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Abstract. Let Xy, X,, ... be some standardized stationary Gaus-
sian process and let us put:

k
M,,=max(X1,..., Xk), Sk= Z X{, m‘:,/Var(S,,).
i=1

Our purpose is to prove an almost sure central limit theorem for the
sequence (M, S,/o,) under suitable normalization of M. The inves-
tigations presented in this paper extend the recent research of Csaki
and Gonchigdanzan [1] and Dudzinski [2].
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1. INTRODUCTION

Recently, in a number of papers the joint asymptotic distribution of
the maxima M, = max(X,, ..., X;) and partial sums S, = Zf=1 X, of weakly
dependent random variables have been studied. Let r(k) = Cov(X 1, X;44)
or = / Var(S,), and let & denote the standard normal distribution function.
Ho and Hsing were concerned in [3] with the case when (X;) is some stand-
ardized stationary Gaussian process. They proved that under certain addition-
al assumptions

lim P(a, (My—by) < x, Si/oy, < y) = exp(—e ) B ())

k- o0
for all x, ye(— o0, o0), where

loglogk+log4n

_ 12 _ 12 _
a = (2logk)'’*, b, = (2logk) 2(2logk)'7?
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In our considerations, we will also concentrate on the case when (X)) is
some stationary standard normal process.

It turns out that the more general property may be proved, namely: if (1)
is a numerical sequence, satisfying the condition

lim k(1-®(u)) =1 for some 7, 0 <1< o,
k— oo

then under some extra assumptions on r(k) we have

1) lim P(M, < u, Sifor, <y)=e *®(y) for all ye(—oo, o0).
k—+ oo
We will use this fact to prove the main result of our paper, i.e. the so-called
almost sure central limit theorem for the sequence (M,, Si/o;). Namely, we will
show that if (1) holds and some conditions on r(k) are satisfied, then

Iim log z I(Mk Uy, Sifor < y) = e " P(y) as
for all ye(— o0, o), where I denotes the indicator function.

Our research is an extension of recent works by Csaki and Gonchigdan-
zan [1] and Dudzinski [2]. In both papers the almost sure central limit theo-
rems for the maxima of certain stationary standard normal sequences have
been proved.

2. NOTATION AND ASSUMPTIONS

Throughout the paper X, X,, ... is a standardized stationary Gaussian
process. Let us introduce (or recall from the previous section) the following
notation:

rk)=Cov(Xy, X141, Mp=max(Xy,...,X), M, =max(Xs,y,...,X),

k
S, = Z X, o=+ Var(Sy),
i=1

@ denotes the standard normal distribution function, and I means the indica-
tor function. Furthermore, f <€ g and f ~ g will stand for f= @ (g) and f/g — 1,
respectively.

In order to shorten the presentation of our results, we label the assump-
tions of our lemmas and theorems as follows:

s5—1 (log n)1/2
1 = 7
@) w2 O < fogiog

(a2) Y m—9r@® =0 for all ne{l,2,...};

for some & > 0;
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(a3) lim r (k)logk = 0;
k-0

(ad) lim k(1—®(uw)) =1 for some 7, 0 <7< .
k—w

3. MAIN RESULT

The main result is an almost sure central limit theorem for the sequence of
maxima and partial sums of certain standardized stationary Gaussian processes.

THEOREM 1. Let X, X,, ... be a standardized stationary Gaussian process.
Suppose moreover that conditions (al)~(a3) are fulfilled. Then:
@) If the numerical sequence (u;) satisfies (ad), we have

1 _

nl{m logn 2 Z I(Mk U, Sp/o < y)=e T P(y) as.

for all ye(— o0, o) and some 1[0, ).

@) If
loglogk +1log4n
= 1/2 — 1/2
(2 IOg k) H bk (2 log k) ) (2 log k)l/z s
we have

1 : _
lim Togn 2 Z = I(a(M—by) € x, Sifo, < y) =exp(—e 9 B() as.

for all x, ye(— o0, o0).

4. AUXILIARY RESULTS

In this section we state and prove three lemmas, which will be useful in the
proof of Theorem 1.

LEMMA 1. Let X, X,, ... be a standardized stationary Gaussian process
satisfying assumptions (al){(a3). Suppose moreover that condition (ad) holds for
the numerical sequence (u;). Then for all ye(— x, ), k <! and some ¢ >0

Sl S; k
WM, <y, —<y|-I| M, <y, —< —_ 4
( LS o} y) I( kt S o) y) <(loglogl)”” l

Proof We will start with the following observations.
Let 1 <i<l Then

E

S; 1 i—1
Cov(X —) = —| Z r()+ Z r (@) <— Z Ir (@)
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Since in addition, by (a2),

o =+/1+2%_ (—9r(@® >1I'?,

we have

S! 2 -1 ]
Cov|X;, — )<z 2 Ir(®) for all 1<i<.
o " =0

This together with (al) implies that

51\ (logh*? -
) lssuizl Cov (X,-, Gi)l < 7 (loglog )L™ for some &> 0.
Since
_ (ogh™?
zlilg [12(loglogl)t*s ™

by (2) there exist numbers 4 and [, such that

Cov (Xi, ﬂ)
0,

Let us recall now the following property, proved in Subsection 4.3 of
Leadbetter et al. [4]. It states that if »(k) » 0, then |r(k)] <1 for all k > 1.
Consequently, as (a3) is satisfied, we can write the relation

3) sup <A<1 for all I> I,

1<is]

@ suplr(t) =6 < 1.

tz1

Properties (2)+(4) will be intensively used in the following step of our
proof.
Let y be an arbitrary real number and k <l We have

E[I(M; < w, Sifo; < y)—1(My; < uy, S)/0, < y)|
=PMy; < w, Si/o, < ))—P(M; < uy, 5/, < y).

Let in addition ¥, be a random variable which has the same distribution as S;/c,
but is independent of (X4, ..., X;). We can write that

)  EUM;<w, Sifor < y)—I (M < w, Sifo; < y)l
< [P(My < w, Si/or < y)—PM; < u) P(Y < y)l
+IP (M < w, Sifo; < y)—P (M, <w) P(Y; < )|
+(P(Myy <w)—P(M;<w)) =:4;+ A, +A4;.

We now estimate all the components 4, 4A,, A5 in (5).
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As Y, is independent of (X,, ..., X;), we have
A =PX;<up, ..., X;<up, Sl < )—PX, <wy, ..., Xy <y, 1 <y).

Since (X4, ..., X;, Si/a)) as well as (X, ..., X, ¥ are standard normal vectors
and conditions (3), (4) are satisfied, applying Theorem 4.2.1 in [4] (the so-called
Normal Comparison Lemma) we obtain

2 2
Cov (X,-, ﬂ)’ exp(— hty )
gy 2(1 +ICOV(Xi, S,/a'l)|)

< Zl: Cov| X Si X —ylz— _
& b o) | TP\ T20+0)
where A is such as in (3). From (6) and (2) we get

(log 112 uf 12 (log /2 ut
A l - = B ’
D A< g tog P\ "2+ ) ~ Goglogh ™ P\ " 2(1+4)

As the sequence (u;) satisfies assumption (a4), by relations (4.3.4 (i)) and
(4.34 (i) in [4] we obtain

1
© a<y

2 1/2(1+4)
ui (logl)
Using (7) and (8), we have
11/2 (log 1)1/2 (log 1)1/2(1 +2) (log l)l/2+1/2(1 +4) v
(9) 1< (loglog l)1+e ll/(1+2.) = ll,‘(1+).)—1/2 (IOgIOg l)l +e*

Since 0 < 4 < 1, we have 1/(1+4)—3% > 0. Hence
(logl)1/2+1/2(1+}.) < ll/(1+/'|.)—1/2.

This together with (9) implies that

1

A1 < (I_OW for some ¢ > 0.

(10)

We now give the bound for the component A4, in (5). Since Y; is indepen-
dent of (Xj4+4, ..., X)), we obtain

Ay =1PXys1 <upy ..., Xy <y, $/0, < Y)—P(Xpr1 Sthy, .. Xy Sy, ¥ <Y)

Applying Theorem 4.2.1 in [4] again and arguing as in the estimation of 4,, we
have

1

11 Ay €——
(11) | 2 < (loglog )™

for some ¢ > 0.
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Thus, it remains to estimate the last term 45 in (5). It is easy to check that
(see also the first lines in the proof of Lemma 2.4 from the paper of Csaki and
Gonchigdanzan [1])

(12) A3 < |P(M; < w)— & ()| +|P (My < ) — @' * ()| +(2'~* () — ' (w)
= Bl +Bz+B3.

Since the covariance function r (k) satisfies (4), by Theorem 4.2.1 in [4] we
obtain

.. u
13 B, < r(j—i)exp| ———
3 ' 1siz<:js.1| U= p( 1+|"(J—l)|)

-1 2 -1 u2
< S5
lt; Ir (t) eXP( THrr (t)l) ! Z Ir @) exp( " 5)
u2 -1
" 5) X @),
t=0
where é is such as in (4). It follows from (13), (8) and (al) that

(log )Y/ +d  (log /> _ (log [l +a)+172
J2/(1+3) (log log l)l e pRi1+a-1 (log log 1)1 o

<lexp(—

B, <l

Since, by property (4), 0 < & < 1, we obtain 2/(1+68)—1 > 0. Consequently, we
have (logl)l/(1 +9+1/2 & [2/1+8)—1 4pn4

1
(14) B; < Toglog )™ for some &> 0.

Using similar methods to those in the estimation of B;, we can check that

1
(15) B2 < W for some &> 0.

In addition, from the estimation of D in the proof of Lemma 2.4 in [1] we
obtain the following bound for B, in (12):

(16) B3 < k/l.
By (12) and (14)(16) we have

1 k
(17) Ay < W+7 for some &> 0.

Relations (5), (10), (11) and (17) establish the assertion of Lemma 1. =
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The following lemma will be also needed in the proof of our main result.

LemMA 2. Let X,, X,, ... be a standardized stationary Gaussian process
satisfying assumptions (al)(a3). Suppose moreover that condition (ad) holds for
the numerical sequence (u;). Then there exist positive numbers y and & such that if

2+2e
k< Mloglog)™™ . <l
logl
then
k2 (logl)/?
|COV(I(Mk U, Si/o < Y), I(My; < uy, Sifa; < J’))I < W

for all ye(—o0, 00).

Proof. Similarly to the proof of Lemma 1, we will begin with some
observations.

Let i > k+1. By assumptions (al) and (a2) we obtain
Sk i—1
Covl X\, —l<— > Ir@)
O ke=i—k

= Z:;ul— Lr @l ) (log k)*/>
\/k+22f=1 (k—nr(@ k' (loglogk)'*®

(18)

Since in addition

lim (log k)2 —0
k- k2 (loglogk)tts —

there exist numbers u and k, such that

(19) sup |Cov(X;, Sifo)l <u<1 for all k> k.

izk+1

We now estimate {Cov(S,/oy, S)/0))|, where k <l Using (a2), we have

1

(ak+Cov(X1+ A X, Xppa+-. +X,))l
0, 0

1 ot I-1 -2

—+L(zr(t)+ 3 o+ +Zr(t))

OO0y 00 ;=

Gt +k YL Ir (o) k+2zi‘=1<k—t>r(t>+kz:;;lr(rn
< o'ko'l k1/2 11/2

kuz 2%k kb2 1-1 1/2 121-1
11/2 +k1/2 172 2 Z r@Ol+-77 117z 2 Z Ir@®) <3577 g iz t3E 11/2 Z r @)l

10 — PAMS 23.1
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This and assumption (al) imply that
Sy S k12 (logl)t/?
Cov (ak’ ) < (oglog ) **
By (20), there exist numbers C and I, such that
S S, k2 (log)t/2
2k 2N Co—B
Cov (crk’ a,) Y2 (loglogl)t*¢

Let g be a fixed real number satisfying the condition 0 < ¢ < 1. Let in addition
y = (0/C)?, where the constant C is defined in the inequality above. Then

1 2+2e
Cov(3e 5 gt if k< PAOBLOBDTE g <k <.
O3, Oy logl

We will apply properties (19){21) in the following step of our proof.
Let y be an arbitrary real number and k <l We have

|C0V I(My < w, Sifor < ), I(My; < uy, Sifo; < J’))l
=|P(X1<Ugsoon, X Sthy, Sif0, <y, Xy 1 Sty o, X414y, S0, < y)
—P(Xy Sty ooy Xi Sty S0, < Y P (Xpy Sy, .0, Xy Sy, Sif0; < Y)

Let moreover (X441, ..., X1, ¥}) be a random vector which has the same dis-
tribution as (X, ..., Xy, Si/a;) but is independent of (X4, ..., X}, Si/03). Then

|Cov (I (M, < uy, Sifox < ), I(My; < uy, Sifor < )| _

=|P(X1 <ty ..o, Xy Sy, Sif0, < Yy Xpiy S, .., Xy <y, $if6,< )
—P(Xy <ty o0 X Sth, S0y <y, Xyr 1 Sty ., Xy <y, <)
=|P(X1 <thy ooy Xpo Sty Xy SUp, .o, Xy Sy, /oy < y, Sif0 < )
—P(X, <ty .., Xy <ty w1 <thy, ..., Xy <y, Sifo <y, Vi< y).

Since (’_Xl’ ey Xka Xk+15 IERT) Xb Sk/ak’ Sl/o-l) and (-Xla (KR} st X~k+1= vy Xls
Si/oy, ;) are standard normal vectors and conditions (3), (4), (19) and (21)
are satisfied, applying Theorem 4.2.1 in Leadbetter et al. [4] we can write

(22 |C9V(I(Mk uksSk/ak ¥), I(My; < wy, §i/o, < )’))I

<Z Z lr(j—i)IeXP(—(—uLu.'f)

i=1 j=k+1 2 1+|7'(J—l)|)

Cov (X,, ﬂ) X
g

. (_ Ui +y )
P 2(1+|Cov (X, Si/a))l)

(20 for some ¢ > 0.

for all [>k>1,.

21)

k

+ 2

i=1

exp (- ity ) t
2(1+[Cov(X;, Si/ay))
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Cov St ﬂ) ex (— y2 )
o a)| P\ "1+ [Cov (Si/or, Sya)

=:D;+D,+D3+D,.

+

We now estimate all the components D, D,, D3, D, in (22).
Using the notation on & in (4), we obtain the following bounds for D,:

I-1 2 2 2 2N\I-1
@3 Di<k Y i) exp'( —ﬁlr“(’—t)l)) < kexp( - ;"(‘ ltr“;)) WON

By (23), (8) and assumption (al), for some & >0 we have

(lOg k)1/2(1 +d) (log 1)1/2(1 +4) (log 1)1/2

Dl <k kL/(L+8) J1/(1 +3) (log log 1)1 +e
(log 1)1/(1 +8) (log 1)1/ kl_”ﬂ“’(log L +a+1)2
<k LA +9) 17T +5) (loglog l)“" = e ”’(loglog 1)1 +e

Since, by (4), 0<d <1, we obtain 1—1/(1+6) <% and 1/(1+6) =4+a for
some o > 0. Therefore

k1/2 (log 1)1/(1 +8)+1/2 k1/2

24) D, < 172 (loglog )L ** <l1/2(loglogl)1+‘Z

for some ¢ > 0.

We now estimate the component D,. Using its definition in (22) and the
notation on A in (3), we have
S
Cov (X i —l>l
0y

It follows from (25), (8) and (2) that for some ¢ > 0
D < (log k)1/2(1 +2) (log 1)1/2 _ kl -1/(1+2) (log k)1/2(1 +4) (log l)1/2
2 k1/(1+}.) 11/2 (log lOg l)l +e 11/2 (loglog l)l +e ‘

Since 0 < A < 1, we have 1/(1+1)—% > 0. Hence (log k)1/2(1+4 « gl/d+4-1/2
and

(25) D, <exp (———2 (lu:_ A)) Z

=1

k2 (log I)112
(26) D, < 112 (loglog l)l +e

We now estimate the component D;. From its definition in (22) and the
notation on yu in (19) we obtain
S
Cov (X i —k) .
O

u? !
7 Dss e"p(_za +u)> 2

for some ¢ > 0.
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Let us observe that

1

1 1

Z Cov(Xi,&)=— Z ri—=1)+r(i—2)+...+r(i—k)
i=k+1 Oy, Ok i=k+1
1 1 1

Sal( Y oG-+ Y rG=2+...4+ Y, rG—k))
k i=k+1 i=k+1 i=k+1
1 -t 1-2 -k

=—( ¥ =D+ ¥ FG=2+.+_ % Iri-H)
k i—1=k i~2=kK—1 i—k=1
1 -1 -2 -k k-t

=—(XIr@l+ X @4+ ) @) <= X @)
k t=k t=k—1 t=1 Oki=0

k -1
= Ir ()]
Jk+2zf=1(k—r)r(t)r=zo '

By assumptions (al) and (a2) we have

SO\ k2 (log 12
Cov (X o_k> < {loglog )™

1

(28) Y

i=k+1

for some ¢ > 0.

From (27), (8) and (28) we obtain

(log l)1/2(1 o) E1/2 (log 1)1/2 3 k12 (log 1)1/2(1 +w)+1/2

D3 < [T+ (loglog l)l E l”‘““)(loglogl)l'” .

Since 0 < u < 1, we have 1/(1+4 u) > 4. Hence 1/(1+u) = 4+ B for some > 0.
This yields that
k1/2 (log 1)1/2(1 +u)+1/2 k1/2

2P (loglog ) *° < 72 (loglog )™ for some & > 0.

(29 D3<

Thus, it remains to estimate the last term D, in (22). Obviously, we have
D, < |Cov(S/ar, Si/o)l-
This and (20) imply the following property:

1/2 12
(30) D, < % _dog))

4 < 7 (oglog )™ for some &> 0.

From (22), (24), (26), (29), (30) we infer that if

l 1 2+ 2
<7 (loglog])

Tog! and k<],
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then
kY72 (log 1)!2
Y2 (loglog 1) *¢

for all ye(— oo, oo) and some ¢ > 0. This completes the proof of Lemma 2. =

|C0V(I(Mk < Uy, Sifoy < ), I(My; < g, §)/0; < .V))| <

In the proof of our main result we will also apply the following lemma.

LEMMA 3. Let Xy, X5, ... be a standardized stationary Gaussian process
satisfying assumptions (al)~(a3). Supppose moreover that condition (a4) holds for
the numerical sequence (u;). Then -

lim P(M; < t, Sifor, < y)=e " @())
k—+

for all ye(— oo, o0) and some 1[0, o).

Proof Let y be an arbitrary real number and let, for each natural k,
Y, denote the random variable which has the same distribution as S;/o} but is
independent of (X4, ..., X;). From the estimation of A4, in the proof of Lem-
ma 1 we have

1
|P (M < ty, Si/or < y)—P(My S ) P(Y < y)| < W

for some &> 0. This property and the fact that

) 1
131»1130 (loglogk)'*®

imply the following relation:
(31) lim P(M;, < w, S/o, < y) = lim P(M, < w) P(Y, < ).
k—> o0 k=

As X,, X,, ... is a standard normal process, the covariance function r(k)
and the sequence (u;) satisfy assumptions (a3) and (a4), respectively, by Theo-
rem 4.3.3 in Leadbetter et al. [4] we have

(32) lim P(M, <w)=e* for some 7, 0 <7< 0.
k=

Since in addition Y;’s have the standard normal distribution, from (31) and (32)
we obtain .

lim P(M < u, Sp/o, < y)=e " @(y)
k—

for all ye(— oo, oo0) and some 7€[0, o). This completes the proof of Lem-
ma 3. &
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5. PROOF OF THE MAIN RESULT

We now give the proof of Theorem 1. It makes an extensive use of the
results in Lemmas 1-3.

Proof of Theorem 1. The idea of this proof is similar to that of Theo-
rem 1.1 in Csaki and Gonchigdanzan [1].
From Lemma 3 we infer that if (1) satisfies (a4) with some 7€[0, c0), then

lim P(M, < uy, Si/or, <y)=e *®(y) for all ye(—o0, ).

k*w

Hence, arguing as in the proof of Theorem 1.1 (i) in [1], in order to prove part
(i) of Theorem 1, it is enough to show that

(logm)?®
(33) Var (kgl kI(Mk uk’ Sk/o-k y)) (loglogn 1+¢

for all ye(— o0, o0) and some & > 0.
Let & = (M, < uy, Si/o, < y)—P (M < uy, Sifo, < y). We have

(34) Var(kz”:lllC (Mk uk,i )) (é% )

Z Efk+2 Z ﬁlE(ékél)l =:F1+F,.
k<l<n
Since &,’s are bounded, we get

(35) F, < Zi<oo

=1k
We now estimate the component F, in (34). Using similar methods to
those in the estimation of |E(y;#n,)| in [1], it is easy to check that
|E(& &)l < EN(M; < w, 8)/0, < y)—1(My; < w, Si/o; < )
+ |C0V(I(Mk < g, Sp/0k < ), I(My; < w, Sifo; < ))|

Lemmas 1 and 2 imply that for all natural k and [ such that

yl(loglog l)>*2¢

k< logl

and k<!

. as well as for all ye(—o0, o©) and some & >0 we have

S, h 1 k
< — < —< _—
I(Ml U, — . ) I(Mk,l S U, py y)‘ < (loglog l)1+£+ ]

1/2 1/2
Cov (1 (Mk < th, % < y), I (Mk,g <wu, g—‘ < y))‘ < og)
k I

E

112 (loglogl)t ¢
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Consequently, we infer that if k < yl(loglog!)®>*?*/(logl) and k < I, then

1 K172 (log 1)*/2
(loglogl)*® " 112 (loglogl)**®

|E(Cp &l <€ for some ¢ > 0.

Hence

1 1
36 —_
(6 Fo< X oglogh™

k<7yl(loglogl)2 * 2¢/(logl)

N 5 1 k2(logl)2 Z -1
LSk<ISn, ki 1'% (loglog 1) ** 1<k kl
k< yl(loglog )2 +2¢/(logl) k2 yl(loglog l)2 * 2“/(102 )
=. G1 + Gz + G3.

Let us note that

- 11 " -logl
G1 < Z . I(lo glogl)‘” 2 1< X Tioglog )™

Since f (t) = (log t)/(loglog t)! ** is an increasing function for sufficiently large t,
we obtain

logn »1 (logn)®
— X

7 & 1< Toglogn™

—_— for some ¢ > 0.
(log logn =l

G7) G,

We have the following estimates for G,:

n—1 n 1 k1/2 (log 1)1/2 (log n)l/z n—1 1 0 1
38) G ' — — =
(38) Gz < k;Z t=kz+1 kI 12 (loglog ) *¢ : (loglogn)' ™ k=1 k72 1=kz+1 P2

(log n)l/l nzl 1 (log n)3/2
= (loglog n)“" k< S (loglogn)'**

To estimate G, in (36), let us note that, since k > yl(loglog!)?*?/(logl), we
have

for some ¢ > 0.

log!

<
12 (loglog

1
k— )2+2a'
Therefore, we can write that

n—1 [¢] 1

logl logn T ¥
¢ —
1<k<I<n ?lz (loglog l)2+2£ (loglog ")Hz8 k=11=k+1 P

(39 G; <

logn 11 (logn)*

S foalog n+ 2 — 5. i 0.
(loglog n)>* % 12'1 7 < (oglogn?™™ or some £ >0




152 M. Dudzinski

From (36)(39) we obtain

< (logn)*
2 = (loglogn)* **

Relations (34), (35) and (40) imply that condition (33) holds for all ye(— o0, o)
and some & > 0. Consequently, the assertion (i) of Theorem 1 is fulfilled.

In order to prove Theorem 1 (ii), let us observe that, by Theorem 4.3.3 (ii)
in Leadbetter et al. [4],

(40) F for some & > 0.

lim P(M, < x/a,+b;) = exp(—e ™). -

k— 0

This together with Theorem 4.3.3 (i) in [4] implies that
lim k(1 —&(x/a,+by)) =e*.

k—
Thus, it is easily seen that the assertion (ii) of Theorem 1 is a special case of the
assertion (i) of that theorem with w, = x/a,+b;, T=e¢" > @
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