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Abstract. Let T and S be commuting Markovian operators on
L;(X). We prove that when the operators are mean ergodic and
{Fgnnm} is a directionally (T, S)-superadditive dominated process, then
the “averages” n~2 F, ,, converge in L,-norm. I, further, the process is
strongly superadditive, then the same averages converge a.e. as well.
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1. INTRODUCTION

Let (X, Z, p) be a o-finite measure space and T a linear contraction of L, (X).
We will call T a Markovian operator if T is positive and (Tfdp = [fdp for all
feL,(X) (ie. T*1 = 1). We denote by A4,(T) the average n'lz.':_; T!. If T and
S are linear L;-contractions, A, (T, ) will denote (mn)‘lz:':_o1 Z;';; Ti S,
When T and S commute, A, (T)A4,(S) = Aumn(T, S).

An L,-contraction T is called mean ergodic if A,(T)f converges in L;-
-norm for all feL, (cf. [13]).

Let T and S be positive linear contractions of L, (X, u). A family of inte-
grable functions F = {F(m,n)}(m.n)eNz with F(o,o) = F(",o) = F(O,n) =0foralln>1
will be called a directionally (T, S)-superadditive process (or a directionally
superadditive process with respect to T and S) if for all k, I, m, n > 0 we have
(1.1)  Feuitm = Foum+ T Fomy and  Foppiyy 2 Fnm+ 8" Fm,)-

F is called a strongly (T, S)-superadditive process (see [4], [9] and [14]) if for all
k,1,m,n >0 we have

(12) F(m+k,n+l) = F(m,n)+ TmF(k,n+l)+S" F(m+k,l)_ ™s" F(k,l)'
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If {—Fmn} is directionally (strongly) (T, S)-superadditive, then F is called
directionally (strongly) (T, S)-subadditive; if both {F, .} and {—F .} are di-
rectionally (7, S)-superadditive, then F,, = Z:':Ol Z;:; T'S'Fq 1y, and {F )}
is called a (T, S)-additive process.

Remark. Directional superadditivity (called superadditivity in [7] and
[14]) is called 2-superadditivity in [13], p. 202. The notion of superadditivity
defined in [1] (which can be similarly defined in [7] also for Markov operators
on L;, but will not be used in this paper) implies directional superadditivity,
but is weaker than strong superadditivity. -

A superadditive process F is called bounded (with time constant yg) if

1
ypi=  sup —||Fgall < oo,
(m.n)>(0,0) MR

and F is called dominated if there exists ge L, (called a dominant) such that

1
— Finny < Ay (T, S)g  for all m, n>0.
mn
A dominated process is necessarily bounded, with j lgldi = vy for every domi-
nant g. A dominant g is called an exact dominant if {|g|du = yg.

Remarks. 1. A directionally superadditive process is positive (Fy,q = 0
for all m, n > 0) whenever F, ,, = 0.

2. If F is a directionally (strongly) superadditive process, then it is the sum
of an additive process and the positive directionally (strongly) superadditive
process defined by

m—1n—1
’(m,n) = F(m,n)_ Z Z TiS‘iF(L]_) for all m,n> 0.
i=0 j=0
Furthermore, F' = {F(,,} is bounded (dominated) if F is bounded (domi-
nated).

In the sequel we will use the notation n = (n, n) for any integer n > 0. For
positive integers m, n, u, and v, (u, v) < (m, n) means u <m and v < n, and
u,v)<(m,n) if (u,v)<(m,n) and (u, v) # (m, n). Unless stated otherwise,
T and S will denote positive linear operators.

Multiparameter additive and superadditive processes with respect to L,—L,,
contractions (i.e., Dunford—Schwartz operators) have been a subject of intensive
study by various authors. It is known that if T and S are Dunford-Schwartz

operators, then the (ordinary) averages n™2 Z::; Z:; ; T'S'f or the unrestricted
averages (mn)~! Z:':ol Z:;; T'S/f converge ae. (see [3], [8], [10], and [12])
when feL, or feLlog* L, respectively. Also, if T and § are Markovian Dun-
ford-Schwartz operators and F = {F )} is a bounded strongly (T, S)-superad-




Superadditive ergodic theorems 175

ditive process, then n~2 F, converge a.e. (see [4] and [9]). Almost everywhere
convergence of unrestricted “averages” of strongly superadditive processes with
respect to operators induced by measure-preserving transformations is establish-
ed in [14], and the same convergence is obtained in [1] assuming only superad-
ditivity of the process. Moving averages were considered in [11] for the superad-
ditive processes of [1], and for strongly superadditive processes norm conver-
gence was obtained in [5] without restricting the moving averages. On the other
hand, it is known (e.g., [13], p. 151) that the pointwise ergodic theorem need not
hold for a general Markovian L,-contraction, so the above results are not valid if
T and S are only L;- (or only L.-) contractions. In [6], we obtained ergodic
theorems for one-parameter superadditive processes with respect to a mean er-
godic Markovian operator, which need not be an L -contraction. In this paper we
study the norm and a.e. convergence of the “averages” n~2 F, of superadditive
processes with respect to commuting mean ergodic Li-contractions. The results
obtained extend some ergodic theorems, proved previously by various authors
(see [14], [7], [4], and [9]), to the setting of multiparameter superadditive
processes relative to mean ergodic operators. It should be noted that the result
of [1] has not yet been extended to Markovian operators.

2. NORM CONVERGENCE

First we note that the time constant yp is attained as a limit:

ProposiTioN 2.1. If T and S are commuting Markovian operators on L,
and if F is a bounded directionally (T, S)-superadditive process, then

1
= im —V|FmmldL.
L m,,l,rjlmmn“ (’)l H

Proof. See [4], pp. 615-616, or [9]. The proof there uses only the direc-
tional superadditivity of the process F and the fact that T and S are Mar-
kovian.

In investigating the norm and a.e. convergence of multiparameter proces-
ses, we will often use the Brunel operator associated with the contractions
under discussion (see [3] and [13], p. 213, for the definition of the Brunel
operator). Moreover, we will often make use of the following theorem, which
was proved in [6], that is why we will state it here (two-parameter version) for
easy reference.

THEOREM A ([6], Theorem 2.2). Let T and S be commuting contractions of
L,, and let U be the corresponding Brunel operator.
@) If U is mean ergodic, then A,(T™, S™) f converges in Ly-norm for m fixed
and every feL,.
(ii) If the moduli © and o of T and S, respectively, commute, then U is mean
ergodic if and only if A,(T, S)f converges in Ly-norm for every feL,.
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If T and S are commuting mean ergodic contractions on a Banach space
B with E; =lim,,, A4,(T) and E, =lim,., A4,(S), then, for every xeB,
lim,, ,, ||4.(T, S)x—E, E; x|| = 0 ([6], Lemma 2.3). Hence, it follows from The-
orem A (ii) that if T and § are (commuting) mean ergodic positive L;-con-
trations, so is their Brunel operator.

THEOREM 2.2. Let Tand S be commuting Markovian operators on L, with
mean ergodic Brunel operator U. If F is a dominated directionally (T, S)-superad-
ditive process, then n™2 F, converges in L,-norm. The limit function is both T- and
S-invariant. -

Proof. By Theorem A (i) n™2}7_ Z JT'S'Fy 4, converges in L;-
-norm, so we can assume that F is a posmve process Since F is dominated,
n—1n—1
n2F,<n"?) ) T'S'g for some geL7.
i=0 j=0
Again by Theorem A (i), 4,(T, S)g converges in L;-norm. By the “splitting
theorem” ([13], p. 77), the limit g* is T- and S-invariant. Since U is a convex
combination of T* and S”s, also Ug* =g*. If C = {g* >0} and D = X—C,
then

[1pn=2F,|l; 0.
Therefore, it is enough to prove the norm convergence on C. Since Tyg* =

Sg* = g*, L,(C) is both T- and S-invariant. Let T = T|.,, and § = S|z,
and define G = 1¢ Fmun). Then G = {Ggp,n} is bounded, and

Gm+imy = e Fmiim = e Fium+1c T F(k;n)
Z 1 Fuum+1c T" 1c Fgm = Gy + ™ Gy

Similarly, Gun+1 = Gy +5" Gim, »- Thus G is a bounded (T, S)-superadditive
process. Then n~2G, converges in norm by Theorem 5.2 in [7], since the
equivalent finite measure g*dy is invariant for T and §. =

Remarks. 1. Strong superadditivity is not needed for the norm conver-
gence.

2. If T and S have a common invariant equivalent probability, the norm
convergence is obtained in [7] for bounded processes (see [14] for T and
S induced by measure-preserving transformations). However, our proof of Theo-
rem 2.2 requires that F be dominated (not just bounded).

3. IfT,, T5, ..., T; are commuting Markovian operators on L;, a family
of L-functions F = {F3} is called directionally (T, ..., T))-superadditive if

Favie 2 Fe+ T Favge-npge  for all 1<i<d,

where 7 = (n4, na, ..., ny), and & is the i-th coordinate unit vector, 1 €i<d.
In this case, if the associated Brunel operator U is mean ergodic, then the
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same arguments yield the norm convergence of the averages n™?F,, where
n=(n,n,...,n).

4. The superadditivity of [1], defined for d commuting measure-preserv-
ing transformations, can also be defined for d Markovian operators on L,;
strong (Ty, T, ..., Tj)-superadditivity can be defined by using an analogue of
the formula which computes the volume of a d-dimensional box from the d-
dimensional distribution, For example, for commuting Markovian operators
T, S and R on L,, the strong superadditivity will be defined by

Fontrm+tj+i) Z Fomnp+ T" Fani1j++ 8" Fonartj+iy+ R Fnarn+1p

—T"S8"Fpjrny— TR Fopiry—S" R F(m+k,l,i)4_' T"S"R! Frp-

3. ALMOST EVERYWHERE CONVERGENCE

First we obtain the following a.e. result for additive processes (which gene-
ralizes Theorem 2.8 of [6]).

THEOREM 3.1. Let T and S be commuting (not necessarily positive) contrac-
tions on L; whose moduli also commute. If the associated Brunel operator U is
mean ergodic, then A,(T, S)f converge a.e. and in Li-norm for all feL,.

Proof. By definition, the Brunel operator of T and § is the same as that
of their moduli = = |T| and ¢ = |S|. By Theorem A (i), 4,(T, S)f and A,(z, 0)f
converge in L,-norm for all f € L, . Therefore, by Corollary (a) to Theorem 1 in
[12], A.(T, S)f converges a.e. for all feL,. Replacing T and S by 1 and o,
respectively, we have also the a.e. convergence of 4,(z, o)f for all feL,. =

The previous result will be extended to directionally superadditive proces-
ses that have an exact dominant. For norm convergence, domination is suf-
ficient by Theorem 2.2.

THEOREM 3.2. Let T and S be commuting Markovian operators on L, whose
associated Brunel operator is mean ergodic. If F is a directionally (T, S)-superad-
ditive process with an exact dominant, then lim,,_, , n~2 F,, exists a.e. and in L,-norm. -

Proof By Theorem 3.1, 4,(T, S)F(;,;, converge a.e., SO We can assume
that F is non-negative. Let 0 < geL, be the exact dominant. Then

1 1 n—1 X
FF..QP Y. T'S'g=A,(T, 8)g.

i,j=0
Since A4, (7, S)g converges a.e. and in L,, by Theorem 3.1 (or Theorems 2.2 and
2.8 in [6]), the a.e. limit is necessarily the L,-limit. Hence

) 1 . .
j(hm sup;lEF,,) du SI(II'I‘DA,,(T; S)g)du = h'rlnjA,,(T, S)gdp = y.

12 — PAMS 231
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By Proposition 2.1, for a given ¢ > 0, we can find a positive integer n, such
that

1
— [ Faodpp > yr—e.
L

We use Theorem A: since U is mean ergodic, by part (i) the averages
AL (T™, §™) f converge in L,-norm for all fe L, and by part (ii) also the
Brunel operator associated with 7™ and S™ is mean ergodic. The process

m—1n-1
H(m,n) — Z Z Tnoi S"o‘iFno —

i=0 j=0

is a (T™, S™)-additive process, so n~2 H, converges a.e. and in norm to the
same limit, by Theorem 3.1. Since T and S are Markovian, we obtain

1 .1
j'(lim;z-H,,) dy = llmﬁjH,.du = [ Fp,dp > ng(yr—e).
For any n let k, = [n/ny] and j, = k,ne. By directional superadditivity and

positivity of F we have

1 1 1
— > _
ZF.'in (k +1)2 2

By directional superadditlvlty, F (ano.nmo) = Hy (the proof by induction uses
the inequality F g n0) = Zk T F (4.n0)» Which is also proved by induction).
Hence we get

1 1
j(liminf—zF,,)dyzf(hmmf 2 ZF) u;lzjlim—zH,,dy>yF—a,
n k; No" n N

F,,.

which implies
1 1
{{limsup— ,_ 11m1nf 5 Fa |dp < e.

Since & > 0 is arbitrary, this gives liminfn~2F, = limsupn~2F, ae., and
hence limn~2F, exists ae. &

Remarks. 1. In the one-dimensional case, for T Markovian there is an
exact dominant if {F,} is a bounded superadditive process (cf. [2]).

2. The one-dimensional result of [6] does not require the positive contrac-
tion T to be Markovian.

3. Our proof requires an exact dominant. In [1] there is a (two-parameter)
example of a bounded (in fact, dominated) superadditive process which has no
exact dominant.

4. In [1] there is also a two-parameter example of a superadditive process
which is not strongly superadditive, but still has an exact dominant.




ool
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THEOREM 3.3. Let Tand S be commuting Markovian operators on L, whose
associated Brunel operator U satisfies Ul < 1. If F is a directionally (T, S)-
superadditive process with an exact dominant, then n~2 F, converges a.e.

Proof. By Theorem 3 in [12] (the proof of Theorem 2.4 in [6] is incom-
plete), A,(T, S)f converges a.e. for every feL,. Hence, by considering
n—1n—1 L
Fo=F,— ) ) T'SFy,,
i=0 j=0
we may assume that F, is positive. -
If geL; is a dominant, we have

0 < n_an < An(T; S)g < 5Am(n)(U)g!

where 6 > 0 is a constant (from the construction of the Brunel operator), and
m(n) = [ﬁ] +1.

The measure is subinvariant for the Brunel operator U. Hence both its
conservative and dissipative parts (C and D, respectively) are absorbing ([13],
p. 131). The conservative part is further decomposed into two absorbing sets:
C, — on which U has an equivalent finite invariant measure, and C, — on
which there is no absolutely continuous finite invariant measure. By the Dun-
ford-Schwartz theorem, A4,,(U)f converges a.e. for all feL,, and the limit is
0 ae. on Dy =DuC,. Hence n"2F,—0 ae. on D,.

It remains to prove convergence a.e. on C,. Since U is Markovian,
U*1c, = 1¢,, so also T*1¢, = 1¢, = $*1,, by the Brunel-Falkowitz lemma.
Hence L, (C,) is invariant under both T and S, and their respective restrictions
are denoted by Tand S. As in Theorem 2.2, if we define Gy = 1¢, Fn ), We
obtain a (T, S)-superadditive process. Similarly, H = 1, F is a superadditive
process with respect to Tand S, the restrictions of T and S to L, (D,) (which is
also invariant). If g is a dominant for F, then § = 1, g is a dominant for G and
g = 1p,g is a dominant for H. Since all the restrictions are also Markovian,
Proposition 2.1 shows that yr = y¢+7vg. Hence, if g is an exact dominant for F,
4§ is an exact dominant for G, and since T and § are mean ergodic, the previous
theorem yields a.e. convergence on C; of n”2G,=n"21,,F,. m

Next, we show that for strongly superadditive processes, boundedness
suffices for a.e. convergence. The two different conditions imposed in the pre-
vious theorems on the Brunel operator U, that it be mean ergodic or that it be
an L,-contraction, are special cases of the condition that U is pointwise
ergodic, i.e., A,(U) f (x) converges a.e. for every f e L, (and, by Fatou’s lemma,
the limit function is integrable).

THEOREM 3.4. Let Tand S be commuting Markovian operators on L, whose
associated Brunel operator U is pointwise ergodic, and let F be a bounded strong-
ly (T, S)-superadditive process. Then n~%F, converges a.e. to an L-function.
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Proof. By the proof of Lemma 4.3 of [9] (which assumes the subinvari-
ance of the measure, ie., the fact that U is also an L-contraction, only for
deducing that U is pointwise ergodic), pointwise ergodicity of U implies that
for F positive we have

(3.1) u({x: lim sup%F,,(x) > a}) < %’5 for all o > 0.

Since U is pointwise ergodic, the a.e. convergence of additive processes follows
from Theorem 1 (b) in [12], and Fatou’s lemma yields the integrability of the
limit function. Now the proof of Theorem 3.1 in [9] proves our theorem (the
integrability of the limit for F positive is also there). m

Remark. The result of [1], for T and S induced by transformations
preserving the same measure, requires only the superadditivity introduced
there, which is weaker than strong superadditivity. It is not clear if Theorem 3.4
can be proved for operators in this setting.

When the Brunel operator satisfies U1l < 1, (3.1) can be improved to give
a “maximal inequality”. This can be obtained from one of the inequalities in the
proof of Lemma 4.3 in [9] (using the maximal inequality for U). We present
here a simple proof, which does not depend on the intricate arguments of [2].

ProOPOSITION 3.5. Let T and S be commuting Markovian operators on L,
whose associated Brunmel operator U satisfies Ul < 1, and let F be a bounded
positive strongly (T, S)-superadditive process. Then, for any a >0,

1 oy
u<{x: Sl;llp FF,,(x) > a}) < 717.

Proof. Strong superadditivity of the positive process implies that (see [9]
and [4]), for each k > 1, the functions

1 k &
9e=13 Y X [Fop=TFu-15=SFej-0+ TSF4-1,i-1)]

i=1j=1

are in L{, and satisfy [gydy=k™2{F,dp < ys, and

n—1 2
Gi:= Y T"Sjgk><1—%) F, forall 1<n<k.

Brunel’s estimate ([13], Theorem 3.4, p. 213) yields

iL,j=0

k
Fix integers N and r, and put k = rN. Since 1—n/(rN) > (r—1)/r for n < N,
(3.2) yields

2 , ,
(3.2 (1—E> %F, < %G’,‘, < 0Amm(U)gy for all 1 <n<k.

—1 2 2 1
(3.3) max %F,.S max (1—1) —Fa < 113,?§N5A'"‘")(U)g"'

1<n<N F°n 1<n<N rN/ n
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Since ||gi|| < yr, the maximal ergodic inequality for U ([13], p. 51) yields for
a>0

1 2
p{x: max FF" (x) > oc} <p {x max 1)2 O A mmy i (%) > a}
N

1<n< 1<nsn(r—
2
s" 0 |lgill < r 5?F )
(r—1%*a  (r—1)%a

By letting r — oo, and then N — oo, we obtain the desired inequality. =

4. ON CONDITIONS RELATED TO
UNRESTRICTED ALMOST EVERYWHERE CONVERGENCE

Smythe [14] proved unrestricted a.e. ergodic convergence for bounded
strongly (T, S)-superadditive process F < Llog™ L with some additional con-
dition (which will be called C), which, as remarked there, is not easy to verify
(although it is, in a sense, necessary). Some stronger but easier-to-check con-
ditions were proposed in [14]. Let

Aoy = Fay—TFg—1,y—SFp,1-1y+ TSF—1,-1)

and define
1

N
M:

= A o
Dn,n) mn (.9

1

1j
It was shown in [14] that C is implied by

(41) sup "qo(m,n)”Llog"'L < 0.
(m.n)
Also, if
1
42 sup ||— F,—4 < 0,
“.2) (mu.g) m;n; (k,i)sz(m,-,n,-)( @ (k’l)) Liog*L

then (4.2) and the condition F = Llog™ L imply (4.1) and the unrestricted a.e.
ergodic convergence [14]. However, neither of the conditions (4.1) and (4.2) is
much easier to verify, and it was conjectured in [14] that the conditions
Fc Llog* L and (4.2) can be replaced by the single condition

4.3) sup

(m,n)

< 0.
Llog*L

1
~an
n()

In other words, the question is if Theorem 2.2 in [14] is valid when its assump-
tions are replaced by (4.3). If condition (4.3) implied (4.1) (it certainly implies
F = Llog™ L), then Theorem 2.2 of [14] could be applied to obtain the a.e.
unrestricted convergence. It was shown in [14] that in many interesting cases
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condition (4.3) implies (4.2), and hence (4.1). Unfortunately, these implications
are not true in general. We will construct a dominated superadditive process
F = {Fun} = Llog™ L for which (4.3) holds and (4.1) does not.

LemMMA 4.1. Let S be a Markovian operator and G = {G;} an S-superad-
ditive process. Then F . := mG, defines a strongly (I, S)-superadditive process
(I is the identity transformation). If G is bounded, then F has an exact dominant.

The proof of strong superadditivity is a simple computation. If G is
bounded, then by [2] it has an exact dominant, which is then an exact domi-
nant for F.

Let (X, X, u) be the unit interval with Lebesgue measure.

CrLamM 0. There exists a sequence {p;}x>o of non-negative measurable func-
tions on X with:

] ' [IPullc < 00  for every mn.
a0
(i) Zollp,.lh < 0.
(iii) I2PullLiog+ >0  as n— co.
o0
(IV) ” Zo pn”Llog"'L = 0.

Proof Let a,=n+1 for n>0. Put ¢, =1, and for n>1 put

1
"~ [+ )log(n+1)1*

We now define p, = o, ¥0,,3- Then p, >0, and we have:

(1] IPalle = ot < 00 for every n = 0.

@ 5o = Lt = S = S g o <

) 128l = 1222108 Qo) = s
+(n+;)[11(c)>ggz(1n+1)]2*° e

. 0 1
- l —_— ~ =
v(1v) ||;>."Z:1 pn||Llog+L P C';l (ta-1—t)nlogn ;('H_ Dlog™ (n+1) @

Let S be a measure-preserving transformation on (X, Z, p). The operator
induced by S will also be denoted by S.
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For any sequence {p.};>o Of positive functions with properties (i}(iv),
we can construct a strongly (I, S)-superadditive positive process as follows.
Let {N,: k > —1} be a strictly increasing sequence of integers with N_; = 0;
let q;=0 for j¢{Ny: k> —1}, gy, = pr+1. Define inductively fo =0, and
fi+1="Sf;+q;. Thus, fi=po, for n< N, we have f,=S5"""py, and
fuo+1 =S¥ po+p,. We now put F, ) = mZ o Ji- Clearly, Fo ) = F(,,, 0=0.
The definitions yield that

nN,-ll

(44) Fpm=m Z [ Z S'p,] for k defined by Ny_; <n<N,.

Let G, =0, and for n> 0 define G, =Y, _, Y- §'p,] with k = k(n)

defined by N,_; <n < N;.
CLAM 1. The process {G,} is S-superadditive.

r=0

Proof. We have to prove G,; = G,+ 5" G,, which is obvious if n or [ is
zero. Let n > 0 and [ > 0, and take integers k, u, v such that N,_; < n < N,
N,_1<I<N,, and N,_; <n+I<N,. Then

v ntl-Ne—y-1 ¥ I-Np—i—1
Go—S"G=)[ Y Spl-8Y[ X §bpn]
r=0 j=0 r=0 i=0

When u > k, this yields, since always v > u, that

u n—1 k n—1
Gn+l_—S'l Gl 2 Z [z Sjpr] ? Z [Z Sjpr] ? G

r=0 j=0

When u < k, we subtract more and add less (since k < v) to obtain

k n+l-Np-1—1 L k I-Np-1—1 .
Gn+l—Sn Gl = z [ Z S'Ipr]_S'l Z [ Z S]pr] = Gn‘:
. r=0 j=0 r=0 j=0

proving the claim. =
CLAamM 2. F is a bounded (I, S)-superadditive process. Furthermore,
FcLlog* L.
Proof. By Claim 1 and Lemma 4.1, F is strongly (I, S)-superadditive. Let
= ZFO pr, Which is in L; by property (ii) of {p,}. Then ¢ is a dominant for
the S-superadditive process G, since

n—Np-1—-1 k n—1 n—1 n—1

SIS B S B EY

Hence F has an exact dominant, by Lemma 4.1. Property (iv) of {p,} shows that
¢ ¢Llog™ L. Equality (4.4) and property (i) of {p,} yield that each F,j is
bounded, so F = Llog* L. =m
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We will now assume that § is ergodic, and choose {N,};>, so that our
process satisfies (4.3) but not (4.1). First we will make a careful selection of the
sequence {N;}i»o0 as follows.

Define y, = ”Z; oDl =X 0||Pk||1- By the ergodic theorem,
lim 4,(S)po = lIpolls ae.
B>

By Egorov’s theorem, for any &, > 0 there exist a positive integer N, and a set
Age X with u(Ag) = 1—gp, such that

Vn = No: [Ax(S) po(x)—70l < &0 on Ap.

On the remaining part of X, A4,(S)p, is obviously bounded by «,. Similarly,
A, (S)p1 = ||p4ll; a.€., and hence

lim
n+on+No jZp

Z p1(8x) > |Ipll ae.  (since n/(n+No)—1).

Thus
n—1

A, (S) po (x)+ Z P1(8x) =7y, ae

n+No ;=

Therefore, for any &, > 0 there exists a positive integer Ny > Ny and 4, eX
with u(4,) > 1—e¢; such that
1 n—No—1 .
Vn = Ny A,,(S)po'(x)-}-— Z P1(8'x)—yi| <& on 4.
i=
On the remaining part of X, 4,(S)po (x)+n~* Z" No=1 b, ($7x) is bounded by
oy +oy. We choose a sequence g |0 satlsfymg

k
4.5 &(2 ) oy)log* (2 2 a)<1 foral k=0
i=0 i=0
and continuing the above process inductively, we obtain a strictly increasing
sequence of positive integers N, and a sequence of sets A, € X w1th uldy) > 1—g,
such that

: 1 k n—Nr—i—1 B
(4.6) Vn e Z Y p(Sx)—7 <& on 4.
r=0 ji=o0
On all of X, so in particular on the remaining part X —A4,, the function
1n—1 . 1 k n—Nr-1—1 . k n—Nyp-1—1 .
=Y pE0+=) Y pEx)= Z Z P (87 x)
Bizo B,=1 j=o0

is bounded by ZL o
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CLamM 3. F satisfies (4.3).

Proof. Recall that for n> 0 we defined G, = Zr O[Z" Nr-1= 1S’p,]

with k = k(n) defined by N;_; <n<N,, and (mn)~'Fg,, =n"1G, For
n> No we have k(n) = 1, and we can define

k 1n—=Np-1—1 n—Nr-1—1 .
H,(x)= Z Z S'p(x) and J,(x)= , Y Spx).
i=0
We then have n™ ! G, = H,+J,. Since the function o (t) = |t|log* |t| is convex,
we obtain

2H,+2J,

1
5 < 5[||2Hn||Llog+L+||2in||Llog+L]-

(47) ”Hn+‘]n”Llog+L = ”

Llog*™L

Since n > Ni—,, we have by (4.6), yr—1—&—1 < H,(x) < yx—1+&-1 On

A, _1, and on the rest of the space H,(x) < Zi=0 o;. Since (¢} is increasing on
[0, o), the condition (4.5) yields

”2‘H'n“Llog+L= _’. 0)(2H,,)dﬂ+ I 0)(2H,,)d[l.
-1 Ay
k—1

S o(@)p(Ay-)+a-102 ) o) <o) +1,
i=0
where a, = 2(yy—1+&-,). But for every k we have y, < Y7 IIpdls = I$lls,
and & < g, so we obtain ||H,||Le+z < @(2||@lls+2¢0)+ 1 for every n > 0.
Now, since w is nondecreasing and convex, we have

2 n—Nr-1—1 .
< _— hY
1 h Mw<”_Nk—1 i;o pk)
n—Nkg-1—1

>, @S pl;.

r i=0

n Ne-1—1
127l 10g* . = || @ H ( Z S'Pk)

i=0 1

1 n—Ng-1—1

L |[|l———— o (2§ <
n—Ny_, Z ( I’k)1

i=0

By the measure-preserving property of S,

llw 28" po)llx = llw 2Polls = H2Pall1og + 1.

Therefore, we have

1
—Fmm)
mn Llog*L

< 02 [1¢ll1 +280) + 1+ 5up [12pallpiog 1

for n> Ny and any m > 0,‘ which, by property (iii) of {p;}, yields (4.3). =



186 D. Comez and M. Lin

CLAamM 4. F fails to satisfy (4.1).
Proof. Observe that, for any i, j > 1, the definitions yield

Ay =Fup—SFaj-y— TFa-1,p+ TSF4_1j-1y= G;—SG;_, & 4;.

Hence

Py = — Z (G;=5G;- )= 0,

.I

Let k= k(j) be defined by Ny_; <j < N;. When N;_, <] 1, we obtain
Aj—z,';op,. When N,_, =j-—1, we obtain

J=Ng-1-1

k-1
=xpt ) Sp
r=0

=0
k
Thus, we always have 4;> ) _ p,, so

1 n
Z (Po+p1t+...+Pip)-
.l
The set {j: 1 <j < n, k(j) > r} contains n— N,_, numbers, and p, is in the sum
for each of these j. Hence

k(n) k(m)
["Po+ Z (n—N,_4)p,] == Z (n—N,—1)p,.

Given M > 0, by (iv), find k such that ||%Zl= 0 p,||L10g+ . > M. Then choose

N > N, such that, for all n> N, (n—N,)/n > %. Hence, for n > N, we have
k(n) >k, and (n—N,_,)/n>1% for r <k, so

1k 1k
DPonm) = Qp 2 ﬁ ; Nr—l)pr 5 ;

Consequently, ||@qm,mllLiog*L = ||—§-Zr= o p,||mg+ . > M, so (4.1) does not hold. =

Remarks. 1. Notice that, since all the terms are positive, F,,, = k(")o p;

by (44)’ SO Supm,nllF(m,n)llLlog+L =0 by (lV)

2. In our example, unrestricted a.e. ergodic convergence holds, by the
one-dimensional “subadditive ergodic theorem” applied to {G,}. Thus, the
conjecture (see [14]) that condition (4.3) implies the unrestricted a.e. ergodic
convergence is still open.
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