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Abstract. We consider three new schemes of random splitting of
a unit interval. These schemes are related to settings considered earlier
in literature. Essentially we are concerned with asymptotic behavior of
sequences of subdivisions. In all three cases almost sure or weak limits
are obtained for a sequence of points of divisions. The two of the
schemes considered are dual to each other in the sense of the contrac-
tion principle of Chamayou and Letac [2].
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1. INTRODUCTION

A variety of interval subdivision random schemes has been studied in
probabilistic literature for many years. The most prominent examples include:

(1) Kakutani’s scheme in which subsequent points appear at random on
the longest of the current collection of subintervals — see Kakutani [7], van
Zwet [15] and Pyke [11]; o

(2) random choice of a left or right subinterval — see Chen et al. [4],
Kennedy [8], Diaconis and Freedman [6] or Stoyanov and Pirinsky [12];

(3) random choice of a longer or shorter of two subintervals — see Chen
et al. [3], and Devroye et al. [5].

Similar problems were studied also in higher dimensions — see for in-
stance: Mannion [10] or Letac and Scarsini [9].

In the present paper we are concerned with three new schemes.

A starting point of our interest in the problem was a trial to invent a split-
ting scheme which will be dual in the sense of Chamayou and Letac [2]
contraction principle to the scheme (3). In Section 2 we consider the scheme
designed to be such a dual to (3). The scheme (3) starts with the interval
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[Lo, Ro] =[O, 1]. If the interval [L,-, R,—] is defined, then a random point
X, is dropped on it with the uniform distribution. Then the interval [L,, R,]
is defined to be: with probability p the longer of two subintervals of
[Ln—la Rn—l]a le

[Lm Rn] = [Ln—-la Xn] if Xn > (Ln—1+Rn—1)/2
and
[Lns Rn] = [Xm Rnwl] lf Xn ""<- (Ln—1+Rn—1)/2;

and with probability 1—p the shorter is chosen, ie.

[L,,, Rn] = [-Xm Rn*l] lf Xn > (an1+Rn_1')/2
and
[Lm Rn] = [Ln—la Xn] if X, < (Ln—1+Rn—1)/2-

The sequence of intervals degenerates to a random point almost surely. The
scheme we are interested in is somewhat similar to (3), except of the fact that in
each step the whole interval [0, 1] is considered. To be more precise: with
probability p the longer of two subintervals of [0, 1] is chosen, ie.
[L,, R,] =10, X,]if X, > 1/2 and [L,, R,] = [X,, 1] if X, < 1/2, and with
probability 1—p the shorter of the two subintervals of [0, 1] is chosen, ie.
[L,, R,] =[X,, 1] if X, > 1/2 and [L,, R,] = [0, X,] if X, < 1/2. Then, of
course, the intervals do not shrink, but it appears that the sequence (X,) con-
verges weakly to a limit with a distribution being a symmetrized beta. Unfor-
tunately, this is not the same limiting distribution as in the scheme (3) except of
the case p = 1/2. Further, our scheme is not dual to (3) according to the
contraction principle. So finding a splitting pattern dual in the sense of Chama-
you and Letac [2] to (3) still remains a challenge.

Section 3 is devoted to study a scheme related to (2). Let us recall that the
scheme (2) starts with the interval [Lo, Roq] =[0, 1]. If the interval
[L,-1, R,-1] is defined, then a random point X, is dropped at it, consequently
with probability p the left subinterval is chosen, i.e. [L,, R,] = [L,-1, X,], and
with probability 1 —p the right subinterval is chosen, ie. [L,, R,] = [X,, R,—1].
Then the sequence of intervals shrinks with probability one to a random
variable with a beta distribution. A dual scheme is defined by considering the
whole interval [0, 1] in every step, i.e. that with probability p one takes
[L., R,] =10, X,] and with probability 1—p one takes [L,, R,] = [X,, 1].
Then the sequence (X,) converges weakly to a random variable with the same
beta distribution as in the scheme with a.s. convergence. Our intuitive and naive
guess was that if we choose once the left interval, once the second, then at least
the limit behavior of such a new scheme should be the same as for (2) with
p = 1/2. More precisely, with probability p we always choose the left subinter-
val in odd steps, i.e. [Lay+1, Ran+1] = [Lan, X2s+1] and the right in even
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steps, i.e. [Lyn, Ryn] = [X2,, Ras—1], and with probability 1—p we always
choose the right subinterval in odd steps, i.e. [L,y+1, Ran+1] = [X2s+1, R2y] and
the left in even steps, i.e. [La,, Ras] = [L34—1, X2,]- Then the sequence of
intervals converges a.s. to a random point, but its distribution is, in general, not
beta as in (2).

In Section 4 we consider.an analogue of the scheme from Section 3, but
this time we choose subintervals from the whole interval [0, 1]. More precisely,
with probability p we always choose the left of two subintervals of [0, 1] in odd
steps, i.e. [Lan+1, Ran+1]=1[0, X2,+1], and the right in even steps, ie.
[Lass R2sl = [X2,, 1], and with probability 1—p we always choese the right
subinterval in odd steps, i.e. [Ly,+1, Rans1] = [X24+1, 1] and the left in even
steps, ie. [L,,, R,,.] = [0, X,,]- Then the sequence of intervals, of course, does
not shrink to a point, but the subsequences (X ,,_;) and (X ,,) converge. The first
one to a random variable having the same distribution as the limit random
variable from Section 3. The limit distribution of the second is the same as in
Section 3, but with p changed to 1—p. In both situations the contraction prin-
ciple of Chamayou and Letac [2] is used to derive the limiting distributions.

2. LONGER OR SHORTER OF SUBINTERVALS OF [0, 1]

A point is put at random on a unit interval [0, 1]. In consecutive iterations
we choose with probability p (pe(0, 1]) the longer of two subintervals of [0, 1]
and with probability ¢ = 1—p the shorter one. Then a point is dropped at
random on a chosen interval. Consequently, if X, denotes the point dropped in
the n-th step, then it follows that

1)) ' X,=F,X,-y), n=12,..,
where F, is a random function defined on [0, 1] by
2 Fo(x) =I(x <1/2){Y,[x+U,(1-x)]+1-Y,) U, x}

+1(x > 12 {Y, Upx+(1-Y) [x+ U, (1—x)]},

n=1, 2, ..., where (Y,) is a sequence of ii.d. Bernoulli b(1, p) random varia-
bles, (U,) is a sequence of iid. random variables with the uniform U (0, 1)
distribution, and the sequences (Y,) and (U,) are independent.

Though the sequence (X,) does not converge with probability one, it ap-
pears that it converges in distribution and its limiting law can be described
explicitly by the formula for the density.

THEOREM 1. In the scheme described above the limit in distribution of (X,)
exists and its density f, has the form

_Jel—x)"x79,  x€(0, 1/2],
@) f”(x)_{cx_"(l—x)"‘f, xe[1/2, 1),

where ¢ is a suitable positive constant.
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Proof. Observe that (1} and (2) imply that for any xe(0, 1)
P(X,<x)=pP(X,-1+U,(1-X,-1) <x, X,_1 <1/2)
+(1-p)P(U, X,—1 < x, Xp—y < 1/2)
+pP (U, Xy-1 <%, Xpoy > 1/2)
+(1=p) P(Xpe s + U, (1= X,— ) < X, Xpey > 172).
Consequently, if G, denotes the distribution function of X,, then

1/2 X—z 1/2 x
@ Gx=pf P(Un\<~1—__Z")Gn—l(dz)+(1_p) § P(Un€;>Gn—1(dZ)
0 0

+p } P<Un—1 S;)Gn—l(dz)-i_(l_p) } P<Un <g>6n—1(dz)'

1/2 1/2
Hence for 0 < x < 1/2 the equation (4) can be rewritten as

1/2

©) Gn(X)=pfx Gu-1(d2)+(1—-p) Gy—1 () +(1 - p)f G.. 1(d2)

+p I Gn l(dz)

1/2
If 1/2 <x < 1, then (4) takes the form
1;‘2
6) G.(x)= PJ n—l(d2)+(1—P)Gn—1(1/2)+pGn—1(x)—PGn—1(1/2)
+pf Gy-1(d2)+(1—p) f n—l(dz)'

1/2

Consequently, by (5) and (6) it follows that (X,) is a Markov chain with the
transition density given by
q/x, O<y<x,
SOl = {p/(l-—«x), x<y<l,
if 0<x<1/2, and
O<y<x,
x<y<l,

_Jp/x,
T01%) = {q/(l—x),

if 1/2 < x < 1. Thus (X,) is an indecomposable Markov chain, and hence the
limit in distribution of X, exists (see, for instance, Theorem 7.16 in Breiman
[1]) and is the same as the stationary distribution of the chain, i.e. its density,
say f,, is the only solution of the equation

1
L) = gf(yIXpr(X)dx-
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Therefore for any yE(O 1/2) we get
h0r=p[£8anrg Tf‘" disp | 204

Taking the derivative with respect to y we obtain

AR fp(y)(ﬁ—%)
Hence for ye(0, 1/2)
€1

fp(y) = (l_y)pyq

for some positive constant c;.
Similarly, if ye(1/2, 1), then it follows that

1/2
I fp( x) fp( X) 1 f fp(Jz

1/2

LO)=p | T Axtp f

Again taking the derivative we get
£20) = £,0) (——9)
I—y y
Hence for any ye(1/2, 1) we get

43

OV =Ty

for some positive constant c;.
Observe now that 1-X, = F,(1—X,-,), where

Fox) =I(x 2 12 {Y,(1-Upx+(1 - Y) [x+(1-U,) (1 —x)]}
+1(x < 12 {GIx+(1—- U —x]+(1 - T)(1 - U,)x}.
Consequently, two sequences (X,) and (1—X,) have the same distribution
since obviously U, £ {—U,. Hence the distribution of X, is symietric about

1/2. Then also the limiting density f, has to be symmetric about 1/2, and thus
Ci =€Cy=¢C. &

Remark. Observe that the density f, from Theorem 1 is a special case of
symmetrized beta (SB(a, b)) density of the general form
£ = x*"1(1—x"t, 0<x<0S5,

Tt —xrt, 05<x<1,

where a > 0 and b can be any real numbers (recall that for the ordinary beta
distribution b is necessarily positive) and ¢ is a suitable constant (in general,
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intractable). Note that our density f, is of the form SB(p, 1 —p). Observe also
that SB(0.5, 0.5) is just the ordinary beta distribution with the same parame-
ters, i.e. the arcsine law. Another example of SB distribution has been intro-
duced only recently by van Dorp and Kotz [13], [14], while looking for alter-
natives for the beta distribution. Among others, they considered a so-called
symmetric two-sided power distribution which is nothing else but SB(n, 1).

3. LEFT OR RIGHT SHRINKING SUBINTERVALS

This scheme is concerned with a sequence of shrinking intervals. In the
first step a point is dropped at random on the unit interval [0, 1] and with
probability p the left subinterval is taken for the next step, the right subinterval
is taken with probability g = 1—p. Next steps do not depend directly on p:
A point is dropped at random on the subinterval which was chosen in a pre-
vious step. Then we choose the left subinterval if the previous choice was for
the right subinterval, and the right subinterval is chosen if the last choice was
for the left subinterval.

Denote by [Lg, Ro] = [0, 1] the starting interval and by [L,, R,] the n-th
step subinterval. Then the evolution of intervals is described for an odd itera-
tion by

where

1 0 1_U2n—1 UZﬂ—l
Ty = 1— ,
Zn—1 Y(I—Uz,,_l Uz,,_1)+( Y)( 0 1 )

and for even iteration by

where

_ of1-Uz Uy, 1-Upp-1 Uzu—y
TZ,,—,Y( . 1>+(1——Y)< 1 o).

It is assumed above that (U,) is a sequence of iid. uniform U (0, 1) random
variables also independent of the Bernoulli (1, p) random variable Y.
Now by elementary properties of Y we get

o @)eR)
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where

1— UZn— 1 U2n UZH* 1 UZn)

K,=T,Tsp,-1=Y
2n il ( 1-Ujpey Uszn1

1_IJ.ZDI'—l U2n—1 )

1—
+( Y)(I—Uznq Uy Uz-1Uz,

The limiting behavior of the shrinking sequence of intervals ([L,, R,]) is
described in the following result:

THEOREM 2. Both sequences (L,) and (R,) converge a.s. to the same limiting
random variable, say L, having the density

fo(x) = 2[p+(1—2p) x] Ijo,1;(x).
Proof Observe that by the considerations preceding the formulation of
Theorem 2 it follows that for any n=1,2, ...

Ryn—Lyp =[] [YU2-1(1—Uz)+(1—=Y)(1—Uz-1) U]
j=1

J

= Y_ﬁ A+(1-Y)

J

B;,

=1

where
Aj = U2j—1(1_U2j)’ Bj = (I—Uzj—1) Uz,', j= 1,2,...

Now by (7) we get
Lyp=Y[Lyp—3+Usz—1Uzs(Ron—2—L3y—>5)]
+(1=Y)[Lap—2+Uzs— 1 (Ron-2—L2n-2)]
=Ly 3+[YUzp-1 Uz +(1=Y) Ups— 1J(Ron—2—L2a-32)-

Consequently,
n—1 n—1

(8) L2"=L2n_2+YCn HAJ+(1—Y)D,, HBj’ n=1, 2,...,
j=0 j=0

where Cj = U2j—1 UZja Dj = U2j—1, ]= 1, 2, ey and AO = BO = 1.
Now we will need the following simple observation:

LeMMmA 1. Let (V,) be a sequence of i.id. random variables with E|Vy| < 1.
Then

lim []V;=0 as.
n—»ooj=1
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Proof of Lemma 1. The result is implied by the following sequence of
(in)equalities. Namely, for any ¢ > 0 we have

lim P (sup l_[ Vil > ¢) = 11m P(| {n [V > &})

Lande k=n j=1 S gz j

< lim ), P(H V] >e <- I1m Y (EVi)f=0. =
RFOg>p = © kzn
By Lemma 1 it follows that both the products [];_,4; and []]_, B,
converge a.s. to zero. Consequently, R,— L, converges a.s. to ZETO, Wthh on
the other hand, implies that both L, and R, converge a.s. to a common limiting
random variable, say L. It follows from the fact that (L,) is an a.s. increasing
sequence bounded from above by 1 and (R,) a.s. decreases and is bounded from
below by 0.
Let us iterate now (8) to arrive at

Lz,, = Y(C1+C2A1++C,,A,,_.1A1)+(1—Y)(D1+D2B1++D,,B,,_1BI)
= YMn+(1_Y)Nm

where M,, = C1+C2A1+...+CnAn_1...A1, N,, = D1+D2B1+...+DnB"_1 . .B]_,

n=1,2,... Observe that the sequences (M,) and (N,) converge a.s. since they

are increasing and bounded from above by 1 as.
Observe also that

M,=C+A;(Ca+C3As+..4+4CpAp_y...A) L CL+A M, _,,

where M,_, £ M,_, and is independent of (4,, C,). Taking the limit in dis-
tribution in the above equation we obtain

©) MZ2cC,+4.M,

where M has the distribution of the a.s. limit of the sequence (M,) and is
independent of (4,, C;) and Y. Then (9) implies for any xe(0, 1)

*x—z—xlog(x) xlog(z)

10 Fu@=[

where F),; is the distribution of M. Consequently, the distribution of M can be
treated as a stationary distribution of a Markov chain with the transition
probability distribution of the form

_ f—Mog(x)]/(1—2), O0<z<x<l,
Tl = ~[log(z)1/(1—2), O<x<z<l.

Hence the density f3; of Fy, exists and satisfies the equation

Tog(2) fu(2) dr— tlog (Z) Ju (Z)
1—z —Z

dFM( )— f dFM(Z)

(11 fu) = —|

X

e
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for any x€(0, 1). Now rewrite (10) as

12 (- ”fM( )d +xlog(x )ffM( )d bx Ilog(z)fM(z) ol
Multiplying (11) by x and adding to (12), for any xe(0, 1) we obtain
1= {204z — s 3.

Hence fy, is differentiable and -

(1—x) fu(x)+fu (x) = 0,
which implies f; (x) = C(1—x). Since f;, is a density concentrated on (0, 1), we
Conclude ﬁna].].y that fM (x) =2 (1 -_ x) I(o']_) (x).
Similar considerations for the sequence (N,) and its a.s. limit N lead to the
following analogues of (12) and (11):

13) (- )[—IOg(I DIN@ 4 4 s ij( dz+(1—x)log(1— x)ij() =0
and
(14) ful) = —f_k’g(—l":)l’“—(i)dz—log(i—x)}@dz

Multiplying (14) by 1—x and adding to (13) we get
1
x fNZ(Z) dz,

X

(1—x) fy(x) =

and its unique probabilistic solution is fy(x) = 2xIg ;) (x).
Finally, since L = YM +(1—Y)N, it follows that f;, the probability dis-
tribution function of L, takes the form

Ju(¥) = () +(1—p) fy(x) = 2p(1 —x)+2(1—p)x] I 10,1y (). =

4. LEFT OR RIGHT NON-SHRINKING SUBINTERVALS OF [0, 1]

The procedure is started by choosing at random a point X, on the interval
[0, 1] creating two subintervals in this way. In the first step, with probability p we
drop at random a point X, on the left subinterval [0, X,] and with probability
1—p on the right subinterval [ X, 1]. In subsequent steps we obtain the point
X,+1 by choosing at random a point from the right subinterval [ X,, 1] if X, was
chosen from the left [0, X, ], and from the left subinterval [0, X,] if X, was
chosen from the right [X,,_4, 1]. Let us point out that the scheme described above
generalizes one of the schemes considered recently in Stoyanov and Pirinsky [12].
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Then the sequence (X,) satisfies the equality X, = F,(X,—,), where
Fop1(X)=YUjp—1x+(1— Y)(UZn—l +(1- UZn—i)x):
Fon(x)=Y(Upn+x(1— Us))+(1—=Y)Uppx,

and Y is a Bernoulli (1, p) random variable independent of the sequence (U,)
of iid. uniform [0, 1] random variables. Consequently,

in = YGnOG"_lo...OGl(X0)+(1—Y)H"OH"_lo...OH]_(Xo),

where Gj(JC) = U21+(1 - Uzj) Uzj_ 1 X and Hj(x) = Uzj(Uzj—rl;"‘(l — UZj— I)X),
j=1,2,... Now by the contraction principle of Chamayou and Letac [2] (see
their Proposition 1) it follows that the sequence G, 0 G,-;0...0 G (X,) has the
same limit distribution (that of the random variable N) as the sequence N, =
= G;0...0G,(X,) from the previous section. Similarly, H,0 H,_;0...0H;(X,)
converges in distribution to M which is the as. limit of the sequence
M,=H,o0...0H,(X,) also defined in the preceding section. Consequently,
X, S YN+(1-Y)M.
Analogous considerations lead to X,,+,-> YM+(1—Y)N, since then

X2"+1 = Yﬁnoﬁ"_1o...oﬁ1(X1)+(1—Y)G,,OG,,_I...GI(XI),
Whel‘e .ﬁ_’(x) - U2J+1(U2_’+(1—U21)x) g‘ Hj(x) alld G-’J(x) = Uzj+1+(1—U21+1)X
x Ujyjx L G;(x), j=1,2,... Consequently, we have

THEOREM 3. In the left-right non-shrinking scheme defined above, (X 5,) con-
verges in distribution to a random variable having the density

f(x)=2[1-p+Q2p—1)x]Ijp,1;(X),

and (X ,,—4) converges in distribution to a random variable having the density

F(x) =2[p+{1—-2p) x] Ij0,1; (x)-
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