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Abstract. In this paper we present two large deviation results for
weighted compound sums Zf': 1 @ X;, where X/s are iid. (possibly
lattice) random variables, ;s are non-negative real numbers, and N is
a Poisson variable. These results are generalizations of approximations
for non-weighted compound sums and for non-compound weighted
sums.
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1. INTRODUCTION

The problem of approximating large values of a compound sum Ziv: 1 X
where the X’s are ii.d. and N is a discrete random variable, has been initially
motivated by the description of the total claim amount of an insurance com-
pany over a fixed time period (see [6]). In classical setups, N is a Poisson or
a Polya variable (see for instance [5] and [10]). Among generalizations of the
compound Poisson sum, the finite mixture model (see [1]) and a model that
incorporates inflation on X;’s (see [13]) have been developed.

In this paper we present an approximation for the probability
P(Zf;la,-Xi > y), where the X;’s are iid. random variables, y and a;s are
non-negative real numbers, and N is a Poisson variable independent of the
X/’s. Hence we have to study the weighted compound sum Y = Z?’:l a; X;. In
this paper, two approximations for this weighted compound sum are given.
The first one is an approximation for the probability P(Z?': (@ X; > y) when
y— 0. It is a generalization of the compound sum approximation found in
[5], obtained for all a;’s equal to 1. The second one is an approximation for the
probability P(ZN (@ X; > CZi , @) when E(N) — oo. It is a generalization of
the non-compound weighted sum approximation found in [3] and [2].
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In order to establish our theorems, we classically use an “exponentially tilted”
variable (see [10], p. 11, for a general definition of tilting). We denote by
¢y (t) = E(¢Y) the Laplace transform of a random variable U, we let ¢ = ¢y,
where X is a variable with the same distribution as the X’s, and Q () = ¢’ (t)/¢ (¢)
for te R. We recall that Q is an increasing function, and we denote by Q™! the
inverse of Q with respect to composition. For all h’s such that ¢y_,(h) < + o0, we
consider a random variable ¥, with distribution function H, satisfying

dHo™ = Gy, -

where Hj, is the distribution function of Y—y. The parameter h = h(y) of the
exponentially tilted variable Y, is chosen to be a solution to the equation
E(Y;) = 0. Then an approximation for the centre of the distribution of ¥, pro-
vides a good approximation for the tail of the distribution of Y—y. The ap-
proximation obtained by means of exponentially tilting and a normal approxi-
mation (or a local central limit theorem) for the tilted variable is often called
a saddlepoint approximation. General references for saddlepoint approxima-
tions can be found in [10] and [11].

To establish the local central limit theorem for Y, we rewrite it as a com-
pound sum

Nn
Y, = Z Xuwi—Y,

i=1
where the X,,/s are independent and independent of N;. Observe that, as shown in
the forthcoming Lemma 4, we have E(N,) — oo for both asymptotics E(N)— oo
and y — oo. Related techniques for sum approximations can be found in [7] and
[12]. However, note that the asymptotic y — oo requires uniformity in k for the
local central limit theorem. We refer to Hoglund [8] for pioneering work on
uniform approximations. In the iid. case, Hoglund obtained uniform expansions
for bounded lattice variables and for absolutely continuous variables such that

CP(Xy 2 x)=(xo—X)"I(Xxog—Xx), x<X9<o00,a>0,

where [ is a slowly varying function.

2. RESULTS

First we enumerate four conditions that are necessary to establish our re-
sults (see [3] and [2]). Set s*> = Var(Y;) and y; = E(Y}) for i = 3, 4. Note that, as
will be shown in the forthcoming Lemma 4, we have s — o0 as y — c0. More-
over, let ¢, be the Laplace transform of ¥, and w;,({) = ¢, (i) be the character-
istic function of Y,. Finally, set o; = min{a,: ke N*}, 6, = max {a,: ke N*},
p. = P(N=n) for neN, and A = E(N).
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ConNDITION 1. There exist o and 8 with 0 < a < 1,0 < 8 < 1, such that, for
all n, at least an of the a’s, ke{l, ..., n}, exceed or equal fa,.

Condition II is required for the asymptotic y — oo, and Condition II' for
the asymptotic 1 — oo.

ConpITION II. The support of X contains positive values and
sup{t: ¢(t) < 00} = +o0.

ConpITION IT'. ¢ (t) is finite on an .# containing (— B, B) for some B > 0.
Moreover, Q assumes the value c/(xf) at some point and By = 071 Q" L(c/(@f)e 4.

When X is absolutely continuous, Condition III is requlred for the asymp-
totic y — 0. )

ConprtioN III. For all real numbers a and é such that a > é > 0, and for
a solution h to the equation E(Y;) =0, we assume that w,({) = o(1/s?) as
y—o for as>{>>0.

In the lattice case, we always need to assume the following
ConprtioN IV, The a;’s are such that Y is a lattice with span d.

Condition IV is satisfied for instance if the X;’s are defined on N and the
a’s can be written in the form a; = r;/s, where r;, s belong to N.

We now state our theorems. First we consider the asymptotic y — 0.

THEOREM 1. Let us assume that Conditions 1 and 11 are satisfied and that
o1 > 0. Let h be a solution to the equation E(Y;) = 0. Then, as y — o0, we have
s — 00. Let us assume moreover that (us— 3s%)/s* = 0 (1/s%) and that h/s — 0 as
y = . Then

P(Y>y) = e m (g () po) (1 +0 (1)

\/ﬂsh

as y— oo if X is absolutely continuous and Condition 111 is fulfilled, and

1 de™™  _,
ﬁme y¢y(h)(1+0(1))

as y— oo if X is a lattice and Condition IV is fulfilled.

P(Y>y =

To state our results for the asymptotic A — co, we now consider rather
a random y defined by y = cZ?’:lai, with ¢ > 0 fixed, and let Z = Y—y.

THEOREM 2. Let us assume that Conditions 1 and 11 are satisfied and let
h be a solution to the equation E (Y,) = 0. Then, as A — o0, we have s — co. Let us
assume moreover that p, exists. Then

P(Y>y)= (¢z(R)—po)(1+0(1)

\/_h
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as A— o if X is absolutely continuous, and

1 de ™
P(Y>y) = ﬁs—mcbz(h)(l'l‘o(l))

as A— oo if X is a lattice and Condition 1V is fulfilled.

Remark 1. If X is absolutely continuous, Yis not absolutely continuous
due to a point probability p, = e~ * at zero. We introduce classically (see [5])
a variable N such that, for y > 0,

~

N
P(Y>y)=P(Y>y|N>0P(N>0=P(> aX;>y)(1—po),
i=1 -
where P(N = k) = (1—po) ' p, for ke N*. This ensures that ¥= 2:-:1 a; X; is
absolutely continuous. We obtain easily the equality E (¢) = (1 —po) ™ (¢ (1) —Po)-
Remark 2. Propositions 7.2.3 and 7.2.5 in [10] give sufficient conditions
for the fulfilment of the conditions of our theorems. A discussion about neces-

sary conditions for the validity of our conditions can also be found in [4]
and [9].

Remark 3. When N = n is fixed, we obtain by Theorem 2 the results for
weighted sums of ii.d. random variables presented in [2]. When all ¢; = 1, we
obtain the classical results for Poisson compound sums [5]. However, our
results are established under stronger moment conditions.

3. PROOFS

This section deals mainly with the proof of Theorem 1 in the lattice case.
The proofs of the other results given in this paper follow the same outline with
some weaker arguments. The main differences are presented at the end of this
section.

Proof of Theorem 1 in the lattice case. In the first three lemmas,
we consider that h is such that ¢y_,(h) < c0. We begin with a very classical
result that connects Y and Y;:

LemMma 1. We have
P(Y>y) =e "oy (h),
with I(h) = hj:; exp(—hx)[H¥ (x)—H,(0)] dx, where Hf is defined by
1[H,(x)+Hy(x— if x is on the lattice,
HE () = z[Hs w(x=)1if
H,(x) otherwise.

Proof. This follows from Fubini’s theorem. See for example [7]. &
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Then we rewrite Y, as a compound sum Y, = Zit‘l X,;—y. The identifica-
tion of N}, and X; is performed with the help of the Laplace transform of ¥,.
Let ¢hi (t) = E(exp (tXhI)) a.nd gy = P(Nh = k).

LeMMA 2. We have

n;‘: 1 ¢ (ai h)
M k= o I k
! Z,:opzn,—=1q§(aih)p
and )
_ 9(a+h)
@ O () = s@h

Observe that the X,;’s are exponentially tilted variables associated with
the a; X;’s.

Proof As for t >0

) = E(exp (1) = = ¢t ) =~ B0

and
k

620 = E) = EEEIN) = 3 i [] bland),

=1

where by convention H:Ll ¢ (a;t) = 1, we obtain for t >0

,,y2:=opkﬂf=1¢(ai(t+h))_ o & k
Z:=0pknf=1¢(aih) = ¢ kgoqkil;ll‘phi(t),

which completes the proof. =
Now, we give bounds for E(N,) and Var(Ny).
LemMmA 3. We have
(3) - Ap(o1h) < E(Ny) < A¢ (o, )
and
@ Ad(o1h)—2%(¢* (02 )~ ¢* (a1 h)
< Var (Ny) < A (05 h)+ 4% (¢? (62 h)— ¢? (o1 h)).

Proof Let us compute E(N,), using the notation ¥, (h) = H:‘:l ¢ (a; h).
We obtain

o) =e

Timoke P HRDYL ) Tooe K Yira ()

E(Ny) = w Ak 0 —A(2k )
Ym0 MY Y (h) Yocoe MR Y ()

10 — PAMS 232
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Observe that, by the definition of ¢, and o,, we have
@ WY (M) < Yrwr (W) < Y (W) P (a2 h),
so that we obtain the following inequalities:
A (o1 h) < E(Ny) < A (o2 h).
Very similar computations give the bounds for Var(N,). ®
We now choose a solution & to the equation E(Y,) =0.

LEMMA 4. There exists a solution h to the equation E(Y,,)_= 0 such that
h— o0, E(Ny) - o and Var(Y,) —» o as y— . Moreover,

(5)  Q'(0o,h)ab? 63 E(N,) |
< Var(Y,) < @' (0, h) 03 E(Ny) +(02 @ (02 h))* Var (Ny).
Proof. Using our representation of ¥, with N, and the X,’s, and ob-
serving that E(X,) = ;Q(a;h) by (2), we obtain

Nn [} k
E(Y) = E(E(Z XhilNh))_y = Z dx Z a;Q(a;h)—y.
i=1 k=1 i=1
Thus, the equation E(¥;) = 0 is equivalent to Y g.Y._, a;Q(a;h) = y. By
Condition I, we have
k

(6) Y da Y, a;Q(a;h) = abo, Q (6o, h) E (Ny).
k=1 i=1 '
Condition II ensures that Q is positive for sufficiently large h’s and that
lim,. , Q(t) = 0, and as oy > 0, (3) proves that E(N,;) —» oo as h — co. Thus,
by (6), the existence of a solution h to the equation E(Y;) =0 is proved.
We now prove that h— oo as y — oo. Similarly to (6) we have

0=E(Y) < ) qko,Q(a2h)—y.
k=0

It folloWs that

Pk

@ Q@D =50, ~ s ENy)

Then, using (3) and (7), we obtain

7 $(0:h)
o2 ¢ (02 h)

< E(Ny < i¢(o2h),

which yields to
@' (o2h) = yl(o2 4).
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This proves that, as y — co, ¢’ (65 h) = 00, and so h — oo. Observe that in view
of (3) we have obviously E(N,)— o as y — 0.
We now study Var(Y;). Since

Np N
Var(Y,) = E[ Y Var(Xy)]+Var[ ), E(Xy)],
i=1 i=1
and E(X,) = a;0Q(a;h), Var(X,;) = a? Q' (a;h), we obtain

Var(Y;) = i Z a? Q' (a; h)+Var[Z a;Q(a; h)].
k=0 =1

By Condition I, we have for all solutions h to the equation E(Y;) =0
Q' (00, W u6® 63 E(N,) < Var(%) < Q' (02 h) 63 E(N») +(02 (02 )’ Var (i),
and we have proved that, as y — oo, Var(Y,) —» co. =

From now on, we always consider that & is a solution to the equation
E(Y,) = 0. Let d, be the span of Y,/s. We approximate H} (sx) by means of
Hjf (sx) convolution of H, by the triangular distribution on [—d,/2, d,/2].
Then we use a local central limit theorem for H} (sx) that we now state. Let us
define

G(x) = "R(x)+ (1 xz)n(x)+76 =(—15x+10x> —x°)n(x)

+—%4—4(3x )n(x),

where (x) is the distribution function and n(x) the density of a standard
Gaussian variable.

THEOREM 3. If Y, is such that (us—3s*)/s* = O(1/s*) when y — o, then
H (sx) = G(x)+s2rg(x),

where r,(x) > 0 as y— oo uniformly on [0, + 0]

Proof. Let us denote by G* the convolution of G by the triangular dis-
tribution on [—d,/2, d,/2]:

dn/2
G*(x) = 2 _[ 1——2|yI G(x—y)dy.

As |G’ (x)] = 0 uniformly with respect to x as y — oo, it follows from the two-
-term Taylor expansion of G at the point x that

1G* (x)— G (x)| < d2o(1).
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As d,, is of order 1/s, to prove the theorem it suffices to show that, uniformly
with respect to x,

[HF (sx)~ G* (x)| = o(1/s?).

We rewrite D ©= ¢,, (lC) as ¢'@. Let us note that w,(0)=1,
w;(0) = E(Y) =0, 0} (0) = 252, 0f® (0) = i*u;3 and of? (0) = i* u,. Successive
derivations show that we have v(O) 0, 0)=0, v"(0)=i%s% v (0) = 3u,
and v (0) = i* (us—3s%). Let

v"(0) 4 oy v (0) i

65 | " 245t

We let C* = H —D#*, where D* has the Fourier transform exp(—3%{?)+
+exp(—3(%) (B+B%/2).

Assume that ¢ > 0 is fixed. As (uq —35%)/s* = 0 (1/5%), we have by Lemma
7.2.1 of [10] that |G’ (x)| — 0 as y — o0, and we can choose a constant a so large
that |G’ (x)| < ea for all x and y. By a smoothing theorem ([7], p. 538) we have

® IC*

p=

< T |eo@s)—erp(-3)—exp (=} CZ)(ﬁ+ﬂ’/2){| Olac+22,
h —as? ¢
where
_sin*Gdid)
V(C) - (%dh C)Z

is the characteristic function of the triangular distribution. We partition the
interval of integration into two parts. The first one is defined by s < |{| < as?,
and the latter one by |{| < ds, where J is a fixed positive real number. On the
domain és < || < as?, we have

J‘ lexp (U(C/S))V(C)l dc — 5 j‘ le
os C (dh S) y
As €"9 and sin®((d, sy)/2) have period 2m/(d,s), it is sufficient to prove that
i (ds) |EN|>. (¢h1 (iy) e ﬁth;. (i.v))| d
j 3 y
0 y
which is true because within a neighbourhood of the origin
|Ex, (911 (9) - . - b, (i9))] < exp(—y*/4)

(see [7], p. 516), and outside of this neighbourhood IEN,I (Pn1 (). .. Pans, (iy))|
is bounded away from 0, and hence the integrand in (9) decreases faster than

") sin? ((d), sy)/2)| iy,
3

) 0(1/s%),
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any power of n. Thus, the contribution of this domain to the integral (8) is less
than

0(1/S2)+ -" exp(_%cz)

ds<|f| Sas C

A +18+B2/2)dC,

and this is an o(1/s?).
On the domain [{| < ds, we let

Y=o+
and the integrand in (8) can be rewritten in the form

p( 2C)|exp (W @/s)—1=F—F*/2| b (Ol L

and estimated by using the following inequality from [7]:
(10) le*—1—B—$%/2| < (ja—pl+51B) €’

where y > max (|a/, |]) for any a and B, real or complex. We use a four-term
Taylor expansion for y. As v*¥ is continuous and v (0)/s* = 0 (1/s%), we de-
duce that there exists a 6 such that

117 (4) 4
‘l//(é)—l]&(:))i?‘ 3 — 024(8) i* (4 < es? for |{| < ¥s.
We choose 0 so small that
1 III
|//<§>‘ < ZCZ, (O)C3 C2 for |{] < és.

With this choice of § we majorize the integral (8) on the domain [{| < ds using (10):

3”3 3 4”4
6+ 244

SIP+

(11) J-exp (=203

gl <ds

C

We choose y so large that the integral (11) is less than (1000¢)/s%, and we have
proved that for all x

C*(x)| < S+5+——+o(5
C*el < g+ —ato( 5

24¢ ¢ 1000¢ <1>
s + ’

and as ¢ is arbitrary, we conclude that C*(x) = o(1/s?) uniformly with respect
to x. We get the desired expansion by dropping in D* the terms of the polyno-
mial involving powers 1/s, with k > 2, to obtain G*. =
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We now return to the proof of the large deviation theorem. Let us recall
that we have to estimate I(h):

1(h) = h | e [H} ()= H, (0)] dy.

Since Y is a lattice with span d, this integral can be rewritten as
o (k+1)d
IWy= Y h | e ™[H¥((k+1/2)d)—H,(0)]dx.
k=0 kd —
As Hyf and Hf are equal at mid points of the lattice, we can apply Theorem 3.
We note that H,(0) = Hf(d/2) so that we have :

o0 k+1)d d
1(h) = Zhj -hx[ (k+1/2)) (25):|dx+0(1/32)

v—h —h(k+1)d d d
K hd g~ ik ’)[G((k+1/2);>—~G(zs)} +o(1/5?)

((k+1/2)d)/s
(e™Md kDY [ G (x)dx 40 (1/5Y).

df(2s)

gk

k

Il
irs

Observe that

G'(x) =)+ 3(x —3x)n(x)+766(x —15x* +45%% — 15)n (%)

”‘*2;845 (x*—6x2 +3)1(x) = 1 (x)+ G, (%).

First we compute the contribution of n(x): '

-] 1 ((k+1/2)d)/s
J(h) —_ Z (e—hkde—h(k+1)d)

x? :
—_— exp| ——— )dx=J, (W+J,(h),
k=0 /21 d/(IZs) p( 2> 1B+ 72 th)

where Jl'ih) means the sum from 0 to [s*/4]; and J, (k) the sum from [s/4]+1
to + o0, and [x] denotes the greatest integer contained in x. For J; (k) we use
the expansion exp(—x?/2) = 1—x%/24+0(x?), and so we obtain

[s2/41 kd
J h — e—hkd_e—h(k+1)d ——to(l Sz .
1() kgo( )\/2_7128 (/ )

An upper bound for J,(h) is

o0

Jo() <172 Y (e hk+ i)

k=[s1/41+1
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and is an o(1/s?). Since
[s1/4] . e—hd N
— hk
kgo ke =m+0(1/3 ),
we obtain
—hd

e
= m-i- o(1/s%).

Since (uq—3s*)/s* = 0(1/s?), the contribution of G, (x) to the integral is an
0(1/s%), and thus, as h/s -0 when y — co, we obtain

J(h)

1 —hd

\/2_11: s _M)(1+o(1))

which completes the proof of the theorem. =

I(h) =

Elements of proof of Theorem 1 in the absolutely continu-
ous case. In the absolutely continuous case, we work with Ythat is absolutely
continuous, as shown in Remark 1. As Y, is absolutely continuous, the smooth-
ing of H,, is not necessary and we use a version of Theorem 3 with H,, instead
of H}. The remaining of the proof is similar, with a direct computation of I (k). m

Elements of proof of Theorem 2. The asymptotic A — oo is easier to
handle because a solution & of the equation E (¥,) = 0 is uniformly bounded. The
outline of the proof is similar to the one of Theorem 1, but we need only
a weaker version of Theorem 3 (an expansion in o(1/s) is sufficient because
1/hs = O(1/s)). =m
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REFERENCES

[1] K. K. Aase, Accumulated claims and collective risk in assurance: Higher order asymptotic
approximations, Scand. Actuar. J. (1985), pp. 65-85. :

[2] O. Bonin, Large deviation theorems for weighted sums applied to a geographical problem,
J. Appl. Probab. 39 (2) (2002), pp. 251-260.

[3] S. A. Book, Large deviation probabilities for weighted sums, Ann. Math. Statist. 43 (4) (1972),
pp. 1221-1234,

[4] H. E. Daniels, Saddlepoint approximation in statistics, Ann. Math. Statist. 25 (1954), pp.
631-650.

[5] P. Embrechts, J. L. Jensen, M. Maejima, and J. L. Teugels, Approximations for com-
pound Poisson and Polyd processes, Adv. in Appl. Probab. 17 (1985), pp. 623-637.

[6] F. Esscher, On the probability function in the collective theory of risk, Skand. Akt. Tidskr.
(1932), pp. 78-86.

[71 W. Feller, An Introduction to Probability Theory and Its Applications, Vol. II, Wiley, 1970.




368 O. Bonin

[8]1 T. Hoglund, A unified formulation of the central limit theorem for small and large deviations
from the mean, Z. Wahrscheinlichkeitstheorie verw. Gebiete 49 (1979), pp. 105-117.

[9] J. L. Jensen, Uniform saddlepoint approximations, Adv. in Appl. Probab. 20 (1988), pp.
622-634.

[10] J. L. Jensen, Saddlepoint Approximations, Clarendon Press, Oxford 1995.

[117 J. E. Kolassa, Series Approximation Methods in Statistics, Lecture Notes in Statist., Sprin-
ger, 1997.

[12] V. V. Petrov, Limit Theorems of Probability Theory: Sequences of Independent Random
Variables, Clarendon Press, Oxford 1995.

[13] G. E. Willmot, The total claims distribution under inflationary conditions, Scand. Actuar. J.
(1989), pp. 1-12. -

IGN/COGIT

2-4 avenue Pasteur
F-94165 Saint-Mandé Cedex
France

E-mail: olivier.bonin@ign.fr.

Received on 6.7.2002;
revised version on 10.10.2003



