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Abstract. We generalize the result of Komorowski and Papanico-
laou published in [7]. We consider the solution of stochastic differential

equation dX () = V(t, X (9)dt+./2kdB(t), where B() is a standard
d-dimensional Brownian motion and WV (t, x), (¢, x)€ R x R, is a d-dimen-
sional, incompressible, stationary, random Gaussian field decorrelating in
finite time. We prove that the weak limit as & |0 of the family of
rescaled processes X,(f) = eX(t/e?) exists and may be identified as
a certain Brownian motion.
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1. INTRODUCTION

Consider the turbulent transport of a tracer particle modeled by the sto-
chastic differential equation

dX (t; 0, 6) = V (t, X (2); ®)dt+./2xdB(t; o),
X0; w,0)=0,

(1.1)

where V(t, x; w), (t, x)e Rx R, is a d-dimensional random field over a certain
probability space I, = (2, ¥, P), and B(t; 0), t > 0, is a standard d-dimen-
sional Brownian motion over another probability space 7; = (X, #, Q). The
constant x > 0 stands for a molecular diffusivity of the medium. Let E and
M denote the expectations in J, and 77, respectively.

This model is widely used in physics literature to describe the motion in
a turbulent flow. We are interested in a long time, large scale behavior of
passive tracer over the product probability space. Namely, we consider the
macroscopic scaling x ~ x/e, t ~ t/e*. The rescaled process X, () satisfies the
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following stochastic equation:

dx, () = %V(;";- 3‘—9) dt +/2dB (1),

We ask the natural question about the convergence in law of X,(t) as €] 0.

This problem has a long history and several results, varying with the
assumptions concerning the random velocity field ¥, are well known. Let ¥ be
stationary, incompressible and centered. The first group of results deals with
the velocity field having a so-called stream matrix H, i.e.

Vi, x)=V . H(t, x).

Papanicolaou and Varadhan [10] and also Kozlov [8] proved the convergence
of rescaled processes given by a time-independent field ¥ (x), xe R?, with the
stationary stream matrix H(x), under the assumption of boundedness of ¥V
and H. A similar result was proved in [9] under the same conditions but for the
time-dependent velocity field V (¢, x). In [4] Fannjiang and Komorowski give
the proof of convergence for the random fields ¥ not bounded but with a finite
p-th moment (for some p > d+2).

In the second group we have results concerning the time-dependence as-
sumptions imposed on the velocity field. Here we have for example the conver-
gence for an Ornstein—Uhlenbeck velocity field of finite modes (Carmona and
Xu [3]) and for a class of Markovian fields with strong mixing properties
(Fannjiang and Komorowski [5]).

In this paper we follow the idea of Komorowski and Papanicolaou pub-
lished in [7] which contributes to the last group of results. Assume that the
field ¥V is Gaussian, incompressible, stationary, centered and that it decorrelates
in finite time. The authors considered the equation (1.1) with x = 0 (without
additional Brownian noise) and proved that the laws of the family of processes
X, (1) = eX (t/e?) converge as ¢ | 0 to that of the Brownian motion with covari-
ance matrix given by

Dy = [ E[Vi(t, XO) 0, 0+ V;(t, X@) Vi, O] dt,  i,j=1, ..., d.

We show that'convergence still holds in the presence of molecular diffusivity
k > 0. Namely, we prove that the weak limit of the laws of X, (:) over
C([0, +0); R%) is a Brownian motion with covariance matrix

(12) D;= ]OME [Vi(t, X (1) V;(0, 0)+ (¢, X (©)) V; (0, 0)] dt +2x5;,

i,j=1,...,d.

This result confirms the turbulent diffusion hypothesis of G. I. Taylor coming
from the early 1920’s (see [15]).
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Let us describe the main steps of the proof. Thanks to the key assump-
tion of the incompressibility of the field ¥, in the proof we use the result of
Port and Stone [11], namely the stationarity of the Lagrangian velocity pro-
cess (V(t, X (t))),; o- We develop, as in [7], the idea of the “transport operator”
0, being a linear operator acting on the space of elements integrable with
respect to P. The operator Q preserves densities and satisfies

ME[Vi(s, X (s)) V;(0, 0)] = ME[V;(s— T, X (s— T))  [V;(0, 0)]]

for s = T, where T is the decorrelation time of the field ¥, Establishing estimates
of the rate of convergence of the sequence {||Q" Y||.1 },n for any Y measurable
with respect to {V(t, ), t < 0} and satisfying EY = 0, we prove the conver-
gence of the integrals in (1.2). In addition, we show that for any L > 0

ME [lxe(t)_Xe (S)lz |Xa (u)_Xe(t)D < C(M—S)1+v

for any 0 < s € t € u < L and some constants C, v > 0. This gives us the tight-
ness of the family {X,(-)}, ¢ > 0, in the Skorohod space D ([0, L], R?) for any
L > 0 and, by the continuity of trajectories, also in C ([0, L], R%. Thanks to
Stone [13], it gives tightness in C([0, + c0), RY). Finally, we identify the limit
as a certain Wiener measure with the help of the Stroock-Varadhan martingale
problem.

This idea is strongly based on [7] and we make the references to lemmas
presented therein, We skip the proofs which may be generalized to our situa-
tion in a straightforward way. However, we present the complete argument for
the results which are new or involve some major adjustments.

2. NOTATION AND FORMULATiON OF THE MAIN RESULT

By I#:=I?(Q, ¥, P) we understand the space of If-integrable random
variables over the space 7, equipped with the standard ||-||,-norm. Let
E[ -|«] denote the conditional expectation with respect to some sub-c-algebra
o Y

Let 7,,:.Q — Q, (t, x)€ R x R, be a group of measure-preserving transfor-
mations, i.e. such that the map (¢, x, @) 1, . (w) is jointly Z(R)Q@ Z (R)® ¥ to
" measurable, 7,, 7., = Tr+sx+y, Trm (A)€Y and P[1..}(4)] = P[A] for all
(t, x), (s, y)eRx R, Ac¥. Here #(R%) denotes the g-algebra of Borel subsets
of R, :

Suppose now that ¥: Q — R? is a d-dimensional random vector such that
the random field given by V (¢, x; @) := ¥(r, . (w)) satisfies the following con-
ditions:

(V1) It is centered, ie. EV = 0.

(V2) It is Gaussian, i.e. all its finite-dimensional distributions are Gaussian
random vectors.
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(V3) It is divergence-free, ie. divV(t, x):= Z:=1 8, Vi(t, x}=0.

(V4) Its correlation matrix R(z, x):= [E [V;(t, x) V;(0, 0)]]: ;=1
isfies

d C
R0, 0)—R(t, x)| + 0% R(0, 0)— %R (z, x)| <
IR ( ) i,jzﬂ i i |ln ’t2+|x|2]””
for some constant C > 0 and all (t, x)e R x R%. According to [2], Theorem
3.4.1, this guarantees a version of V being jointly continuous in (¢, x) and of
Cl<class in x.

(V5) The field V decorrelates in finite time, i.e. there exists T > 0 such that
for all |t > T and xeR? we have R(t, x) = 0.

Remark. For a Gaussian field G (), where te 7 is some abstract parameter,
we define a d-ball as related to the pseudometric d(zy, t,) = [E|G(t1)— G (t,)*]">.
Let N(g) denote the entropy number of the field ¥, i.e. the minimal number of
d-balls, corresponding to ¥, with radius & > 0 needed to cover R x R%. By the
condition (V4) this number can be estimated by

@1 N(e) < Ky exp(K, (d+1) e~ 20 )

for some constants K,, K, > 0 independent of &. According to [2], p. 121, (2.1)
will allow us to use some of the Borell-Fernique-Talagrand type of tail es-
timates later on. :

Let B(-) denote the standard d-dimensional Brownian motion starting
from 0, considered over a certain probability space 71 = (2, #,, @), with
mathematical expectation corresponding to the probability measure Q.

Let us consider a probability space 7,®7; = (2x X, V" @ ¥, PRQ) and
a stochastic process X(-) over this space, given by the following stochastic
differential equation:

dX (t; o, 0) = V(t, X (t; 0, 0); w)dt+dB(t; o),
X0; w,0)=0.

2.2)

For simbiicity we suppose ./2x = 1 in (1.1) but the proof is still valid for any
x > 0. For & > 0 define X, (f):= eX (t/e?), t > 0. We will prove the following
result:

THEOREM 1. Suppose that the d-dimensional random field V satisfies the
conditions (V1}V5) listed above. Then the integrals

(23)  Dy= | ME[Vi(t, X)) V;(0, 0)+ V;(t, X () V;(0, 0)] dt+ 6y,
0
ij=1,...4d,
converge. The laws of the processes {X, (t)};» o induced on the space C ([0, + o), RY)
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converge weakly, as €| 0, to the law of the Brownian motion with covariance
maﬂ‘ix D = [D!J.]'

Some additional notation: for any x € R, Ent (x) denotes the biggest integer
less than or equal to x; for any x, yeR, x A y denotes min(x, ).

3. AUXILIARY LEMMAS

Consider the processes Y(-) over the probability space 7,®7,; given by
the equations -

dY®*(t; o, 6) = V(t, Y** (t; », 0); w)dt+dB(t; o),
Y%*(0; w, 0) = x.
By the assumptions (V1}-(V5) we can apply the following result of Port and

Stone [11]. First of all, given x € R?, the equation above determines a unique
process Y %* Next, we have:

LemMA 1 (cf. [11], Theorem 3, p. 501). For any t = O the random map
x+— YO*(t) preserves measure on R® and satisfies

YO* (55 1, (@), 6) = YO (1; o, 0).

For all xeR%, 6 X and t > 0 the random element 1 Tyo.xq,0 ) (W) has the law
Pon Q2 m

As a corollary we get the following lemma:

LEMMA 2. Let U: Q x X — R be any random variable such that U e I (To®7,)
and define

Ult, x; @, 6):= U (tiy0.50,0) (@), 0).

For any xcR? and U e I} (7,®97) the process {U (t, X)},5 ¢ is strictly stationary
over g—0®3—-1 .

Proof. Using the integral form of expressing ¥ %*(r) it is easy to see that
for any ¢, h= 0 we have :

YO,x (t+h: @, O') = Yﬂ,x(h; , J)+ YO'O (t: Th,Y”lf(h;m,a') (w):v U)-

Moreover, from Lemma 1 it follows that the measure P®Q is preserved by the
transformation 8,: (@, 6) — (T4 yo.cpa.0 (@), 0). We finish our proof essentially
with the same argument as used to prove Lemma 1, p. 240, of [7]. =

Recall that the random field V (z, x; w) = (Vi (t, x; ), ..., Va(t, x; o)) is
Gaussian. Let us introduce some notation. As in [7], let I2, , denote the closure
in I?>-norm of the linear span of V(t, x), te[a, b], xeR% i=1,...,d. By
¥, we denote the g-algebra generated by all random vectors from I} ;. Let
2L=1 _ ,,0I%, be the orthogonal complement of L%, in I* , ., and
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¥+, the g-algebra similarly generated by elements of I2}. According to [12],
Theorems 10.1 and 10.2, p. 181, the s-algebras ¥, and ¥}, are independent.
Let V,, (¢, x) be the orthogonal projection of ¥ (¢, x) onto L2 ,, i.e. each component
of V,,(t, x) is the projection of the corresponding component of V (¢, x). We
define V**(¢, x):= V(t, x)—V,,(t, x). Of course, V,,(t, x) is ¥, ,-measurable
while V*t(t, x) is ¥ "+,-measurable. We can also see that V,,(t, x) is jointly
continuous and C'-smooth in x, P-a.s. (see e.g. [1], Theorem 3.4.1). Finally, let
T, denote the probability space (Qx Q, ¥,,®7 75, PP).

Over the space T,®7, =(2xQ, YR, PQP) we define the random
field ¥ by

Vs (t, x; 0, 0) = V,, (¢, x5 0) +V* (¢, x; ).

Let ce R and consider now the process given by the following stochastic dif-
ferential equation:

dX¥*(t; o, o', 6) = I7a'b(t+c, X*(1); o, o')dt+dB(t+c; o),

(3.1) .

Xb*(b) = x.
If a= —o0 and b =0, we shorten the notation by writing
(3.2) X()=X3°C).

The following lemma concerning the conditional expectation of the pro-
cess along its trajectory is the compilation of the adapted versions of Lemma 3,
p. 241, and Lemma 4, p. 242, of [7] and may be proved with the help of the
same argument as presented therein.

LEMMA 3. Let fel?(Q, ¥ _w +0,P) and —c0 <a<b< +oo. Then
there exists f e I? (7, such that f (0) = f (, @) and both f and f have the same
probability distributions. Let ceR. Then for any Ce¥ s, we have:

ME [ f (o xv.00:x. o(@)0) (0)) 1c(@)] V2]
= MEcu' [f(ro,fg-"(t;m,m',a) ((0), 170,i["g’°(t;w,w‘,a') ((D,)) 1C ((D')] »

where E,. denotes the expectation applied to the variable o’ only. m

4. TRANSPORT OPERATOR Q AND ITS PROPERTIES

Recall that X is given by (3.2). For a given (o, o) define a transformation
Z,, Q- Q by
Z,0 (@) = T0 X0,0',0) (@)
Let J'(‘; w, 6) be the probability measure on (2, ¥ "L, ) given by
JH(4; @, 0) = P[(Z},,0)* (A)].
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Denote by 2 the family of densities f e L' (2, ¥ 2.0, P), f =0, jﬂ fdP = 1. For
any fe2 we define a measure on (Q, ¥'2, o) by

(4.1) [Qf1[4A]1=M [J"(4; o, 0) f () P (do).

Let #§ 1 denote the g-algebra generated by the random vectors ¥V~ 20(z, x),

0<t<T,xeRandlet ¥°, o =170(¥5.1) S ¥—w,o- Asin [7] we conclude

that for any fe 2, [Qf] is absolutely continuous with respect to P and that its

Radon-Nikodym derivative is ¥7§ -measurable. Moreover, we have [Q1] = P.
Now we define the transport operator acting on feZ:

d
(4.2) Qf = EiQI’f] OT-T,0-

Similarly to Lemma 7, p. 247, of [7] we infer that Q: I'(Q, ¥"_ 4.0, P)—>
L(Q, ¥_ 4,0, P) is a positive linear operator, preserving densities, Q1 = 1 and
it extends to a contraction in every space IZ (2, ¥_ 4,0, P), 1 < p < 0. Now
we will prove the following lemma, which displays the usefulness of the trans-
port operator Q.

LEMMA 4. Let f, ge L (Q) be random variables ¥"~*°- and ¥ _ ,, o-measu-
rable, respectively. Let t = T > 0. Then we have

ME [f (Tt,xa;w,a) (w)) g (w)] = ME [f (Tz— T.X(t— T ;0,0) (CU)) Qg ((U)] .

Proof. To shorten the notation, from now on dP, dQ, dP’ and dQ’ will
stand for P(dw), Q(do), P(dw’) and @ (d¢’), respectively, and we will omit the
argument o. If not indicated otherwise, all the integrals should be understood
as the integrals over the whole space Qx X. Using Lemma 3 we may write

43)  ME[f (ttx0a (@) g (®)] = ME[ME [ f (t,x@0) (@) | ¥ - 0,0] 9(@)]
= [} f (v kwa.w (@) g () AP'AQ'dPAQ
= JJ f (5027005002 @) 20,5005 (Fo. %1 (@) ¢ (0) dP'dQ'dPAQ.
The last equality above comes from the fact that '
Xt 0, 0)=X(T; o, o)+X"° (t§ T0,8(Ti0.07) (©0)s T0,X(T;0,07) (a)’)).

Let p®® (s, x, t, y) denote the density of probability distribution of the process
X>*(t; w, w"), t = s. If we introduce the notation;_y = X(T; o, o), we may
rewrite (4.3) in the form

@4) ([ f(regrogo @0 (Toy @) P> (0, 0, T, y) g () dydP'dQ'dPdQ
Rd

fort =T Sinc~e t > T, where T is the decorrelation time of the field ¥, from the
definition of X we infer that, in fact, X™%(t; 7o,, (@), 7o,y (@) = XT°(t; 70,5 (@")).
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Hence (4.4)'is equal to
1T f (voxriogan (@) p7 =470, 0, T, y)g(w)dydP'dQ'dPdQ
R4

= I S (oot o @) BT 0, 0, T, p)g o1, ()
X ;;dP’dQ’deQ
= 1§/ r-rae-an @)1 (=T, =, 0, 0)g{s-r,-, @) dydPdQ/aPQ.
Define
45 Q@)= [[r" (=T, 3,0, 0¢ (c-r-, (@) dy dPIQ

for any ¥, o-measurable g. It is easy to see that it is an equivalent way of
expressing the transport operator Q introduced before. We get the assertion of
our lemma. m

As a corollary we have

LeMMA 5. Letp 2 0,N, keN and $y42 2 Sge1 2 ...2 5, 2 NTi=1,...,d.
Assume that Ye ! (Q, ¥ .0, P). Then

Sk+2

ME [] { Ve, X(0) dQIp V(si, X(s1)-- -V (s, X(s2) Y]

Sk+1
Sk+2—NT

=ME[| [ V(o X(@)do]

sk+1—NT

xV(s;—~NT,X(s;—NT))...V(,—NT, X(s,—NT))Q" Y]. =

5. RATE OF CONVERGENCE OF {0"Y},>¢

In this section we will prove the following lemma which will constitute the
main too] in establishing diverse estimates later on.

LEMMA 6. Let YeL*(Q, ¥_ 40, P) be a random variable such that
EY = 0. Then for any s > 0 there exists a constant C depending only on s and
1Y|lz> such that

Q" Y|lz.e < C/n*  for all neN.

Proof. This proof is a modification of the proof of Lemma 10, p. 249,
of [7]. According to [6], the part of J¥ (dw'; ®, 6), which is absolutely con-
tinuous with respect to P, has a density given by the formula

(5.1) v§ (dx; w, o', o)

22 Gp(0; @, Tox (@), 0)
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where v§ (U; w, @', 6) stands for the cardinality of those yeU for which
l/]l(ya w, CO’, O-) =0 and

GT(x; @, (O,, G') = det Vx]:bt(x; , wla G):
where

(5.2) v (x; o, @', o) = x+f(t; w, 7. (@), 0).

As in [7], using the integral form of expressing X (coming from (3.1)), we get
Ly 05 @, 0, 0) = Vet X (5 0, 07, 0); 0) [P 05 0, of, 0)—T]

+ V. V™20 t, Xt 0, o, 0); o)V, 0; 0, o', o)
and

Voo (0; w, o', 0) =1
Let a(g) be a smooth function, increasing on ¢ > 0, satisfying «(—g) = a(0),

o(0) = 0, and a(g) = \/_for 0> 1. Let ¢ (x) = a(|x|) for xeR?. Fix ye(}, 1) and
for any A > 0 let us introduce a set

K,()=[weQ: sup [[Vaot, )| +|Ve Vw0t 0] < A (x)+logn)].
0stsT

According to the Remark of Section 2 and Theorem 5.4, p. 121, of [1], we may
find A > 0 such that for 1 > A we have

P[Q\K, ()] = P[K, (1] < Cexp(C; 47277 exp<_ /122> < Cexp<_8i622—>,

40} P
where
Vw0 XN +|VV_ o .0(t, )|
0<:< T, xeR4 (¢ (x)+1og”n)
1 E 2 2 C
10g27 [lV—co O(t 0)| +|VV ooO(t 0)| ]—' g yn~'_
Hence

P[K;] = P[Q\K,(A)] < Coyexp {—Coy A*log?’ n}

for some constants Cy,, Co, > 0. Take ve(0, 1) such that [4/A+1)]e“ DT < 1
and vA < 1. Define also two families of sets by

L,=[weQ: sup [V, x)|+|V. V™ =0(t, x)|] < v|x|+log'm],

ost<T

S,=[oceX: sup |B(t; a)| < log? p].

O<t<T
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Since the field V' (¢, x)A/t*+|x|*+1) is P-a.s. bounded, we get lim,,-, +,, P[L,] =
= 1. From the properties of Brownian motion we obtain

C
Q[S8;1=0[2\S,1 =0l sup IB(t; 0)| >1log” p] < -~
0<I<T log* p
for any p > 2 and some constant C > 0.
The properties of o imply that there exists a comstant C, such that
o(x)<v|x|+C,. For weK,(A4), o'eL, and 68, we get

ld(X‘ ®—B()

dt e lV*oo,O(ta x; (D)+V—w’0(l’, X, (D’)l

<v(A+1) X (1) +AC, + Alog’ n+log'm
<Sv(A+1)|XO—-B@)|+v(A+1)log? p+AC,+ Alog’ n+log’ m.

Hence, by the Gronwall inequality
WA+ 1)T _

sup [X()—B@| <

—————[v(A+1Dlog?p+ AC,+ Alog’ n+log' m
Sup YA+ [v( )log*'p g g’ m]

and since ge€S,, we get

% vA+ DT _{ -
5.3) sup X)) €« ————
G e ROI< =5

x [v(A+1)log®p+ AC, + Alog? n+log? m] +log?’p.

Using the estimate from above we write

d d
EIV’% ©0) < i V. (0)

AUV oo (t, X (@) )| [V 0)+ 11+ |VV =0 (¢, X (2); o')| [Vetf: (0))

< sup |FVoao(t, X(0); )| [V 0)+1]

0st<T

+ sup RV =0, X(1); o)

O<t<T

Vet ()]
< [v(A+1) sup |X (t)| + AC, + Alog? n+log? m] |V, (0)]
0<t<T

+[v(4+1) sup [X(#)|+AC,+Alog’n] < a|Vep, (0) +b,

OstsT
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where a and b come from the estimate (5.3) of supg<.<7|X (f). Again from the
Gronwall inequality we get

a+b)e*T—-b (a+b)eT
sup |V (@) < @D =b (a+h)

X
0<t<T a

= 2exp [T [exp (v(4+1) T)] (v(4+1)log?’ p+ AC, + Alog? n+log’ m)]

< 2eaT

< C,1exp(Cyzlog’ nyexp(C,3 log’ m)exp (C,qlog? p)

for weK,(A), o’ €L, and o€S§,.

Let B(0, R) denote the ball of radius R centered in O R?. We will now
investigate the size of the set [x: Y7 (x) = 0] for we K, (A), ' €L, and g€S,.
We have the following lemma which may be proved in the same way as Lem-
ma 11, p. 252, of [7].

LemMA 7. For we K,(A), w' €L, and o €S, the random set [x: Y1 (x) = 0]
is nonempty and there exists a constant C5, > 0 independent of n, m, p such that

[x: Y7 (x) = 0] = B(0, C3, (log? n-+log’ m+log® p)). m
For w'eL,, and x,eB(0, C;,(log’ n+log’ m+log® p)) we have
V=20 t, x; To,x, (@) = V™20, x+x4; )|
< v|x+xq|+log’m < v|x| +vCs, (log? n+log? m+log?! p)+log’ m
< v|x|+(1+vCsy)(log? n+log? m+1log? p)
< v|x|+ Csy (log? n+log’ m+log?” p),
provided C;; is chosen sufficiently large, since ve(0, 1). Hence 74, (L) =

Lgaian+1, Where log? M = Cj (log? n+log? m+1og?’ p), and

70, (Lm) € Latmy+1-
|x] €C31(log?n +log'm + log27p)

Using all these arguments we have

vi(dx; 0, o' o) v8 (dx; w, ' o)

, = C’41 j P d
R? GT(O’ @, TO,x(w )’ 6) Rd|Vxl//T(0; , TO,x(w)a O')|
' 1 1 1
= Cy Y 2y
exp (C23 log? (Ent (M) + 1)) exp (Cz210g”n) exp(Ca4log™ p)
1 1
Cy 1

? €xp (C4 log? 1) exp (Cys log? m) exp (Ca log?” p)
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| for weK,(4), w'eL, and oeS,. Hence
[Qf1[A4] = | §J"(4; », 6) f () P(dw) @ (do)

> | T (@) P(do) [ f (@) 4(@, 0) P (d) Q (do),

where
1
') = — 'eL L.,
(@) 6516Xp(C4510g"m) of @ €Ly \Lms
' 1 1
A(w, o) = for weK,,\K,, 0€8,:1\5,.

exp (Cyq log? n) exp (Cyslog®” p)
Finally we obtain the formula equivalent to the formula (50) of [7]:

Of (@) 2 I'(t-1,0 (@) | | f (@) 4(w, 0)dPdQ.
Qr

Now let us put ¥, =Q"Y. Choose the minimum of f,f,¥,* 4dPdQ and
§3§o Ya~ AdPdQ; say it is the first one. Then we have

1 Ys sl < NQY Nl QY. Il — | § Y, AdPAQ | TdP
x0 Q

< ¥llee—§ | %Y AdeQdeP

Sn Kn

< ||Yllz: —exp (— Cyqlogn)exp (— Cyaslog®'n) | | Y+deQjI’dP

: S" K"

= [ %llet +exp(—Caqlog'n)exp (— Cus IOgZ’HJIFdP

x(f [ Y,*dPdQ+ | | Y,*dPdQ+ | jY*deQ ij+ dPdQ).
Sn K¢ 5S¢ K¢ 8§ Kn
Since |, Y,dP =0, we get |,Y,* dP = 3||Y,||;:. From this and the Schwarz
inequality we have
[ [ Y,raPaQ+ | | Y,*dPaQ = j Y,"dP < /P[KN Y, ||z
Sn K¢ S¢ K¢,

< C61 exp(—Ceqz 108” n) ”Y”LZ:

| | Y.7dPdQ = Q[S;] f Y, dP < tog@rn ¥ F Knllhllez < 5[ ¥z

S¢ K

n

for some positive constants. We conclude with

1Yo e < | ¥allzs (1 —Cqoexp(—Cq,log’ "))+ Crrexp(—Cos log®’ n),
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where the constants depend only on ||Y}|z:. Following the same argument
we get

I Ylle: < Co7y ) exp(—Crslog?k) [] (1—Cqoexp(—Cy,log’ p))
k=1 P=k+1 !

Yl [T (1—Croexp(— C721087P))-

r=1

Since 1—x < e™*, the k-th term in the sum above can be estimated by
n —_—

Criexp(—Cqslog* k)exp(—Cq9 Y, exp(—Cq,log?p)).
p=k+1
We will estimate the last expression in two separate cases. For k > [n/2] we
may estimate it by

CBI

pCe2108%7" 1(n/2) '

For k < [n/2] we have
n n 1
— ? - -
Z exp(—Cq,log’ p) z Cra/logt-1p =

p=k+1 p=k+1p"

1-r

b

where re(0, 1) and n is sufficiently large. Hence the k-th term of the sum is
estimated by Co, exp (— C;, n' ™"), which completes the proof of our lemma. =m

Remark. One can see that the proof above remains valid for the sequence
of IZ-norms of the iterates Q"Y for any pe(l, 2).

6. TIGHTNESS

To establish the tightness of the family {X,(t)};>0, &€ > 0, we will use the
following lemma (see [7], Lemma 12, p. 259):

LemMa 8. Suppose that {Y,(2)}:50, € > 0, is a family of processes with tra-
jectories in C[0, oo), such that Y,(0) = O for ¢ > 0. Suppose further that for any
L > 0 there exist constants p, C, v >0 such that for any 0 <s<t<u<L

(6.1) ME[|Y, ()~ Y, ) [Y,(w)— Y, ()F] < Cu—s)'*".
Then the family {Y,()}:»0, ¢ >0, is tight. m

We will show that the process {X,(f)} satisfies the condition (6.1) with
p=1 and v=4%. Let us introduce the notation

Vi):=V(e, X(¢; ®, 0); w)

and similarly for each component V;,i =1, ..., d, of the field V. To begin with
we show that

14 — PAMS 232
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LEMMA 9. For any L > 0 there exists a constant C > 0 such that for any
0<s<t<u<Land ¢>0 we have

(6.2) ME[X.(t)—X. ()’ 1< C(t—s).
Proof. The left-hand side of the inequality above may be rewritten in the
form

(6.3) ME [ls llf V(o) do+e[B(t/e*; 0)—B(s/e*; o)]|*]
s/e2

<2ME[| j V (o) dol*]+2ME [z [B (t/e%; 0)— _B(s/s*: a1

For any ¢ > 0 the process {¢B (t/¢*)},»0 has the law of the standard Brownian
motion in R? so

ME[|e [B(t/¢*; o)— B(s/¢*; 6)1|*]
= i ME [ [ [B:(t/¢%; 0)—Bi(s/e*; 0)]]*] = d(t—5).

The first term of the right-hand side of (6.3) may be estimated as follows. Using
the stationarity of {V(t)};>o (sce Lemma 2) we may write

t/e2 tje2 g
(6.4 ME|[é*| j' V() do|*] = & Z ME[2 | { Vi(o)Vi(n)dedn]
s/e? s/e? sfe?

d (t—s)/e? Ent(n/T) n—(k—1)T

=82_§1 (j) an{ Y, | ME[V(n—e)Vi(0)]do}

k=1 n—kT
d (t—s)/e? n—Ent(n/T)T

+22Y [ dn | ME[Vii—V(0]de.

i=1 0 0
Then from the Schwarz inequality for the last term above we have:

d (t—s)/e? n—Ent(n/T)T

©5 2% [ dp | ME[Vitni—o)¥O0)]lde

i=1
d (t—s)e?

) I TVl dn < 26 ZT”V”LZ
i=1

i=1

—S

=C(t—s)

for a constant C > 0. Now we will estimate the first sum of the right-hand side
of (6.4). Notice that for pe[n—kT, n—(k—1) T] we have n—oe[(k—1) T, kT].
From Lemma 5 we get

ME[Vi(n—0) V:(0)] = ME[V;(n—¢—(k—1) T)Q* ' V;(0)].

Using the stationarity of {V(f)};>0 and the estimation coming from Lemma 6 we
may majorize the k-th term of the sum under consideration by C/k? for some
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constant C > 0 depending only on ||V]|3. Hence the whole sum will be bounded
from above by C'(t—s). This completes the proof of (6.2). m

Since the sum Zf _y 1/k* is convergent, from the argument above we can
deduce the following corollary:

CoOROLLARY 1. The integrals

:fME[m (e, X(@) %00, 0)] do

for i,j=1,2,...,d are convergent. =

To make use of Lemma 8 we will now establish the estimates of the
following: '

(6.6) ME[|X,()—X, ()| 1X.(t)—X,(5)I*]
ufe2 tfe?

<2ME([le | V()dd||e | V(e)del*]
t/e? s/e2

uje?
+2ME([|e | V(0)do|le[B(t/e>)—B(s/e*)]1%]

t/e2

tje2
+2ME [|e [B (u/e*)—B(t/e)]l]e | V(0)do|*]

s/g2
+2ME [|¢ [B (u/e*)— B(t/e2)]| |t [B (t/e%) — B(s/e%)]|2] = I+ I1+ L +1V.

We will estimate each of the four terms of the utmost right-hand side of (6.6)
separately. From (6.2) and the Schwarz inequality we infer that both II and IV
can be estimated from above by C(u—s)*2. Now turn to the term I of (6.6).
Define |
w—s)e2—g—(k—1)T
Fipi= |£ § V('c)d‘cl, Fypi=Viln—o—(k—1T).

(t—s)fe2—p—(k—1)T
We transform I in a similar way as we did in (6.4) to get

(t—s)/e2  Ent(n/T) n—(k—1)T

I<d? ), | dn Y, | ME[T1,T2.Q (Vi(0)]de
i=1 0 k=1

n—kT

d (t—s)/e2 n—Ent(n/T)T
+4¢2 Y | dn |  ME[I'y,I,,Vi(0)]do.
i=1 0

i 0

We will now estimate ME[I'; ,I"5, Q" *(V;(0))]. We have
(6.7) ME[I'1, I, 0" ' (V(0)]

= [} T 051 (V(0)+ } IFiplsy Qk—l(Vi(O)),

Ty S$k(u—r)1/2 Ty e>ku—n1/2
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where the constant v > 0 will be determined later. The first integral above will
be less than or equal to Ck~2?(u—t)"/% Since by (6.2) we have
C

PROI[I >k u—1)*] < PEx

1
mllrl.k”%l <

for the second term of (6.7) we may write
T2 @41 (K O)]
Tye>k(u—1)1/2
< (PQQIT 1 > k' (u—1)"*])P1 (MET} ) * (MET 3§22 ||@*~* (Vi (0))|| e
Cu—nt'?
<T@
for some By, Ba, 3 >0, B1+B2+Ps+3=1, vB; > 0. From the same argu-
ment it follows that

n—Ent(y/T)T T
[ ME[I, I, (O]<[Cu—)" < Cu—1'-2.
0

0

Finally we have

I<4?) | dp s
i=1 0 k=1

< C'(t—s)u—t)"2 < C" (u—s)*2.

d (t—s)e? (Ent(ﬁ]“/T) C(M )1/2

+C (u— t)1/2>

Now, with the help of Holder’s inequality, the proof of.the estimation of the
third term in (6.6) may be reduced to the problem of showing that

tle?

[ME e | V(g)do|*]*? < C(t—s).

/62
Since
t/e2 t/e2 t/e2 t/e2
ME |8 /_‘2 V(o) dQ|3 ¢ ME [|3 /j V1) dQ1| /I /f Vi(e2) V(Qa) do, dQs]

it suffices to show the inequality in the case of g; > @, > g3 (other cases are also
covered by symmetry of the term under the last integral above). But now we can
use the same method as presented in the proof of the estimate of I and we finally
get

Il < C(u—s)*2.

This completes the proof of the inequality
ME[|X, u)—X. ()| X (t)— X.(5)I*] < C(u—s)*?

and by Lemma 8 the family of the laws of processes {X,(t)}:»0, & > 0, is tight
on C([0, + ), RY).
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7. LIMIT IDENTIFICATION

To complete the proof of our theorem we have to show that there exists
only one process that can be the weak limit of the family {X, (¢)},50 as ¢ | 0. We
prove this with the help of the Stroock—Varadhan martingale identification
theorem. We start with the following lemma:

LemMa 10 (cf. [7], Lemma 13, p. 260). For any ye(0,1), MeN,
Y: (RYM - R, continuous and bounded, 0 < s; <...<sy <sandi=1,...,d,
there exists a constant C > 0 such that for any & >0 and 0 <s<t<L

IME[(X'(t+&)— Y (O) ¥ (X (50) ---» Xe(sa))]| < Ce.
Proof. We have

(7.1)  |ME[(Xi(t+8)—XL0) ¥ (X, (50, ..., Xe(sa0)]|
t/e2 +g7—2

=ME[c | Vido)¥(X.(50)s - Xc(sa)]|

t/e2

+’ME [8 (Bi (%f)—B,- (siz»w(xe (51)s - Xg(sM))]i-

The second term above is equal to

ME| o B{ ) =B L)) IME[ ¥ (X. (50, ..., X.(s00)]
oz« (5.("5) ()

The first term on the right-hand side of (7.1) can be rewritten in the form

=0.

g2

ME[e | Vi(o)Wde],
0

where ¥ is a ¥_, o-measurable random variable for any ceX. We get

g2 Ent(e?~2/T) (k+1)T T |
ME[e [ Vi@¥del< Y ¢ | ME[Vi(Q)¥1de+e|ME[Vi(o)¥]d. j
o .. k=1 kT 0 - .

The last integral above is of order ¢. Since ME [¥;(g)] = 0, we may estimate as 1
we have already done in the previous section: :

Ent(e~2/T) &+ 1T Ente~%T) &+ 1T
Y & | ME[V(@Y]d= Y & | ME[Vi(o(¥—-MEY)]dg
k=1 kT k=1 kT

Ent(e?~2/T) (+1)T
= Y & | ME[Vi(e—(k—1)T)Q* "(Y—MEY)]dg
k=1 kT
Ente=%T) (+DT ¢
< )Y & | Sde<Ce. =
k=1 i k
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Now we have

LemMMA 11. Under the assumptions of Lemma 10, for any e > 0 we have
IME [[(X%(:+&)— XL 0)(Xi(t+6)— X10)— & Dyl ¥ (X (51, - Xelsa) ]| = 0(6")
for i,j=1,...,d, where the matrix [D;;] is given by (2.3), ie.

D;; = T ME[V.(t) V;(0)+ V;(t) V.(0)]dt +6;;.
0

Proof. Notice that
(7.2) ME[(Xi(t+e&)—XL(@0)(Xi@+e)— X))y (X.(50), .o Xo(su)]

(t +e)/e2 (t+efe2

=ME[& | [ Vi@V(e)dede'y]

t/e2 t/e2

e (o (3)-0(5)) (o(57) -2
e 5 w0 (1 57)- () |

1/e? & &
+ME [52 M}W Vi(e) (Bi (%a—y) —B; (;3)) d@'ﬁ]

/g2

=I+II+1I+1V.

It is easy to see that |II—e¢”d;; ME [y/]| = 0. Following [7] we also get the
estimate: :

+ oo
(73) l—& | V@ V0+ V0 %O1dME Y]] = o).
0
To complete the proof of the lemma we are left with the proof of the fact
that the terms III and IV in (7.2) are of order o(¢’). Once again we may find
a ¥_ 4 o-measurable random variable ¥ such that III can be rewritten in the
form

IEZEI ME [Vi(¢) B;(s'~%) ¥1da|.
0

Notice that up to a term of order o(g") we have
er=2

e | IME[Vi(o) B;(e’~%) ¥]lde
0
1 Ent(s? ~2/T)T

=a”m g IME[V;(g) B;(e*~2) ¥]| de.
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Since £772 - +w as 810 it suffices to show that

lim — j IME[Vi(@) B;(NT) ¥]|de =

Nt+w
We may write
1 NT
74 I IME[Vi(0) B;(NT)¥]|de

NT -

- —IIME[V(Q)B (NT) P do-+ J IMELVi(0)B,(NT) ¥ do

1 (N—-1)T :
L msr@son a1 MEH@B (-1 1) 0¥l
(V] ]

Continue this way and we see that (7.4) is equal to

(7.5) — Z § [ME [V;(e) B;(N—k) T) Q* ¥]| do.
Now let ¥ = ¥ —MEY. Since Q1 =1, (7.5) can be rewritten in the form
1 N-1T
—kz £|ME[V(Q)B (N—K)T)0Q* Y’]| do
V]
N 1T
+ Z {IME[Vi(0) B;((N—k) T)] ME [@* ¥]|dg.
k=00
But

ME [V, () B;(N—K) T)] = M[E [Vi()] B;(N—K) T)] =0,

since E[V;(0)] = 0. The first term above may be estimated with the help of
Lemma 6. We have ||Q* ¥||.. < C/k? for any ge[1,2), keN, the constant
C > 0 depending only on g and ||P||... And we estimate (7.5) from above by

Rt 5
N Y. TWilleswea-||Bi (N —K) T)||z 1Q* Pllca
k=0

'rN—1 /

C Z < -0 as NT+oo.
N ﬁ

This completes the proof of Lemma 11. m

LemMMA 12. For any ye(0, 1) and 0 <y <y there exists a constant C > 0
such that '

ME[|X, (t+¢&)—X, (4] < Ce*.
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Proof We have

X, (t+e)—X, (1) = . +j V,-(Q)de+8(3i(fj7g>—3i (iz»

t/e2

t/e2 +gr—2 t+8y ,
A= | Viode, B=E(Bi(_2)_3i(_2)),
t/e? & &

It suffices to find the estimates of the following type:

(i) ME[|4*1< Cy8%,

(i) ME[]A® B[] < C,8%,

(iiiy ME[|4% B[] < C;¢&?",

(iv) ME[|AB’]] < C.&,

(v) ME[|B*]< Cs&™
for some constants C,, ..., C5 > 0. It is easy to see that once we have estab-
lished (i) and (v} we get (ii}{(iv) by the Schwarz inequality. But (v) is obvious. To
prove (i) we have to find an appropriate estimate from above of the term

Define

gr—2 21

06 | dos [dos f dos 5 ME [V;(g:) Vi(05) Vi(e) Vi(0)] o,

and this is exactly the result of Lemma 15 of [7]. =

Now let feCg (RY. Let ¢ be as in Lemma 11 and let t,, = s+me’. From
the Taylor expansion formula we have

ME[(f(X.)—f (X.(s))) 7]

= Y ME{{[X,(tn+1)—X. ()], (7) (X, (t) D ¥}

mis<tm<t

1 ' '
+3 Y ME{K[X.(tn+ 1) =X ()] ®[X. (tm+ ) — X (ta)], (FOFS) (X, (tm))) ¥}

m:is<ty, <t

+% Z ME {<[Xe(tm+ 1)_Xs(tm)]®[xe (tm+ 1)_Xe (tm)]®[xe (tm+ 1)_Xe (tm)]:

m:s<tym<t

VRV RYVf)(X.(6.)) P},

where 6, is a point in the segment [X, (t,), X, (txn+1)]. The first term of the sum
above is estimated with the help of Lemma 10 by the term of order o(g?). The
third one, by the Hoélder inequality and Lemma 12, may be estimated from
above by Ce®"'2, Choosing carefully ye(0, 1) and ' €(0, y) we get again the
term. of order o(g’). The second term can be rewritten in the form
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1

7 2 _ ME {CIX. (it )= X, (1O [X, (tm 1) = X ()] = D",
o (VOVI)(X. (tm)) ¥}
+3 T ME(D PRI},
where

D* = ME[[X, (tn+ 1)~ X, () 1®[Xe (tms )~ Xe 1]
And this, by Lemma 11, up to the terms of order o(¢’) is equal to

1 d
(1.7) 3 Y [ Y ¢D;ME[0}f(X.(tm) ¥]+0(e))].
m:s<tym<t i,j=1
Thus the limit of the family of processes {X,(t)};>0 as ¢ 0 must have the law
p on the space C([0, +o0), RY) such that for any feCg (R?)

1 d t

flx (t))"i Y, D;fo%f(x(e)de, t=0,
i,j=1 0

is a martingale under u. By the theorem of Stroock and Varadhan (see e.g. [14])

it may be identified as a diffusion with covariance matrix D = [D;;]. This

completes the proof of our theorem. =m
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