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Abstract. Let (&,) be a sequence of random vectors with values in
a Banach space X with distributions p,, weakly converging to a given
distribution p. We characterize a general form of a distribution of
a weak limit of £, in Banach space L, (X) of Bochner integrable vec-
tors. We show that the weak convergence of random vectors (£,) in
L, (X) implies that ||&, (w)— & («w)|| — O stochastically. Moreover, the con-
ditions ||&,(w)—¢(w)|| — 0 stochastically and (&, (w)}—¢&(w), x*> =0
stochastically for any x*eX* are equivalent.
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1. INTRODUCTION

The main goal of the paper is to investigate some general relations be-
tween weak convergence of Banach space valued random variables and their dis-
tributions. The advanced theory of probability in a Banach space often depends
on its geometry. We formulate rather elementary results not depending on
additional geometric conditions.

For a Banach space (X, ||- [} the notion of weak convergence of X-valued
random vectors has several aspects. For example, the following situations seem
to be quite meaningful. For a sequence (£,) of random vectors in X it may
happen that

() for any x*eX*, {(&,(0)—&(w), x*y — 0 for almost all w;
(i) for any x*eX*, (&,—¢&, x*) > 0 stochastically;
(iii) assuming that &, &, are Bochner integrable, for any x* € X* and real-
-valued bounded random variable f, we have the convergence of expectations
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(iv) assuming that &, £,e L, (X), where L, (X) is the Banach space of Boch-
ner integrable vectors, £, tends to ¢ in the weak topology in L, (X).

Interesting relations appear when we assume that distributions p,, (of the
vectors &,) converge weakly to a distribution p in X. Under this assumption we
characterize all possible distributions of weak limits of £, (Theorem 4.1). We
show that the weak stochastic convergence (condition (ii)) implies the norm
stochastic convergence (Theorem 3.3). Moreover, the weak convergence in
L, (X) (condition (iii) or (iv)) implies the stochastic norm convergence (Theo-
rem 3.1).

2. NOTATION

Throughout, X is a real separable Banach space (with the norm [|-||) and
X* is its dual. For a probability space, say (2, %, P), we use the following
notation. Ly(Q, &, P; X) denotes the space of all X-valued random vectors
Eon (R, #, P), ie. the maps &: Q — X such that ¢! Ae F for AeBorel X (X is
always equipped with the norm topology). p, denotes the probability distribu-
tion of ¢, ie. p:(4) = P(¢~! A) for AeBorel X. L, (Q, %, P; X) stands for the
space of those vectors in Ly (Q, &, P; X) which are P-integrable in the sense of
Bochner. We shall also write shortly L, (X) or L, (€2, X). The notation L, (X*)
or L, (Q, X*) or L, (R, %, P; X*) will be used for the completion of the space
of linear combinations

{g(@) =Y. x¥ fulw); xF eX*, fieLl,(Q, F, P)}

under the norm l|g||,, = supess {|lg (w)|lx-; @€ Q}. We do not refer here to tensor
products of spaces keeping all considerations in a rather elementary language.
For the norm in L, (2, X) we set ||lly = E|I¢]l = §, i€ ()l| 4P
The spaces L, (X) and L (X*) are in natural duality given by the formula

(&, n) = [ (), n(w)) P(dw) for (eLy, nel,.

For &, £,eL, (Q, X), we say that &, tends weakly to & if (£,, 1) — (€, n) for any
nelL,(Q, X*). In other words, &, — ¢ in the o(L;(X), L, (X*))-topology.
For (e (Q, & P; X) and any o-field ¥ = &%, there exists a conditional
expectation E(£]%) uniquely defined, like in the classical case, by the con-
ditions .
E(|9)eLi(Q, 9, P; X),

[édP =(E(|9)dP for AeY.
4 4
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The conditional expectation is a bounded linear operator
E("|9):Li(2, # P; X)>L,(2, %, P; X)

enjoing nice properties analogous to those which are well known in the clas-
sical case.

3. CONVERGENCE THEOREMS

THEOREM 3.1. Let &,, £€Ly(Q, %, P; X). Let us assume that ps, = p, (weak-
ly) and that £, — € in the cr(L1 X, L, (X*))-topology. Then ||&,(w)—E(w)|]| =0
stochastically.

In the proof we shall use the following result due to Pratelli.

THEOREM 3.2 ([5], see also [2]). Let &,, & be real-valued integrable random
variables. If pg, = p: (weakly) and &, — & weakly in L, (R), then ||&,—¢&]||; —O.

Proof of Theorem 3.1. For simplicity, we assume that P,({0}) = 0. We
leave to the reader an easy modification of the proof when 0 is the atom of p;.
From the assumptions it follows in particular that, for any x* € X*, we have
Denary = Peexvy and &y, x*) — (&, x*) weakly in L, (R). By Theorem 3.2 we
have

[ K&, x*y—<&, x*)|dP >0  for any x*eX*.
Q

Then also

[IKEn1p, x*>—(&lp, x*)|dP >0 for BeF

2]

and, consequently, for any x* e X*, we have
|§ exp (i {&a 15, Xx*D)dP — [ exp (i {¢lg, x*)dP|
e} Q
< [IK&n1g, x*)—(&lp, x*)|dP - 0.
0

Thus the characteristic functionals of random vectors &,15 converge to the
characteristic functional of £15, which, together with the tightness of measures
Peags B=1,2,..., gives the weak convergence of measures p; ;, = ps1, for
any Be #. Since p;, = p, and p;({0}) = 0, for any & > 0 there exists a compact
set Z, <X such that 0¢Z,, p(£,€Z)>1—¢ for n large enough, and
p(¢teZ) > 1—¢ By a rather standard procedure we can find, for any 6 > 0,
a partition (A4y, ..., Ay) of Z, such that A; are continuity sets of p, (ie.
p:(0A) =0) and the points z;,...,zyeX satisfying the conditions
SUPyes, I —2ll <& (=1, ..., N).
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Let us put

N
Cn= 2 zileiuy, &= jZ zjle-10ay-
=1

j=1
Let ¢ > 0 be fixed, and put § = ¢/4. We shall show that
P(|ié,—¢€|l > &) <3¢ for n large enough.
Indeed, we have
P(l&—&ll > 8 <e and P(E-&I>0)<e
(since P(¢,¢Z,) <¢e and P(E¢Z,) <e). Let us note that ¢ A4 implies
Ealp) 1 (A) = {0: &) 1x@)ed) = (& AN B.

Moreover, if 0¢ A and A is a continuity set of p,, then also A4 is a continuity set
of psy, for any Be#. Thus, by the choice of the sets A4;, we have

Pza15(4)) = Pern(4)),

which means that

§ Lezea) 15dP - [ lecaylpdP  for any Be &
Q 0

But this implies that
I(CnEAj) hand 1(§EAj) Weakly in L1 (R),

which, together with P(¢,e4;)— P(£eA)), gives
jllé;lAj_lﬁ‘lAjldP_)O fOIj=1,2,...,N,
Q

by Theorem 3.2. Thus, we have the estimation

. _ 3 _ _ 3 N N
P(Ién—<ll > /3) < _EllG,—¢ll = E”] Y 2i(lgz 14— 1g-1a))|| AP
2 j=1
3 N
< - Z ”zj”jllf;lAj—l{'lAjldP<£ for n> ng.
€i=1 Q

Since, clearly, _
P(l&,—&ll >¢3)<e and P(|E—E[l > ¢/3) <e,
we get

P(|&,—¢éll>¢e <38 for n>ny. m
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The other conditions implying the stochastic convergence in norm are
formulated in the following theorem:

THEOREM 3.3. Let X be a Banach space and let &, £,€ Ly (R, &, P; X) be
such that the distributions (pg,) are tight. Then the weak stochastic convergence of
&, to & implies the stochastic convergence in norm, i.e.

(Ey—E&, x*> =0 stochastically  for each x*eX*,

implies ||&,—&|| — 0 stochastically.

Proof. The algebraic sum of two compact sets in X is compact, so the
sequence (pg,-¢) is tight. Moreover, the characteristic functionals of &,— ¢ tend
to 1. This completes the proof. =

4. CHARACTERIZATION OF DISTRIBUTIONS OF WEAK LIMITS

In this section we show that some classes of probability distributions on
a Banach space X coincide. For the convenience and clarity of formulations the
random X-valued vectors appearing in different conditions will be defined on
possibly different probability spaces.

Let p be a given probability distribution on X. We show the coincidence of
the following four classes each of which is naturally related to the distribu-
tion p. The first one consists of all possible distributions of weak limits of
random vectors &, with p, = p. The second one consists of all possible dis-
tributions of conditional expectations of random vectors with distribution p.

The third one is the class of all possible distributions of almost sure limits
of arithmetic means n™! (&, +---+¢&,) for some &, with p,, = p.

The fourth class consists of all possible distributions of almost sure limits
of the ergodic averages n™ ' ((+&o0 T+ +Eo T" 1) for some ¢ with p,; = p,
T: Q - Q being an arbitrary measure-preserving bijection of Q.

Formally, we have the following theorem:

THEOREM 4.1. Let p be a probability distribution on a Banach space X with
jxllxllp(dx):< 00. Then the following classes of distributions on X coincide:
% ={4; Pe.=p. P: =1
for some &,, & with &, — & in the o(Ly(X), L, (X*))-topology};
%p = {4; P = P&, 4 = Py Jor some random vectors &, n};
My=1{q;P=Pe, q=De 1" (E1 4+ E) 2 E as
for some random vectors &,, &};
&={GPp=ps a=ppn ' C+LoT+- -+, T" ) > 1 as.
for some £eL,(Q, #, P; X) and measure-preserving bijection T: Q — Q}.
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Proof. It is enough to show the following inclusions: €, < #,, #, < €,,
€y, < &,, M, W,. We do it in separate steps.

Step 1. €, = #,.

Let XeL,(Q, %, P; X) and let YeLy(Q, #, P; X). It is enough to
prove that there exist a probability space (M, .#, ) and random vectors
En, E€Ly (M, A, u; X) such that £, - £ in the a(Ll M, X),L,(M, X*))-to—
pology, with p,, =py (n=1,2,...) and p; = pgx|r)-

Let us put M = [0, 1] x X, .# = Borel M, u = A x py, where 4 is the Le-
besgue measure on [0, 1]. For ye X, Be Borel X, let g(y, B) be_a regular con-
ditional probability distribution for X, given Y = y, i.e. for any yeX, q(y, -) is
a probability measure on BorelX, and for any BeBorelX, q(y, B) =
P(XeB| Y=y) pyae. In particular, we have E(X|Y =)= |, zq(, dz).
We shall also write P,(-) instead of P(-|Y = y). Let a map j from [0, 1] onto
X be a fixed Borel isomorphism (see [3], p. 227). By the same letter j we denote
the isomorphism of the Borel field of [0, 1] onto the Borel field of X. Then, for
every yeX,0<a < 1, F(y, ®) = P,(j[0, ) is a distribution function of a mea-
sure concentrated on the interval [0, 1]. For any ye X, we denote by g(x, y)
the rearrangement (“inverse”) of the distribution function F(y, «), ie. for
0<x<1 we set

g(x,y)=inf{a: F(y,a) > x}, yeX.

Let us put
h(x’ y) =jog(x, y) and f,,(X, y) = h(‘lf-"l X, y)a

where 7 is a fixed measure-preserving mixing transformation of ([0, 1], 4). Then
we have :

Pe,(A) = px(4) for AeBorel X.

Indeed, since j is the isomorphism of Borel structures, it is enough to show the
above formula for 4 =j([0, )), 0 < a < 1. In this case we have

Pe (710, @) = u{(x, 3): &ulx, e ([0, W)} ‘
" =u{(x, y): g%, y) <a} = u{(x, y): g(x, y) <}

Let us put

¢lx, y)=EX|Y=y)
(so ¢ does not depend on x). It is easy to check that

_ D = PEx|y)-
Indeed, let us define ¢: X — X by putting ¢ (y) = E(X|Y = y). Then we have
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E(X|Y)= ¢(Y). Consequently, for AeBorel X,
Pex|r)(A) = P{weQ: ¢(Y(w)ed} =py{yeX: o(y)eA}
= u{(Cx, y): E(X|Y = y)e 4) = pe(A)}.

Let us remark that

1
1) fh(x, y)dx = E(X|Y =) prae.

0
Indeed, for Py-almost every y, we have q(-, y) = P(Xe'|Y =y). iTixing such
a y we can look at g(x, y) as a random variable with distribution function

A(xe[0, 1]: g(x, y) < a) = F, (@) = P,(X j([0, 0))} = P,(j Lo X < &),

so the random variables g over ([0, 1], 4) and j~'oX (over (@, P,)) have the
same distribution function. Consequently, the random variables jog and X have
the same expectation, which means that the formula (1) holds. Let us remark that,
by the mixing property of 7, for k€L, ([0, 1], 4; X) and peL, ([0, 1], 4; X*),
we have

1 1 1
[ <), 9 (0> dx - {[r(x)dx, [ @(x)dx).
0 0 1]
Indeed, it is enough to check it for ¢ = f- x* with x*eX* and feL, ([0, 1], R),

and then to pass to the limit with suitable linear combinations.
To complete the proof, let us take a YyeL, (M, #, u; X*). Then we have

£{<€”(x’ y)’ ll/(X, y)) d.u' = };(h(‘c"x, J’), ll’(x! y)> dﬂ

1 . 1 1
i(i‘; <h (T”xs y)s 'l’(xa y)> dx)pY(dy) ﬁ{(gh(x: y)dxa (!)-!/I(x, y)dx>pY(dy)

££ <£(x’y)’ '/I(xs y)> dpr(dy)= 1_§1<6 (x’ y): 'l’(x’ y)> dﬂ

Step 2. W, < %,.
Let &, £,el, (M, A, u; X) and let

(2) & — ¢ in the o(Ly (M, p; X), Lo, (M, p; X*))-topology.

Assume that p. = p (weakly). It is enough to prove that there exist a probabili-
ty space (2, &, P) and random vectors X, Ye L, (2, &%, P; X) such that p = py

and p; = PEx|Y)-
Let us note first that jxllxll p(dx) < oo. Indeed, by the weak convergence

of £, to &, we have sup, ||€,l|lL,u.x) = K < . Thus, for any ¢ > 0, by the weak
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convergence of p; to p we obtain

[ lxlldp(x)=lim § [Ixlldp,(x) <K,

Il e 7D x| se

SO

[lixlldp(x) < K < co.
X

Put (2, #) = (X x X, Borel(X x X)). Let P, be a probability distribution of the
vector (&,, &), n =1, 2, ... Taking a subsequence if necessary, we can assume
that P, = P for some probability measure P, so a probability space (2, %, P)is
defined. For X (x, y) = x and Y(x, y) = y, we have obviously p = px. In par-
ticular, E||X|| < oo. The equality p; = pgx|r) is @ consequence of the following
lemma.

LEMMA. Let &,, el (M, #, u; X) sdtisfy (2). Assume that p, = pg, ¢
= p (weakly). Then, for the coordinates X (x,y)=x, Y(x,y)=y on (XxX,
Borel X x X, p), the equality E(X|Y)=Y holds.

Proof. By assumption, p, = p (weakly) and for any x* € X* the sequence
(¢&4(w), x*)) weakly converges in L, (R). This implies that for any 4eBorel X
we have '

() | Xdp,,x*>= [ (X, x*)dp,~ [ (X,x*>dp=< [ Xdp,x*).
(Yed) (Yed) (Yed) (Yed)

Indeed, let us fix an x*eX*. Then, for ¢ > 0, we get
| <X x*) Lexansi<a@n = [ <X, X*) 1ex,xn1<0 9D
(Yeq) (Yed)
Moreover, by the uniform integrability of {£,, x*>, we obtain

J <X Lyaxani>a@Pn= [ & X*) Liczpamisadp
(Ye) &)

< [ K&, x*>|ldu—0 as ¢ — oo, uniformly in n.
(I<&nx*>]>¢)

Also,

j |<X, x*)l 1(|<X,x*)|>c)dp -0 as ¢ — 00.
(YeA)
All the above estimations easily imply (3). On the other hand, for any x* e X*,
< j' Xde x*> = _[ <én: x*)d,u = 5 <§m x*> 1(&(511)"1;‘:_> < j de: x*>:
M

(Yed) (geA) (Yed)
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which together with (3) gives

{ Xdp= | Ydp for AcBorelX.

(Yed) (Yed)
It means that E(X|Y)=Y. =
The proof of Step 2 is completed.
Step 3. 4, < &,.
Let p=p; and g = pgyy for ¢, n defined on some probability space

(Q, #, P). Obviously, one can assume that E(£|n)=n. Let us take a new
probability space (@, &, P) with @ = Qx X%,

PBx-xXxA_pX-xAuxXx-)=[ [ P(Ee4;ln)P(dw)
B-—m<itm

for any Be &%, A;eBorel X. One can prove by a rather standard argument that
the probability measure P is uniquely defined on the product o-field
¥ = F®%, ¥ being the o-field generated by the cylinders in X%. The demand-
ed random variables can be defined as 7(w, (x) = n(w) and &(o, (x;)) = xo
for any sequence (x;).z€X?. The bijection T can be defined as a shift (w, (4;)iz)
— (@, (8;+ 1)icz)- By the strong law of large numbers for random vectors in
Banach space (used conditionally), we have

n’l(f~+goT+---+5oT"_1)—>ﬁ a.s.
The relation €, c &, is shown.

Step 4. M, = W,.

Now, let p;, = p, p, = ¢, n~* ({1 +--- +&,) = i as. for some random varia-
bles £, ¢, on a probability space (@, % P). Let us define G = Qx[O0, 1),
# = #®Borel[0, 1), P = P®4, and (o, t) = ,(w, 2"t—[2"t]) with

¢ (w) for te[0, 1/n),

éa(w) for te[(n—1)/n, 1).

By a rather standard argument, the convergence &, — £ in the o(L, (2, &, P; X),
L.(Q, # P, X*))-topology is equivalent to the convergence

(4) ‘ I(En_g)leBdﬁ—’O

for any sets Ae%, BeBorel [0, 1).

For &(w, t) = (), (@, t)e 2, the convergence (4) can be obtained by an
approximation of a Borel set B by a sum of dyadic intervals. The relation
My, < W,y is shown.
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5, FINAL REMARKS

Remark 5.1. Our Theorem 3.1 is closely related to the results of
L. Pratelli. One of them is quoted as Theorem 3.2. In fact, it is a special
case of Theorem 3.1 for X = R'. The second result of L. Pratelli [5] is the
following.

Let &,, £eL,(Q, &, P; X) satisfy the condition:
(o) for any f — real, bounded and Borel on X, and any x*eX*,

{J(fo&)(E—&dP, x*) —0.
0

Then the convergence £, — ¢ in L, is equivalent to the weak convergence of
distributions p,,=> p, and the uniform integrability of (||<.[)-

In Theorem 3.1 we show that the convergence of distributions p;, = p.
implies the stochastic convergence of ||£,—€|| to 0 under the assumption of the
convergence of &, to ¢ in the o(Ly(X), L, (X*))-topology (condition (iii)).

Pratelli’s condition («) is even less restrictive than the o(L; (X), L, (X*))-
-convergence but it is used together with the uniform integrability of ||£,]| to
show the L, (X)-convergence.

Remark 5.2. The characterization of distributions of weak limits given
in Theorem 4.1 in the case of X = R was obtained in [2].

Remark 5.3. Concerning the conditions formulated in the Introduction
it is worth noting that for a separable space X the equivalence of (iii) and (iv)
can be shown by a rather standard argument. Clearly, the conditions (i) or (ii)
for a sequence (¢,) with uniformly integrable norms ||&,|| imply the conditions
(iii) and (iv).

Remark 5.4. The class of measures described in Theorem 4.1 coincides
with the class of measures g subordinated to the distribution p (cf. Theorem
T.53 in [4], Chapter XI). Namely, g < p if and only if | fdg > { fdp for any
concave positive function f.
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