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LOCATIONS OF EXTREME VALUES OF THE EMPIRICAL PROCESS
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Abstract. Let o, be a uniform empirical process and u, (respec-
tively, v,) the unique location of its maximum (respectively, minimumy).
We establish a “liminf” iterated logarithm law for |u,—v,|.
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1. Introduction. Let {U}};>, be a sequence of independent variables uni-
formly distributed on (0, 1). Consider the associated empirical process

L Z (1U1$t_t)s 0 S t $ 1

(X,,(t) = \/)_’li=1

For each te(0, 1), we define
(1.2) p,=1nf{0 <t < 1: o, () = sup «,(s)},
0=ss=1

1.3) v, =inf{0<t <1 () = inf o,(s)}.

0xs<1 .

(1.1)

In words, yu, and v, denote locations of the maximum and the minimum,
respectively, of the empirical process over [0, 1]. We are interested in |u, —v,,
the time difference between the locations of the maximum and the minimum of
o, (¢). It is easily seen that iminf, ., , |u,— v, = O almost surely (a.s.). A natural
question is to find the rate of growth f(n) of the time difference, so that

liminf f (n) g, —v, =1 as.

Our result determines the exact rate of growth of the “liminf”.
THEOREM 1. Let u, and v, be defined as in (1.2) and (1.3), fespectively. Then
liminflogZ (n) |u,— Vsl = 72 a.s.
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Let us say a few words about our method. Recall that a Kiefer process
{K(t,n), 0<t<1, n>0} is a mean-zero Gaussian process with covariance

E(K (¢, n)K (s, m)) = (min(t, s)—ts)min (n, m).

Qur basic tool is the following strong approximation theorem due to
Komlos, Major and Tusnady [3] (see also Csorgd and Révesz [1], p. 141): after
possible redefinitions of variables, there exists a coupling for «, (t) and the

Kiefer process K (t, n), so that
1 2
= 0( o8 n) a.s
Jn

Uy (t)—ﬁ

Although (1.4) does not indicate how close the locations of the maxima of
o, (t) and K (¢, n) are to each other, our method, which is based on fine analysis
of the sample paths of the Brownian bridge, reveals that accurate knowledge
upon the location of the maximum (respectively, minimum) of the Kiefer pro-
cess yields useful information upon u, (respectively, v,). This was also observed
in Shi [4] in the study of the almost sure asymptotics of u,.

The lower bound in Theorem 1 is proved in Section 2 and the upper
bound in Section 3. '

Throughout the paper, C > 1 and € > 1 denote constants, C, > 1 and
C, > 1 denote constants which only depend on e. Their values may vary from
one line to another (but not within the same line).

14 ' sup

0sr<1

K(t, n)

2. Proof of the lower bound in Theorem 1. The main ingredient in the proof
of the lower bound in Theorem 1 is the following estimate:

LeMMA 1. Let {B(t), 0 < t < 1} be a standard linear Brownian bridge, and
define, for 0 <u <1,

EZE@={xe[0,1-u], sup B@)— inf B()>Br—v},

xSt<x+u x€t<€x+u

where Bp = supo<i<1 B(t)—info<,<1 B(t). Then, for any 0 <& <1, we have

1—gmn
P(E) < Cgexp<— )
Ju

Proof We only need to consider small u. Recall that the Brownian
bridge can be realized as {B(t) = W(t)—tW (1)}o<:<1, Where W is a standard
Brownian motion. Moreover, {B(f)}o<:<1 is independent of W (1). Therefore

2.1) P(E) = P(E, |W(1)| < u)/P(W(1)| < u).
In the event {|{W(1)| <u},
sup B(t)— inf B(@)< sup W()— inf W(@©+2u2,

xSst<x+u xStsx+u xSt<x+tu xSt<x+u
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and Bg < Wr+u?, Bg = Wr—u?, where Wi = supg<,<; W()—infy<,<, W().

Hence

22) P(E, W) <u) . |
<P(Axe[0,1—u], sup W(H)— inf W()> We—3u?)

x&€t<x+u xEt€x+u
=P( sup sup |W(s+t)—W(s) = Wr—3u?).
05s€1—u0<tgn
Let us fix an integer r so that u~! < 2" < 2u™!, and let, for any positive num-
ber s, (s), =[2"5]/2". Then

W +0= WO < W(+0) =W O+ 3, W (Grsse) =W (6
+ 'io |W((S+ s ji1)— W((S+ t)r+j)|-

vIt follows from (2.2) that
P(E, |W(1)| < u) E
<P( sup sup |W(s+t))— W ((s),)| = (1 —&) (Wr—3u?)

0€s€1—u0<t<u

+P(2 sup  sup Y |W(s+0ije1)—W((s+8),4) = e(Wa—3u?).
0<s<1—-u0<t<u j=0
Let us define a constant y so that 0 < y < (n/8)!/2. Hence, if Wy > yu'/*, we
have &(Wg—3u?) > eWg/2, so that

@3) P(E, W) <u)
<P( sup sup |[W(s+0,)—W(s)) = (1—e)(Wr—3u?))

0€s€1-u0<t<u

+P( sup  sup Y [W((s+8rje1)—W(s+0,+;)| = eWa/d, Wr > yulb/“)

] . 0§s$1-—u 0<t<u j=0
+P (W < yull¥)
A+ A5+ 4.

We first estimate 4,. Let us define t; = i/2" for any integer i, so that
0<i<2—2Since 27" < u < 27", from the Markov property it follows that

2r—-2 1
Q4 A, =P(J U IW(tis;+)—WE) = (1—&)(Wr—3u?)
i=0 j=0
2r—2 2r—2
<Y PX,<(1-9 1X,+3% Xs<(1-9 ' X,+3d)¥E ¥ p,

i=0 i=0
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where

X, = sup W@, X,= sup (WO-W@)— inf (WO-WE)

0Lty ti<t<titu tStsti+u

X;= sup [WO)-W(Q)

ttusts1

Recall that (see Shorack and Wellner [5], p. 34)

2.5) P(Oiuglw Ml <x) = Z(an*ll ( (2k;x12)21t2),; x>0,

Consequently, for any x > 0,

4 2
P(We <x)<P(sup [W(t) <x)< EeXp<_L)'

2
ost<1 8x

Hence, by putting

1
o = o (u) = _t_,-+1—t,-—u’

and conditioning upon X, combined with the independence between X, X,
and X5, it follows that

16 n? o; (1 —e)?
Pi<FE(exP(_8(Xz+3(1_3)u2)2>)
16 w2 -2 w)) | 16 e
<o) (<)

_16 n(l—s)\/—) ( 3u? )
nze"p( 2(1+0) /u X2 <T=ae)

Anothert application of (2.5) combined with the fact that a; > 4 (for any i) yields

that
16 n(l—¢) ) ( nzaz)
P, < —expl| — —s].
n? p( 2(1+6)/u 7263

Putting this into (2.4) we obtain

n(l— 38/2))
e o/
To estimate 4, note that supg<;<y|(S+&r+j+1—(E+ 8] <27CFFD
and that W((s+0),+;+1)— W((5+1),+;) is a Gaussian variable with variance

2.6) Ay < Cexp(—
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(s+t)y+j+1—(5+1t)+;. For any random x; > 1, we have

X :

(2.7) P( sup Sup |W((S+t),-+j+ 1)— W((S+t)r+j)| = ﬁ)

0€s€1—u0€tKy

2r+j+1-1 . x
T N
S i:zo P (lW(t1+ 1) W(tl)l ? W)

< 2’+J“maxP(|W(t +1)= W) = x—)

)

where t} = i/2"*i*1 Let us define

z S = L 27UV =)’ By =(8e)

j=0

X; -z-:(ﬁl]+ﬂ2 )
<1 [W(@E)— W(t;+1)| One

Let us define Y; = supo<<y|W(#)| and Y, = sup;; <
can mention that W, Y; and ¥, are clearly 1ndependent Furthermore, using the
inequality Wy > max(Y;, Y,) and the Markov property we obtain

We choose now

x;
P(|W(t§+1)—W(t§)| P ﬁ)

‘ 1/2
P<|W(ts+1)—W(t:-)| > —T\/é_m(ﬁlﬁﬁ—;maxzm, Yz)) )

. Ig2 2 2 112
P{IWQ) =&l Buj+g (Yi+Y3) | ).

(2.8) - P( sup  sup i|W((s+t),+j+1)—W((s+t),+,-)|

-\O0Ss<1-u0<t<uj=0

Therefore,

0 1/2 ©
<2y 2J'P<|W(1)| > a<31j+—ﬁi(Y +Y2)) ) Ll g+t 3 2ip,

j=0

Furthermore, it is easily seen that
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Since u~ ! < 2", we have
a0

Z \/W\E(Cl\/ ﬁ1u+62\/_WR)

In the event {Wg > yul/*}, ¢, /By u < We/8. Hence

1 5

(2‘9) Z 2r+]+ 1 Z WR

Let us focus now on the estimate of P;. By conditioning upon (Y;, Y;) and
using Mill’s ratio (see, for example, Shorack and Wellner [5], p. 850) combined
with the independence between ¥; and Y,, we obtam the existence of an ab-
solute constant C so that

Cexp( ﬁl]) (exp(—% Yf))E(exp(—fgg Y%))

Expectations in the previous equation can be easily bounded by using the
following statement for any positive number A:

E(exp(—2( sup [W@)IP)) < éfexp(—AxZ)dx < Cexp(—1).
1

0ot<1

Combining this with the scaling property we get

P < Cexp( Bu) p(_sﬂ%(té;i—thﬂ)_

Putting this into (2.7) and using the fact that t;,.,—t; < 1/2, we obtain

P( sup  sup |W((s+8sju1)—W(s+0+j)

0<€s€1—-u0<t<u

>x-; We > yul/* ) <271 Cex —ﬁ dexp( =& 1]
ZN e RIS P\716u) P\ 72 )

Hence, taking the sum we have

(2.10) P( sup  sup Z |W((S +0rsje1)—W(s+ t)r+1)|

0€s<€1—-u0<t<u j=0

2\ © 2 A T o R2
<2’+1Cexp< lg ) Y 2’exp< Sﬁzlj) =Afexp<—%),

where A ='2CZ;°=O 2exp (—epiif2)-
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Combining (2.3), (2.9) and (2.10) we obtain
o C, ef3\ _ C. &3
SA— —— | <= ——.
(2.11) 4, < A ” exp( 16“) ” exp( 16

As far as 4, is concerned, an application of (2.5) combined with the defini-
tion of y yields

4 n? ) 4 ( T )
2.12 Ay £ —exp| —= ) < —exp|{ ——= ).
( ) 3 - p( 8'))2\/; T p \/E

Going back to (2.2) and using (2.3), (2.6), (2.11) and (2.12) we get

P(E, W) < u) < Cexp(—zg:%) +%exp (—%)+%exp (—\/i_)
n(1—3¢/2)

)

Going back to (2.1) and applying the inequality P (|[W (1)] < u) > uexp (—u?/2)/2,

we have

2C, u? n(1—3¢/2) n(1—2¢)
P <2 oo H7) < um{ 207

Replacing & by &/2 and taking large values for C and C, we complete the proof
of Lemma 1. =

s("feexp(—

Proof of the lower bound in Theorem 1. Fix a small number
g; €(0, 1). Then one can easily find a positive number ¢ > 0 so that

0, & (1—e,))/(1+&)(1—"5¢,)2 > 1.

Let furthermore define, for k> 1 and m> 1,

- (1—5¢,) 72
= K1)+ 1 Sl A
C m=lewETIHL =T
and & so that
Npy1—n, logn
6>12 [*=—Llogk+4—7.
n n
Let v
E,={Ixe[0, 1—u(n)], sup K(,n)— inf K(t,n)
xSt <x+u(ng) xLt<x+u(ng)

> sup K(t, m)— inf K(t, m)—5./m}.

os<1 ost<1
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By means of Lemma 1 (noticing that & < u?*(n,)) we have

P(E)=P(Axe[0,1—u(m)], sup B@— inf B() > Bz—9)

xSt<x+u(ng) xEt<x+u(ng)
n(l—g) _e
< Cexpl| — < Ck™™,
\/u("k)

which is summable for k. Then, according to the Borel-Cantelli lemma, almost
surely, for k sufficiently large, we have, for any xe[0, 1—u(n)], .

sup K, m)— inf K(t,m)< sup K(t, m)— inf K, m)—5./n.
xSt x+ung) x L€ x+ulng) L ESES] 0<€<1
At this step of the proof, we need to show that oscillations of the Kiefer process
between m, and n, ., are relatively small. Let {W(t, y), 0<t<1, y >0} be
a two-parameter Brownian sheet. Then applying Corollary 1.12.4 of Csérgd
and Révész [1] to T = 1, and ar = (1 —g,) T (log T)~*/* %) we obtain (no-
ticing that n. 1 —m ~ (1 —&) v 1 (logme s ) #1170 as k — oo0)

lim sup (2 (Mg + 1 — i) log k)_l/2 max sup |W(t, n)—W(, n)| <1 as.

k—+ o0

ne<nSng+1 0151

In particular,

limsup (2(n+  —n)logh) > max |W(1,m)—W(,n) <1 as.
k=

ne<n<np+1

Since the Kiefer process K (¢, n) can be realized as K (t, n) = W (t, n)—tW (1, n),
combining this with the previous estimates we obtain

lim sup ((ng+ 1 —m) log k)_”2 max sup |K(t, n)—K(t, n)| < \/§ a.s.
k—= o

ne<n<ng.y 0St<1

Let n, < n < mnyq. Then we have, for any xe[0, 1—u(n)],

sup K(@¢,n— inf K(t, n)

x<t<x+u(n) x<t<x-+u(n) .

<- sup K(,nm— iof K(,n B}
Cx<t<x+ulng) x<t<x+u(ng) .

< sup K@ m)— inf K(t,n)+2 sup [K(t, n)—K(t, n)|
x<t<x+u(ng) x<t<x+u(ng) [ ESE P

< sup K(t, m)— inf K(t, m)—8./m+6./(m+1—mn)logk.
o<1 0sit<1

Consequently, for all xe[0, 1—u(n)], we have

sup o, ()— inf o, ()—( sup a,(t)— inf o,(2))

xSt€x+u(n) x<€t<x+u(n) 0o<t<1 [ES L1

<n Y2( sup K(,m— inf K(, n)

x<t<Sx+un) x<t<x+u(n)
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—( sup K(t,n)— inf K(t, m))+4n~**logn

o=st=s1 o<t<1
< g P2 (=8 /m+12 /(s 1 —m) log k) +4ng 1 logn, < 0.
This yields that |u,—v,] > u(n). Hence
lim inf log3 (n) lpt—val = (1—5¢,) 7%,
Letting ¢ tend to 0, and then taking &, close to 0, we complete the proof of the
lower bound of Theorem 1. & o

3. Proof of the upper bound in Theorem 1. The proof of the upper bound is
based on the following lemma:

LeMMA 2. Let {B(t), 0 <t < 1} be a standard linear Brownian bridge, and
define, for 0 <u <1,

FE¥Fu={ max B> max B(@®)+u,

1/2<t<1/2+u t¢[1/2,1/2 +u}
min B(f)< min B()—u}.
1/2<t<€1/2+u t¢[1/2,1/2 +u)

Then, for any 0 < ¢ < 1, we have

(14e)m
P(F) = Csexp(— )

Proof. Let {W(t), t >0} be a Wiener process. Then recalling that
{B(t) = W({t)—tW (1)}o<:<1 We have

max B,> max W-—(1/2+u)u,
1/2<1<1/2+u 1/2<t<€1/2+u

max B, < max W+u,

#(1/2,1/2 +u} w1/2,1/2 +u]
min B, < min W,+(1/24+wu,
1/2<t<1/2 +u 1/25t<1/2+u

min B,Z2 min W—u.
1411/2,1/2 +u] 1¢11/2,1/2 +ul

Hence

(31 PF,Wl)|<u=P( max W,> max W, +4u,

1/2<€t<1/2+u t[1/2,1/2 +u]
min W, < min W—4u, |W()| < u).
1/2<t<1/2+u té[1/2,1/2 +u]

5 — PAMS 211
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Let0<e<1,0<u<ugand 4 = A(u)—n\/_/4 where 1y = ug(€) > 0, is so

gmall that

(3.2) ¢A > du,

27? su T2
(3.3) Zexp( ) 4Aexp( 2—02)

We also define the following measurable events:

Ei={—(1+eAd< inf W), sup W) <(1+e4,

0st<1/2 0<1<1/2
W(1/2)e[4, (1+e) A1},
E;= {W(1/2+ewe[(1+28) A, (1+38) A1}, '
Es={W(1/2+(1—8u)e[—(1+3e) 4, —(1+2e) A1},
E,={W({12+ue[—(1+e)A4, —A]},
Es={—(1+42)A4< inf W@, sup W@ <(1+2)4, W) <u}.

1/2+tuses1 1/2+u<t<1

In view of (3.1) and (3.2), we have

P(F, W)l <u)=P(

iSe

E).

1

Using the Markov property, it is easily seen that

5
P( ﬂ Ei) =E [E(l{nfﬂm} | '971/2+u)]
i=1
4
=E[lins gy E(Lg | #1p2+0)] 2 inf P(Es)P(() E),
i=1 xe[—(1+€)4,— 4] i=1
where
N o~ —(14+28) A— 1+2e)A
E5=E5(x)={w< inf W(t), sup W(t)< (L"i)__f,
J1/2—u o<t<1 ost<1 J1/2—u

u—Xx U—Xx
wihe [\/1/2 —u /12— u]}

Iterating this procedure we obtain
5
P(NE)= inf  P(Es) inf P(E,)
i= xe[—(1+e)A4,— 4] xe[~(1+32)4, —(1+2¢)A]

xef(1+2g)Ad,(1 + 3e)A] xe[A,(1+e)Ad]
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where

[ —(1+g)d—x ——Auxil}
i \/a E) \/a s
~ [ — —-x —(1
By (x) = {W(I)E (14354 x, 1+2e) A~ x]}
J(1—=28)u (1—2¢e)u

~ 142e)A—x (1+3e)A—
B = {wie 24, (42 ]}

L e Jeu |
Let us begin by estimating P(E5). For notational convenience we define
_(1+2g)A—x

E,=E,(x)= {W(I)E

E,

~

E,

(3.4)
35 b=

(3.6) | c=a—b=

Then, recalling the joint density of the infimum, supremum and the terminal -

value of Brogv?lan motion (see It6 and McKean [2], p. 31):for alla > 0, b < 0,

ye[b, al, c = a—b,

(3.7 iPo(b< inf W(t), sup W(t)<a, W(1l)edy)

d o<1 o=t<1

2.2
= Zkgl exp(-—kzn )sm (k:a) sin (l_m(cz_——y))
Accordingly, we have
1yt 2k—1272\ . (Rk—Dma\ . [Qk—1)7u
P(E;5) = ;t‘kzl(zk) ] xp(—%)sm(%) s1n<‘,§(—1+~2iv)
='i exp <_1c_2> sin <M) sin (_n—) +R ‘
' 2¢2 2(1+2e)A ’
where

dof o (=171 Rk—1?n*\ . (Rk—1)ma\ . [((Rk—1)7u
R=E 2 S eXp(_ 28 )S‘n( c )Sm<2(1+2e),4>'

Recalling a and ¢ defined in (3.4) and (3.6), respectively, and given the fact that,
for all xe[0, /4], sin(x) = x/\/i afc < 1—¢/2 and u/A <&, we have

sin T > sin g > T and sin e >
c)” 2 /2ﬁ 2(14+2e)A4) 7 34
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On the other hand, by (3.3),

® 2kn? exp (—2n%/c?) 2n?
R< -2 )< <2exp( —2-).
kz'z P ( 2¢? ) 1 —exp(—n?/c?) P c

w2\ eu T2
P> exp( 50-2>—nexp(—ﬁ).

As a consequence,

o 2
(3.8) inf P> exp( )
-(ro-a 124 164%)"

Similarly, by means of (3.7) and using the scaling property, we have

L2 (=1t Qk—17 w2 2k—1)me
39 P(E)= _,,Zl 2k—1 xp(_16(1+.s)2,=12)(1“""°“°‘( 2(1+¢) ))
2 n? { ne 4 = 2kn?
Z2%P\ "1a+9r 22\ T 2+e —;,E:XP T16(1+ep A2

n?

> —_—

/Ccexp( 16A2)'

It is easy to estimate P(E,-) for 2<i<4. Indeed, we have, for any

xe[—(14+38) A, —(14+2¢) 4],

1 (—A=—x)l/eu 146 A+ %)
f exp (—v%/2)dv ( _(@+ad+xy +) )

./21c( (1+e)d—x). /e ,/ \/_ 2eu

Hence, it follows that

o~ A2
(3.10) inf P(E)> _/eh ( & >
xe[— (1 +3e)A4,— (1 + 2e)4] - / \/_

A similar argument yields

Thus

P(E,) =

; o eA 2(143¢2 4%\
(3.11) inf P(E;) = exp(——-——— ,
xel(1+ 2e)4,(1 + 3e)4] 3 /2T, /(1 —2¢) u‘ u
(3.12) inf P(E;)> i—cxp(—ga )
xeld,(1 +2)A] 2 ﬁ 2u

Combining (3.8)«(3.12) we obtain

s A 2(1+392 42 n2
P(iO1 E)> Csﬁexp(_ u T 842)
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Since 4 = TI:\/t_l/4, the expression on the right-hand side is

1+4
Ja
Replacing ¢ by g/4 readily completes the proof of Lemma 2. =

Proof of the upper bound in Theorem 1. Fix a small number
¢e(0, 1). Then one can easily find a positive number & > 0 so that

0, % (1+)(1+e)/(L+5e,) < 1.
Let us furthermore define, for k> 1 and m > 1,

= e, utn) =

Let
Fo={ sup Ky (@) > sup Ky (®)+um) /m—ne—y,

1/2 €t <1/2+Vu(ng) té[1/2,1/2 +u(ng)]
inf K@) < inf Ky (O)—u(m) /me—me—1},
1/2<5t<1/2 +u(me) t¢[1/2,1/2 +u(n)]

where K, (1) = K (t, n)—K (t, nx—). Foreachn > 1,t - (n,—n; )" Y2 K, (1) is
a Brownian bridge. It follows from Lemma 2 that

14+¢e)=w

( + ) >>Cek_02,

u(m)
which is the general term of a divergent series. Since the F,’s are independent,

by the Borel-Cantelli lemma, almost surely there exist infinitely many k’s so
that

P(Fy) = C.exp <—

(3.13) sup K. () > sup K,(®)+u(m)/m—n,—y,
1/2<t<1/2 +u(ng) t¢[1/2,1/2 +u(n)] )

(3.14) .. inf K,(t) < inf Ki(t)—u(m)/m—ny .
'1/2€t<1/2 +u(ng) 1¢[1/2,1/2 +u(me)]

Furthermore, applying Corollary 1.15.1 of Csorgd and Révész [1]to y = n,_,
yields

lim sup (- 1 log (- 1))_1/2 sup |K(t, me_y)| = l/ﬁ a.s.
k— o0 ’ 0<t<1

Combining this with (3.13) and (3.14) we obtain
sup K, m)> sup - K(t,m)

1/2<t<1/2 +u(mo) 14[1/2,1/2 +u(ni)]

—2/m—1log, (M- 1) +u(m)/mx—mi—1,
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inf K(m)< inf Kt n)

1/2 <€ 1/2 +u(ny) 1¢[1/2,1/2 +u(m)]
+2 /M- 1ogy (m— 1) — () /M — 1y 1.
Consequently, '
sup O (8)— inf ot (2)
1/2 €15 1/2 +u(u) 1/2<t<1/2 +u(n)
—( sup @, @)— inf o, ()
t¢[1/2,1/2 +u(n)} 1¢[1/2,1/2 +u(n)]
> V2 ( sup K(t, n)— inf K(t, ny)
1/2 <1< 12 +ulng) 1/2€1<1/2 +u(ng) )
—(  sup K(t, m)— inf K (t, m)))—4n; 1*logn,
1¢[1/2,1/2 +u(n)] 1¢[1/2,1/2 +u(nk)]

= 2n Y2 (u(ny) \/nk—nk_l—Z\/nk_llogk)—4nk‘ Y4logn, > 0.
This yields that |u,—v,| < u(n). Hence
lim inf logZ (n) |u, — v,| < (14 5&,) 2.

Letting & tend to 0 and then letting ¢, also tend to 0 we complete the proof of
the upper bound of Theorem 1.
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