PROBABILITY
AND
MATHEMATICAL STATISTICS

Vol. 23, Fasc. 2 (2003), pp. 273-291

GENERATING FUNCTIONS OF ORTHOGONAL POLYNOMIALS
AND SZEGO-JACOBI PARAMETERS

BY

NOBUHIRO ASAI (Kyoro), IZUMI KUBO (HIroSHIMA)
AND HUI-HSIUNG KUQ (BatoN ROUGE, LA) :

Abstract. In this paper, we present a more direct way to compute
the Szegé—Jacobi parameters from a generating function than that in
[5] and [6]. Our study is motivated by the notions of one-mode in-
teracting Fock spaces defined in [1] and Segal-Bargmann transform
associated with non-Gaussian probability measures introduced in [2].
Moreover, we examine the relationships between the representations
of orthogonal polynomials in terms of differential or difference opera-
tors and our generating functions. The connections provide practical.
criteria to determine when functions of a certain form are orthogonal
polynomials.
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1. INTRODUCTION

The theory of orthogonal polynomials [9], [23] has a long history with
a wide range of applications, for example, to stochastic analysis [13], [16] and
mathematical physics [10]. Its connection with the notion of one-mode interact-
ing Fock space has been recently examined by Accardi and Bozejko [1]. In the
papers by the first-named author [2], [3] and the authors [4], important
aspects related to Accardi-Bozejko’s work have been recently studied from the
viewpoint of the Segal-Bargmann transforms associated with non-Gaussian
measures. The results in this paper will be useful for relating the analysis of the
Segal-Bargmann transform to quantum probability theory [19], [20].

Let u be a probability measure on R with finite moments of all orders such
that the linear span of the monomials x", n > 0, is dense in I? (). Then we have
a unique complete orthogonal system {P,}s>, such that P,(x) is a polynomial
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of degree n with leading coefficient 1, which is called a monic polynomial. 1t is
well known [9], [23] that {P,};<, satisfies the following recursion formula:

(11) (x--d")P (x) = "+1(X)+CD,,P,,_1(X), nz0,

where a,e R, w, = 0 for n > 0 and, by convention, wy, = 1, P..; = 0. The num-
bers «, and w, are called the Szegi—Jacobi parameters of u. Define a sequence

2=} by |
A = Wy 601 ns nz 0.

For such a sequence 4, we can define the associated Hilbert space I'; as the
I>-space with weight A. The annihilation operator 4 and creation operator A*
acting on I'; are defined from w,. We point out that in general the pair {4, A*}
is different from the pair {b, b*} of the bosonic annihilation and creation
operators. The neutral operator ay is defined from {a,} and the number opera-
tor N. The Hilbert space I'; equipped with {4, A*, ay} is called the one-mode
interacting Fock space. See [1], [2], [4] for explicit definitions of I'y, A, A*, N,
and oy.

In [1], it is proved that there exists a unitary isomorphism U I, —1%(u)
such that the following intertwining formulas hold:

(1) UPy =1,

(2) ua*u*p, = P,,+1, ‘

B UA+A*¥+ayU* =
where @, is the vacuum vector and X is the mu1t1p11cat10n operator by x in
I? (). This unitary isomorphism U is canonical in the sense of condition (3),
namely, under U, the classical random variable x on I? (1) considered as the
multiplication operator X can be decomposed into the sum of the operators A4,
A¥*, and ay on the interacting Fock space I',. In this sense, U provides a natu-
ral starting point to develop probability theory from the noncommutative
algebraic point of view. In fact, central limit theorems and random walks on
noncommutative algebras are examined as an application of one-mode inter-
acting Fock spaces in [12] and references cited therein.

The transform associated with the Gaussian measure was introduced ori-
ginally in [7], [21], [22]. The generating function for the Hermite polynomials
plays important roles as the integral kernel function. This integral transform,
so-called the Segal-Bargmann transform, has been extended by many authors
within Gaussian analysis. Consult the paper by Gross and Malliavin [11] and
references cited therein. Motivated by Accardi and Bozejko [1], the first-named
author has extended the Segal-Bargmann transform to the one associated with
non-Gaussian measures to study intertwining property, as (1}+(3) above, among
classical random variables on I?(u) and creation, annihilation and neutral
operators on the I?-space of holomorphic functions [2]. As one of the interest-
ing applications, the classical Gaussian and Poisson random variables can be
represented as the sum of b and b*, and that of b, b* and N, respectively. This
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point of view shares the same spirit as Hudson and Parthasarathy [15]. In
addition, if “appropriate” integral kernel functions are chosen, the bosonic
expressions of the classical Gaussian and Poisson random variables can be
realized on the common I?-space of holomorphic functions with respect to the
Gaussian measure f on C, #I?(C, fi). This case study has been considered in
[5]. The g-Gaussian [18], g-Poisson [3], and free Gaussian (g = 0) [8] cases
have been also studied.

The notion of generating function has several different definitions, and
hence many of classical formulas in [9], [10], [23] should be modified in case
by case for applications. In particular, to obtain “appropriate” generating func-
tion as an integral kernel for the associated Segal-Bargmann transform with
a given probability measure and noncommutative realizations of classical ran-
dom variables, we need alternative methods to remove such inconvenience in
a unified manner. Moreover, in order to keep good contacts with the theory of
interacting Fock space, it is a crucial point to derive the Szegé—Jacobi parame-
ters from the generating function [5], [6].

In this paper, we will adopt notions of pre-generating functions, generating
functions, the multiplicative renormalization, and related theorem from our
previous papers [5], [6].

By a pre-generating function for y we mean a function ¢(t, x) having
a power series expansion in ¢t near t =10

(12) (P(t’ x) = Z g,,(x)t",

n=0
where g,(x) is a polynomial of degree n for each n > 0 satisfying
(1.3) lim_'sup||g,,||,{4'{u) < .

The multiplicative renormalization of a pre-generating function ¢(t, x) is de-
fined to be the function

| __9tXx
A AT

where E, denotes the expectation in the x-variable with distribution p. Then
¥ (t, x) is also a pre-generating function. A generating function for p means
a function ¥ (¢, x) given by

00

'ﬁ(t, x) = Z a,,P,,(x)t",
n=0
with some nonnegative coefficients {a,}. Here {P,} is given by equation (1.1).
Inspired by Hida’s multiplicative renormalization in the theory of gene-
ralized Brownian functionals in [13], [14], called white noise theory nowadays
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[17], we have given a systematic way to find generating functions for given
probability measures in [5], [6]. Then the following question arises naturally:

QUESTION. How can we obtain the Szegd—Jacobi parameters directly from
generating functions without deriving the P,’s?

One of the answers can be found in the following theorem proved in [6].

TueEoREM 1.1 (Theorem 2.6 in [6]). Let y(t, x) = Y. _a, P,(x)t" be a gen-
erating function for u. Then

Emy, /)= 3 ax", E,LU( 1= Y a2,
(14) ady n=0 =0 :

E [x¢(t, 1= 3 (a7 Ayt t*"+20,a,_1 A 1*"7 1),

n=0
where a_, = 0 by convention.

The basic idea of this theorem is the following. Once we have a generating
function ¥ (¢, x) for pu, we can find the power series of E, [y (t, )*] and
E,[xy (¢, -)*]. Then by Theorem 1.1 we can find a, and the Szegd—Jacobi
parameters o, and w,. We remark that in [6] the Gram—Schmidt process is not
used to get P,’s.

However, there are still difficulties in applying Theorem 1.1 to certain
examples. That is, if the integrals E, [y (¢, -)*] and E,, [xy (¢, )*] are very com-
plicated or even worse cannot be calculated explicitly, then Theorem 1.1 would
not be practical to get «, and w, from the computational point of view. This is
the case in examples given in Sections 4 and 5 in [6].

The first purpose of this paper is to present a simpler way to calculate
Szeg6—Jacobi parameters from a generating function without using explicit
information about polynomials P,’s.

It is known that classical orthogonal polynomials associated with con-
tinuous measures can be represented in terms of differential operators as fol-
lows. Suppose that w(x) is a smooth positive density of a probability measure
i on an interval I = (a, b) = R corresponding to classical orthogonal polyno-
mials. Then monic orthogonal polynomials have the following Rodorigues type
representation:

d’l
ax”

(1.5) P,(x) = Di(X(xyw(x), Dy:=

1
k, w(x)
holds for n = 0 where the conditions

(P1) X (x) is a polynomial with degX < 2,
(P2) k, is the leading coefficient of w(x)™! D3(X (x)"w(x)),
(P3) DE[X (x)'w(x)] =0 (0< k<n) for x=a and x=b,
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are satisfied (see [9], p. 146). In general, a given function of the form

(1.6) T D% (g (x) w(x)
could not be polynomials and not satisfy the condition (P1).

The second purpose of this paper is to discuss such representations of the
polynomials P,(x) in terms of differential or difference operators for general
probability measure p by using generating functions. This consideration pro-
vides not only Rodrigues formulas but also is useful to know under what
conditions on our generating functions and the Szegé—Jacobi parameters a func-
tion of the type in equation (1.6) becomes orthogonal polynomials.

The present paper is organized as follows: In Section 2, we shall give a new
method to directly obtain Szegé—Jacobi parameters from generating functions.
In Section 3, we will discuss the relationships between our multiplicative renor-
malizations of generating functions (pre-generating functions) and the differen-
tial operator representations of orthogonal polynomials. In Section 4, the case
of the difference operators will be examined. In Section 5, we will apply our
method to particular examples including Gaussian, gamma, beta-type, Poisson
and negative binomial distributions. We emphasize here that our approach is
not based upon known formulas in the literature [9], [23].

2. SZEGO-JACOBI PARAMETERS AND GENERATING FUNCTIONS

In the previous section, we have introduced generating functions and di-
scussed how to use them to compute the Szegé—Jacobi parameters o, and w,.
As we mentioned, Theorem 1.1 has no problem from the viewpoint of the
general theory, but it has practical difficulties for certain particular examples.
So we shall introduce another way to calculate them directly from a given
generating function.

2.1. General properties. Throughout this paper, u is supposed to be a prob-
ability measure on R with finite moments of all orders such that the linear
span of the monomials x*, n > 0, is dense in L2 (1) and the additional assump-
tions will be stated if necessary.

Suppose that (¢, x) is a generating function for monic orthogonal poly-
nomials {P,(x)} given by

oo}

2.1) Y@ x)= ) a, Pa(x)t"

n=0
converging absolutely around (¢, x) = (0, 0).

Remark. It is known [9] that there exists a positive integer N such that
Am =0for all m > N +1 if and only if the measure u is supported by the finite
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set {0, 1, ..., N}. For instance, the binomial distribution is exactly the case. We
are not interested in such situations in this paper and they can be treated with
some modifications if necessary. So we will consider situations under the con-
dition a, > 0 for any n > 0 in this paper, which is equivalent to the condition
An > 0 for any n> 0. See [2], [4] and the condition (H2) in Section 2.2.

In order to derive the Szego-Jacobi parameters directly from a generating
function (2.1), let us define functions A4 (x), B(t), C(t) and sequences {b,}, {c,}
by ; .

2.2) | AE _ lim § (¢, x/t) = i 4, X", -
@)  BO=460= Y hn
24 C(t)=aix¢(t, 0 = ic,,t".‘

Since B(f) = Y., @, P,(0)" and C () = Y, 4, P (0) ", we obtain easily
P,(0) = b,/a,,  P,(0) = c,/a,.
Then it is easy to see the following by the recursion formula for P,(x) in
equation (1.1).

PROPOSITION 2.1. Suppose that Y (t, x) is a generating function of the form
(2.1) for p. Suppose b,c,_ 1 # b,_, ¢,. Then the Szegé—Jacobi parameters {a,, ®,}
are the unique solution of the system of the linear equations

b bn—l bn+1
a—"a,,+a On ==
n n—1 +1
2.5) :
EO! +cn—1w _ Cn+1 bn
n m— — T
an ap-1 Gp+1 dp

2.2. Special cases of pre-generating functions. In Section 5, we shall discuss
particular examples associated with well-known probability measures to ap-
peal that our general approach provides a more efficient algorithm to obtain
Szeg6—Jacobi parameters from generating functions than the method through
Theorem 1.1. For this purpose, consider a pre-generating function of the form

(2.6) @(t,x)=h(e@®)x) = 20 b0 (2" x"

and the associated multiplicative renormalization given by

k(e ()x)

V= The® )]
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under the following analytic conditions (H1) and (H2):
(H1) o(®) = Z:;lg,, t" is an analytic function near t =0 and g, # 0.

(H2) h(x) = Z:; o I X" is an analytic function near x = 0 such that h(tx) is
analytic in x on the support of g for |t| < ¢, with some t; >0, hy =1 and
h, # 0 for any n > 1. Furthermore h(x) satisfies

@7 tim sup [y x"2q) " < o0

We can easily see that the condition (2.7) is equivalent to

2n

[ [1h(e®to %) du(x)dd < oo

oR
for some ty, O0<ity<ity. If h,>0 for any n>0, then the condition
E,|h(&£ tox)|* < oo for some ty, > 0 implies (2.7).

THEOREM 2.2. Assume that h(x) and g(t) satisfy the conditions (H1) and
(H2). Then we have the following assertions:

(1) @(t, x) = h(e(t)x) is a pre-generating function for p.

(2) Its renormalization y (t, x) is a generating function for u if and only if
E, [ (t, )Y (s, )] depends only on ts.

Proof We see that

) n+ 1 Q()n+1

%m&t"a ana(t x)—hm o, x)=0
. 1o ) " .
lim =220t x )=11m‘~’() o(t, x) =" #0.

Therefore g,(x) in equation (1.2) is a polynomlal of degree n w1th the leading
coefficient gj/n!. Since

o] =2} n

he®)x)= Y hme(r)'"x’"= YY( Y enene--euhxyr
m=0 n=0k=0 ji+jr+..+jx=n,
Judzseniez21

holds, the condition (2.7) implies (1.3). Thus we have the assertion (1). The
second assertion is obvious by Theorem 2.5 in [6]. =

Since E, [k (¢(t)-)] is a function in ¢ with ¢ (0) = 0 by (H1) and p is a prob-
ability measure, it is easy to see that

fm— L
=0 E,[h(e(®))]
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Hence we get

tim 2OBX) o
=0 E,[h{e(®))]

Therefore we have

ProrosiTION 2.3. Suppose that a pre-generating function @ (t, x) is given by
(2.6) under the conditions (H1) and (H2). Then

1
E,Th(e®)]
where 9, = ¢’ (0) and h, = I (0). In addition, a, = ¢} h, and ¢, = h, Z:=0Qk b, .
By Proposition 2.1, we have

(28) A(x)=hle1x), B() and  C(t) = hye(9) B(1),

THEOREM 2.4. Suppose that a pre-generating function ¢@(t, x) is given by
(2.6) under the conditions (H1) and (H2) and b,c,—; # b,_; ¢, for any n = 1.
Then the Szegé—Jacobi parameters {0, w,} are the unique solution of the system
of the linear equations

b 2p,_ b
Q1 na"+Q1 n 1wn_____ n+1,
(29) hn hn—l hn+1
Q1Cn 0 cn-1 _ _Cnt1 01 bn
" ey T T B

where ¢, = hy Z:=ngb,,_k.

It is well known that the measure y is symmetric if and only if &, = 0 for all
n 2> 0. In this case, if ¢(¢) is an odd function, then B(t) is even and C(t) is odd.
Therefore, the above equations become the following:

_ b2m+2h2m
WOom+1 = T b b
(2.10) Ql 2m2m+2
Com+1Mom-1 bomhzm—1
Dom = —

3 .
01Cam—1ham+1 Q1Com—1hom

Examples will be given in Section 5 to use results in this section.

3. ORTHOGONAL POLYNOMIALS AND DIFFERENTIAL OPERATORS

In this section, we discuss representation of orthogonal polynomials as-
sociated with continuous measures similar to (1.5) for the classical cases in
connection with generating functions. In general cases, we cannot assert the
condition (P1). In the next section, we shall consider the corresponding case of
discrete measure.
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THEOREM 3.1. Suppose that a probability measure u on an interval (a, b)
has a smooth density function w(x) and  (t, x) is a generating function of the
form in equation (2.1). Furthermore, suppose that a smooth function q,(x) satisfies
the conditions

L
mﬂz(qu )wx) el (1)
and

Di(gn(x)w(x))=0 at x=a and x=»

for any k,0< k <n. Then P,(x) can be represented as

(31) Po(s) = g P2 O ()
with some constant k, if and only if
(3-2) | [ (D (¢, %)) gulx) dpt (x) = dpt”

a

with some constant d,. In this case, d, and k, are related by
(3.3) dy = (—1) L, a,k,

Proof. By the boundary condition, the » iterations of the integration by
parts provide

f ¥ (t, x) —— D (g, (x) w(x)) dp(x) = f V(e x) Dz (4n () w (x)) dx

( x)
=(—1) } (D2 (¢, X)) gn (x) dpe (x)-

Hence, by the relation ,,

i ¥ (&, x) Pu(x)dpu(x) = A,a,1",

we see that (3.2) is equivalent to

J @t %) ——=Di(g. () w(x)) du(x) = (~ 1)" N (t, x) Py (x)dpu(x),

1
w(x)
which means

—(—)D" %@ () w(x)) = (— 1y = Pu(¥)

since {P,} is a complete system of orthogonal polynomials. Thus we have (3.1). =

5 — PAMS 232
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Remark. We make an important remark on Theorem 3.1. The fact,
a function

1

w2 @ W)

is a polynomial of degree n, is not an assumption but a conclusion. If we know
this fact a priori, then the assumption, it belongs to I?(w), is automatically
satisfied. However, when the above Rodrigues type expression is given first, it
cannot tell in general if the condition (P1) is fulfilled or not:

Now we consider the special case when ¢ (t, x) = h{g () x) as given by equa-
tion (2.6). In this case, the generating function is given by ¥ (¢, x) = B(f) k(g () x)
and equation (3.2) becomes the following equation:

d, { t
(o (t) x)q,(x)d = (—)
2 (e0)2) a0 (09 () = g 5
Next, we apply Theorem 3.1 to this special case with g,(x) of the form
dn(x) = w,(x)/w(x). We derive the following theorem.

THEOREM 3.2. Suppose that u is a probability measure on an interval (a, b)
with density function w(x) and Y (t, x) is a generating function for u arising
from g(t) and h(x) satisfying (H1) and (H2), respectively. Assume that w,(x) is
a smooth function with support in [a, b] such that

- D 2
e )D EWa ()€ L7 (1)

and
Di(w,(x))=0 atx=aand x=h

for any 0 < k < n. Then the orthogonal polynomials {P,(x)} for the measure
1t can be represented by

G4 P,(x) = " (W (X))

1
k, w(x)

with some constant k, if and only if the equality

n = d Ly
(3.5) I B® (06 x) wa (x) dx B(t)(e (t)>

holds for some constant d,. In this case, d, and k, are given by

!
(3.6) d,=nlglh, and kn=(—1)"%

n
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Proof. The equivalence of the conditions in equations (3.4) and (3.5) follows
from Theorem 3.1 and the remark preceding the statement of the theorem. To
find the value of d,, note that the left-hand side of equation (3.5) has the limit

]ing } h® (g (2) X) W, (x) dx = f K™ Q) w, (x)dx = k™ (0) = n!h,.

On the other hand, note that B(0) = 1 and lim,¢ ¢ (t)/t = ¢,. Hence the right-
-hand side of equation (3.5) has the limit

fim -2 (_’_>"—ﬁ -
o BO\e@®)) ot

Therefore, we get n!h, = d,/o", and so d, = n!g? h,. With this value of d, we
can use equation (3.3) to find that

k,,=(—1)":-!. B

This theorem will be useful to study particular examples in Section 5.

4. ORTHOGONAL POLYNOMIALS AND DIFFERENCE OPERATORS

Analogously to the case of continuous measure in Section 3, one can
represent orthogonal polynomials associated with a discrete probability mea-
sure with positive point masses w(x) at xe Ny := {0} UN in terms of difference
operators. For this purpose, we need to introduce the forward difference
A, and the backward difference A_ by

A, u(x)= u(x+1)—u(x) and A_u(x)=ux)—ulx-1),

where we use the convention u(x) = 0 for x < —1 for any function u. It is not
hard to see the formulas

4.1) ' " u(x—n) = A" u(x)

and

42 A ee@l= Y (Z)A’iu(x+n—k)A"—"‘v(x+n—k)-

k=0
Then the following theorem is derived.

THEOREM 4.1. Let y (t, x) be a generating function for a probability measure
pon No and w(x) = p({x}) for xe N,. Suppose that a function q,(x) on N, satis-
fies the conditions

W )(A" G W) (x)e IZ ()
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and
A% (g,w)(x) =0 at x=0 and x = o0
for any 0 <k <n. Then P, can be represented as
1 n
P,(x)= m(dw n W) (x)

with some constants k, if and only if
Y @R ) () w(x) = dat"
x=0

with some constant d,. In this case, d, and k, are related by d, = (—1)" A, a,k,.
Proof. By the same reason as in the continuous case, for a function
Q,.€I? () the condition

[¢ e}

Z ./’(t: X)QH(X)W(X) = ﬂ,,/l,, t

x=0

is equivalent to Q, = P,. (It means that a function @, is a monic orthogonal
polynomial with respect to the measure u.) Therefore,

P,(x) =

1 n
G

holds if and only if

Inpt® =3 Y (t, x+n) A% (g, w)(x+n) = (=1)" 3 (4% ) (¢, X) g, (x) w(x)
x=0 x=0

holds with the help of the formulas in equatiohs (4.1) and (4.2). This completes

the proof. m

For the discrete measure case, we shall restrict our consideration to the
case of h(x) = ¢* from now on, which can cover the cases of Poisson and
negative_binomial distributions discussed in Section 5. Similarly to the con-
tinuous cases, we have the following theorem.

THEOREM 4.2. Let u (w(x) = u({x})) be a probability measure on N, such
that
1

V(e %)= BOe,  where BO) = 5
u

gives a generating function for u with o(t) satisfying (H1). Suppose that there
exists a family of probability measures p, (w,(x) = u,({x})) on Ng such that

1 n 2
W—(;—)A— wn(x)e L ()
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and
A (w,(x)) =0 at x=0 and x= 0

for any 0 < k < n. Then the orthogonal polynomials {P,(x)} for the measure
U can be represented as

1 .
= A"
with some constant k, if and only if the equality
[v2] d tn -
e(t)x -__n
(43) xgo e Qn (x) w (x) B (t) (eg(t) _ 1)"

holds for some constant d,. In this case, d, and k, are given by

44 d,= ¢ and k,=(—1y=—

5. EXAMPLES

5.1. Continuous measure case.

ExaMpPLE 5.1 (Gaussian distribution). Let us consider first the case of
Gaussian measure with mean 0 and variance ¢ with density

w(x) = ! ex x_2
NG P\722)

It has been proved in [5] and [6] that a generating function (¢, x) for u is
given by a pre-generating function ¢ (t, x) = € with ¢(f) =t and h(x) = ¢*.
Then A (x) in equation (2.2), B(t) in equation (2.3) and C (¢) in equation (2.4) are

1
A(x)=ex’ an=hn=aa
_0.2 m
-B@)= eXP(—%O'2 tz), bom = %, bym+1 =0,
(=a?)"

C(t) = texp(—%az tz), Coam =0, Comi1 = Sl

by equation (2.8), and then a generating function for u is given by
¥ (t, x) = exp(tx—%ot?).
Since u is symmetric and g, = 1, we have
0, =0, w,=0¢*n and Ai,=c"n

for n21 (xg =0, wg =1, 4o =1) by equation (2.10).
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Now let us apply Theorem 3.2. Equation (3.5) is satisfied with w, = w and
1/k, = (—1)* 4,/n! = (—1)" 6" by the second equality in (3.6). Therefore we have

P,(x) = (—o?exp (%22) D} exp ( - 2%)

by equation (3.4).

Example 5.2 (gamma distribution). Let u, be the gamma distribution with
parameter o > 0 and let

a—1 ,—x

W, (x) = e

r@”
be its density on (0, cv). We have shown in [5] and [6] that a generating
function ¥,(t, x) is given by

g(t)=1L+t, h(x)=¢* and  B,()=(1+)

So we have

Yalt, %) = (L4 %exp (ILHx)

Then we can see that

A(x) = €, Ay = h, = o7
BO=(+07 b= (-

Co) =t +07"Y, = (=11 ——F(li(:)“;n“)_ 5
Therefore equation (2.9) becomes
’ (n+a—1)a,—w, = (n+x)(n+a—1),
nn+a—1a,—(n—w,=nn+a+1l)(n+a—1).
Then we have

\r
oy =2n+0o, @,=n{m+a—1) and in___n_%x_)
Since we have

(Q_(t)>n3a(t) =(1+0)7"B.(t) = (147" = By+4(0),

t
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the equality in equation (3.5) is satisfied with w,.,. Hence by Theorem 3.2 we
have the representation

P, x)=(—1)"x"2*1eDr(x"**"1e™™),

ExAMPLE 5.3 (beta-type distribution). Let u,; be the beta-type distribution
with parameter > —1/2 and the density

L I+
JaT B+

on(—1, 1). In [5] and [6] we have proved that a generating function Yplt, x)is
given by

(1—x2)f~112

wg(x) =

g(t)=1—+‘;5, hy()=(1—x)"" and B,(t)=(1+:)".

So we have
Yu(t, x) = (1—2tx+1*) 74,
_ 2"T'(n+p)
= _ 8 =" = —
Aﬂ (x) (1 2x) » ay 2 hn nl F(ﬁ) s
_ I'(m+p)
— 2\-8 —(—1\m -
By =+ by =~ banes =0,
—g— I'm+p+1)
= 2 -1 = =(—1)yr— 7
Cﬂ(t) t(1+t ) ’ Com 03 ch+l ( 1) F(ﬂ’}"l)m! .
Since pg is symmetric, o, = 0 for all n > 0. By equation (2.10), we have
— 1
o = nn+2p-1) and i, = r@re+1yrn+2p)n!

" 4m+p—-1)(n+p) 22T (n+p) T (m+B+1)

Since ¢, = 2, we have

@%y%m=u+ﬂ“mm=ﬂ+ﬂ””=mﬂm'
\21

So the equéh'ty in equation (3.5) is satisfied with w,. ;. Therefore by Theo-
rem 3.2 we get

I'(n+2p)
I'(2n+2p)
5.2. Discrete measure case.

ExampLE 5.4 (Poisson distribution). Let u be the Poisson measure with
parameter A > 0;

(1 ___xZ)—ﬂ+1,f2Dg(1 _xZ)n+ﬁ—1/2‘

P,(B, x) =(-1y

B =we) = e 22
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on Ny. In [5] and [6] it is proved that a generating function (¢, x) is given
by

o) =log(1+f), h(x)=¢ and B(f)=e ™.

Hence we have y (¢, x) = e~ #*(1+41)* and

A=, ==
At )
At =(—1)"—
B =e %, by = (=1F' 5
) n—1 L
— At =(—1) Trie I
C@®)=e "log(1+1), c,=(-1) k;Ok!(n—k)

Applying the first equality in (2.9), we have the relation
Oy = A, + A%
From the second equation in (2.9) we have
o, =A+n, w,=An and A,=A"n!

after the computations for simplification.
Since e®®—1 =1 and g, = 1, we have the relation

(eQ(t)t_ 1)11 B (t) _3 (t) .

Hence the equality in equation (4.3) is satisfied with w, = w. Thus by Theo-
rem 4.2 we have

A (1P AT (x4 1) A7 —2

Py(x) =(=1)"A7*I'(x+1) 4~ Tt ) I'(x—n+1)

ExXAMPLE 5.5 (negative binomial distribution). Let y, be the negative bino-
mial distribution with parameter r >0 and 0 <p < 1;
I'(x+r)
rrx+1)

X

e () = W, () = p'( ;’)(—1)*(1—11)* iy

on Ny, where p+q = 1. In [5] and [6] we have proved that a generating
function ¥, (t, x) is given by

e =log(l+t)(1+qt)"t, h(x)=e and B,(t)=1+qt)".
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Hence we have ¢, (t, x) =(1+t)*(1+qt)"*"" and

X — 4 _p_
A(JC)=e, an_phn_n!’
_ I'in+r)
B.(t)=(1 r b,=(—¢q)"
/) = (L+a)7, v =(-a) i
_ 141¢ /l"(l q" ")
C.t)=Q1+qt)""1 , -1y
Applying the first equality in (2.9), we have the relation -
4 q
= ———————,+—(n+7).
qgn—1+r) p( )
From the second equation in (2.9) we have
1 -1 " !
06..=( +q)n+rq’ mn:qn(n _ +7r) and Anz_qi;l"(n+r)n
P P p? L)

after the computations for simplification.
Since e?®—1 = pt/(1+qt) and @, = p, we have the relatlon

e"(’)—l n
( ) B(t) = (14 qt) "B, (t) = By+.(0).
01t .

Thus the equality in equation (4.3) is satisfied with w,.,. Consequently, by
Theorem 4.2, we have the representation

il"(x+1) ~x gn 'x+r)
p"I'(x+7) * I‘(x—n+1)q )
5.3. Remarks. It is possible to give another method to derive the Sze-

gb6-Jacobi parameters. In fact, by equations (3.6) or (4.4), and the first equality
in (2.5), we obtain

Py(x) = (=1)

. = kn—l

(5.1) : Fe
_bn—lan _bn+1an
"_bnan—l " bnan+1.

Actually, for all examples in Section 5, it is not hard to compute directly the
leading coefficient k,.

ExaMPLE 5.6 (leading coefficient and A,). For the negative binomial case,
it is not difficult to calculate the Szegd—Jacobi parameters in principle, but a bit
of a long calculation is required. However, since the leading coefficient of

rx+1 _ . 'ix+r)
rtn? A*(r(x_—n+1)q)
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is equal to (g—1)" = (—1)"p", it is easy to see that the leading coefficient k, of

1, e G+ rix+) o Tx+r)
et =pa e e ()
is equal to
eyl IO
k= (=1 ¢ T'n+r)

By equation (4.4), we have -
_ g I'(ntnn!
" T

When we obtain orthogonal polynomials by applying the theory of [5]
and [6], we have E, [{(t, x)] on the calculation. Hence 4, is obtained rather
easily from it [5]. Then a, can be calculated from equation (5.1).

ExaMpLE 5.7 (deriving o, from 4,). For the Poisson case, it is not hard to
get A, = A"n! by equation (1.4) in Theorem 1.1 and w, = An. By equation (5.1),
we have o, =n+4.

REFERENCES

[1] L. Accardi and M. Bozejko, Interacting Fock space and Gaussianization of probability
measures, Infinite Dimensional Analysis, Quantum Probability and Related Topics 1 (1998),
pp. 663—-670.
[2] N. Asai, Analytic characterization of one-mode interacting Fock space, Infinite Dimensional
Analysis, Quantum Probability and Related Topics 4 (2001), pp. 409-415.
[3] N. Asai, Integral transform and Segal-Bargmann representation associated to q-Charlier poly-
nomials, in: Quantum Information 1V, T. Hida and K. Sait6 (Eds.), World Scientific, 2002,
pp. 39-48.
[4] N. Asai,I. Kubo, and H.-H. K uo, Segal-Bargmann transforms of one-mode interacting Fock
spaces associated with Gaussian and Poisson measures, Proc. Amer. Math. Soc. 131 (3) (2003),
pp. 815-823. (Article electronically published on July 2, 2002)
[5] N. Asai, I. Kubo, and H.-H. K uo, Multiplicative renormalization and generating functions I,
Taiwanese J. Math. 7 (1) (2003), pp. 89-101.
[6] N. Asai, L. Kubo, and H.-H. K uo, Multiplicative renormalization and generating functions 11,
preprint, No. 1402, RIMS, Kyoto Univ., 2003 (to appear in: Taiwanese J. Math. 8 (4) (2004)).
[7] V.Bargmann, On a Hilbert space of analytic functions and an associated integral transform. I,
Comm. Pure Appl. Math. 14 (1961), pp. 187-214.
[8] P. Biane, Segal-Bargmann transform, functional calculus on matrix spaces and the theory of
semi-circular and circular systems, J. Funct. Anal. 44 (1997), pp. 232-286.
[9] T. S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, 1978.
[10] R.Courant and D. Hilbert, Methods of Mathematical Physics, Vol. 1, Wiley—Interscience,
1953.
[11] L. Gross and P. Malliavin, Hall’s transform and the Segal-Bargmann map, in: Ité Sto-
chastic Calculus and Probability Theory, N. Ikeda et al. (Eds.), Springer, 1996, pp. 73-116.



Generating functions and Szegd-Jacobi parameters 291

[12] Y.Hashimoto, A. Hora, and N. Obata, Central limit theorems for large graphs: Method of
quantum decomposition, J. Math. Phys. 44 (2003), pp. 71-88.

[13] T. Hida, Stationary Stochastic Processes, Princeton University Press, 1970.

[14] T. Hida, Analysis of Brownian Functionals, Carleton Mathematical Lecture Notes 13, 1975.

[15] R.L. Hudson and K. R. Parthasarathy, Quantum It6's formula and stochastic evolutions,
Comm. Math. Phys. 93 (1984), pp. 301-323.

[16] K. 1t6, Multiple Wiener integral, J. Math. Soc. Japan 3 (1951), pp. 157-169.

[17] H.-H. Xuo, White Noise Distribution Theory, CRC Press, 1996.

[18] H.van Leeuwen and H. Maassen, A g-deformation of the Gauss distribution, J. Math. Phys.
36 (1995), pp. 4743-4756.

[19] P. A. Meyer, Quantum Probability for Probabilists, Lecture Notes in Math. 1538, Springer,
1993.

[20] K. R. Parthasarathy, An Introduction to Quantum Stochastic Calculus, Birkhduser, 1992,

[21] L. E. Segal, Mathematical characterization of the physical vacuum for a linear Bose—Einstein
field, Illinois J. Math. 6 (1962), pp. 500-523.

[22] L E. Segal, The complex wave representation of the free Boson field, in: Essays Dedicated to
M. G. Krein on the Occasion of His 70th Birthday, Adv. in Math.: Supplementary Studies
Vol. 3, L. Goldberg and M. Kac. (Eds.), Academic, 1978, pp. 321-344.

[23] M. Szegd, Orthogonal Polynomials, Coll. Publ. 23, Amer. Math. Soc., 1975.

Nobuhiro Asai Izumi Kubo
Research Institute for Mathematical Sciences Department of Mathematics
Kyoto University Graduate School of Science
Kyoto, 606-8502, Japan Hiroshima University
E-mail: asai@kurims.kyoto-u.ac.jp Higashi-Hiroshima, 739-8526, Japan

Current address: Department of Environmental Design
Hui-Hsiung Kuo Faculty of Environmental Studies
Department of Mathematics Hiroshima Institute of Technology
Louisiana State University 2-1-1 Miyake, Saeki-ku
Baton Rouge, LA 70803, US.A. Hiroshima, 731-5193, Japan
E-mail: kuo@math.lsu.edu . E-mail: kubo@cc.it-hiroshima.acjp

Received on 29.5.2003







