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Abstract. The sums of iid. random vectors with compactly sup-
ported and absolutely continuous distribution are considered. Under
some conditions the strong form of the local limit theorem for large
deviations is proved. In passing the asymptotic behaviour of the mo-
ment generating function as well as possible non-degenerate limit laws
for the natural exponential family of distributions are established.
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1. INTRODUCTION

Let &, &1, .., E™_ . be independent identically distributed random vec-
tors taking values in R%,d > 1. Let us put S, =&V 4. +&™, n=1,2,...
If E|€|* < oo, then from the central limit theorem it follows that for any
A < RY, being the set of continuity of the Lebesgue measure, the relation

) " P(n2(S,—na)e d) > [ ppu)du, n— oo,

holds. Here a = E£ while ¢g(u) denotes the density of a mean-zero Gaussian
vector with the covariance matrix B = E(¢é—a)(¢é—a)”.

If, furthermore, §,, for some ny > 1 has a uniformly bounded density
Puo (%), then the local limit theorem holds, that is,

2 sup [n%2 p, (x)— @p(n~Y?(x—na))| = 0(1), n—oo.

xeR4
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A value x = x, in the range of S, is called a large deviation if
n~12|x—nal - 0, n- 0.

That is why P,(4) = P(S,—nae A), where A = A4, is such that
ta(4) =n"12inf|x| > 0, n— 00,
xed

is called a large deviation probability. It is convenient to refer to r,(A4) as the
order of large deviation. In view of (1), a large deviation probability converges
to zero while in view of (2) the term n?? p, (x) converges to zero when x enjoys
a large deviation. One of the basic problems of the large deviations theory is to
establish a precise asymptotic behaviour of P,(4) or p,(x) when x enjoys
a large deviation. Another class of problems unites those related to so-called
rough asymptotic behaviour of a large deviation probability, that is, the asymp-
totic behaviour of InP,(A) (see, e.g., [6]-[8]).

Let P be the distribution of £ In what follows we assume that it has
a bounded convex support X, which is an essentially d-dimensional open set
containing the origin. Moreover, we suppose that X can be written as

X ={x=teeR* 0<t<h(e),eeS '},

where h(e) is a positive continuous function on the unit sphere §~! in R?.
Let f(s) be the moment generating function corresponding to P, that is

f) = f e Pax),
X
where (-, > denotes the inner product in R%. It is easily seen that f (s) is finite
for all seR? that is

S ={seR% f(s)< w0}=R

For any seR? and any Borel set 4 = R? we define

P =(F©)" e Pdx).

The distribution P, is called the Cramér transformation of the distribution P or
the conjugate distribution with respect to P (see, e.g., [4], Section 1, § 1). Then
{P,, se R} is called the family of the conjugate distributions or the natural
exponential family of distributions generated by P. From now on we assume
that P is absolutely continuous and denote its density by p(x).

The classical method of treating large deviations is based on the conjugate
distribution techniques. First general results on the topic can be found in [5].
Among them we can find a local limit theorem (see also Theorem 1 in [4],
Section 1, §3). Let y(s) and B(s) be the gradient and the hessian of Inf(s),
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respectively. As known, y(s) and B(s) are the mean vector and the covariance
matrix of the distribution P, respectively. Moreover, the function y(-) estab-
lishes a one-to-one correspondence between R? and y (R?) « R Denote by s(x)
the inverse function with respect to 7y(s).

PRrOPOSITION. Suppose that for ng = 1 there exists a uniformly bounded den-
Sity Pno(x) of S,,. Then
Ps(nx)
¥n (%) (0 (x))’

—1’ =0(l), n-— 0,
xey(F)

where
Va9 = 2mn)~% (det Bs()) 7, ex) = inf £(9e = f(s(x))e™

and F is any closed bounded set in R°.
The function

H(x)= —Ing(x) = f;}{g((s, x)—In f(s))

is called the Fenchel-Legendre transformation of In f (s) (see, e.g., [6], pp. 26
and 134, or [4], Section 1, §1). This function is also known as the deviation
function being the rate function of the large deviation probabilities, so that

(e(0)" = exp {—nH (x)}.

It is worth noting that in the case considered r,(4) = O(n'/?) and the
higher order of large deviations does not arise.

The question arises: under what additional conditions can the statement of
the Proposition be extended to the whole set y (R%)? In other words, under what
conditions does the relation

pn(nx)
¥a () (@)’

1‘ =o0(1), n-o o,
xey(R9)
hold? g :

In the case when S is a bounded open set containing the origin, the answer
was given in [12] and [13], where P was taken to be the gamma-like distri-
bution in R% Here we consider a distribution with a bounded convex support
X. In this case it is expected that y(R?) = X. It will be confirmed in the next
section.

In general, we follow the scheme proved to be effective in [12] and [13]. We
start with establishing the asymptotic behaviour of f (s) when |s| — co, that is,
with establishing the Abel type theorem (see, e.g., [9], Section 13, §5). We make
use of the Laplace method for its proving. Possible non-degenerate limit laws
for the natural exponential family of distributions are discussed in Section 3.-
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The results obtained are also of interest from the viewpoint of searching for the
so-called stable multivariate exponential families (see [2]). Section 4 contains
our main result: the strong form of the local limit theorem for large deviations.
Some remarks are given in Section 5 while proofs are gathered in the Appendix.

2. A THEOREM OF THE ABEL TYPE

To find an asymptotic expression for f (s) when |s| - oo, we have the need
for assumptions on the distribution P. First, we assume a regular behaviour of
its density in a neighbourhood of the boundary 9X.

(A) The density p(x) of the distribution P is bounded in any closed subset
of X. In a neighbourhood of 0X it satisfies the condition

sup |r.-1 ") p((h(©—1)e)—A(| =0(1), |0,

eeSd—1

or

sup. [ra-1 (@ —1x) ) p)—A(@)] = 0(1), |xITh(e), e=I|x" x,

ecS9 -~

where the functionr,_; (4), u > 0, is (x —1)-regularly varying at infinity (cf. [14],
Section 5.4.2), a > 0, while A(e) is a positive continuous function on S°~ 1.

Assumpiion (A) is not very restrictive. It means some regularity of the
underlying distribution in a neighbourhood of the boundary 6X but allows
even tending the density to infinity when ae(0, 1). For instance, a uniform
distribution on X satisfies (A) with a =1, ro(w)=1 and A(e) = const.

We also need an assumption on the boundary 0X. It is formulated in
terms of the function a(e), which is the support function for X, that is

3) a(e) = sup<{x, ed = n;?_xlh(s) (e, ed, eeSi L

xeX
The relation (3) can be rewritten as (see, e.g., [12])

ale)

d— 1
, &8¢,
eSS4~ 1:(ge) >0 <8, e>

@ he) =

For convenience, we partition the assumption onto two parts.

(B) For any ecS?™! the set argmaXx,.sa-1 h(g){e, > consists of a single
point & = & (e).

Since both functions a(e) and k(e) are positive and continuous, from (3)
and (4) it follows that {¢'(e), ee S*~} = §?~ 1, Moreover, if (B) holds, then each
point of the boundary 0X is regular (see, e.g., [10], p. 20) and X is a strictly
convex set.
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(C) For any e S*~? the function h(g) (e, €), e€ S~ 1, in a neighbourhood of
&' (e) admits the representation

h(e)<e, ey = a(e)—4(e—¢ (&))" Acle—& () +we (),

where A, is a non-negative definite symmetric matrix of rank d—1 which is
continuous on ecS°~! and such that A& (e) =0 while

lw, (e)l
sup —————5=0(1), &—¢&(e).
essdl:‘)‘ |s——~s’(e)|2 ( ) ( )

The above representation plays a key role in the proof of the Abel theorem
by means of the Laplace method.

Moreover, if (C) holds, then X is a rotund body (see Section 10.1 in [2])
with a sufficiently smooth boundary.

Let us put

A® = diag(iy(e), ..., Aa-1(e),0), AL = diag(i, (), ..., 4a-1(e)),
where 4;(e), j=1,...,d—1, are non-zero eigehvalucs of A,.
THEOREM 1. If (A)HC) hold, then
sup Irs () e™"Cf (te)—ga(e)l = 0(1), t— o0,
where f = a+(d—1)/2 and
9:(€) = @R\~ T @) (h(E)' " AE)<e, e (det AP) M2,
Similarly, one can establish that for s =te as t — oo it follows that

a0y I )
Js;

)] sup r,,(i)e —g.(@h(E)e =0(1), i=1,...,4d.

eeS4-1

Let p®(x) be the density of the conjugate distribution P;, that is
e p(x)
f6)

Obviously, the distribution P, is supported by the set X. Since y(s) = gradIn f (s)
is the mean vector of P, we infer that y(s)eX.
From Theorem 1 and (5) it follows that

- P9 (x) = xeX, seR?,

sup [y(te)—h(e)e| =o(l), - 0.

eeSd-1

Therefore, if |s| — oo, then y(s) T 6X. That is why y(R?) = X since both sets are
bounded, open and convex with the same boundary.
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3. LIMIT LAWS FOR CONJUGATE DISTRIBUTIONS

Let &; be a random vector having the distribution P;. As we know, P,, is
concentrated in a neighbourhood of h(g')& as t — co. Therefore, in order to
find a non-degenerate limit law for P, when |s| = co, one should transform & in
a proper way.

One transformation follows immediately from the proof of Theorem 1 (see
the Appendix). If (A){C) hold, then the density u,(x) of the random vector

Mg (és) = (tllz (C'er eéx)l LIRSS t”z (Cg‘ eés}d— 1s t(h (eis)_ |§xl))s

where C, is the orthogonal matrix reducing A, to the diagonal matrix A9,
satisfies for any 6 > 0 and for s = te, t — oo, the relation-

sup sup [Jus (xla e xd)_ (P(Zgo))‘ 1 (xl 3 aney Xg— 1) ' <e9 8’> 9« ((ea 81> xd)l =0 (1)
esS4- 1 xeREx32>d '
Here @¢zo)-1(X1, ..., X4—1) stands for the density of a mean-zero (d— 1)-dimen-
sional normal distribution with the covariance matrix (4™, and q,(z) de-
notes the density of I'(x) distribution.

However, the transformation =, is rather useless from the viewpoint of
applications since it is non-linear and centering in the last component depends
on a random factor. The question arises: does there exist a linear transformation
of & having a weak non-degenerate limit when t— c0?

It turns out that the answer to this question is positive. Let = (14, ..., 712
be a random vector having the density

Taqa(X; @, B) = @p(xy, ..., X4-1) a4, (axs—XT B~ X/2)

_afax;—x" B~ %/2* ! exp(—ax,)
B (n)@~V2(detB)?I'()

where x; > %" B 'x/(2a) and X = (xq,..., X4—,)7. It is easy to see that
=1, ..., #4—1) has a mean-zero (d — 1)-normal distribution with the covari-
ance matrix B while an, has I' (f) distribution. The conditional distribution of
ang, given i =z, is I' (x) distribution shifted by z* B~!z/(2a).

In what follows, we denote by e® the i-th unit vector in R¢ and

A;(a, B) = {xeR* x;—x" B~1x/(2a) > 6}.
TueoreM 2. If (A)C) hold, then the density ji;(x) of the random vector
T (és) = Ds CZ (is ~h (SI) 6/)

satisfies for any 6 > 0 and for s = te, t - o0, the relation

sup SUp |5 (x)—mau{x; <€, &>, H(e))| = 0(1),

ec84 -1 xed5(<e’ e, H(e))
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where H (e) = (h (z—:’))2 (A~ while the rows of the matrix Dy are t'?eV, ..,
t12@-Y - _(t/(e, D) CT e, respectively.

The linear transformation 7,(&,) can also be written as

ﬁs(és) = (tllz (CZ 65)15 teey tllz (CeT és)d—li t(h (6,)_<€sa e>/<8,n e>))

ExXAMPLE. Let d =2 and h(e) = 1. Thus X is a unit ball centered at the
origin. Let P be the uniform distribution on X. Then condition (A) holds with
a=1,rou)=1, A(e)=n"". One can easily see that a(e) = 1, conditions (B)
and (C) hold and &' (¢) = e. -

Let s =te, e = €, t - 00. As we know, the conjugate distribution P, is
concentrated in a neighbourhood of e. The transformations 7, (&) and 7 (&) of
the random vector & = (&, &,) with the distribution P; look like

& _
s (és) = (tllz ﬁa t(l - |£sl))a Mg (és) = (tllz ésls t(l - 652))a
while the densities of the limit distributions are

(2m)~172 exp(—(x3/2+x,)), xi1€R, x5 >0,
and
(6) a1 (x5 1, 1) = 2m) " Y2exp(—x,), x;€R, x5 > x}/2,

respectively.

4. LOCAL LIMIT THEOREMS

Our method of proving the strong form of the local limit theorem for large
deviations of sums consists in establishing, firstly, the local limit theorem for
conjugate distributions.

One can easily calculate the mean vector y, and the covariance matrix
X, of the limit distribution from Theorem 2:

H(e) 0 )

Ye = (ﬁ/(sls e>)e(d)9 Ee = ( 0 ﬂ/(el’ e>2

where, as before,

B =a+%, H(e) = (h()’ (AD)"t, e9=(0,...,0, 1)

From Theorem 2 it follows that the density f,(x) of the random vector

Zve— 1/2 ﬁs(és) — ze— 1/2 Ds CZ(és—h(B’) 8’)
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satisfies for any 6 > 0 the relation
Hm  sup |g(x)—7aq(x; B2, DI =0,
lsl= @ xedn(p1/2,1)

where I denotes "the identity matrix.

Thus, the random vector X, /2 D, CT (&,—h(¢) ¢') converges in distribution
to a limit vector with the density m,,(x; f*/?, I). From the next lemma it
follows that the random vector B~/ (s)(&,—h(¢')¢') also converges in distri-
bution to the same limit vector. Here B(s) denotes, as before, the covariance
matrix of the distribution P;. -

LEMMA 1. If (A}AC) hold, then there exists a matrix B'/(s) with the prop-
erty BY2(s)(B'>(s))" = B(s) such that for any 8 >0 '
lim sup |ﬁ(5) (x)_nd,zz (x’ ﬁl/Z, I)l = 0’
|s]—* xed (p1/2,1)
where
79 (x) = (det B(s))'"* p® (BY2 (s) x+ h (¢) €)
is the density of B~12(s)(¢—h(g)e).
Let &0, ..., &M, ... be independent identically distributed random vectors

in R? with the distribution P;. By p,(x) we denote the density of the sum
ED o ED, n=1,2, ...

TaeoreM 3. If (AHC) hold, then as n— oo
sup sup |(2zn)*? (det B (5))""% s (1212 B2 (s) x+ny (s)) —exp (— IxI1%/2)| = o(1),
seR4 xeR4
where the matrix B2 (s) is that from Lemma 1.

Now we can establish the main result concerning the large deviations of
sums.

THEOREM 4. If (AYHC) hold, then
) Pa(nX)
¥ (x) (0 ()’

where W, (x) and @(x) are as in the Proposition.

=o0(l), n- oo,

p
xeX

Due to the Cramér identity we have
Pu(nx) = (f ()" € "™ pye(nx), seR%
For x = y(s) we obtain
Pa(nx) = (0 (x))" Pus (17 (5)).
The assertion of Theorem 4 follows then from Theorem 3.
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5. SOME REMARKS

1. One could note that after the obvious small modifications the main
results hold even if the support X of the underlying distribution P is not convex
but compact and an essentially d-dimensional set. In this case y(R% # X but
7(R% = conv (X).

2. Last time there has been increased an interest in the theory of multi-
variate exponential families on the one hand and exponential families which
are invariant under a group of affine transformations on the other. If there
exists a linear transformation of the random vector &, with the distribution P,
se S, such that it converges in distribution to a non-degenerate limit vector
{ when s — 8S (or |s| > o0), then the exponential family {P;, te T} generated by
the distribution of { is said to be stable in the sense that all distributions P; are
of the same type. The latter means that for any te T there exists a linear
transformation =, such that =, ({) has the distribution P; (see [2]). In this case it
is also said that the distribution of { is stable. To the contrary with the uni-
variate case (see [1]), in the multivariate case a complete description of the
stable distributions still is not available.

One example of the stable distribution was obtained in [12] and [13] as
the limit distribution for the exponential family generated by the gamma-like
distribution. The density of this stable distribution takes the form

¢dea(x1, . a xd—l)qﬂ (xd)

for some § >0 and a diagonal positive-definite matrix B,.

Another example is given in Theorem 2, where the density of the stable
distribution is of the form n;,(x; a, B). In fact, the same examples were also
given in [2].

It is of interest to remind that in the univariate case any stable distribution
is either normal or, possibly shifted, gamma (see [1]).

3. Tt is of interest to compare the transformations =, (&) and 7, (£,) aiming
to answer the question: why does there exist a shift in the last component of the
limit distribution after the linear transformation 7,? Note that

(ﬁs (és))d - (ns (is))d =1 (h (E’) —h (eﬁs) + |£s| - |fsf <e§s » e>/<E’ ’ e))

As we know, if t — oo, then e, is in a neighbourhood of ¢, and due to (C) and
the proof of Theorem 1 we get

<&, ey h(e) = hleg) ey, ey +3E" AP E+0(™"),
where & is the vector that consists of the first d— 1 components of C7 e;,. Then

h(e)—=h(es)+ &l (1—Le,,, e>/{e, &)
= (I&l —h(e))(1— ey, €)/<¢, D)+

e AV é+o(t™Y).

24¢, e
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From the proof of Theorem 1 it follows that
el —hie) =0,  11—<eg, eb/<E, e = 0 ).

Therefore,

t(h(e)—h(eg) +1E—1&d Ceg,, eD/<E', €)) = (t”zé”)T/TQO’(t“Zé)+0(1)-

2{¢,e

4. The next example shows what can happen if (B) or (C) does not hold.
Let d =2 and h(e,, ;) = (les|+lea)) Y, (e1, e;)€S. Thus, X isa square cen-
tered at the origin whose vertices are at points (1, 0), (0, 1), (—1, 0), (0, —1). By
a direct calculation it can be shown that a(e;, e,) = max {|e,], le,|}.

Take e = (1/y/2, 1/,/2). Condition (B) does not hold at this point; any
point (e;, e,) with e; > 0, e; > 0 can be taken as & (e). Let P be the uniform
distribution on X. Then condition (A) holds with a = 1, ro(u) = 1, A(e) = 1/2.

By direct calculations one can show that f(te) = e'/ﬁ/(ﬁt)(l +o(1)) as
t = o0. The conjugate distribution P,, is concentrated in a neighbourhood of
the boundary 0X lying in the first quarter-plane (x; > 0, x5 > 0).

A linear transformation of £, having a non-degenerate limit when s = te,
t — oo, takes the form

ﬁs(és) = (6319 t(a (e)'_(ea és>)) = (ésla ﬁ(l _f.sl _632))'

The density of the limit distribution is of the form
(7) g(xls x2)=exp(_x2)a 0<x1 < la x2>0-

The limit distribution has two independent components: the first component
has a uniform distribution on (0, 1) while the second one has I' (1) (exponential)
distribution,

Consider also the second case when e = (e,, e,) is such that e, > |e;|. Then
(B) holds with &' (¢) = ¢ and a(e) = e,. However, in a neighbourhood of &' we
have

€181+€38;
leg|+&2

e;le1]—e 8
leg] +&2

h(e)<e, ey = =a(e)—

and (C) does not hold.
By direct calculations one can show that

f(te) = tf’(‘pz(te’) )(1 +o(l), t—o.

The conjugate distribution P,, is concentrated in a neighbourhood of &?.
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A linear transformation of £; having a non-degenerate limit when s = te,
t — o0, takes the form

ﬁs (és) = (t€2 ésls tey (1 - <es §s>/<gls €>)) = (teZ ésla t(eZ_el ésl —é€ ésl))'
The density of the limit distribution is of the form

1—ei/e}
— , — < P —
2. oxp (—x2) 1+eq/e, ¥ —ey /e,

(8) g(xb xl) = » X3 > 0.
Again we see that the second component has gamma distribution (it is I'(2)
distribution).

It is of interest to note that in all examples considered we have obtained
the densities of the same form but with different supports (see (6)(8)).

APPENDIX

From now on, ¢ denotes any positive constant whose concrete value is
of no importance. This means that c+c¢ = ¢, ¢* = ¢, etc. As before, C, de-
notes the orthogonal matrix reducing A, to the diagonal matrix A, that is,
Ag=C, AP CT. By w(t) we denote any non-negative function such that
lim,, , @ (t) = 0 while 0 varies within [—1, 1].

Proof of Theorem 1. Let ec 8%~ ! be arbitrary but fixed, s = te, t — 0.
First, we prove the theorem in the case when the coordinate axes are associated
with the main axes of the matrix 4, and the normal direction to the boundary

at the point k(&) €, i.e., we assume that &' (¢) = ¢ and C, is the identity matrix.

Let us put
X, ={x=re h(e)—d <r <h(e), e—e| < Mt~ %},
X,={x=re: h(e)—d<r<h(e), Mt 2 < |e—¢| < ¥},
Xs={x=re: 0<r<h(e)—9,le—¢| <o},
Xa={x=re: 0<r<h(e), le—¢| =},
where M is arbitrarily large while 6 > 0, §' > 0 are arbitrarily small. Obviously,
© S ) =f1(6)+£2(5) +f3(5)+fals),

where
fi) = [ e px)dx, i=1,2,3,4.
X,

We estimate f;(s) one after another. Let us start with f; (s) and let X, take
the form

(10) X1 =X11VXq,,
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where
Xll = {x€X12 h(e)*r < Nt_l}, X12 = {xEX1: h(E)—r = Ntil}
and N is arbitrarily large. Define
(11) ful® = [ &0pdx, k=1,2.
X1x

IfxE.Xl, then |E_:I - O(til/z) and I—Ed = 0(’:_1), Where &= (_81, seny ﬁdml)T.
Changing variables

xi=re, i=1,...,d—1, x;=-sign(xy)rle] = sign(x)r(l—e?—...—e2_;)?

with Jacobian 41! |g, ™! yields
fus)= [ led™t [ rTle® p(re)drde.
1215 <M Hh(e)—r) <N

It is worth noting that x; > 0 in a neighbourhood of & = @,
Next the change of variables u = h(g)—r leads to the relation

fu@®= [ led™t [ (re)—uw' " exp(th(e) e, £y —t (e, £)u)

t2|g| <M tu<N
x p (( () — u) &) dude.
Therefore, as t - o0 we obtain

fu@=¢" [ el (hE)" M) exp (—g(s—s')m (e—s’)>

1725} < M

ax—1

u*"texp(—t<e, epu)
><tuiN l(u_l)

due to (A) and (C), where I(f), t >0, varies slowly at infinity. Since
(e, &) =e;+0(t 1) and (e—&)T AP (e—¢) = eT AP &, we obtain as t - oo

¢ (h(e)' " A(e)
It A2 <M

duds(1+0(1))

fi1(s) = exp(—%ET/T(eo’a‘) d&(I ()/ef+ o (N)+ 0 (1))

and finally

(12) fuu)=

4@ () A (-2
- I(E) t(“s"L)?" - 1)/2(8 : ((fi?,{w))m +o (M)> (I @/ei+oN)+o(1))

eta(e)

— m(g,,(e)+(9w (min (M, N))+o(1)).
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Similarly, for f;,(s) we get as t - o©

13) fiu®= [ k™ | (R©—-u" "exp(th(e)<e, £y —t e, ) u)

ti2lgl <M Nt-1<gu<s

x p ((h () —u) &) dudz

< ce'® ex —EET/T‘O)E e Ke®u 5 ((h(e)—u) &) dudz
§ pl 58 A p((r(e)
tu

25 <M ZN
ta(e)
< ——w(N). -

From (10)13) we obtain

ta(e) )
(14) fils) = :—(t)(g,, (€)+ 0o (min (M, N))+0(1)), t— .

[ .

Before estimating f,(s) we note that for xe X, we have /2|3 > 2M,

(15) 8l <&, 1—g<cd?, (e6—&) Agle—e)>cle?.

Then, by (A) and (C) we obtain

& 21 e—t(e,e}u

f2(6)<ce™@ [ exp(—ctlE?)f u—_ldudé.
1252 2M 0 Iu™')

Partitioning the interval (0, 6] as {ue(0, 6]: tu < N} and {ue(0, 5]: tu > N},
and treating both integrals similarly as we did during the investigation of f; (s)
and fi,(s), we obtain
Ceta(e) ta(e)
— exp(—ct|g?)dé =
1)t ,uz|g-|ja M p( rg(t)

Before estimating f;(s) we note that for xe X, again (15) holds and
{e, &) > e;— 8. Then, by (C), we have

16)  f2(5) <

o(M), t— .

h(e)— &
17 f3(5) <ce™@ [ exp(—ctlg>—otle,e)) | plre)drds
lej<d’ o]
< cexp (ta(e)—1td(es— 5’)).
;@172

At last, we get
(18) fa(s) < cexp(t(ale)—c(8))) ;{ p(x)dx = cexp(ta(e)—tc(d),
where ¢(6') > 0 is such that

ale)— max  h(g){s, ed =c(d) for all eeSé 1,
5

eeSe- Lile—¢'| 2
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Since M, N, d and &' are arbitrary, from (9), (14), (16)}{18) it follows that

ga(e) €

(19 10=20

(1+o0(1)), t— oo,

uniformly in eeS?71.
Let us turn to the general case. Clearly, C.e = ¢ (e). We can write

fs)= [ exp((s, C.xd)p(C.x)dx, seR%.

cTx -

If C.¢ is in a neighbourhood of & (e), then ¢ is in a nelghbourhood of ¢
and by (C) we obtain

h(C.8){C.e, e)—a(e) = —}(e— )" AP (e~ +w,.(C.8).
The remainder of the proof repeats that given above. m

Proof of Theorem 2. In contrast to the proof of Theorem 1, from the
very beginning we consider the general case since the particular one gives no
special simplifications.

The transformation y = C.D;'x+h(¢)¢’ is inverse with respect to
D,CI(x—h(¢)¢). Thus

e p(y)

t(d+ 1)/2f (S)

where the matrix D; ! is such that its first d—1 rows are

12D, T2l D),

(20) () =Idet D! p (C.D; ' x+h(e)e) = yeX,

while the last row is

(=@ 12Ke, ) (CT e, ...y =T 12/KE, €D)(CT a1, — 7).

Given é > 0 let us define

Z = sup SUp | (%) —Ta (x; <€, €, H(e))| = sup max(Z, Z,),

eeSd-1 xeA,((e'.e),H(e)) eeS4d-1
where
Zi= s [eTIREO(C,D7 xkhE)8)— e (i <&, €3, HEE)
xe¥nAx{e'e).H{e))
Z,= sup =@+ 2 p(C, Dy x+ h(€) €)—maa(x; <€, &), H(e)),

xeYen A5(<e’ e, H(e))
Y={xeR% [%] <M, x4 <N},

Y¢ is the complement of ¥, and M and N are arbitrarily large numbers.
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We have
21) <y, s>—ta(e)=t{C.D;'x,e) =t(Dy'x, Cley = —(&, &) x,,
Z,d 11 :(CT e)l xd)

T, _ @ _ Xd—1 ;
(22) CTy=D;'x+h()e <t1/2""’ tuz,h(a) S 1

By (22) we obtain as t —» w

, Z: 11 x;(C7 e); Xy (Z; 1 % (c? e)) Z:: 11 x? -
ICe vl = hie)— t2¢e, eyt 2h(E) (e, epit | 2h(E)t +o @™, ;
(23) !

CeT(e,,—s’)=eceTy—- (tl/zh( )+0( tY),. tlj‘;h( 7 oY,

Cio x(CTa)’ Nl xE T
TWE)E, 2t @) Ol m)) '

From (21), (23) and (C) it follows that, as t — oo,

h (ey) <ey: e> - <y’ e>
ey, €

! _hle)<ey, e9—ale)—<{D;'x, Cle) h(e,){e;, e>—ale)+<¢, e) x4t
; N ey, € - <ey: &>
—%(ey_el)TAe(ey_el)'l'(Ela e> xd/t+0(t_1)

g, e+0(™17?)
xd_fTH(e)_l i/(z <£'s e>)(1

t

24 0<h(e)-lyl=

+o(1)).

Therefore, if xe Y n 4;(<¢, e), H(e)), then ye X,; (X,, is from the proof of ‘
Theorem 1).
From (20)422), (24) and Theorem 1 it follows that, as t — oo, ,

exp Ky, sy —ta(e) t* "1 1(t) p(y)

(29 A0 = 9 (1+o(1)
_ o ORI =T HOTH )
9.(¢)

_ <L (a=XTH (@) H/2¢, e))) " exp(—<¥, e)x,) (det A2
r (Df.) (2n)(d— 1)/2 (h (8’))" -1

x(1+40(1)),

8§ — PAMS 232
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and therefore
Zl = 0(1), I— @,
uniformly in ee§9 1.

As to Z,, it is easily seen that Z, < Z,,+Z,,, where

Z2.1 = Sup nd,a (xs <gls e>s H(e)),

xeYen Ay({e',e),H(e))

Zyy = sup 1~ @2 p&(C, Dy x+ h()E).
xeYen Ay’ e),H(e))

Clearly,

Z,; <csup xj 'exp(—x,)+c sup exp(—%TH(e) 1 %/2) = 0 (N)+w (M).
xazN |x|2M

Before estimating Z,,, let us define
X' ={xeR* |x| < M, x; > N},
X" ={xeR% [X| = M}nA;s(<e, &>, H(e)
and note that
exp(—x) " 1{#) p(y)
ga(e)
Since y¢ X, yields x¢ Y n A4;(<¢, ey, H(e)), we have

Zy, < cmax(Z', Z"),

t—(d+ 1)/2 p(s) (Ce Ds—l x+h(s’) 8') —

(L+o(1)).

where

Z' =supexp(—xg)t* 1O p(C.Ds L x+h(e)e),

xeX'’

Z" = sup exp(—x) *~1(1)p(Co D M x +h(s) ).

xeX'’ .

By (24) we obtain
a—1

_ a—1 _ a—1
Z' < csup exp (=X 1) (1 (fyl) ) < csup exp(—xg)xi~ ' = w(N),
xeX’ ((he)—1y) ") xa>N

while

Z" < cexp(—cM?) sup t_;(l(:)(e(:h)(iyl)yT) I_yll))— |

This completes the proof of the theorem. =

< cexp(—cMH)M*™1 = o (M).
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Proof of Lemma 1. We start with establishing an auxiliary result.
Lemma 2. If (AYHC) hold, then for s = te

Sup ”DSCZB(S)CEDST—Z(!” = 0(1)7 t— 0,

ecSd—1
where ||| stands for any matrix norm.

Proof. In view of Theorem 2 the random vector 7, (£;) = D, C; (&,—h(€) €)
having the covariance matrix D,CI B(s)C,DI converges in distribution to
a limit vector with density .. (x; {¢', ), H (e)), the covariance matrix of which
is X,. Thus, for proving the lemma it is enough to establish that

sup E |7, (&) < 0.

scRd

It is easy to see that

Ely (&) = (£(5)* 1Dy CT x-+th (&) D2 e p(x) dx
X

=(fEO)" [ EIRP+E (R~ Cx, EYCE, €)Y )exp((s, Coxd)p(Cox)dx

=(f6)" 7,

where é = CTe and x = (x4, ..., X4—1)7, as before.

Let X;,i=1,2,3,4,and Xy, k = 1, 2, be the same sets as in the proof of
Theorem 1. Denote by f;(s), fix(s) the parts of the integral f (s) corresponding
to those sets. One can show that the ratios f(s)/f(s), i=2, 3,4, and
fi2(s)/f (s) can be made arbitrarily small while fi,(s)/f (s) < co when s = te,
t — 0. Note that the integrals f; (), fix (s) are estimated in the same way as f; (s),
fix (s) in the proof of Theorem 1. Let us estimate, for example, f; (s). For x = re,
where ¢ = (g, ..., &7, we have

t1x|? + 1% (h(e)—Cx, ED/<¢, €>)2 = tr* &> + 2 (h(e) —r <&, E)/<E, e))z-
Thus (cf. (16))

c eta(e)

fal9) < [ (1) exp(—ct|e?)de

Ot 1255 om

]
+ ceta® “' exp (—ct |EI2) J' 2 uzexp (—tudle, C.&))
2512 2M Y

x p((h(C.e)—u) C, ) dude
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From Theorem 1 it follows that
L26)/f () < o (M).
Similarly one can estimate all other ratios. &

Now we come back to the proof of Lemma 1. Define R(s) = 2, 2D, CT.
From Lemma 2 it follows that for |s| » oo

(1+0(1) o) ... o(l) ]
R BERTE) o() 1+o0(1) ... o() [
o) o) . L4o)
and
(26) | slliinw (det B(s))"/* det R(s) = 1.

Let B'?(s) be any matrix with the property
27 BY2(5)(B*2(s))" = B(s)

and let # be the set of all orthogonal d x d-matrices while %, — € consists of
those matrices whose last column is e®. Note that the density 7, , (x; f*/2, I) is
invariant with respect to the transformations from %,. Clearly,

lim min ||R (s) BV (s)—C]| = 0.

|s]* o Ce¥

We have a degree of freedom in choosing B'/2 (s) since for any C € ¥ the matrix
BY2(s)C also satisfies (27). Therefore, there exists BY2(s) such that

©8) lim min |R (s) BY2 (s)— C|| = 0.

[s] >0 Ce%o

Finally, by (26), (28) and Theorem 2 we obtain

lim  sup |P® (x)—maq(x; B2, D)

Is1> 0 yedyat/2,n)
< Jim swp |(detBE)" detR(5)(detRs) " P (R (IR B 9
+h(£)e)
—(det B(s))"'* det R (s) 7 (R (5) BY? () x; Y12, I)|
+ Iim  sup |(detB(s))1/2 det R (5) 7y (R (s) B2 (5) x; B2, I)

Is|-—+ oo xeAs(p1/2.I)
—"nd,a(x; ﬂl/Z’ I), =0. =
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Proof of Theorem 3. Consider the characteristic function

Ysw) = | &< ¥ (x)dx, ueR’,
R4

corresponding to the density p*(x) from Lemma 1. From this lemma it follows
that:
@) for any C >0

(29) sup sup |5 (u/s/m)—exp (—[u*/2) = 0(1), 1 oo;
seR4 |u| <C -
(i) for any sufficiently small é > 0 there exists ¢; > 0 such that

(30) sup [y, @)l < 1—csluf®, 0 <|ul < 9

seR4
(iii) for any 6 >0
(1) sup sup |y ()l = ¢s < 1.
seR4 |u| >3
It remains to show that there exists no > 1 such that |y, (u)|™ is integrable
uniformly in se R%. Let s = te. Since
12€xp (ta(e)+t (e, BY*(s5)x)) p(B'* (s) x + h (&) &)

p¥ (x) = (det B(s)) f(te) ’

from (A) it follows that for any C >0
sup sup sup p (x) < .
eeS9-1 t<C xeR4
Hence, for any C > 0
sup sup | |y, (w)|*>du < 0.
eeS9~1 1<C R4
Let us set
I(s) = [ (e p(x)'dx, g>1.
X
Arguing as in the proof of Theorem 1, one can show that
(32) sup |tq(a-1)+(d+ 1)/2 (l(t))‘le—ta(e)q Iq(tE)-—g,,q(e)| =o0(1), t— 00,
eeSd—1
where

@m)“4 92 (h(e)" ! (2() T (g(a—1)+1)
Gaq (&)= qq(a— N+@+1)2 Ce, e>q(a— n+1 (det /T(eO))I/z .
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Furthermore, for ge(1, 2) we have

[ (B () dx = (det B@)* ™ (£ () "I, (9.

R4

From Theorem 1, (26) and (32) it follows that

lim | (p(x))?dx < 0.

|s|>w ga

Therefore (see, e.g., [3], §19),

lim |y, @)¥e D gy < 0.

|s|—+ o0 ga

Thus for ny = g/(g—1) we obtain

(33) sup [ @)™ du < oo.

seR4 R4

The assertion of the theorem follows from (29)-(31) and (33) (see, e.g., [10],
Section 4, §3). m

REFERENCES

[1] A. Balkema, C. Kliippelberg and S. Resnick, Limit laws for exponential families, Ber-
noulli 5 (6) (1999), pp. 951-968.

[2] A.Balkema, C. Kliippelberg and S. Resnick, Stability for multivariate exponential fami-
lies, J. Math. Sci. 106 (2) (2001), pp. 2777-2791.

[31 R.N. Bhattacharya and R. Ranga Rao, Normal Approximation and Asymptotic Expan-
sions, Wiley, New York 1976.

[4] A. A. Borovkov and A. A. Mogulskii, Large deviations and testing statistical hypotheses.
I. Large deviations of sums of random vectors, Siberian Adv. Math. 2 (3) (1992), pp. 52-120.

[5] A. A. Borovkov and B. A. Rogozin, On the central limit theorem in multidimensional case
(in Russian), Theory Probab. Appl. 10 (1965), pp. 61-69.

[6] A. Dembo and O. Zeitouni, Large Deviations Techniques and Applications, Jones and
Bartlett, Boston 1993.

[71 J. D. Deuschel and D. W. Strook, Large Deviations, Academic Press, Boston 1989.

[8] R. J. Ellis, Entropy, Large Deviations and Statistical Mechanics, Springer, New York 1985.

[91 W. Feller, An Introduction to Probability Theory and Its Applications, Vol. I, Wiley, New
York 1971.

[10] H. Groemer, Geometric Applications of Fourier Series and Spherical Harmonics, Cambridge
Univ. Press, Cambridge 1996.

[11] L. A. Ibragimov and Yu. V. Linnik, Independent and Stationary Sequences of Random
Variables, Wolters-Noordhoff Publishing, Groningen 1971.



Sums of iid. random vectors 335

[12] A. V.Nagaev and A. Zaigraev, Abelian theorems for a class of probability distributions in
R and their application, J. Math. Sci. 99 (4) (2000), pp. 1454-1462.

[13] A. V. Nagaev and A. Zaigraev, Abelian theorems, limit properties of conjugate distributions
and large deviations for sums of independent random vectors (in Russian), Theory Probab. Appl.
48 (2003).

[14] S. I. Resnick, Extreme Values, Regular Variation, and Point Processes, Springer, New York
1987.

Faculty of Mathematics and Computer Science
Nicolaus Copernicus University

ul. Chopina 12/18

87-100 Torun, Poland

E-mail: alzaig@mat.uni.torun.pl

fax: +48-56-6228979, phone: +48-56-6113441

Received on 19.12.2002;
revised version on 28.8.2003







