2)],
where
R " = Ro(1)+R.(1) -
(Ro(0)+R, (0))(1+4(1))
Hence
fo(A) = (Ro(0)+R, O)(1—9" (1) [142xcos(d)], 0<Ai<2n.

4n|l1—g(1)e*?

Since fy > 0, we infer from Brockwell and Davis ([2], p. 121) that |¢| < %, which
can also be seen directly by using the Cauchy—Schwarz inequality and doing
some manipulations. Also fo; (1) =3 £1(4/2) and fio(4) = 3f-; (A—2m)/2) =
3 f1((A—2m)/2) for Ae[0, 2n). Therefore

_ 2fo1(24) fO<i<m,
fid) = {me(z(z.—n)) if < A<2m.
Hence
fi(d) = (RO(O)_RI(O))(I—gz(l))[1+i2ﬁsin(/l)] 0<A<2n
1 4n|1_g~(1)ei2}.l2 H = s
where

Ry (1)—Ro (1)
(Re@—R; O)(1-3 (D)

B=

g
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