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1. INTRODUCTION

1.1. Physical motivation and recent history. A non-linear diffusion equation
known as the Burgers equation describes various physical phenomena, from
non-linear acoustic and kinematic waves to the growth of molecular interfaces,
and the formation of large-scale quasi-Voronoi tessellation structures of self-
-gravitating matter in the late stages of the universe (see, for example, Burgers
[11], Chorin [13], Gurbatov et al. [34], Witham [97], Kardar et al. [52],
Shandarin and Zeldovich [78], Kofman et al. [54], Weinberg and Gunn [93],
Vergassola et al. [89], Molchanov et al. [64], Woyczynski [99]), and other
types of irrotational flows. Equations related to the one-dimensional Burgers
equation have also emerged in models of financial markets (option pricing) (see
Hodges and Carverhill [40]). '

Rosenblatt [70], [72] was one of the first to have considered the Burgers
equation with random initial data from the rigorous perspective of probability
theory and, more recently, numerous researchers studied solutions of the Bur-
gers equation. Bulinski and Molchanov [10], Giraitis et al. [27], Funaki et al.
[25] studied solutions of the Burgers equation when the initial condition was
either a Gaussian random field or a shot-noise (or Gibbs—Cox) random fields
with weak and strong dependence. They obtained Gaussian and non-Gaussian
distributions as parabolic scaling limits of distributions of the solution random
fields. Leonenko et al. [58]-[60] also obtained Gaussian and non-Gaussian
limit distributions in the same context of parabolic scaling in the case when the




Stochastic Burgers’ flows ) 3

initial condition was either a Gaussian random field or a chi-square field with
long-range dependence. Analogous results under suitable non-Gaussian initial
conditions with weak dependence can be found in Surgailis and Woyczynski
[84], [86], Hu and Woyczynski [42], Leonenko and Deriev [57], and Deriev
and Leonenko [18]. In the Gaussian model with non-integrable oscillating
correlations, the limit solution turned out to be non-Gaussian (see Surgailis
and Woyczynski [85], [86]). For other results concerning limiting distributions
of averaged solutions of Burgers’ equation see Rosenblatt [72] and Hu and
Woyczynski [44]. Leonenko and Woyczynski [61] obtained results on the rate
of convergence to Gaussian fields in parabolic limits with strongly dependent
initial data.

Other types of random problems for the Burgers equation have also been
considered recently in the mathematical literature. Sinai [81], Albeverio et al.
[1], Molchanov et al. [63], Avellaneda and E [3], Hu and Woyczynski [43],
Wehr and Xin [92], E et al. [22], and Ryan [73], [74] considered the statistics
of shocks in the zero-viscosity limit and related problems of hyperbolic limiting
behavior of solutions of Burgers’ equation with random data. This type of
scaling is of importance in physical applications (see Gurbatov et al. [34],
Vergassola et al. [89], among others). Surgailis [83] considered intermediate
asymptotics between the smooth parabolic limits and shock-type hyperbolic
asymptotics. Recent results on the forced Burgers equation can be found, e.g.,
in Sinai [80], Holden et al. [41], Bertini et al. [5], Saichev and Woyczynski
[75], Molchanov et al. [64] and Kifer [53].

A recent book by Woyczynski [99] contains a fairly complete bibliogra-
phy of the subject and an exposition of some of the principal results of the
theory of Burgers’ turbulence.

1.2. Goals of the paper. The present paper provides new statistical infer-
ence tools, both in the space and in the frequency domains, for the parabolically
rescaled one-dimensional Burgers equation with random initial conditions (so-
-called Burgers’ turbulence problem). In particular, we discuss estimation of sev-
eral important physical parameters of the equation itself (such as kinematic
viscosity; see Gurbatov et al. [34], Witham [97]) and parameters of the initial
data. The statistical tools take advantage of the underlying dynamics governed
by the non-linear diffusion Burgers’ equation. The parameter identification
problems for the multidimensional Burgers turbulence will be addressed in
separate papers. Some results in this direction will appear soon in Leonenko
and Woyczynski [62].

The problems under consideration belong to a large and recently aggres-
sively studied area of statistics of processes which are characterized by certain
singular properties (e.g., vanishing, or unboundedness) of their spectral densities.
Statistical problems for discrete processes with singular spectra were studied,
among others, by Dzhaparidze and Yaglom [21], Dzhaparidze and Kotz [20],
Fox and Taqqu [24], Dahlhaus [16], Giraitis and Surgailis [31] and Robinson
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[671-[69]. Beran’s [4] book contains a fairly complete bibliography of the
subject. Statistical problems for continuous-time long-memory processes were
considered by Viano et al. [90], Comte [14], and Chambers [12].

1.3. Organization of the paper. We begin (Section 2) with a review of results
of Bulinski and Molchanov [10], Surgailis and Woyczynski [84], [85], Al-
beverio et al. [1] and Leonenko et al. [57]-[60] on parabolically rescaled
solutions of Burgers’ equation with weakly dependent (Theorem 2.1) and strong-
ly dependent (Theorem 2.2) random initial data. They are rephrased here in
the form convenient for statistical inference. In particular, the statistical in-
ference for rescaled solutions of the Burgers equation with weakly dependent
initial conditions is reduced to the statistical analysis for stationary continu-
ous-parameter Gaussian processes with the covariance function of the form

)exp {~x*/(8ut)}, xeR?,

xZ

(1.1) R(x) = c(l --rm

and the spectral density of the form
(1.2) g(A) = gi’exp {—2utd*}, AieR',

where ¢ > 0 is a fixed parameter (which plays the role of time in the rescaled
solution), and ¢, g, and u are positive functions of unknown parameters which
have to be estimated from the observed data (see (2.5) for an explicit formula
for c). : ‘

On the other hand, statistical inference for the rescaled solutions of Bur-
gers’ equation with strongly dependent initial data can be reduced to an analy-
sis of continuous-parameter stationary Gaussian processes with the spectral
density of the form

(1.3) FA)=plA*Teexp{—2uti?}, AeR', 0<a<]l,

where t > 0 is fixed, and p and p are positive functions of unknown parameters.
The parameter a, called here the fractional exponent (elsewhere it is also called
the self-similarity parameter or the Hurst parameter), is also unknown. This pa-
rameter characterizes the decay at infinity of the correlation function of the initial
data or, equivalently, the rate of divergence to infinity of its spectral density at
the origin (see condition E and (2.18) below). All unknown parameters are to be
estimated from observed data. Note that from (1.1)+(1.3) we immediately obtain

TR(x)dx:O, g(0)=0, f(0)=0.

Reduction of statistical problems for Burgers’ turbulence to statistical in-
ference for stationary Gaussian processes (or fields) with spectral densities (1.2)
and (1.3) is feasible because of what we call a Gaussian scenario which is
described in detail in Section 2.
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Our continuous-time statistical models with singular spectra appear to be
new. Note that Viano et al. {90], Comte [14], and Chambers [12] have pro-
posed long-memory statistical models for continuous stationary processes of
ARMA type. However, their spectral densities are different from (1.2) and (1.3).
Dzhaparidze and Yaglom [21] did discuss statistical inference for continuous
random processes with spectral densities of the form A2e <%, 1eR?, but their
ideas do not seem applicable to our situation either because they can take
advantage of the exact likelihood function of the Markovian Ornstein—Uhlen-
beck process (with the covariance function e~ “I*/, 1eR, see, for example, Gre-
nander [32], p. 118). Nevertheless, the data transformation technique due to
Dzhaparldze and Yaglom [21] and Dzhaparidze and Kotz [20] will be em-
ployed in our paper.

Section 3 deals with statistical analysis in the space domam. We use infor-
mation on parameters contained in the covariance function and the functional
limit theorem to estimate the covariance function itself (Theorem 3.1). For-
tunately, for the spectral density (1.2) the limiting covariance structure is availa-
ble via an explicit formula (3.3). This permits us to use the method of moments
based on an estimate of the covariance function.

The functional limit theorem contains a statement on convergence of dis-
tributions of functionals continuous in the uniform topology (see Theorem 3.1
(iv)). This permits us to develop tests of hypotheses on unknown parameters.
Those tests are based on Fernique’s type inequalities (see (3.20) or (3.21)).

Section 4 develops three types of discretization (4.1)-(4.3) for the purposes
of statistical inference in the frequency domain. As a result we obtain di-
scretized versions of spectral densities (1.2) and (1.3). The spectral densities of
these discrete stationary Gaussian processes seem to be completely new and are
elegantly expressed via the elliptic Jacobi theta-functions (Theorem 4.1) and
what we call the fractional Jacobi functions (Theorem 4.2). The behavior of
these spectral densities at zero depends on the type of discretization. For exam-
ple, for discretization of the integral type (see (4.1)) we obtain the spectral
density (4. 8)

(14 - ' f® () ~ const-A2  as 10,

but the discretized versions f{, i = 2, 3, of (1.2), obtained through discretiza-
tions (4.2) and (4.3), have no singularities at zero. The answer to the question
about the best discretization scheme depends largely on one’s point of view. If
one wants to preserve singularities of the original continuous spectral density,
then the discretization (4.1) is better. If one wants to smooth them out and, as
a result, to obtain simpler statistical tools, then the discretizations (4.2) and
(4.3) are more desirable.

Section 4 also presents results in the asymptotic theory of minimum con-
trast estimators (Theorems 4.3 and 4.4) where our conditions are weaker than
those required by other authors; see discussion in Subsection 4.2.
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Statistical inference on the discretized version of (1.2) in the form (1.4) uses
ideas of Dzhaparidze and Kotz [20] who suggested certain transformations of the
data before applying standard asymptotic results using either the minimum con-
trast estimation or Whittle’s method of quasi-likelihood. As a result, we obtain
consistent, asymptotically normal and asymptotically efficient in Fisher’s sense
estimates (Theorems 4.5-4.7) for parameters of rescaled solutions with weakly
dependent initial conditions. In principle, it would be possible to deal directly
with untransformed data but then the asymptotic behavior of the normalized
periodogram becomes rather anomalous (see, e.g., Hurvich and Ray [47]).

Finally, we discuss statistical inference for spectral densities obtained from
(1.3) through discretizations (4.1){4.3). In particular, making again use of
Dzhaparidze’s data transformation technique, we reduce statistical inference for
discretized data (4.1) to statistical inference for stationary Gaussian processes
with the property

(1.5)  fiold) ~ const- ]! as A—0+, 0<a<l.

For spectral densities of long-memory processes this is the typical behavior at
zero, and several known results are applicable (see Beran [4]). We restrict our
attention to results relying on the earlier results of Fox and Taqqu [24], Dahl-
haus [16] and Robinson [67]-[69], and on our Theorems 4.3 and 4.4. Con-
sequently, we obtain a semiparametric estimate of the parameter o (Theorem 4.8)
and consistent, asymptotically normal estimates of parameters with a more
general structure (Theorems 4.9 and 4.10). We plan to continue this line of
research using recent important results of Robinson [67]-[69], Anh and Lun-
ney [2], and Hurvich et al. [46], on the semiparametric estimation of the fractal
parameter (see, also, Giraitis et al. [28], [29] about the optimality of such an
estimator and on the variance-type estimators of the long-memory parameter).
Theorem 4.8 describes corresponding statistical properties of Whittle’s esti-
mates for parameters of the spectral densities f@, i =2, 3.
The proofs are collected in Section 5.

2. PARABOLIC ASYMPTOTICS: THE GAUSSIAN SCENARIO

2.1. The Hopf-Cole solution. We consider the one-dimensional Burgers
equation '

ou Ou 0%u
subject to a random initial condition
d
(2.2) u(0, x) = uy(x) = —v(x).

dx




Stochastic Burgers' flows 7

We shall think about the time- and space-dependent random field u(t, x),
(t, x)e(0, 00) x R, as a velocity field. In this context, the initial datum v (x) is -
often called the (random) velocity potential.

The non-linear parabolic equation (2.1) can be viewed as a simplified
version of the Navier-Stokes equation with the non-linear quadratic inertial
term uu, preserved, the pressure term omitted, and the inverse R = 1/u of the
viscosity parameter u corresponding to the Reynolds number. Despite its ap-
parent simple form, the Burgers equation (2.1) encompasses some of the impor-
tant features of the fluid flow, such as steepening of the velocity profiles leading
to creation of shocks. o

The Burgers equation (2.1) can be linearized by the so-called Hopf-Cole
transformation u(t, x) = —2u(d/0x)logz(t, x) (see, e.g., Witham [97]), which
reduces (2.1) to the linear diffusion equation

0z _ 0%z
o P

subject to the initial condition z(0, x) = exp { —v(x)/2u}, x € R . Thus, the solu-
tion of equation (2.1) is given by an explicit Hopf-Cole formula

JZ [e=p)/tlg e, x—y)e O dy  [(z, x)
(2.3) ut, x) = gt x—y)e-@@ngy I %)

where v(x) = v(0, x) is the initial velocity potential (see (2.2)) and
g(t, x—y) = (dnut)~?exp { —(x—y)*/(4ut)}, x, yeR', t>0,

is the Gaussian kernel.

t>0, xeR!,

2.2. Parabolic limits for weakly dependent initial conditions. Let now
(Q, #, P) be a complete probability space, the initial velocity potential
v(x) = ¢(x) = ¢(w, x), weQ, xR, be a random process, and u = u(t, x),
(t, x)e(0, o0) x R, be the solution of the random Cauchy problem (2.1) and
(2.2). In view of the inner symmetries of Burgers’ equation and its connection to
the linear diffusion equation via the Hopf~Cole transformation, a study of the
limiting behavior of the parabolically rescaled solution random field

u=u(tp, x\/—f}), >0,

as f— oo is of obvious interest. If u > 0 is fixed, under some additional con-
ditions on the random process & (x), xe R (to be stated explicitly later in this
section), the above rescaled solution obeys asymptotically a “Gaussian scena-
rio” (see, e.g., Bulinski and Molchanov [10], Surgailis and Woyczynski [84],
[86], Albeverio et al. [1], Leonenko and Deriev [57], Deriev and Leonenko
[18]). Non-Gaussian limits have also been found in some cases when &(x),
xeR!, is a stationary random process with long-range dependence (see Sur-
gailis and Woyczynski [85], [86], Albeverio et al. [1], Leonenko et al. [59],
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Leonenko and Orsingher [587], among others). The latter situation is, however,
not considered in the present paper.

In what follows we will need the following assumptions:

A. The random process &(x) = £ (o, x), weQ, xeR', is a real, separable,
measurable, stationary, a.s. differentiable Gaussian process with EE(x) =
=0, Ef?(x) = 0> >0 and continuous covariance function B(x)= B(|x|) =
cov(£(0), £(x)), xeR".

B. There exists a real measurable non-random function F (u), ue R*, such
that the expectation E [exp { —F (£(0))/2u}]* < oo, where £(x), Xe R, is a ran-
dom process satisfying condition A.

Let
¢ () = (2n)" Y2exp{—u?/2}, ueR',
be the density function of a standard .4 (0, 1) Gaussian random variable, and
L, (R*, ¢ (u) du) be the Hilbert space of functions f (-) such that E[ f(£(0))]* <

< oo. It is well known (see, e.g., Kwapieri and Woyczynski [56]) that Hermite
polynomials

H, (W)= (——l)mexp{uz/Z};Fexp{—uz/Z}, ueR', m=0,1,...

form a complete orthogonal system in the Hilbert space L,(R*, ¢ (u)du).
Under assumption B, the function f (1) = exp { —F (ou)/2u} € L, (R", ¢ () du),
and may be expanded in an L,(R', ¢ (u)du)-convergent series

exp{—F(au)i} = i C. H, (w)/k!

with coefficients

| C,= }Jexp{—F(au)i}d)(u)Hk(u)du.

' D. The function f (u) = exp { — F (ou)/2u}, ue R, satisfies assumption B and
there exists an integer m > 1 such that C, =...=C,_; =0, C,, # 0. Such an
m is called the Hermitian rank of the function f(u) (see, for example, Taqqu

[88]).

An application of ideas of Breuer and Major [7] (see also Giraitis and
Surgailis [30], Ivanov and Leonenko [51]) yields the following theorem which
is a version of results proved by Surgailis and Woyczynski [84], Albeverio et al.
[1], Leonenko and Deriev [57] (see also Deriev and Leonenko [18]).

THEOREM 2.1. Let u(t, x), (t, x)€(0, o) x R, be a solution of the Cauchy
problem (2.1) and (2.2) (see (2.3)) with a.s. differentiable random initial condition
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v(x) = F(£(x)), xe R", where the random process &(x), xe R, and the non-ran-
dom function F () satisfy conditions A, B, D, and

Ojo |B(x)|™dx < oo, ]"D I: i Ce B"(x):ldx #0,

2k
S Klo

where m > 1 is the Hermitian rank of the function f (u) = exp {—F (ou)/2u},
ueR!. Then the finite-dimensional distributions of the random fields

(2.4) Up(t, x) = f*u(th, x /B, xR, t>0,

converge weakly, as f — o0, to the finite-dimensional distributions of the Gaussian
field U(t, x), t > 0, xe R, which is stationary in x € R*, with EU (t, x) = 0, and
has covariance function of the form

25) R(x—y)= R(x y,t+8) = EU(t, x)U(s, y)

(x—y)’ =y _ T iy
\[(t+s)3/2( 2ﬂ(t+s))exP{_4M(t+S)}“_.Le =N g () di,

2

(2.6) g () =2%lzexp {‘—/lzu(t+s)}, LeR,

where

and

[« o] 1 o0
@) e=cwB= [ Gl CW=g 3 S B ().

Remark 2.1. The covariance function (2.5) of the Gaussian random
field U (¢, x), t > 0, xeR*, which is a limit of the field (2.4), has the spectral
density g(4), Ae R, given by (2.6). It vanishes at zero (g(0) = 0). This con-
dition, especially in the context of Burgers’ turbulent diffusion, i.e., pas-
sive tracer transport in stochastic Burgers’ flows, is a consequence of the
physical dynamic mass conservation law (see Saichev and Woyczynsk1 [75],
p. 1030).

COROLLARY 2.1. Let, under the assumptions of Theorem 2.1, F () = u, and
v(x) = £(x), xe R, be a stationary Gaussian process with EE(x) = 0 and covari-
ance function B(x|), xeR!, such that

OIO |B(Ixh|dx < oo, af B(x)dx # 0.

Then the statement of Theorem 2.1 is true with the constant

(2.8) c=c(u, By= T <exp {B‘&;D}— 1) dx.
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The constant ¢ ./ u/r given by (2.5) and (2.7) can be approximated in this case by

1

2.9) T j B(x)dx.

4n
ExampLE 2.1. Let

1 1
(2100 B(x) = By (x)) = y—exp{—y—xz}, xeR', 9, >0, y,> 0.
1 2 _

Then the constant c./p/n in (2.5), where c is given by (2.8), is approximately
equal to

112 q
7
(2.11) ; P

ExaMPLE 2.2. Let

1 1
(212) B(x)=B,(x)= ﬁexp{—m le}, xeR, y; >0, y,>0.
M1 Y2
Then the constant c./p/m in (2.5), where c is given by (2.8), is approximately

equal to

72 1

1/2 3/2°

(2.13) o

Theorem 2.1 describes limiting distributions of parabolically rescaled solu-
tions of the Burgers equation with random initial condition which is a station-
ary (possibly, non-Gaussian) random process with weak dependence (the co-
variance function is integrable or, equivalently, the spectral density is continuous,
bounded and bounded away from zero). We note that results similar to Theo-
rem 2.1 have been obtained by Bulinski and Molchanov [10] for the shot noise
processes, by Surgailis and Woyczynski [84] for the stationary mixing proces-
ses, and. by Funaki et al. [25] for Gibbs—Cox random processes. In those
papers the limiting Gaussian process has the correlation function of the type
(2.5) or, equivalently, the spectral density of the type (2.6), but the structure of
the constant depends on the probabilistic structure of the correspondmg ran-
dom initial data.

2.3. Parabelic limits for strongly dependent initial conditions. The present
subsection contains a theorem related to the known results on scaling solutions
of the Burgers equation with strongly dependent (long-memory) Gaussian ini-
tial data (see Giraitis et al. [27], Surgailis and Woyczynski [84]-[86], Albeve-
rio et al. [1], Leonenko et al. [58]-[60]). Those results were obtained by an
application of ideas and methods of Dobrushin and Major [19], and Taqqu
[88]. We will have need of the following condition:
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E. Condition A is satisfied with the covariance function

L(|x[)

Il

O<a<1, xeR',

B(lx)) = E£(0) ¢ (x) =

where B(0) = 6® and where L(t), t > 0, is a function bounded on each finite
interval, slowly varying for large values of t.

THEOREM 2.2. Let u(t, x), t >0, xeR", be a solution of the initial value
problem (2.1) and (2.2) with as. differentiable random initial condition
v(x) = F(&(x)), xeR", where the random process & (x), xR, and the non-ran-
dom function F(-) satisfy conditions A, B, E, and

e 0]

Ci= | exp{—F(ua)i}qS(u)udu#:O.

Then the finite-dimensional distributions of the fields

1/2+a/4

Yﬂ(t, x)=£lT\/ﬁ)u(tﬁ,x\/E), t>0, XERl, ﬂ>0,

converge weakly, as f — o0, to the finite-dimensional distributions of the station-
ary in x Gaussian field Y (¢, x), t > 0, xeRY, with EY(t, x) = 0 and the covari-
ance function of the form

(2.14) EY(t,x)Y(s, y)
;C_%(zﬂ)_l_aﬂ T T W1 W2 @ (W1) ¢ (Ws)dw; dw,
C8  is  “u wlm—3)2u—(Wi\/t—ws /O

O<a<l1,t,s>0, x, yeR!, where

oo

Co= | exp{—F(ua)i}cb(u)du.

— a0

Remark 2.2. Let F () = u and let v(x) = ¢(x), x € R, satisfy condition E.
Then . :

Co = exp {6?/8p?)}, C;= —i'exp (6% (812)},
and
2.15) Cy/Co = —0)2m.

Remark 2.3. If the Gaussian process

=]

¢x)=0 [ €*[b(V]Y*G(dL), xeRt,
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where G(') is the complex Gaussian white noise with mean zero and unit
variance (that is, its real and imaginary parts have variances equal to 1/2), has
the spectral density b (1), A R!, which is decreasing for |i| > 4, > 0, then the
limiting Gaussian field Y (¢, x), ¢t > 0, xe R!, in Theorem 2.2 can be represented
in the following way:

(216) Y(t,x)= wzﬂ% }0 eé**r(A)G(dd), t>0, xeR?

[ )

(see Leonenko et al. [60]) and, for F(u) =u, we obtain from (2.15)

1/2 ©
@16) Y, x) = — (“)] Ll s j ¢ r(1)G(dY), t>0, xeR,
where
r(A) = Aexp {—utA?} |A|=~12 ieR,
and

217 ¢y () = oc/|:21"(1 + ) cos (%):l

Using the Tauberian theorem (see Bingham et al. [6], p. 241), under conditions
A and E we have the following asymptotic representation:

(2.18) b3 = b ~ 1~ 1L<|,11|>c1(a), A-0,0<a<1,

where the constant c, () is defined by (2.17). Thus b(4)1 o as |4] — 0. Using
(2.16), we have r(0) =

Let L,(L2) be the Hilbert space of random variables with finite second
moments. Then the limiting field Y, (¢, x), ¢t > 0, xeR", given by (2.16), is
L, (Q)-equivalent to the stationary in x Gaussian field

(2.19) Yi(, x) = [ci(@)]? 0 | exp {idx—putA®} A2 G (dA)
with the covariance function
EY*(t, ) Y*(s, ) = V(x—y, t+5) =EY(t,x) Y (s, y) = [ e*7If(A)d4,

where the spectral density
fA)=cy(@)a?exp{—ul®(t+s)} A1+

Remark 2.4. Witham [97] and Gurbatov et al. [34], pp. 14-20, give
examples of physical phenomena (in geometric optics and acoustic wave propa-
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gation) leading to the Burgers equation containing two parameters:

d o, 00 _ 0%

(220) 5; 3z v ? N

v >0,
with the initial condition
Q(Oa Z) = QO (Z)s

where ¢ = ¢g(t, 2), T > 0, ze R'. The parameters f = f(w) >0, weR?, p> 1,
and v=v() >0, veRY, g > 1, themselves are already summary parameters
that are functions of several physical constants such as linear sound velocity,
dissipation coefficient, adiabatic index, dimensional coefficient, and so on. After
transformations

(2.21) u=g9, t=pt, u=v/p

the equation (2.20) leads to the Burgers equation (2.1) with parameter
u = v()/B(w). It is obvious that these transformations do not affect parab-
olic asymptotics. So it is good to keep in mind that the parameter u = u(39),
3eR®, s> 1, which principally represents the viscosity of the medium,
may itself depend on a number of other meaningful physical constants
3=, ... )R

In the next section we will consider statistical problems of estimation of
the unknown parameter 3 and possibly other parameters (such as constants
appearing in the initial conditions) using observations of rescaled solutions of
the Burgers equation.

Remark 2.5. Grenander and Rosenblatt [33], pp. 163-173, and Rosen-
blatt [71], pp. 152-155, considered the problem of measuring turbulence spectra
for the three-dimensional Navier-Stokes equation and proposed a non-pa-
rametric approach to the problem. However, it is worthwhile to note that the
structure of the Reynolds number R = vA/v makes it dependent on three other
physical parameters: v — the characteristic velocity, A — the eddy magnitude,
and v — the kinematic viscosity. In the context of the Burgers equation this
corresponds to the structure of parameter u being u = u(9,, 3, 33) and, in the
next section, we will describe statistical inference methods applicable in this
situation.

3. INFERENCE IN THE SPACE DOMAIN

3.1. Properties of correlation function estimators. In what follows we will
need the following assumption:

F. The random field U (t, x) = U, ,(t, x), t > 0, x€ R, is measurable, centered
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and Gaussian, stationary in x, with the covariance function of the form
(31) R(X=Rx,n,9
=EUt,0U(t, x)

1 x? x
=c(n, I/ u® i (2072 (1 " 4u(9) t) °Xp {_8#(9) t}’

t >0, xeR!, where

c=c, ND=cly, ... N 3, ..., H): Ex O —(0, c0)
and
p=pn®=p@, ..., %) 6 -0, o)

are two measurable functions with respect to Borel o-algebras % (E) x # (®) and
B (), respectively,and . R", @ < R*, r > 1, k > 1, are compact sets with non-
-empty interiors which are assumed to contain the true values 1o and S¢ of
parameters n and 9, respectively.

Remark 3.1. Applying results from Cramer and Leadbetter [15], p. 170,
we infer that for every fixed t > 0 there exists a separable version of the Gaus-
sian field U (t, x), xeR", the sample paths thereof are continuous on every
compact interval D in R. So, every such random field U induces a probability
measure Q. , on the space C (D) of continuous functions on D-with the uniform
topology.

In this section our main goal is to estimate the true value of parameters
7o and 3, (or some components thereof) from observation of the random field
Ul(t, x), xed < R', with a fixed ¢ >0,

Remark 3.2. The Gaussian random fields with covariance functions
(3.1) appear as parabolic limits of rescaled solutions of the Burgers equation
with weakly dependent initial conditions (see Theorem 2.1). The parameter
¢ = c¢(n,.9) contains all the information about the initial conditions (see (2.6)
and (2.7)) and information about parameters depending on 3 through the vis-
cosity u(9). The parameter u(3) contains information about the viscosity and,
possibly, other physical constants (see Remarks 2.3'and 2.4). The structure of
parameters ¢ = c(n, 9) and u(9) can be chosen in various ways. For example,

we may consider a = ¢./u/n2”%? > 0 as a single parameter that characterizes
the value R (0) which, physically, represents the flow energy. Another possibility
would be to consider the factorized structure

¢, 9)/n(@)/n27%2 = by () b2 (9),

where by (y) contains information about the initial data and b,(8) contains
information on parameters depending on & through viscosity z(9).
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For example, for Gaussian initial conditions using the approximate value
(2.9), instead of c./u/n273/? with ¢ given by (2.8), we obtain

bi(m)= 4_1ﬁ _cj?w B(x|)dx, by(8) =[u(9)] 22732,

Then, for the correlation function (2.10), we obtain

by(n) = b1 (91, 72) = /7a/@1s /7, 0 =1, 12, ba(9) = [u(9)]" #2272,

or, for the correlation function (2.12), we have

by () = by (¥, ¥2) = 92/291), 1 =1, 72, b2 (®) = [p(9] 22732,

Unfortunately, such a factorization is not always possible sirice all the coef-
ficients Cy in the formula (2.7) depend on p. However, if instead of the initial
condition (2.2) we consider an initial condition of the form u (0, x) = —2udv (x)/dx,
then the coefficients C,’s do not depend on pu.

To estimate the covariance function R(x) at the fixed point xe[0, 4],
where A > 0 is a constant, from observation U (¢, x), xe[0, T+ A], witht > 0
being fixed, we shall use the statistic

(3.2) Rr(x) = %EU(t, b)U(t, b+x)db.

Combining results of Ivanov and Leonenko [50] (see, also, Ivanov and Leo-
nenko [51], Chapter IV) and Buldigin [9] we obtain the following theorem:

THEOREM 3.1. Let U(t, x), t > 0, xR, be a stationary in x Gaussian field
satisfying condition ¥. Then, as T - o,

(i) Rr(x) > R(x) as.;

(ii) SUPxer0,4 |RT(X)—R(X)| -0 as;

(iii) finite-dimensional distributions of the centered process

Xr(x) = /T(Rr(x)—R(x)), xe[O0, 4],

converge weakly to finite-dimensional distributions of a centered Gausszan process
Z (x) with the covariance function

(B3) o(x, ) =00, y;1,N=EZ(x)Z ()= 4n Oj? cos (xA) cos (y4) g (A) dA

402 4 2 2
= \/%I:exp{—(xm:t) }r(x—y)+exp{—(xl-gyt) }r(x+y)],

x, ye[0, A], where t(a) = (8ut)™* [a* —48a? ut +24 (ut)?], and the spectral den-
sity of the field U (t, x) is given by (2.6), that is

(3.4) gD =gk, 9= “2 A2exp{—2uti?}, AieR!.
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(iv) The probability measures Py converge weakly to the probability mea-
sure 2 in the space C ([0, A]) of continuous functions on [0, A] with the uniform
topology, where P are measures induced by the processes X r(x), xe [0, A], and
P is a measure induced by Z(x), xe[0, A], on the space C([0, A]).

Remark 3.3. With covariance function ¢(x, y) given by the first line of
(3.3) statements (i}(iv) of the above theorem are true for general stationary
Gaussian processes, and, with some additional covariance structure and ad-
ditional conditions (see Ivanov and Leonenko [51], Chapter 1V), also for non-
-Gaussian mixing processes. For a Gaussian process those conditions simplify.
For example, if the spectral density g(4), AeR*, of a Gaussian process (not
necessarily of the form (3.4)) satisfies the condition | "_E’wg2 (A)dA < o0, then
statement (iii) remains true (see Buldigin [9]); and if there exists a f€(0, 1) such
that [*_|4]'*#4?(4)dA < oo, then statement (iv) remains true (see Ivanov and
Leonenko [50], combined with Buldigin [9]).

3.2. Method of moments. In this subsection we will apply the method of
moments to estimate parameters n and 9.

Let us consider the following system of non-linear equations with respect
to n or 9:

1 [u® 52 %2
69 gy e (15 ) o ) =R

j=1,...,r+k, where x; are fixed points from an interval [0, 4] < [0, H] of
monotonicity of the function R (x). If we solve these equations, then we obtain
expressions for

(3.6) m=0:0,i=1,....,r, %=0:0), i=r+1,...,r+k,

where { = ({4, ..., Gran) = (R(X9), . R(x,+,,)) The basic idea of the method
of moments is to put vector {5 = (RT(xl) .» Ry (%,+y)) instead of vector { in
express1ons (3.5) or (3.6), where Ry (x) is deﬁned by (3.2), to obtain the estimates

Hr = (1, -- s ’1r (Q1 ¢r), ..., O, (CT))
g‘I‘ = (gp --'-, .Q'k)' = (Qr+1(CT)= ---,‘Qr+k(CT))I-

Remark 3.4. Recall that if B is a symmetric n X n positive-definite ma-
trix, then there exists a symmetric positive-definite matrix, denoted by B'/? and
called the symmetric square root of B, such that B = B'/2 B!/2,

For a function Q = Q({), { = ({4, ..., {,+1), denote by

vo—vo. - (2 9 Y
re="re = (acl Q- ac,+kQ>

its gradient at the point ({y, ..., {+x) = (R(X1), ..o R()E,+k))'. |
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If the functions Q;, j =1, ..., r+k, are continuous, then it follows from
Theorem 3.1 that, as T — oo,

"?’T = Yo, "gT - '9'0 a.s.,

and

(3.7) ST irs §'— (10, 90)) 2 H,44(0, 9),
where

(3.8) S=80,9)=V0yZ, (VQ), Z = (Q (%, x_j))mi.jsrﬁu

and @(x;, x;) = o(x;, x;; n, 9) are defined by (3.3).
If S >0 and S'2 is a symmetric square root of S (see Remark 3.5), and
S1% = §12(y, 9) is continuous in n, and 9, then, as T — oo,

(39) S_I/Z (i”T’ gT)ﬁ((r\iT’ ‘gT),_(n(.)a ‘90)), B) r+k(0’ Ir+k)’

where I, stands for the identity matrix of order n > 1. The last statement allows
us to construct asymptotic confidence intervals for unknown parameters (1, 9)
or for some of their components. This method permits us, first, to use an
approximate solutions (3.6) of the non-linear equations (3.5), and then to apply
(3.7) and (3.9). _

For the sake of simplicity put ¢t = 1 and consider the problem of estima-

“tion of two parameters only:

a=c./ur27¥ and u@=p>0.

Parameter a characterizes the value R(0) (energy) in the initial data, and pa-
rameter u > 0 represents the viscosity of the medium (see Remark 2.3). One of

the monotonicity intervals of the function R(x) is, in our case, [0, \/12u]. So,
for example, for u > 1/12, put X, =0 and X, = 1. Then the system of non-
-linear equations (3.6) becomes

RO)=a, R(1)=ae " (1-%) =ae P2 (1—b), b=1/4y)>0.

Thus the methods of moments estimates for parameters a and b = 1/(4u) have
the form

_ dr = RT(O)a 51" = uo(T),
where 1, (T) is a unique solution of the non-linear equation
(3.10) exp{—u/2} =sp/1—u), O<u<l,

With St = RAT(I)/RT(O).
In practice, one has to use numerical methods (such as the Newton—
Raphson method) to solve equation (3.10) in the interval ue[0, 1). As the

2 — PAMS 21.1
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first step one can also approximate in the above interval e¢“? by 1—u/2
to obtain

3 /1. _Re(1)
~t * —_—— — — .
(3.11) uo(N=ug(T) =5- /7 2RT(0)
This gives the following statistics as estimators of parameters a and p:
‘ s A S | RT(I)}
3.12 dr = R7(0), or *—|6—-4 _.|.2 ,
12 ar=ReO, i =g Hr [ 0

where R (x) is defined by (3.2), and u,(T) is a unique solution of the non-linear

.equation (3.10).

The strong consistency of all these estimates (as T — co) follows from
Theorem 3.1."A construction of asymptotic confidence intervals can be also
based on Theorem 3.1 since, as T — o,

(3.13) ST (g —fig)o1 (dr, fir) 3 ¥ 0, 1),
where
(3.14) o%(a, p) = 3a® /mp/8

is a continuous function of parameters a >0 and u > 0.
Thus the asymptotic (T'— c0) symmetric e-confidence interval for the
unknown parameter a > 0 has the form,

(dr—u1 -0 (dr, ﬂT)/ﬁ, dr+uy_,04(dr, ﬂT)/ﬁ);

where 6% (a, p) is given by (3.14) and u,_, is a root of the equation

(3.15) Bo(ug_g) =1—¢, @olu) = \/%fexp{—fg} dt.

Construction of an asymptotic confidence interval for the unknown pa-
rameter u >0 can be based on Theorem 3.1, which, for T—+ oo, gives

(3.16) VT (Rr(0)— R(0), R:(1)—R1)3 (0, Zz)
where . ,

’ 21(0) e~ MM 7 (— 1)+ (1)]
(317) 2, ——32\/;“ u ( —1/(16p) [‘C(—l)+’b’(1)] ,L.(O)+e—1/(4,u)1_(2) )5

where the function 7(a) depends on u and is defined by (3.3).
Thus from (3.8) and (3.17), and remembering that Q((,, {;)=

=3/4—./1/4+2{,/{;, we obtain
(3.18) T (u§ (T)—b8)/a, (dr, i) 2 ¥ 0, 1),
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s _3_ 1RO
b =27Ja*?R0)

is an approximation to by = 1/(4p), and

(3.19) o3(a, w)=(VQY Z2(VQ),

where VQ is taken at the point ({;, {5} = (R(0), R(1)).

If we assume that the function 63 (a, y) given by (3.19) is continuous at
dr and [i¥, then we may construct a symmetric asymptotic confidence interval
for the unknown parameter u of the form

1 . T L | Uy, RE
(z["o(nf—\/—fﬂz(araﬂr)] I: s (T)— \/—Uz(ar,ur)] ),

where 63 (a, p) is defined by (3.19), ¢ > 0 is the signiﬁcance level and u,_, is
a root of equation (3.15). We need the approximation p¥ instead of fi; (see

where

~ (3.13)).

Remark 3.5. Let us consider the special case when the viscosity parame-
ter 4 > 0 is known but the parameter c(, ) =c(), 1 =1, ..., 1) eE <R,
is unknown. For the sake of simplicity put ¢t = 1. Parameter 5 contains infor-
mation on the random initial condition (see (3.1) and Remark 3.2).

We may observe from (3.1) with ¢ = 1 that R(x) = 0 for x = 2\/;. Let us
suppose that s =[7/2 \/ﬁ]wl — 00 as T — o0. Then observations of the
Gaussian process U (1, x) at the points x = 2i\/ﬁ, i=0,1,...,5s—1, are in-
dependent, and statistical inference for parameter n can be based on the exact
likelihood function of independent Gaussian observations Y; = U (¢, 2i \//;),
i=0,1,...,s—1, the logarithm thereof has the form

' 18- 1
IOgL(T], ns s— = -3 Z |: +10§a(71)+10g(277-):|

where a(n) = c(y)/p/n2~ %2 In this case the standard maximum likelihood
parameter estimation theory for exponential families is applicable. The maxi-
mum likelihood estimators are strongly consistent, best asymptotically normal,
and asymptotically efficient in the Bahadur sense (see, e.g., Zacks [100], p. 239).

3.3. Testing hypotheses. In this subsection we only establish the asymp-
totic normality and the large deviation estimate which form the foundation of
standard hypothesis testing procedures. We will not dwell here on the latter.

Under assumption F let us consider asymptotic tests for the validity of the
hypothesis Hy: (1, 3)' = (10, 3o) against its alternative H,: (1, 3 # (1o, o),
where 1o and 9, are some fixed points of the sets = and @, respectively.
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Under hypothesis Ho we infer from Theorem 3.1, as T — oo, that

{r= /T (Rr(x)—R(x; 10, $0))//2(x, X; 0, 96) 2 A (0, 1),

where R(x; 1, 9o) is defined by (3.1) and ¢ (x, x; #o, 3o) is defined by the ex-
plicit formula (3.3). Thus, for large enough T, we decide in favor of hypothesis
H, and reject H, with significance level ¢ > 0 whenever, for every xe[0, 4],
the quantity {; <u,_,, where u;_, is the root of equation (3.15).

For construction of the critical regions we will use a modification of Fer-
nique’s [23] inequality due to Buldigin [8], and some results from the book of
Ivanov and Leonenko [51], where confidence intervals for the correlation func-
tion based on Fernique’s type inequalities have been developed. In particular,
we will apply Theorems 4.6.3 and 4.6.4 of the above-mentioned book for
a Gaussian random process with the covariance function (3.1) and the spectral
density (3.4).

Using notation of the preceding subsections, we set

Fr(t)=P{sup |Xr(x)| >z}, F@)=P{sup |Z(x)> 1},
xe[0,A4] xe[0,A4] .

" where X r(x) and Z (x) are defined in Theorem 3.1. The statement (iv) of Theo-
rem 4.1 implies that, uniformly in 7> 0,

|[Fr(t)—F(7)| -0, T - 0.

If we estimate the function F(z) by the Fernique inequality, then the above
relation may serve as a basis for construction of asymptotic functional
confidence intervals for the correlation function R(x) and for hypothesis
testing.

From Theorem 4.6.3 of Ivanov and Leonenko [51] we infer that if hy-
pothesis H, is true, then, for any 7 > \/gK,

‘ . Fr(7)
20) . 1 <1,
(3‘ 20) ulp_’s::p G,

where
5K 72
< - — —_—
F (T) = Gl (T) 21_ exp{ 2K2 +2}’

and, in the case of the spectral density (3.4),

2¢ (110, S0) [ (I0)] 34
l/% o112 (514 73]4

A2++/2) (0, 90) [0 (o)1 31122114
+ 883/2151/4 l7/2 -

K = K(fo, %0) =
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So, for large enough T, and for all ae[u, A] and 7 > ﬁK, if the in-

equality (3.20) is satisfied, then we decide in favor of the hypothesis H, and
reject the alternative H,.
Another variant could be to decide in favor of H, and against H, if, for

large enough T, and 7 > ﬁK, the inequality
ﬁ(RT(x)—R(x, fo, '90)) <Up_g

is satisfied for every x e[0, A], where ¢ > 0 is the significance level and u, _, is
the root of the equation: 1—G, (u;-,) = 1 —e¢. In this case, for large enough T,

P{ S{‘galﬁ(RT(x)—R(xa Mo, 90)) < “1—3}

will be asymptotically greater than 1—s,

We may also apply the Rice formula-based Theorem 4.6.4 (Ivanov and
Leonenko [51]) to the covariance function (3.1) and the spectral density (3.4).
Thus we see under hypothesis H, that, for each 7 > 0,

(3.21) lim sup 2 <
e PG, <

where, for the spectral density (3.4),

G.(v) = <2+~1i /t (19 >exp{ t2/232}+(\/_ 2n\/§ /tu(s )exp{—t2/4B2}

where

2¢% (0, S0) [u(90)1*>
e(2n)2 172

Thus, if T is large enough, and for all xe[0, A] and © > 0 the inequality
(3.21) is satisfied, then we decide in favor of the hypothesis H, and against the
alternative hypothesis H;.

Or, for the significance level ¢ > 0, we decide in favor of the hypothesis
H, and against the alternative H, if, for large enough T, the inequality

VT (Rr()—R(x, no, 30)) < v,
is satisfied for every xe[0, A] with u_, being the root of the non-linear
equation: 1—G, (u}-,) =1—=. In this case, for large enough T,

P{ sup f T(Rr(x)—R (x; no,so))<u1 B

B> = B? (10, 00) =

w1]1 be asymptotically greater than 1—e.
Such types of procedures are also useful for construction of goodness-of-fit
tests. ‘
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4. INFERENCE IN THE FREQUENCY DOMAIN

4.1. The discretization problem. The discretization problem for continuous-
-time random processes was considered, from different viewpoints, by many
authors, see, e.g., Sinai [797], Grenander [32], Grenander and Rosenblatt [33],
Rosenblatt [71], Stein [82].

Consider a continuous-parameter random field { (¢, x), t > 0, xe R!, which
is stationary in x and has an absolutely continuous spectrum. Following Gre-
nander [32], pp. 249-250, we will consider three main types of discretization in
xeR!, with a fixed t > 0: o

I. Locally averaged sampling. For a fixed step-size h > 0, define
' (x+1/2)h ’

4.1) C,,l(t,x)zﬁ [ ¢, ndy, xez'={0, +1,...}.
' (x=1/2)h

II. Instantaneous sampling. For a fixed step-size h > 0, define
4.2) . laa(t, ) =L, hx),  xeZ'.

III. Randomized sampling. For a fixed step-size h >0, 4 > 0, and a se-
quence of independent, identically 4" (0, 4%)-distributed random variables v,,
xeZ', which are also independent of the random field { (¢, x), define

43) ‘c,,; t, x) = L(t, hx+v,), xeZ.

Let now Uf(t, x), t > 0, x_eRl, be a Gaussian field which is stationary in
x and satisfies condition F. Then (see (3.4)) its spectral density has the form

@4 9U) =gl n, 9) = gPexp{~2uP%),  AeR’,
where
@4 4= =ccn OWET.

with w=(n, 9eW R, I=r+k>1, and where W is a compact set with
non-empty interior containing the true value w, of the parameter w (see
condition F).

In calculation of the spectral densities of the three discretizations intro-
duced above we will also have need for the elliptic Jacobi theta-function 6 (x, s).
Recall that

(4.6) 0(x, s) = % Y, exp{inx—n’?s}, s>0, xeR'

n=—a0

(see, for example, Widder [96] and Mumford [65]).
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THEOREM 4.1. Assume that the Gaussian field U (t, x), t > 0, xe R, is sta-
tionary in x and satisfies condition F. Then:

(i) Spectral density of the stationary in x Gaussian field Uy (t, x), t > 0,
xe€Z', has the form

@n  fR@O=rE0 w:

_2—gsm% > exp{—%(l-i—an)z}
k

=—w

dq . ,A | = 5 o .
—h—2s1n 3 /Tme(l,h/(Sut)) -

L PP L IR LYYy
=z sin*3 2ut[2 + 21 cos (kA)exp { —k* h*/(8ut)}

4q . A 1
=h—‘21s1n2§ \/:[mkn (1—exp {—k? h2/(4m:)})]

X ﬁ (1—2exp {—h?(2k—1)/(8ur)} cosi

+exp {h* (4k—2)/(8ut)}),
—n<A<mn, and, as 1 -0,

“8 MW= [,j’\/? (% —k; exp {—k? hZ/(Sm)})](Ho(l))-

(i) Spectral density of the stationary in x Gaussian field U, (¢, x), t > 0,

" xeZ', has the form

49) f2(A) =f 24, w)

h3 3 (et 2kmy? exp{ t(l+2kn)2}

k=—o

h? 8 az
- 32quz 2+ 2u [ h‘f (1, */@ut)) +2550(2, b/ ut))]
h? @
= ___32q#2 2 / 2*2—1: [%%t (—2% +;1t-k;1 exp { —k? h?/(8ut)} cos (kﬂ))

_% i k? exp { —k* h?/(8ut)} cos (k/l)],

—nT<A<T, and

(4.10) | lim £ (3) > 0.
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(iii) Spectral density of the stationary in x Gaussian field U (t, x), t > 0,
xeZ', has the form

@11) - fRAN)=rEAw)
K 1S (A4 2km)? oxp { — (A 2km)? (42 + piyh?)

=§E Fk=—uo
_x, gh? nl/? 4(1‘12112+2ut.‘)(9 ; h?
T 2n ' 8[h? 4%+ 2ut]%? h? > 4(h® A%+ 2ut)
) _
+2%0(z, K*/4 (h? A2 +2,u:))],

—n < A< T, where

1 3/2 1 3/2
-0/ (5a) (i) |

4.12) . lim Y@ > 0.
A—=0

and

Remark 4.1. The parameter dependence structure for fields with spectral
densities (4.7), (4.9) and (4.11) is given by (4.5). Discretization procedures (4.2)
and (4.3) produce more regular densities £y and f) than the discretization
procedure (4.1). However, the advantage of the latter is that it preserves the
singularity type of the original spectral density of the continuous-time process
(see (2.6) and (3.4)).

Let us now consider the discretization procedures I-III for rescaled solu-
tions of the Burgers equation with strongly dependent initial conditions (see
Theorem 2.2). In view of (2.16) and (2.19) we will introduce the following
condition:

G..The random field Y (¢, x), t > 0, xeR", is Gaussian, stationary in x, has
an- absolutely continuous spectrum, and spectral density of the form

413) () =f( W =pl " exp{—2ut42}, O<a<l, ieR?,

" with

(4.14) » p=cde’  p=pl),

where the constant cq () is given by 2.17), p=u(9), 3¢@ R k> 1, and
w={(a, B, d%, e Wc R*3, where ac(0, 1), B = c;(®)€(0, ), 0 > 0. The set W
is assumed to be compact with the true value wy of the parameter in its interior.

Remark 4.2. Condition G corresponds to the case when F(u) =u in
Theorem 2.2, so that we are dealing with Gaussian initial conditions with
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strong dependence. The structure of the spectral density is chosen according to

(2.16) and (2.19). In principle, it is possible to consider a more general situation
when the parameter p in (4.13) has a more complex structure than (4.14). For
example, according to (2.16), we can put

p=2,(u®d, d=C,/Cy,

where C, and C; are defined in Theorem 2.2.

The next result describes the shape of the spectral density for the field
Y for the above three methods of discrete sampling (I-III). The random field
Y appears as a rescaled solution of the Burgers equation with strengly depen-
dent initial conditions (see Theorem 2.2).

THEOREM 4.2. Suppose that Y(t, x), t > 0, xeR*, is a Gaussian random
field, stationary in x, and satisfying condition G. Then:

(i) The spectral density of the discretization Y3 (t, x), t > 0, xe€ Z*, is of the
Jorm

@415) fERW) =rEA, w)

45in*(4/2) Z |A+ 2km|*~1 cxp {—2u(A+ 2k1c)2/h2}

2+a
h k=—wo

=]

h2+u4sm (A/2)—n Yy emq,,

m= —oaoo
-1t < A < W, where

[e e}

1 . :
= > | e™™|s|*~ L exp {(—2uts?)/h?} ds
and, as 1 -0+,

(4.16) fR)= 11-+“hz+a(1+0(1))

(ii) The spectral density of the discretization Y, (t, x), t > 0, xe Z', is of the
form : N

@17 R =fB@* W)

o«

—n < A <m, where
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and, as A -0+,
(4.18) lim f&(4) > 0.
A0

(iii) The spectral density of the discretization Yy3(t, x), t >0, xe Z s of
the form '

@419) fE@)=fBA w)
=pr((a+2)/2)[ 1 1 ]

P Qut)i T _(2Ht + A2 AT
+ %kﬁ: 3 |A+2kn|* **exp { —(A+2kn)* (42 + 2ut)/h?)},
—n< A<, and
4.20) 11_13) fE@>o.

Remark 4.3. The parameter dependence structure of the spectral den-
sities (4.15), (4.17) and (4.19) is given in condition G. Again, the discretization
procedure (4.1) gives the spectral density f3 with the same singularity as the
spectral density (4.13) of the original continuous-time process, whereas the
discretization procedures (4.2) and (4.3) produce spectral densities without sin-
gularities (see (4.18) and (4.20)).

Remark 4.4. The function appearing in expressions (4.15), (4.17) and
(4.19) contains functions which can be called the fractional Jacobi theta-func-
tions; in the general theory of theta-functions the function 6 (x, s) introduced
before is usually called the theta-function of the third kind.

. Remark 4.5. Now consider the case when t > 0 is fixed and the di-
scretization step h > 0 is also fixed, but the observations of U (¢, x), xe[0, T1,
are made with T — oo. This is the so-called increasing domain asymptotics
problem (see, for example, Stein [82]). The fixed domain asymptotics problems
(see, again, Stein [82]), with T being constant, but # — 0, or T being constant,
but statistical inference being done for the spectral density of the fields
R} U (h%t, hx), or h1**2 Y (h? ¢, hx), as h — 0, where U (¢, x) is the parabolically
rescaled solution of the Burgers equation with weakly dependent random data,
and Y (¢, x) is the parabolically rescaled solution of the Burgers equation with
strongly dependent data, also remain open.

4.2. Minimum contrast estimators. The quasilikelihood, or minimum con-
trast, method of spectral density parameter fitting for discrete-time stationary
process was first proposed by Whittle [94], [95], and was later developed by
Walker [91], Ibragimov [48], Hannan [37], Rice [66], Guyon [35], [36],
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Dzhaparidze and Yaglom [21], Dzhaparidze and Kotz [20], Fox and Taqqu
[24], Dahlhaus [16], Heyde and Gay [38], [39], Giraitis and Surgailis [31],
among others. Also, a few years ago, Tanigushi [87] proposed a wide class of
asymptotically efficient estimators which are essentially different from the
maximum likelihood estimators. For recent developments, see Dahlhaus and
Wefelmeyer [17]. A discretization procedure-based estimation for continuous-
-time parametric models was considered by Comte [14], Chambers [12], and
others. o

In this subsection we present general results on consistency and asymp-
totic normality of the minimum contrast estimators under the Gaussian Whit-
tle contrast. By and large, we follow the approach suggested for random fields
by Guyon [36], but our conditions for consistency and asymptotic normality
are weaker than those of Guyon and, in particular, are fulfilled in the case of an
unbounded spectral density. Our conditions for consistency are also weaker
than those of Fox and Taqqu [24], although they did prove the strong consis-
tency of parametric estimators for spectral densities which are unbounded at
‘the origin. In the proof of asymptotic normality we use the results of Heyde
and Gay [38], [39].

We begin by introducing the following general assumption:

H. Process {(x) = {(w, x), weQ, xe Z', is a real stationary, centered ran-
dom process with covariance function R(x), xeZ', and spectral density
(D) =f1(4, w), we W, Ae(—n, n], where Wis a compact set and the true value
of parameter wy is in the interior of W c R'.

A statistical model with spectral density f;(4, w) is called identifiable if the
following condition is satisfied:

I If w # W, then f;(A, w) differs from f;(1, w') on a set of positive Lebesgue
meastre.

Now, consider a parametric statistical model of distributions P,,, we W,
and put Py = P,,. Let {(x), xe {1, 2, ..., T}, be an observation from a random
process satisfying condition H, and let -

. T—|x|
(4.21) Rr(x) =Ry (x,)=T7' ) {({(+x)
=1

y

be the sample covariance function, and

2

1 . 1
42 10 =1G =5 F Re@e™ =50
x|]€T-1

Z C(x)e—ilx

be the periodogram.
A contrast function for w, is a deterministic mapping K (wq, *): W — [0, o0),
which has a unique minimum at w = wy. Given K (wy, *) let us consider contrast
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processes Sr(w), TeZ*, adapted to {(x), xe{l, ..., T}, defined for all we W,

- and such that

hm mf [Sr(w)—S1(wo)] = K (wo, w)

in probability Py. The minimum contrast estimator wy minimizes the values of
ST, i.e.,

wr = argminS¢(w).
weWw .

We shall consider a Gaussian Whittle contrast, defined by the contrast
process

(4.23) Sr(w) = ST(W, Ir(), £y (A, w)

p Iz (4)
_j [logf,,(/l f @, w)]dll, weW,
the contrast function
Ja(4, wo) Ja(4, wo)
0> - }.
Ko =5 | [w w LTl )]

and the associated minimum contrast estimator
(4.24) wr = wr({Ir(4), fi(4, w)) = arg gll;} St(w),

where Sp(w) is defined by (4.23). The functional S;(w) will also be called
Whittle’s functional. We will use the same notation wy for the general contrast
process and for the Gaussian Whittle contrast process.

THEOREM 4.3. Assume that the conditions H and 1 are satisfied, the function
fiY(A,w) is continuous on (—m,n]xW, and the sample covariance
Ry (x) = R(x) in Py-probability, as T — co. Then; in Po-probability,

@29 S-S0 =g § [loest w02 gy

and the minimum contrast estimator wr —wg as T — 0.

Assumptions in the above theorem are weaker than those in the com-
parable result of Guyon [36], p. 145. In particular, he assumes the condition
0 <m< f3(4) <M < o0, and the existence and continuity of the second-order
derivatives. Fox and Taqqu [24] and Dahlhaus [16] also employ conditions on
derivatives of the spectral density but they prove strong consistency of the
minimum contrast estimates for long-memory random processes. The assump-
tion of continuity of f7 ! in Theorem 4.3 is satisfied for spectral densities which
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are unbounded at zero (see, Fox and Tagqqu [24], Beran [4]), and so is the
sample covariance convergence condition; for Gaussian processes, the latter is
a consequence of the ergodic theorem.

In the remainder of this subsection we present results on asymptotic nor-
mality of the minimum contrast estimators. The following condition will be
utilized:

K. The process

(x)= ) ayex—y, ao=1, Y a2 <oo, .
y20 y20

where ¢,, yeZ', are iid. random variables (Gaussian, if the process ( is

Gaussian) with zero mean, and variance given by Kolmogorov’s formula var g, =
T

= exp {(1/2n)j‘_nlogﬁ,(/1) dA}.

Condition K is rather weak and is satisfied if

(4.26) | log fa(A)dA > — 0}
the latter condition, in turn, plays a fundamental role in the linear prediction
theory of stationary processes. Since log f;(4) < f;(4) and f"_n Ja(A)dA =
var {(0) < oo, it follows that { ’inlog fa(A)dA cannot diverge to + co, and there-
fore must be either finite or diverge to — co. This integral diverges to — o if,
e.g, f;(A) vanishes on an interval of positive Lebesgue measure.

We will also need some regularity assumptions on the spectral density.

L. The spectral density fi(A, w), Ae(—=, ], we W, and the vector-valued
function

A(’L W)= —wad_l(j‘a W), AE(.—TC, TC], WEVV,
satisfy the following conditions L1-L7.

L1. The parametric integral j'"_nlog fa(A, w)dA is twice differentiable with
respect to- parameter w. -

L2. The function f7'(A, w), Ae(—m, n], we W, is twice diﬂerentiable with
respect to w and the derivatives df ;' (A, w)/ow; and 8* 71 (A, w)/ow; 0w, are
continuous for all weW.

L3. The vector function A(A, w) is symmetric about A = 0, for Le(—n, x],
weW, o W, where W, is an open set.

LA4. For all weW,, the function A(A, w)e L, ((—m, n]).
L5. For all weW,, fy(A, wA(4, weL,((—m, n]) " L, ((—m=, ]).

L6. There exists a k, || <1, such that |A[f;(A, w) is bounded, and
A7 A4, wye Ly ((—m, n]) for all weW,.
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L7. The rxr-matrix function V, fi(4, w)A'(A, wyeL,((—m=, n]) for all
we W, where We W,

THEOREM 4.4. Let { (x), xe Z*, be a Gaussian process satisfying assumptions
of Theorem 4.3 and conditions K and L. If the matrix

(427) 2 =Z(fi(A, wo) = %j Vi log fa(A, wo) [V, 1og fi(4, wo)] dA

is nonsingular, then the minimum contrast estimators (4.24) are asymptotically
normal, ie., as T — oo, .

VT wp—we) B .40, 227Y).

Remark 4.6. Under some additional conditions on the spectral density,
the minimum contrast estmators are asymptotically efficient in the Fisher sense.
Those conditions can be found, e.g., in Dzhaparidze and Kotz [207], Dahlhaus
[16] and Guyon [36]. In principle, it is possible to prove Theorem 4.4 for the
general (not necessarily Gaussian) linear processes using the central limit theo- .
rem for quadratic forms of random fields (see Heyde and Gay [39]). In such
a case the limiting covariance matrix would contain some supplementary
terms, sec Giraitis and Surgailis [31]. Again, the above theorem has weaker
assumptions than the comparable results of Fox and Taqqu [24], Dahlhaus
[16] and Guyon [36], p. 145. This was achieved by having weaker assumptions
in the consistency result (Theorem 4.3) and by applying a stronger central limit
theorem due to Heyde and Gay [38], [39].

4.3. Estimation of parameters of the rescaled solutions of the Burgers equation
with weakly dependent initial conditions. In this subsection we will apply results of
Section 4.2 to obtain estimates of parameters of random processes arising in
Burgers’ turbulence. In our approach we will rely on the approach proposed by
Dzhaparidze and Kotz [20] and consider the problem of estimation of parameters
of the spectral density (4.5) based on the observations of U (t, x), xe[0, T], with
afixed t > 0, and T —co. The locally averaged sampling (4.1) reduces the problem
to the ‘parameter estimation problem for the spectral density d$(A, w),
—7 < A< m, we W, given by (4.7), based on the sample Uy, (¢, x),x€{l, 2, ..., T},
T — oo (see Remark 4.1). We consider a parametric model of distributions P,, and
put P, = P,, (see condition F).

Note that the spectral density £ given by (4.7) admits factorization of the
form

(4.28) fRAwW=1—e"*2fo(4,w), —n<igm, welW,

where

(429) fo s w) = 5 \/2% 0(2, h2/(8u1)),
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is positive, integrable, bounded and bounded away from zero on Ae(—=, ]
(see (4.7)). .

To estimate the time series parameters in the case of a spectral density
with fixed zeros (see (4.28)) Dzhaparidze and Kotz [20] proposed to begin with
the following transformation of the data:

T
(4.30) V@) =V( —% Ve, z=1,2,..,T
z=1

where -
V(i) =Usnt, 1)+...+ Uy (t, 2),

apd then to consider the Whittle functional

(4.31) SP W) =Sr(w, Ir(4, V), fo(A, W), weW,

defined by (4.25), and based on the periodogram I;(4, ) c;f the process V (z),
z=1,2,..., T (see (4.30)), with the spectral density f,(4, w) from (4.29).
Let

Wry = argmin S$ (w)
weW
be the minimum contrast estimator of the unknown parameter w obtained
from minimization of the function (4.31). In view of Dzhaparidze and Kotz’s
result ([20], pp. 104-110) and Theorem 4.3, we obtain the following result.

THEOREM 4.5. (i) Suppose that condition F is satisfied and functions
c=c(n,9) and u(9) are such that the spectral density fo(A,w), — T <A<,
we W, satisfies the identifiability condition 1. Then Wy, D wo as T — 0.

(i) Suppose, additionally, that functions ¢ = c(n, 9) and 4(9) are such that
the function fo(A, w), — 1 < A < ®, we W, defined by (4.29) is twice differentiable
in weW, the second derivatives are continuous on (—=n, ] and the matrix
Xy = Z(fo(A, wo)) defined by (4.27) is non-singular. Then the estimate Wr, is
asymptotically normal and efficient in the Fisher sense, as T — o0, that is

T Obp—wo) B 470, 227Y).

Remark 4.7. If functions c(n, 3) and u(9) are twice continuously differen-
tiable with respect to both arguments, and all derivatives of the first and
second order are bounded and bounded away from zero when parameters
belong to the corresponding compact sets (see condition F), then all the as-
sumptions of Theorem 4.5 (ii) are satisfied. Moreover, for the model with two
parameters: w = (a, p) and a = ¢, /u/n2~>? characterizing R (0) (we put ¢ = 1)
and p(9) = u > 0, condition I is also satisfied. This fact follows from the unique-
ness of the Fourier series (4.9) for functions that are integrable in the square.
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Another simple parametrization w = (g, 1), where q > 0 is a parameter to be
estimated (see (4.6)), is also identifiable. Other assumptions of Theorem 4.5 are
also satisfied for these two parametrizations.

Dzhaparidze and Kotz’s [20] arguments can be simplified if we consider
periodograms in the Fourier frequencies

(4.32) Jy=2mjT, j=1,2,...,
and define e
(4.32a) Stw) = St (w, Iz (4, 2), fo(A, w))
1 I I+ (4 Z)}
=— ¥ dlog fo (A;, wy+—22 224
2Tj=1{ 8ol W+ 20, 2)

where Z(x), xeZ', is a stationary Gaussian process with zero mean and the
spectral density fo(1), —n < A < =, defined by (4.29). Then, by the spectral
decomposition theorem,

(4.33) Z(x) = j e [fNGdr), xeZt,

where G(dA) is a complex Gaussian white noise on ((—=, n], & ((—n, ©J)).
From (4.33), we obtain

(4.33a) Z0)—Z(x—1) = j ¢ (1—e™) /1o (3) G (dA).

Then, from (4.21) we infer that the random field
U:ikl(ts X)=Z(X)—Z(x—'1), xezl,

with fixed ¢ > 0, has the covariance function -
(434 EUfi(t, x)Usi(t, y) = | 71— £y (A)dA.

Hence U} (¢, x) is L, (Q)-equivalent to Uy, (¢, x), x€ Z*. We shall use the same
notation for both processes.
For (4.34) we obtain

4.35) Z(x)=Ua(t, )+...4 Uy t, x)+Z(0), xe{l,..., T},

where the unobservable random variable Z (0) is independent of x. It then
follows that the finite Fourier transforms at the Fourier frequencies 4;, defined
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by (4.32), has the property

4.36) Jr(4;, Z) = —ixA;}

1 T
—— ) Z*(x)exp{
«/Z’ET x=1

1 T
Z©0) Y exp{—ixd} =Jr(; Z¥%),

.\/ZTCT .I=1

+

because

I 1—exp {iT4;} ' o=
—ixA)} = _—"- L =0, j=1,2,..,
xgi exp {—ixi;} =e 1—exp {i‘;} J _
where the transformation Z*(x) of the observed discrete data Uy, (t, x),
xe{l,2,..., T}, is defined as follows:

(4.37) Z*(x) = Ugt (t, Dtoo+Usg (6 %), x€{1,2,..., T}.

It follows from (4.36) that the periodograms (see (4.29)) of the data (4.35)
with one unobservable variable coincide with the periodogram of the data
(4.37) at the non-zero Fourier frequences:

IT(’lj: Z) = IT(/ljs Z*)-

The above fact reduces the problem of estimation of parameters of the spectral
density (A, w), given by (4.7) or (4.28), to statistical inference for the process
Z (x), xe Z, defined by (4.33), which has the spectral density f,(4, w) given
by (4.29). Statistical inference at the non-zero Fourier frequencies can be
done in terms of the periodogram I3 (4;, Z*) of the transformed data Z*(x)
given by (4.37).

For

le = argminS#(W’ IT(A'ﬁ Z*)9 fO (]“19 W))
weW

we have fhe following result:

THEOREM 4.6. Under the assumptions of Theorem 4.3 the estimate Wy, is
consistent and asymptotically normal A7(0, 221 '), and asymptotically efficient in
the Fisher sense, as T — 0. '

Remark 4.8. The limiting covariance matrix X, in Theorems 4.3 and 4.4
can be consistently estimated by

A 1. I
(4.38) 21(wo) = T 2. Valog fo(ds, w) [V, 1og fo (s, WIT',
s=1

which is computationally simpler than (4.27).

3 — PAMS 211
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Usually, it is not possible to solve the non-linear estimating equations

S%(w) = 0 exactly (they are usually non-linear). Instead, one could deter-

mine the estimates by the Newton—Raphson iteration. The resulting estimates
have the same asymptotic properties as Wp,; and Wg,.

‘Remark 4.9. Using the standard arguments (see Hannan [37], Rice
[66]) one can prove that Theorems 4.3 and 44 remain true for estimates
wi = argmin,, .y ST(w), where ST (w) is defined by (4.32a) with f (4, w) replaced
by fi(4, w) (which fulfills assumptions of the above-mentioned theorems).

Now let us turn to the parameter estimation problem for the spectral
density (4.5), based on the observations U = U{t, x), xe[0, T], with fixed
t > 0 and using discretizations (4.2) and (4.3). These discretizations reduce the
problem to parameter estimation of spectral densities f#’(4, w), —t <A <=,
weW, i=2,3, given by (49) and (4.11), respectively.

Let Uy = (Uu(t, 1), ..., Uslt, T)), i =2, 3, be data discretized through
sampling procedures (4.2) and (4.3), respectively. Consider the corresponding
Whittle functionals

S(Tl') (W) = S(Tl‘) (W’ IT(A', Udi)’ f&})(ﬂ': W)), i= 27 3:
and
Wy = argmin SP(w), i=2,3.
weW

THEOREM 4.7. (i) Let i = 2 or 3, and assume that conditions F and 1 (with
fi replaced by f©) are satisfied. Then, as T — 0, W= wq.

(i) Suppose, additionally, that functions c(n, 8) and u(8) are such that the
Sunctions f& (4, w), —nt < A < n, we W, defined by (4.9) and (4.11), respectively,
are twice differentiable in we W, their second derivatives are continuous in A on
(—n, n], and the matrix Z; = Z,(fP (4, wo)) defined by (4.27) is non-singular.

Then the estimator Wy; is asymptot:cally normal and efficient in the Fisher sense,
as T — o0, that is

T (opi—wo) > H;(0, 2271, -

Remark 4.10. If functions c(y, 3) and u(9) are twice continuously dif-
ferentiable and the derivatives are bounded and bounded away from zero, then
all the assumptions of Theorem 4.7 are satisfied. For a model with only two
parameters w = (g, ) € W < (0, o0)?, the assumptions in Theorem 4.7 (i)-(ii)
are always satisfied. The condition I is also satisfied (see Remark 4.7).

4.4. Estimation of parameters of the rescaled solutions of the Burgers equa-
tion with strongly dependent initial conditions. We will now consider the problem
of parameter estimation for the spectral density f (4, w), A e RY, we W, defined by
(4.13), based on the observation Y (¢, x), xe[0, T, with fixed ¢ > 0. We con-
sider a parametric model with probabilities P, and put Py = P,,.
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After the locally averaged discretization (4.1) the problem is reduced to the
problem of estimation of parameters of the spectral density

fAA)=fAA,w), -mn<ism, weW,

given by (4.15) and based on the sample Y3, (¢, x), xe {1, ..., T}. This spectral
density is singular at zero (see (4.16)). Normalized periodograms of processes
with such singularities can have some anomalous properties (see Hurvich and
Ray [47]). In particular, the expectation of the normalized periodogram tends
to infinity in this case (ibidem, Theorem 2). '

For the sake of simplicity, we select the discretization step in (4.15), (4.17)
and (4.19) to be h = 1, but accommodating other step sizes can be routinely
accomplished by replacing A by A/h. .

The spectral density /%, given by (4.15), can be written in the form

(4.39) fRA W) = 1—e P fi0(1, W),
where

(4.40) f10(A) = f10(4, W)
= plA* ! [exp { —2utA?}
+A %Y |A+2kn|* " texp { —2p¢t»(/1+ 2km)*}],

k#0

—n<A<m weW In analogy to (4.33)(4.37) we can introduce the trans-
formed data

(4.41) V.0 =Y (e, D+...+ Yoy (6, x), xe{1,2,..., T},
and
(4.42) ix)=FV0)+Y©0), xe{1,2,...,T},

where Y; (x), xeZ!, is a stationary process with spectral density f,, given
by (4.40).

As in the previous section (see (4.33)-(4.37)) we see that the periodograms
of these two processes coincide at the non-zero Fourier frequencies (4.32):

(4-43) IT(A,', I71) = IT('lj; Y1)-

Thus the parameter we W estimation problem for the spectral density f& is
reduced to the estimation problem for the parameter we W for the spectral
density f,, (see (4.40)), based on the periodogram at the non-zero Fourier
frequencies. The periodogram I7(4;, Y,) can be obtained in terms of discretized
observations (4.41), and I (4;, ;) is a periodogram of the stationary Gaussian
process Y;(x), xe Z1, with the spectral density f;, given by (4.40). It follows
from (4.40) that, as 1 -0,

4.44) fioA ~pa*~t, O<a<l.
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This spectral density has a pole at zero. Statistical inference problems for
processes of such type (called the long-memory processes or processes with long-
range dependence) were considered by many authors, including Fox and Taqqu
[24], Dahlhaus [16], Beran [4], Robinson [67]-[69], and Anh and Lunney .
[2]. It would be of interest to investigate the parameter estimation problems
for the spectral density (4.39) without using transformation (4.41) and compare
the two methods from the efficiency viewpoint.

We begin with the special problem of estimation of the parameter x € (0, 1)

. alone and employ the semiparametric methods (see Robinson [67]-[69]). Pa-

rameter « is called by various authors the parameter of self-similarity, the Hurst
parameter, or the fractional parameter.

The first simple method of estimation of parameter o was proposed in
a paper by Geweke and Porter-Hudak [26]. It reduced the problem to the
regression problem with asymptotically independent errors. Unfortunately, for
long-memory processes it is not true ‘that the normalized periodogram’s or-
dinates at the Fourier frequencies may be treated as asymptotically iid. ex-
ponential random variables (see Kiinsch [55], Hurvich and Beltrao [45], Igloi
[49], Robinson [68]). In fact, both the limiting distribution and the limiting
expectation of the normalized periodogram’s ordinates at the Fourier frequen-
cies 4; depend on j. In view of these anomalies in the behavior of the periodo-
gram at very low frequencies (i.e., frequencies of order 1/T) it seems natural to
contemplate removal from the regression scheme of a block of very low fre-
quencies of the periodogram.

This idea was pursued by Igléi [49] and Robinson [68] who proposed
to choose the ordinary least-squares estimates associated with the regression
scheme

(445) Zj=b+(°“‘1)d1+fp J=l+1,, m,
where b =logp—7y, y ~ 0.5772..., is the Euler constant(!),

Ir(4; 1)

T Zy=loglr(4; V), d;j=logh;, &=log— =Ty,
) pla;*

and A; are Fourier frequencies (4.30).
In what follows we shall have need for the following condition:

M. The quantities 1, m — oo in such a way that, as T — oo,

l 1 log?>T 32
_+ﬁ ogm+ og +m So.
m l m T

(}) Recall that the Euler constant y can be defined via the asymptotic relation
H(N) ~ log(N+1)+7, N — o0, where H(N) =1+1/2+1/3+...+1/N is the partial sum of the
harmonic series; see, e.g., Saichev and Woyczynski [77], p. 97; also y = exp{—j'fwe_‘logtdt}.
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Under condition M the random variables £; in (4.45) are asymptotically
iid. fandom variables with the Gumbel distribution F(u)=1—exp{—e*},
ueR'. Its expectation is —y, and its variance is n2/6 ~ 1.645...

The least-squares estimator of parameter « obtained from (4.45) has the form

b =14ZV(V'V)Y,

where Z =(Z,+4,..., 2Z,), V=(di+1, ..., d). In the one-dimensional case,
utilizing Robinson’s [68] result we obtain the following theorem:

THEOREM 4.8. Under conditions G and M, -
E(r—a?>=0(1/m) and 2./m(@r—a) 3 4 (0, n%/6).

We plan to continue work on this type of semiparametric estimates of the
fractional parameter o using recent resuits of Robinson [67]-[69], Anh and
Lunney [2], and Hurvich et al. [46]. Note that Giraitis et al. [28] presented an
- optimal choice of m in such estimates.

Next, consider the more general problem of estimation of the parameter
w=(a, B, 62, 9) e W (see condition G) of the spectral density f;, given by
(4.40), based on data (4.41), and using (4.43). These issues have been studied
before. Fox and Taqqu [24] have developed the theory of estimation of pa-
rameters of spectral densities satisfying condition (4.44). Dahlhaus [16] proved
the asymptotic efficiency of their procedure and extended their results to more
general parametrizations. Dahlhaus [16] also proved the asymptotic normality
for the exact maximum likelihood estimates. Qur approach will use that of
Heyde and Gay [38], [39].

Following notation (4.32a), let

S#‘l (W) = S?’(W:v IT('{ja i771)7 fOl (’13 W))’ weE W;
and

w§, = argmin S§(w).
- weW B

THEOREM 4.9. (i) Suppose that the condition G is satisfied and that the
spectral density fyy, given by (4.40), satisfies the identifiability condition I. Then
wi, — wo in Py-probability, as T — oo.

(i) If, additionally, the function p(9) is twice continuously differentiable in
3€ @, all its derivatives of the first and second order are bounded away from zero
on $€ 6, and the matrix 'y = X(fo1 (4, wo)) (see (4.27)) is not singular, then, as
T— o0,

JT W, —wo) B (0, 2I'TY).

Remark 4.11. For the parametrization w = (a, p, u) ¢ W = R® (W a com-
pact set) all the assumptions of Theorem 4.9 are satisfied.
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Remark 4.12. Theorem 4.9 provides an alternative way of estimating
fractional parameter a€(0, 1) as the only parameter (see Theorem 4.8), if we
consider the one-parameter model w = o€ [, ®;] < (0, 1) and assume that
. other parameters are known.

Remark 4.13. In Dahlhaus’ [16] paper one can find additional con-
ditions under which our procedure becomes asymptotically efficient in the
Fisher sense.

Finally, consider the problem of estimation of the parameter we W for
the spectral densities f$@, i=2,3, given by (4.17) and {4.18), respec-
tively. These densities have no singularities at zeto or at infinity (see (4.19) and
(4.20)). :
Let Y;(t, x), xe{l, ..., T}, i =2, 3, be discretized data obtained from the
observation of Y(z, x), xe [0 T7, using discretizations (4.2) and (4.3). Cons1der
the minimum contrast estimates (see (4.22) and (4.24))

Wr, = wr([z (4, Ya), fP (G, W),
where w = (a, B, 6%, 9)e R**3 (see condition G).

TuEOREM 4.10. (i) Let i = 2 or 3. Assume that the condition G is satisfied
and that the spectral density f? satisfies the identifiability condition I. Then
Wr, = Wo in Po-probability, as T — 0.

(i) Suppose, additionally, that the function u(9) is such that the function
f@ is twice differentiable in 3€ O, its second derivatives are continuous on
(—m, nc], and the matrix I'; = Z(f% (A, wo)) defined by (4.27) is non-singular.
Then the estimator Wy, is asymptotically normal and efficient in the Fisher sense,
ie, as T— o0,

ST 0, —we) B Hi3 0, 2I7Y).

Remark 4.14. For the parametrization w = («, 8, 62, p), all the assump-
tions of Theorem 4.10 are satisfied.

5. PROOFS

Proof of Theorem 2.1. We shall only indicate the main steps of the proof
which is an adaptation of ideas of Albeverio et al. [1] for dimension n = 1.
Following their Theorem 3, from (2.3) we obtain

(5.1)  cov(J(t1, x1), I (t2, X2))

= exp {B(0)/(4p*)} }O [ T g(t2, u)g(ts, u+(xy—x,—2))du]

- —®

x (exp {B(2)/(4u*)} —1)dz
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lxl—XZ—ZIZ}

~exp (BOI) § Bmue 4] esp P

x (exp {B(2)/(4p?)} —1)dz

and

lim 172 cov (7 (8, x1+/B), J (B, %2/)

= iy (8ut)~ 12 exp{-

I-’C1—xz|2

8” }s x]t:;xZ E.er

where

o1 = exp {BOYA} | (e (B} —1)ds

Then, using the method of moments with the diagram formalism (see, e.g.,
Breuer and Major [7], Giraitis and Surgailis [30], Leonenko and Deriev [57])
it is easy to prove that the finite-dimensional distributions of the renormalized
field

J(B, x) = B*(J (B, x/B)—exp {B(0)/(41?)})

converge weakly, as f§ — oo, to the centered, homogeneous Gaussian process
with the covariance function given by (5.1). By the functional central limit
theorem (see Albeverio et al. [1], Theorem 2) we infer that the finite-dimen-
sional distributions of the random fields J{(t8, x), (¢, x)€(0, ) x R* tend, as
f — o0, to the distributions of the stationary Gaussian field

JaBE X = | g6, x—3) Gy,

with the covariance function x, cov(B(ts, x4), B(t2, x3)) = g(t1+1a, X3 —X3),
where G(-) is a complex Gaussian white noise.

Then, asymptotically, distributions of the velocity field (2.3) can be ob-
tained from-the formula u(t, x) = —2u (6 (@, x))/ax)/J (t, x), where, in view of
the law of large numbers, the denominator tends in probability to the constant
EJ(t, x) = Co = exp {B(0)/(8u?)}, while in the numerator the derivative com-
mutes with the passage to the limit. Hence, by Slutsky’s arguments, the finite-
-dimensional distributions of the rescaled velocity fields £3/%u(pt, x\/_ B),
(t, x)e(O o0) x R, converge weakly, as f — o0, to the finite-dimensional dis-
tributions of the Gaussian field

U= ~2u /s | 5ot =) G@)
Ky = _cjo (exp {B(2)/(4pu?)} — 1) dz
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The limiting field U(t, x) has a moving average representation, so that it is
stationary in x, zero mean, Gaussian, with the covariance function

52) RG—y) = | [%(t x— u)][ag(r y— u)]du
= j =N g(A)dA,

where the spectral density

[+ o]

- —_— i O
g =02m)7 y @By, 7n@= [ e "”%g(t, v)dv.
Putting 62 = 2nut in the formula

§ Ae~*exp{—|v]*/20%)} (2ro?) "2 dv = ide? exp{(—A*6?)/2}, AeR',6*>0,

we obtain
1:(A) = 20, /K, exp {(—126%)/2} 4,
and
(5.3) g =(Qn) 1 (2u* kA2 exp{—A2u(t+s)}, AeR'.

Thus we proved (2.6) in the case F(u) =u (see Corollary 2.1).
Then, taking derivatives of both sides of the identity

w

Y(x) = | exp{ilx—A%/2x*)}dA = \/2nx?exp {(—x*k?)/2}, xeR',

we obtain

(5.4) 62'/’(") - k2 /2K (k% x2 — 1) exp {(— x? k7)/2}.

Putting x? = 1/(2u (t+5)) in the above formula we obtain, with the help of
(5.2)(5.4), the formula (2.5) in the case F (1) = u. For non-Gaussian processes,
the full proofs are presented in Leonenko and Deriev [57] inthe case t =s =1,
and the general case can be proved in a similar fashion. The paper.also con-
tains specific applications of the diagram formula (see Step 5 in the proof of:
their Theorem 2.1). Related parabolic asymptotics is discussed, in a variety of
contexts, in Surgailis and Woyczynski [84], [86], and in Funaki et al. [25].

Proof of Theorem 2.2. Theorem 2.2 can be proved following the main
'steps of Leonenko et al. [58], [59], where the case F(y) =u and t =5=1 is
considered. There is a little difference since in those papers the initial con-
ditions are Gaussian. So, for example, in formulas (3.8) and (3.9) of Leonenko
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and Orsingher [58] one only has to substitute

C, = Texp{—F(au)/(Zu)}qb(u)Hk(u)du, k=0,1,...

The expression for the limiting variance (2.14) can be obtained by methods
similar to those of (3.17) in Leonenko and Orsingher [58]. Below we just
indicate the main steps in the proof.

First, let us consider the Hilbert space L, (£2) Hermite expanswn for the

local functional
F ® C; -
exp { ——%%XD} jZO ! ,J H, (f (.'V))

and apply it to the numerator of (2.3), to obtain

]-’ x\/ﬁ—ygttﬁ, x/B—y)e e gy

-0

(55) It x/B)

= Conog(t, X)+Cyn15(t, )+ Z ”I;ﬂ(t x)+Rg,

J/Z

where random variables

nip(ts X) = fﬂ \/_ 2=V g0, x/BH)EG)dy, j=0,1,2,..,

Ry = \/_ INCTY o (e, x~/Bexp{—F(£() )/(2#)}dy

Iyl>ﬂ

Observe that #,4(t, x), (t, x)e(0, o)x R, is a Gaussian field because
H, (u) = u. Since (see, e.g., Ivanov and Leonenko [51], p. 55)

EHr(é(yl))Hm(é(yZ)) = m'érmBm(lyl—yZD: r,m = 09
where d7, is the Kronecker symbol, we have
- Enmﬁ (ta X) nrﬂ (S, xl) = 5;1 E"mﬁ (ta x) nmﬂ (Sa xl)’ .. B

where

Qrznij (ﬁ) = Erlmﬂ , x) Hmp (Sa xl)
3 t 'x\/B—yx'\/E—y’
= m! _j, _j, tB tB
x g(tB, x/B—)g(sB, x'\/B—y)B"(y—y)dydy'.

Changing variables via the transformations

w22 = (/B y/dup) and 22 = (¢\/B—y)/@uth),
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and utilizing the basic properties of the slowly varying function L from con-
dition E (see, e.g., Ivanov and Leonenko [51], p. 56), we have, for 0 < am < 1,
m>1, and - o0,

5.6 2.(B) = B
(5.6)  omi; (B 5 \/—sﬂﬂ(t)DJ(S)WﬂfJ(WW(Z)

x(,/Zuﬂ i/_ﬁ s )dwdz

= 0 migly () TP 1 4 W), poeo,

ﬁl +(ma)/2
where Dg(t) = [x/</2ut—/B/2ut), x//2ut+./B/2ut)], and

. — =L N WZ¢"(W)¢,,(Z)
Omij(Xx—X") \/E—Jm —jml(x—x’)/\/ﬂ—(W\/E—Zﬁ)IM

By the law of large numbers, the denominator of (2.3) converges in probability
to a constant, as f — oo,

dwdz, 0<a<l1/m.

(57) J(tB, x/B)= [ g(tB, x/B—y)e FEOMaM gy s C,,

and it is easy to prove that lims_,,, Co 1 (¢, x) = 0. Then, as in Leonenko and
Orsingher [58], we can show that, for 0 <a <1 and f— oo,

B1/4+a/2

C

in probability. From (2.3) and (5.5)(5.8) we obtain, with the help of Slutsky’s
argument,

(5.8)

__" ﬁl/2+a}4
. }’ﬁ (ta x) nlﬂ
172 (/B Co

as f— oo, where Y;(t, x) is defined in Theorem 2.2.

Next, (5.6) implies that the covariance function of the field Y (¢, x) is as
claimed in (2.14). The Gausianness of Y (¢, x) follows from the fact that #,,(t, x)
is a Gaussian field defined by the first Hermite polynomial.

The remainder of the proof is a modification of arguments in Leonenko et
al. [60]. Let us show that the stationary in x random field Y (t, x),
(t, x)€(0, o0) x R', has the spectral representation (2.16) and the spectral den-

sity given by (2.19). Using the self-similarity property G (d(ad)) 2 \/c—zG (dA),

GOBYE N, B D)D),
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a > 0, of the Gaussian white noise G, we can write

N C, B+t
69 B EE m TR
@ N/ x—y
x _I [_.[/ﬁ )2 <P {—(x—y)*/(4ut)+iit} dy:l

x A/ g(Al/B) B~ G dA),

(t, x)e(0, o0) x R, Utilizing the identity -

(5.10) ‘f exp {1/12(4 Tf;)lfz)z/@ut)}

we have, with the help of (2.12) and (5.9), (5.10),

(x—z)dz = 2—‘uit~%exp {itA—utA?}, AeR',

2 ﬂl +af2

511 E|G@, 0-Y(t, x> =—5 2p)>
ELL | Jjﬁ XY {—(c—y)?/(dut) +irt} d }
20 3| Dt mu) P Y Y

x /9 (Al//B) B~ G (d2)
_[cl(a)]lfz : »

-

C2 B1 +aj2
<G L/p

[ (x-,— y) €Xp {lix — (x — y)2/(4”t)} :I
* j [|y|£f 2ut (41tyt)1/2 g3/ dy |/ g(2//B) G(dA)

2u?*E

~ 33 lexp {ii[t;i-/: 75 g( /\/B) G(dA)

— a0

¢y ()

+

k-]

l|),|(1—fl)/2 ﬁ1/2+a/4
><‘ C_% p)> ]9 Aexp {ixA—utA?} pr/2+ai4
5 C% iﬁB/4L1/2 (\/ﬁ)

'.,1_ 121[2
g (/B — ey (@] lexpl iﬁf-«wft }I 0

LB (xmy)exp fixd—(e— )/ us)}
YLD bl 2wlmaypE otBi|
= 4B+ 40,

where ¢, () is given by (2.17).
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The function y (1) = A% exp {2iAx—2utA*}/|A* 7% AeR?, is absolutely in-
tegrable. Using the Tauberian result (2.18), and properties of slowly varying
functions, we infer from (5.11) that

lim 4,(f) = lim | ¥()Q(Wdi=0,

where, as f — oo,

2

L2 (/B _,
12 ( \/E)

For. A,(B) we have the following estimate:

(Cy/Co@w* T (ﬂ) (x—y)exp { —(x—y)*/(dut)}
L(/B) B9 Zo Iyl > 5 (ut) (Amut)'

VB
const

S—F———.
L(/B) B~

Hence limg._, , 45() = 0, and lim,., , E | (t, x)— Y (¢, x)|* = 0, where Y(z, x)
is defined by (2.16). Finally, applying the Cramer—-Wold argument we obtain
the assertion of Theorem 2.2, including the statement in Remark 2.3.

ct ., .,
Q@) ~ @(2.“) ¢y (%)
0

2

di

A;(B) < dy

Proof of Theorem 3.1. The statement (i) is a consequence of Theorem 4.2.1,
and statements (ii) and (iv) are consequences of Theorem 4.2.2 in Ivanov and
Leonenko [51], but we must note that the convergence of the finite-dimen-
sional distributions has to be proved by using the mixing condition (see Ivanov
and Leonenko [51], p. 34). On the other hand, Buldigin [9] proved by the
method of moments, without using mixing conditions, the central limit theorem
for correlograms of Gaussian processes with a square-integrable spectral den-
sity; and the proof of compactness of probability measures in the uniform
topology (see Lemma 4.3.2 of Ivanov and Leonenko [51]) does not use the
mixing condition. So, Theorem 3.1 is a combination of the results mentioned
above. The proof of the last formula (3.3) is based on the formulas

0x,y) = 2m | [H+ e g2 (1) d2

and

) —)2 2 M
[ eian e SR 2’11“/7(22" B4 =a—ah;exp {(—n*a%)2}

= exp {(—h?6?)/2} o* (h* c* —6h* 62 +3), heR!, o?>0.

Proof of Theorem 4.1. Let ¢t > 0 be fixed. If f.(1), AeR!, is the spectral
density of the stationary in x random field {(t, x), t > 0, xeR!, then the
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spectral densities f;(1), —~mt<A<n, i=1,2,3, of random fields {;(z, a),
t>0, acZ', obtained from ((t,a)>0, acR', through discretizations
(4.1)+4.3), respectively, take the form (see Grenander [32], p. 250)

(5.12) fu () = _Smg i (Han)_zfc(szn)’ |
i k

(5.13) fia () = Z_ fc<z+2 1:),

(5.14) fia(2) = %kj W (o 2k )lzfc(l—l-an), -

where

K= Tﬁ(/’l)[l.—lw(hl)lzj di, (A= Eexp{ilv,}, ieR".

We note (see Mumford [65], p. 12, or Widder [96], p. 86) that the Jacobi
theta-function may be defined as follows:

© . k 2
(5.15) 0(x,s)=\/%k_z_ exp{—(x-:;s—zn)},

(x,8)#(2mn,0), m=0, £1, ..,

and in this case the formula (4.4) is the Fourier series of a 2r-periodic function
(5.15) (see Widder [96], p. 90).

Now, apply (5.12) to the spectral density f.(1) = g(4), A€ R?, given by (4.4),
to obtain from (4.4), (4.5), (5.12) and (5.15) the formula (4.7). The last represen-
tation in (4.7) is based on the product expansion for the theta-function 8 (x, ¢)
given, for example, in Widder [96], p. 92. Thus we have proved (4.7). Using the
asymptotic relation 4sin?(4/2) ~ A2, A —0, we obtain (4.8).

Next, let k(x, s) = —208/0x0(x, s). Using Theorem 2.1 of Widder [96],
p. 88, we obtain from (5.15) :

o K (x-- 5) = 1 0(x, s)— Z (x+ 2kn)2 exp{—(x+ 2k1r)2/(4s)}

ox - ’ s ’ -‘."47'[Sk——co

and

(5.16) i (0 +2km)? exp { — (x + 2km)*/(4s)}

k=—o

[éﬂ(x, s)—aixic(x, s):|2s2,/47cs—|: 6 (x, s)+2 & 56(x, S)]ZS Jan
I}B(x, s)+2%0(x, s)iIZsz. /4ms,
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because the theta-function 6(x, s) is one of the fundamental solutions of the
heat equation (see Mumford [65], p. 12).

Put f.(4) = g(A), AeR* (see (4.5)), in formula (5.13). Then, in view of (5.16)
with s = h?/(8ut), the Fourier series expansion for the theta-function yields
(4.9). The relation (4.10) follows from (4.9) and Theorem 2.1 of Widder [96],
p. 88. Formulas (4.11) and (4.12) may be proved by a similar argument, using
(5.14) in place of (5.13), and a direct calculation of the constant x in (5.14). We
omit the details.

Proof of Theorem 4.2. The first part of (4.15) is a result of substitution of
(4.13) into (5.12). The second part is the Fourier series for the first part because
the series in the first part is a 2n-periodic function satisfying the Dirichlet
conditions, and the Fourier coefficients of the function -

dd, )= Y ¥(+2kn, ),
k=—w

2utA?
h?

YA, 0 =1 exp{

are given by

}, —n<A€m, t>0,

1 25 ) 1 2n o .
On =5 g d(s, t)e~™ ds =5 g i‘:Z_me‘""sSF’(S+2k'.rt, t)ds
1 0 (2k+2)n

. 1 = .
~ims =— [ P(s, e ™ ds.
om, Z}fm e (s, t)ds 2n_Iw (s, )e ™™ ds

Then, as 41— 0,

2uti?
@) = h2+a4sm —[MI"‘ 1 { ‘;lz }

2 2km)?
+ > ll+2kn|“—1exp{—M}:|

2
k#0 h

~ AR 24 A2F(3),  lim F(2) > 0.
A—0

h2+a:

Thus (4.15) and (4.16) are proved. Similarly, if we substitute (4.13) into (5.13) we
obtain (4.17), but in this case

2utA?
lim £ () = lim hm[w’“ { ";12 }

2ut (A + 2km)?
+ 3 |i+2k7t|‘“exp{——#}] > 0.
k#0

The formulas (4.19) and (4.20) may be proved by similar arguments; using
(4.13), (5.14) and direct calculations which are omitted.
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We will precede the proof of Theorem 4.3 by quoting a result of Guyon
[36], pp. 119-120, the proof thereof is based on the well-known Wald argument.

THEOREM 5.1. Assume wr— K (wg, w), wi— Sy (W), are Py-a.e. continuous,
and that there exist 6; — 0 such that limy_. o, Po(Hr(1/i) > 6;) = O, where Hr(¢)
is the modulus of continuity of Sr(w), ie.,

(5.17) Hrp(e) = sup {|Sy (w)—Sr(W)|: w, weW, [w—w| < ¢}.
Then wy — wg in Py-probability, as T — co.

Proof of Theorem 4.3. The proof is based on ideas of Walker [91], Ib-
ragimov [48] and Hannan [37], and for its completion it is sufficient to verify
assumptions of Theorem 5.1.

Let h(e) = sup{|fq *(A—f7 1 (A): |A—4| < &} be the modulus of continu-
ity of the function f;!(4). Defining

Vo) = | LS5 G, i,
we have

sup (V5 00)—= Ve W)l: w, € W, [w—w] < h(s)
<h(e) | Ir()di = 2mh(@ Rr0)

where Ry(x) is defined by (4.21), and lim,.,h(e) = 0. This gives (5.17).

Let us now prove that convergence in probability of the sample covariance
Ry(x) > R(x), T — oo (see the assumptions of Theorem 4.3), implies that
St(w) = S(w) in Py-probability, as T — co, where Sy (w) is defined by (4.23),
and S(w) is defined by (4.25). Actually, it is sufficient to show that, for any
continuous function g(4),

5.18) T a0 @i~ | a1 wodh,

in Py-probability, as T — oo. Let M (1) = Evl < €¢"s, be an arbitrary trigo-
nometric polynomial. Then, as T — oo, in Py-probability,

lim j MW Ip(A)di=1mY s,Rr(v) = Y s,R(v) = j M) (4, wo)dA.

Now, let g(4) be an arbitrary continuous function on (—x, n]. For any ¢ > 0,
one can find a trigonometric polynomial M (4) such that max;, |q(1)—M ()| < e
Furthermore, we have

(19 [ W IzWdi— | 4 fulh, wo)d

1 —fn

< l_’j: MO Ir()—fi(4, wo))d/l|+sj (Ir (A)— fa(A, wo))dA.
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The first term on the right-hand side of (5.19) converges in Py-probability
to zero, the second term is positive, and its expectation does not exceed
2" _fi(A, wo)dA. Thus (5.18) is proved.

From (5.18) it follows that, in P,-probability, Sy (w)— ST(wo) — K(wg, W)
as T — oo, with

s~ () e

because x—1 > logx for x > 0 and x—1 =logx only for x = 1.

Now, (5.20) and the identifiability condition I imply that the function
K (wg, w) has a unique minimum at w = wy, and K (wy, w) = 0. Thus K (wy, w)
is a contrast function for the Gaussian Whittle contrast, which completes the
proof of Theorem 4.3.

Proof of Theorem 4.4. It follows from Theorem 1 in Heyde and Gay [38],
[39] that under conditions K and L, as T — o0,

G2y JT[ j A4, W)(Ir(A)—EIr () dA] B (0, 4nZ (fi(1, o)),
where X (f;(4, wo)) is defined by (4.27). By the mean value theorem, under
conditions L1 and L2 we obtain
VSr(Wr) = VS (wo)+ V2 Sr(W*) (W —wo),
where |w—wg| < [wp—wgl, and V2 = V-V = (8%/0w, 0w}); <, j<,- Since wy is

in the interior of W, Theorem 4.3 implies that, for large T, Wy is also in the
interior of W, and

(5.22) : VSt (wo) = [—V?*Sr (W] (Wr—wo).
Since V2 Sy (w) = (2r) ! j’iu V2 fs1(4, w)Ir(A)d4, it follows from Theorem 4.3
and condition L3 that, in Py-probability, .

(523)  P2Sp(w8)—2n | filhs wo)[P2 S 2 (h, wo)] dA = Z(f (A, o)),

-

uniformly in we W, because the function V2 f; ! (4, w) is jointly continuous in
(4, wy in-view of condition L2. Remembering that, as T — oo,

(5.29) —/T(VSr(wo)—EVSr(wo) = /T[ [ A, w)(Ir (1) —EIr(2)] dA

= VTL{ 4G, W1z ()—10, wo)]di+o(),

we obtain the statement of Theorem 4.4 from (5.22) and (5.21), (5.23), and (5.24),
by Slutsky’s argument.
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Proof of Theorem 4.5. There exist constants H a_nd K such that
O0<H< fy(A, wW< K< w0, —w <A< 7 and, from (4.7), (4.21) and (5.15), we
can select

_q /n 1 12 k? h? B _An? e
=i o [2n+nk 1exp{ Bt and H—hSep W[

So, the statement (i) follows from Theorem 4.3, and (ii) is a consequence of
Dzhaparidze and Kotz’s [20], Theorem 1, p. 113, and Theorem 2, p. 114.

Proof of Theorem 4.6. By a standard argument (see, e.g., Hannan [37],
Rice [66], Dzhaparidze and Kotz [20]) one obtains, as T — co,

T (SP W) —S%(w, Ir (A, Y*), fo(d;, w)) =0,

in probability, where S% is defined by (4.31). Thus Theorem 4.3 follows from
Theorem 4.1.

Proof of Theorem 4.7. It follows from (4.9), (4.11), and (5.4) that there exist
constants H and K such that 0 < H< fP(A, w)< K< o0, —1<A<H,
i=2, 3. For example, for i =2 we can choose

H = gh™2(2m)? exp { —2ut (3n)* h ™%}

gh* [=[(1 - S,ut
TN [(z,ﬁ k; oxp {—k*h*/(8u1)}

+— Z k?exp { —k? h2/(8ut)}].
TS .

Thus the results of Dzhaparidze and Kotz [20], Theorem 1, p. 113, and Theo-
rem 2, p. 114, are applicable.

and

- Proof of Theorem 4.8. In the univariate case, the conditions given by
Robinson [68] are, in addition to condition M, reduced to the following ones:
" (1) There exist constants C > 0, ve(—1, 1), 7e(0, 2], such that fo(1) =
CA7"+0(A"™") as A—0.
(2) There exists a ve(—1, 1) so that f, (1) differentiable and (d/dA) fo (A) =
0"t in a nelghborhood (0, ¢) of the origin.
It follows from (4.40) that (1) and (2) are satisfied with v=1—a€(0, 1)
and g =v.

Proof of Theorem 4.9. Both assumptions of Theorem 4.3 are satisfied by
the ergodicity and property (4.40). Thus we obtain statement (i).

We also note that (4.26) is fulfilled for the spectral density f;,(4) given by
(4.40). To prove statement (ii) we need to verify the rest of the conditions in

4 — PAMS 21.1
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Theorem 4.4. First, we note that in view of (4.40), as || — O (see the proof of
Theorem 4.2)

(5:25) Fio(A) = e {¥1(D+v2(D)},

where ¥1 (A) = O(|A*"1), 0 <m < ¥, (1) < M < co. The constant that appear
in the “big O” may depend on the parameter w.

All the first and second derivatives of the function fig (4, w) with re-
spect to w;, j# 1, are, by assumption, bounded and bounded away from
zero on the compact set W, So, we need to check the conditions Li1-L7 for
the first component of the function A(4, w) = —Vfi5 (4, w)= (4, ..., 4),
where A; (A, w) = —(8/0a) 15 (A, w). Using (5.25) one can prove that,
as |[A| -0, .

(5.26) fid A, wy=00A'"%, fio@, w)=0(a"™),
(5:27) (0/09) f 1 (4, w) = O (A" ~*log|A)),

(5.28) (@%/02?) 16 (4, w) = O (1A'~ *1og? |2),
(5.29) (0*/ow;00) f10 (A, w) = O (1A' ~*log|4]).

Thus the condition L6 is satisfied, i.e., |4 fo; (4, w) is bounded for some «,
0 <k <1,and 4, (4, w)|A| "€ L,((—m=, ©]). The rest of the conditions L1-L5
and L7 are also satisfied as is easy to check using (5.26)(5.29) and like ar-
guments. We omit the details.

Proof of Theorem 4.10. Part (i) follows directly from Theorem 4.3, while part
(ii) is a consequence of a result from Dzhaparidze and Kotz [20], pp. 104-110.
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