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A NOTE ON INVARIANT SKETS
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Abstract. A measurable set A is invariant with respect to a not
necessarily symmetric sub-Markovian operator T on IP(X, m) if
T1, < 1,, and strongly invariant if T1, =1,. We show that these
definitions accommodate many of the usual definitions of invariance,
e.g., those used in Dirichlet form theory, ergodic theory or for stochas-
tic processes. In finite measure spaces or if T* is sub-Markovian and
recurrent, the notions of invariance and strong invariance coincide.
We also show that for certain analytic semigroups of sub-Markovian
operators, (strongly) invariant sets are already determined by a single
operator, Tj.

Mathematics Subject Classification: 31C15, 47D07, 60J35, 60J45.

Key words and phrasés: Invariant set, sub-Markov operator, re-
currence, transience, fractional power, analytic semigroup.

The notions of invariant sets and invariant functions appear in several
places, for example in ergodic theory and dynamical systems, in the theory of
stochastic processes, in connection with Dirichlet forms and also in the context
of positivity-preserving semigroups. Each of these theories uses its own lan-
guage, approach and definition of invariance and, at first glance, they appear to
be quite different: In ergodic theory, a measurable set A is invariant if for
a group of invertible measurable transformations {6,},.g We have, modulo null
sets,

) 071(4)=A VteR,

see, e.g., Jacobs [10] or Da Prato and Zabczyk [1] for a precise definition. For
someone working in the field of Markov processes, a set A is invariant if almost
surely

(2) Tt'1A=1A Vt>0,
where T,u(x) = E*(u(X,)) is the Markovian transition semigroup associated

with the process {X,},>¢; see Revuz and Yor [14], pp. 404405, where one can
also find a thorough discussion of how (1) and (2) relate if 0,, t > 0, is the
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canonical shift on path space. In the theory of symmetric Dirichlet forms, a set
A is called invariant if almost surely

3) T =1,Tu Vuel?, Vt>0,

holds (cf. Fukushima et al. [5], p. 46, or Oshima [12], p. 23), while in connec-
tion with a semigroup {7}, of (not necessarily symmetric) positivity-preserv-
ing operators on an I?-space, the set A is invariant if (modulo null sets)

“4) {x: ux) #0} c A= {x: Tu(x) 0} =4 Vuelf, Vt>0,

see Davies [2], p. 174.

The aim of this note is to show that the above definitions (2)(4) are
essentially the same if we see them in a greater context. Since (4) does not
require symmetry of the semigroup {T;};>0, our approach is useful for non-
symmetric Dirichlet spaces where, to our knowledge, invariant sets have not
been considered in detail. We will also show that we can restrict ourselves to
a time-discrete setting: at least for some analytic semigroups {T;},5,, the no-
tion of invariance can be reduced to invariance with respect to. one single
operator, say, T;.

PRELIMINARIES, DEFINITIONS AND FIRST PROPERTIES

Throughout this paper X will be a Hausdorff space with some ¢-algebra
& and a o-finite Radon measure m such that suppm = X. By I := I? (X, m),
1 < p < oo, we denote the spaces of (equivalence classes of) integrable func-
tions, by C = C(X) [Cy = Cy(X)] the space of [bounded] continuous func-
tions. We will understand (in)equalities between I?-functions always modulo -
null sets. A “+7” as sub- or superscript of a function space denotes its (almost
everywhere) positive elements. We write a A b or a v b for the minimum or
maximum of a, beR, and a™ =a v 0.

A linear operator T: I - I¥, 1 < p < oo, is called positivity preserving if
Tu = 0 for all u = 0, and sub-Markovian if it is a contraction and if we have
0<Tu<1 whenever 0 S u<x1.

Since a sub-Markovian operator T: I? — I? preserves positivity, it is bounded
in I, cf. [9] for a short proof of this fact; moreover, T can be extended onto L*
and, by a simple interpolation argument, onto all spaces I, e (p, c0). Since we will
use the extension argument quite frequently, let us briefly sketch its proof: for
ueL? we can find an increasing sequence u,e L% with u = sup,.yu,. Then

(5) Tu:=sup Tu,

neN
is well-defined, since for any other sequence v, € L2 with u = sup,.y v, We find

VmAU,Tu, as m—>oo as well as T (v, Au,) T Tu, as m— oo,
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By monotone convergence, this limit is also valid in I?. Hence,
Tu, = sup T (v,, A u,) < sup T,

meN meN
and also

sup Tu, < sup Tv,,.

neN meN
Interchanging the roles of «, and v, shows equality, and the extension to not
necessarily positive u follows by linearity. Notice that for all ue I® the sub-
Markov property implies
u

T
lleell o

ie, T is an L*-contraction. Hence, we have proved

~ El

_ LEMMA 1. Every sub-Markovian operator T:I¥ — I¥ extends for every
p <r < o to a sub-Markovian operator T: L' — L' which is Daniell-continuous
{(in the sense that (5) holds in E-sense) and a contraction on L”.

Note that a positivity-preserving operator T can be defined for every
uel),», L% if we allow Tue[0, co].

The adjoint T*: I¢ - I4, q = p/(p—1), of a sub-Markovian operator T is
clearly positivity preserving, but it does, in general, not inherit the sub-Markov
property. For completeness we include the proof of the following folklore result.

LemMmA 2. Let T: I — IZ be a linear operator for some 1 < p < 0. Then
the following assertions are equivalent:

(a) The adjoint T*. ! > I4, q = p/(p—1), is sub-Markovian.

(b) T is positivity-preserving and extends to a contraction T: I} — L.

In particular, T and T* are sub-Markovian if and only if both operators
extend to positivity-preserving contraction operators on all spaces ', 1 < r < 0.

Proof. We will prove the lemma in four steps. Throughout the proof
{A,}nen denotes a sequence of sets 4,e./ such that 4,1X and m(4,) < .

Step 1. Assume that T: I? — I? is positivity preserving. For ve L% we set
B,:=A,n{T*v < 0}. Clearly, 15 €% and we find

| T*vdm=([T*v-1zdm=[v Tlg dm>0.
Ann{T*0<0} X b's
This is only possible if m(A4,n {T*v < 0}) =0 for all neN, so T* is positivity
preserving, A similar argument shows that T is positivity preserving if and only
if T* is.

Step 2. Assume that statement (b) holds. We choose veI? such that
0<v<1 mae and set C,:= A,n{T*v > 1}. Then

[ T*vdm={T*v-1c dm= [v- Tl dm
Apn{T*v> 1} X X

< lolleo 1T, llzs < e, llze = p(Ann {T*v > 1}).

4 — PAMS 24.1




50 R. L. Schilling

This is only possible if m({T*v > 1}) = 0, which means, in view of step 1, that
T* is sub-Markovian. This shows (b)=(a).

Step 3. Assume now that (a) holds. By step 1, T is positivity preserving.
Therefore we find for ueFnL!

f1Tul-1,,dm < [ Tlul-14,dm = [ |ul- T*1,, dm < | |u| dm.
X X x X

By monotone convergence we can go to the limit #n — co and get || Tullp: < ||u]|L:
for all ueI? nI'. Therefore, T extends to an I}-contraction, ie., (b) follows
from (a). :

Step 4. If both Tand T* are sub-Markovian, the above argument together
with Lemma 1 show that both operators are I- as well as [°-contractions.
A standard interpolation argument now shows that 7 and T* extend to con-
tractions on each of the spaces I, 1 <r < oo. The converse is obvious. &

Our definition of invariance is based on (4), while (3) is a stricter condition
which we will call strong invariance.

DermuTioN 3. Let T: I? - I? be a positivity-preserving operator. A set
Ae s/ is called (T-)invariant if

(6) 1,T(u)=TA,u) Vuel.

The set A is strongly (T-)invariant if
™ 1,Tu=T1,u VYuell.

We write i(T) and si(T) for the families of invariant and strongly invariant sets.

The sets i(T) and si(T) do not depend on p > 1. This follows easily from
the next lemma which is itself a simple consequence of the boundedness of
positivity-preserving linear maps (see [9] for a short proof) and an elementary
approximation argument.

LemMma 4. In (6) and (7), the set I? can be replaced by any norm-dense subset
D of I%, eg., LLnL%.

Let us collect some elementary properties of T- and T*-invariant sets.

PRrOPERTIES 5. Let T: I - I? be a positivity-preserving operator with ad-
joint T*,

(@) si(T) =i(T).

(b) N, Neesi(T) for all m-null sets N.

(c) i(T) is stable under countable unions and intersections.

(d) Aei(T) if and only if A°ei(T*).

€) si(T) = i(T)ni(T*) = 1(T)Ni(T) = si(T*), where i(TY:= {A°: Aei(T)}.

() si(T) is a o-algebra.
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(8) The assertions i(T) = si(T), i(T) = i{T*) and i(T*) = si(T*) are equi-
valent.

In particular, for symmetric operators the notions of invariance and strong
invariance coincide.

Proof. Throughout the proof u, v denote arbitrary elements of L} n L%.

(a) This is a direct consequence of the definition of (strong) invariance.

(b} For a null set N we have ||T(Ayu)l|r < ¢|1yu|lz> = 0, which shows
that T(Ayu) = 0 = 1y Tu almost everywhere; hence N esi(T). The proof that
Nfesi(T) is similar.

(c) Let A4,, B,ei(T), where neN and 4:= ), _, 4x, B:= ),y Bv- By the
Daniell continuity of T (Lemma 1) we get :

TAuu) S T(Y 14u)=Y TAhuw= Y 14, TAu) < () L) TA4w).
keN keN keN keN
Passing on both sides to the minimum with T(1,u) yields

T, u) <min {(Y 1,)T1,u), T(1,u)}

keN

=min{z lAk’ 1} T(IAH) = IAT(IAH) < T(lAu)

keN

and 4 = J,_y 4r€i(T) follows.

Without loss of generality we can assume that the sets B, decrease to B.
Since T(1pu) < T (1p,u) = 15, T (15, u), we can use the Daniell property (Lem-
ma 1) to conclude

T(1u) < inlg(lsk T(p,u)=13T(15u) < T(1pu).
(d) Let Bei(T). Then
t] Bei(T)«= T(1zu) =13 T(1gu)<>15 T (1zu) = 0.

This implies for Aei(T) that (v, 1, T(14w)rz = (14 T* (14 0), 4)r> = 0; there-
fore, 1, T*(14.v) =0 and A°ci(T*) (use (8) for T* and with B = A°). The
converse direction is similar.

(e) If Aesi(T), then

TAeu)=T{1-1)u} =Tu—-TA u)=Tu—1,Tu=14Tu,
ie., A°esi(T), and because of (a) and (d) we find for i (T)° : = {4°: Aei(T)} that
si(T) =« {(T)ni(T)Y = i(T)ni(T*).
If Aei(T)ni(T*), we infer from (8) that 1, T(14.u) =1, T(1,u4) =0, and so
TAuw=1,TAwW+1,TAu=1,TAw=1,TAw+1,TA.u)=1,Tu,
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1e., Aest(T) and i(T) N i(T*) < si(T). The symmetry of the above argument in
T and T* also proves si(T) = si(T¥).
() That X esi(T) is clear, the rest follows immediately from (b)(e).
(g) Itis enough to show that i(T) = si(T) and i(T) = i(T*) are equivalent.
As we have seen in (e), si(T) = i(T) ni(T*), and “<=” follows. Conversely, if
i(T) = si(T), part (d) shows Aei(T)<>A°€i(T)< Aci(T*) and we are done. =

CHARACTERIZATION AND FURTHER PROPERTIES

From now on we will only'consider sub-Markovian operators T. This
allows us to switch between the spaces I¥ and L*. If T* is sub-Markovian,
too, we may even work in the full scale I!, 1 <r < oo; see Lemmas 1 and 2.

THEOREM 6. For a sub-Markovian operator T: I — I? the following asser-
tions are equivalent:

(@) Aei(T), ie, Tl u)=1, T(lAu) VueLinLZ%.

(b) 1,T1, = TIA

() 1,T1,.x = Tl4.x VK with m(K) < c0.

d T1,<1,.

() T1,<1,T1.

Proof. (¢)=(d). This is clear since T1 < 1.

(d)=(c). Note that T1, <1, implies 1, T1,=0, and so 1,4, T1,.x <
<1, T1,=0. Therefore, T1,.x =1,T1,.x, and (c) follows.

(c) = (b). Since m is o-finite, we find a sequence of sets K,e .o/ such that
m(K,) < o0, sup,en1g, =1, and

1,T1, = supnen 14 Tk, = SUPnen Tlank, = Tlu.
(b) = (a). Since ue L1 n LY is bounded, the sub-Markov property of T shows
0< T(au) < TA4llullw) = llullo T = |lull o 1.4 Ty,

which implies that 1, T(1,u)=0 and T(1,u)=1,T1,u).
(@)= (e). Choose a sequence y,eL:NL? with sup,ny, =1 Clearly,
TA xs) =1,TA4x) <14T1 and the Daniell continuity of T (cf. Lemma 1)
implies that
Tl,=TAsupy)=supTA ) <1,Tl. =

neN neN
A similar characterization is valid for strongly invariant sets si(T).

THEOREM 7. For a sub-Markovian operator T: I — I? the following asser-
tions are equivalent:

(a) Aesi(T), ie, T u)=1,Tu VYueLi L?.

(b) T1,=1,T1.
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If T is conservative, that is T1 = 1, then (b) is equivalent to

(b) T1,=1,.

Proof (b)=(a). Obviously, T1,=1,T1 gives T1,=1,T1<1,. As-
sume that LY nL®su <1, and so L¥31—u < 1. Then
9 T, u) <min(T1,, Tu) < min(l,, Tu) <1, Tu,
(100 T(l,(1—w)<min(Tl,, T(1—w)<min(l,, T1—-w)<1,T(1—wu),
and addition of (9) and (10) shows
(11) T, =TAw)+T1(~u)<1,Tu+1,T(1-u)=1,TIL.

By assumption, T1, = 1, T1, which shows that we have equality throughout
(11); this is only possible if both (9) and (10) are equalities, and so
T(,u)=1,Tufor all ue L NLY with u < 1. The general case follows from
a simple scaling argument.

(a) = (b). Choose a sequence y,€L: N LY with sup,.y x» = 1. By assump-
tion, T(14%,) = 14 T, and the Daniell property of T (see Lemma 1) gives

Tly=sup T ) =supl, Ty, =1,T1.

The equivalence of (b) and (b') is obvious. =

COROLLARY 8. Let T: I - I? be a sub-Markovian operator. We have
Tu < uT1 for all ¢(i(T))-measurable functions u. If u is si(T)-measurable, we
have even Tu = uT1.

Proof. Define J:= {uel?: Tu <uT1}. As we have seen in Theorem 6,
1,e3 for all Aei(T). If (u)ey =I* is an increasing sequence such that
SUDen Up = U, WE SEe

Tu = T (supu,) = sup Tu, < supu, Tl =uTl,
neN neN neN
ie., ue 3" and a typical monotone class argument (see, e.g., Ethier and Kurtz
[4], Appendix 4, Theorem 4.3, p. 497) shows that all a(i(T))—measurable func-
tions are in 3. The same argument applies to si(T)-measurable functions. =m

FINITE MEASURE SPACES

If (X, o/, m) is a finite measure space, the notions of invariance and strong
invariance coincide. We start with a simple, but useful, observation.

LEMMA 9. Assume that both Tand T* are sub-Markovian operators. More-
over, let T* be conservative, i.e., T*1 = 1. Then the following assertions are
equivalent for all ueL: '

(@) Tu=u.

(b) Tu < u.
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Proof. The direction “(a) = (b)” is trivial. To see “(b) = (a)” we note that
for all NeN

N
OSSN, u—Twypz= (), (T, u—Tu)rz = (1, u—T" " )y <1, W2 = ||utlps,

k=0
which is only possible if u = Tu almost everywhere. &

THEOREM 10. Let (X, &, m) be a finite measure space, and assume that
both T and T* are sub-Markovian operators and T* is conservative. Then T is
also conservative and 1(T) = i(T*) = si(T) = si(T*), i.e., the notions of invari-
ance and strong invariance coincide.

In particular, if both T and T* are sub-Markovian, either both of them or
none of them is conservative.

Proof. Since m is finite, we have 1e LY and Lemma 9 is valid for u = 1.
Thus, T1 < 1 implies T1 = 1, which means that T is conservative. Using the
characterization of (strong) invariance obtained in Theorem 6 (d), resp. The-
orem 7 (b'), we can apply Lemma 9 again to get i(T) < si(T), which gives
i(T) = si(T). The assertion now follows from Property 5 (g). =

POTENTIALS AND RECURRENCE

The proof of Theorem 10 uses two key ingredients: 1 eI and Z:o: T*1 =00
We will now see how we can generalize Theorem 10 to general o-finite measure
spaces (X, &/, m).

DerINITION 11. Let T be a positivity-preserving operator on some space 7.
For all ueLinL?

"Guu:= ) T*u and Gu:=supG,u

k=0 neN

are well-defined functions with values in [0, co]. The operator G is called
potential operator associated with T.

The next theorem is a standard result from (discrete) ergodic theory. For
its proof we refer to Revuz [13], Theorem 4.2.3, p. 124.

THEOREM 12 (Hopf decomposition). Let T be a positivity-preserving oper-
ator. For every ueL: nLY the sets

C = {x: Gu(x) = 0}u{x: Gu(x)=o} ‘and D ={x: 0 < Gu(x)< 0}
are unique (modulo null sets) and independent of u if u> 0.
In view of Theorem 12 the following definition makes sense.

DerINITION 13. A positivity-preserving operator T is called recurrent if
D =@ (modulo null sets) and transient if C =@ (modulo null sets).
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Remark 14. (A) T is recurrent if and only if Gf = co for some (or all)
fell, f>0.

This is an immediate consequence of Hopf’s decomposition theorem since
DnC=@ and Gf(x) =f(x) > 0= Gf (x) = co. Thus, {Gf =0} =@ when-
ever f > 0.

(B) T is transient if and only if there is some f € LY n L%, satisfying f >0
and Gf < 0.

THEOREM 15. A positivity-preserving operator Tis transient if and only if there
exists a sequence {A,}ney < A such that 1, €Ll, sup,ey1,, =1 and G1,, < co.

Proof If T is transient, we can find some feLl n L%, f > 0, such that
Gf < o0.Then A4, := {x: f > 1/n} is an increasing sequence of measurable sets
such that for all neN

m(A)=m{f >1/n}<nffdm<o and Gl <G(f)=nGf < oo.

For the converse direction we have to find some he L} n LY with h >0
and Gh < oo. Set

gn-= G]-A,.: gn.j:=gn/\js hn,j:=gn,j_Tgn,J"
Obviously, |[A, e <2j and

Ghn,j = 11_1;[1 (Gmgn,j_Gm Tgn,j) =Gnj— 11_1:1’1 ™ Inj = 9n.j-
The last equality follows from G1,, < o0 and

0< hm ngn,j< llm TmG].A"= lim Z TklA"=0.

T m—+ o0 m— o Mm=>0 =

Since A, exhausts X, we find for each fixed xe X some A, with xe 4,. Pick
j > ga(x) and observe that

hn,j (JC) = gn,j(x)_ Tgn,j (X) = gn,j(x)_ Tgn (X) =Gn (.)C)—— Tgn (x)
=Gl,, (x)—TGl,, (x)=1,,(x)=1>0.
Therefore,

h:i= Y 27"279h,;, h>0, heLLnL%,

nj=1
Gh< ) 27"27iGh, ;= Y. 27"270g, < ) 27727 j < o0,
nj=1 nj=1 nj=1
which even shows that Ghel®. m

For sub-Markovian operators T the following result is, without proof,
mentioned in Oshima [12], (1.5.8/9), p. 27.
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COROLLARY 16. A positivity-preserving operator is transient if and only if
there is some he LY n L% with h> 0 and ||Gh||, < .
In particular, T is transient if and only if T* is transient.

"Proof. The first part of the corollary follows immediately from the proof
of Theorem 15. For the second part, it is enough to show that transience of
T implies transience of T*. Pick h as in the first part. Then we find for the
potential operator G* associated with T*

(h, G*u)2 = (Gh, Wiz < ||Ghllo llullpr < 0 VueLinL%.
Since h > 0, we conclude that G*u < oo and that T* is transient. =

Remark 17. (A) In ergodic theory, recurrence is usually called conser-
vativeness, cf. Revuz [13]. We will not adopt this convention.

(B) Transience and recurrence are only dichotomous if i(T) is trivial, i.e.,
contains only null sets and their complements. This property is often called
irreducibility (in the theory of Dirichlet forms, see [5] and [12], for semigroups,
see [2]).

In this case i(T) = si(T) = i(T*) = si(T*) and T is recurrent if and only
if T* is recurrent. Note that Theorem 20 will show that T is automatically
conservative in the sense T1 = 1; this means that our notion of conserva-
tiveness follows from conservativeness in the sense of ergodic theory, see (A),
if we are irreducible. In finite measure spaces the two notions coincide, see
Corollary 23. If both T and T* are sub-Markovian and T recurrent, m is
an invariant measure (see Appendix) and irreducibility is the same as ergo-
dicity.

For completeness we mention the following lemma which can be proved
with the arguments in Fukushima et al. [5], Lemma 1.6.2, pp. 47-48; see Jacob
[8], Lemma 3.5.24, pp. 354355 for a complete proof.

LemMa 18. Let T be a sub-Markovian operator. Then for every ueL}
{Gu < o}, {Gu=0}ei(T*) and {Gu= o}, {Gu>0}ei(T).
To prove the analogue of Theorem 10 we need an auxiliary result.

LemMMA 19. Assume that both ‘T and T* are sub-Markovian operators.
Moreover, let T* be recurrent. Then the following assertions are equivalent for all
uel>:

(a) Tu=u.

(b) Tu < u.

The equivalence still holds for positive measurable, but possibly unbounded, func-
tions.
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Proof. The direction “(a) = (b)” is obvious in any case. For “(b) = (a)” we
choose a function fe L} n L% such that ), (T*ff = 0. For all NeN we find

N
0< (X (T, u—Tule = (fru—TV )z < I fllga lldlloo + 1A N 1TV 4l
k=0

< 2| fllz llullz,

which is only possible if u = Tu.
For unbounded u >0 we find

Turky< TunTk<unsrk VEkeN,
and the first part of the lemma applied to u A ke [* shows
uAk=Tunrk)<Tu VkeN.

Letting k tend to infinity, we see u < Tu, and the assertion follows. &

THEOREM 20. Assume that both T and T* are sub-Markovian operators and
that T* is recurrent. Then i(T) = si(T) = si(T*) = 1(T*). Moreover, T is con-
servative.

Proof. The conservativeness of T follows directly from Lemma 19 with
u=1 Let Aei(T), which means that T1, < 1,, cf. Theorem 6 (d). Since
1,eL%, another application of Lemma 19 shows T1, = 1,, and from Theo-
rem 7 (b’) we conclude that 4 € si(T). All other assertions follow from the list of
Properties 5. =

COROLLARY 21. Assume that both T and T* are sub-Markovian operators
and that T* is recurrent. For ue [ U I? such that u™ e L® (or u™ € I*) we have
Tu =u if and only if u is measurable with respect to i(T) (=si(T)).

Proof. Theorem 20 shows that T is conservative; therefore, the direction
“<«=" follows already from Corollary 8.

Assume now that u~ e I® (if u* € [*, consider —u instead of u) and Tu = u.
Since Ta = a for constants xcR, we have

Tuna) K TunTe=una

and, by Lemma 19, T(u A @) = u A &. Notice that u+a=uv a+uAa and
[ul = uv O0—un0; thus T(u*) = u* as well as T'|u| = |u|. Without loss of gen-
erality we can, therefore, always assume u > 0.

IfueL? ULE, we can use a variant of Jensen’s inequality (see, e.g., Jacob
[7], Theorem 4.6.24, pp. 376-377) to get for all ne N

Al ={TunA)}"< T{un1y}.
As n — oo, the Daniell property of T (Lemma 1) gives 1, 1; < T1y,> 13, and so
Thucyy = 1Tl < 1=145 ) = 1<y




58 R. L. Schilling

This means that {u < 1} ei(T) and, by Theorem 20, also {# < 1} esi(T). Con-
sidering a~ ' u, a > 0, instead of u shows {u <o} = {a"'u < 1}€i(T). =

COROLLARY 22. Assume that T and T* are sub-Markovian operators and
that T* is recurrent. Then

(T) = si(T) = {{x: i (T*F f(x) = c0}: feLl} = i(T*) = si(T*).
k=0 ,

Proof. That i(T) = si(T) = i(T*) = si(T*) was already shown in Theo-
rem 20.

For A esi(T*) we have (T*)* (1,,u) = 1, (T*)*u for some (hence, all) strictly
positive ue LY. Thus, ‘

Y (T =1, Y (T*Fu=1, o0
k=0 k=0
(where we use the convention 0-o0 = 0), and so
A={Y (T*(14u) = o0}, where 1,ucL}.
k=0

Conversely, Lemma 18 shows that {} ) (T*)‘f = oo}ei(T*) for any
fell. m

A combination of Theorem 20 and Theorem 10 finally yields

COROLLARY 23. Let (X, o/, m) be a finite measure space and assume that
both T and T* are sub-Markovian operators. Then the notions

T conservative, T%* conservative, Trecurrent, T¥* recurrent

coincide.

SEMIGROUPS AND RESOLVENTS

From now on we will only consider strongly continuous one-parameter
semigroups of sub-Markovian operators {T;},», on some space I?, 1 < p < .
Denote by (U, D()) the infinitesimal generator. The resolvent {R,};>, is
given by

Ryu= (e *Tudt, 1>0.
0

Recall that AR, A > 0, are again sub-Markovian operators satisfying the resol-
vent equation

Ryu—~R,u=u—A)R;R,u=@p—A)R,Ru, pu, A>0.



On invariant sets 59

DEFINITION 24. A set A€/ is (strongly) invariant with respect to {T;};5 ¢ if
A is (strongly) invariant with respect to every T;, t > 0. A set A€/ is (strongly)
invariant with respect to {R;},- if A is (strongly) invariant with respect to every
operator AR;, A >0. We write i(T;,t>0), si(1;,t>0), resp,, i(Rs, A>0),
st(R;, A > 0).

LEMMA 25. We have
i(G,t>0=1(R;,A>0) and si(T;,t>0)=si(R;, A>0)
Proof. For Ae€i(T;,t > 0) we have T;1, <1, (cf Theorem 6), and so

lRllA = A.jle_}'tT;lAdt <}. j. BihlAdtz 1A.5
0 0

which means that Aei(R;, 1 > 0).
Suppose now that Ae€i(R;, A >0). The Yosida approximation of T; is
given by
o0 o<} j.k l'k
Tau= Y —(mz)"u— y

o ~—(AR;—~1u, uelinL%,
k= 0 k=0

see, e.g., Davies [2], p. 49. Since A4 is invariant with respect to AR;,
© ktk [+3] /'{k tk
(1 u) = Z 1 — (AR — 1) (1 u) =1, Z (AR, —1)f(lu) =1, T2 (L u),
k=0
and A ei(T;) follows from the I?-convergence lim,_,,, 7; ;(1,u) = T;(1,u) of the
Yosida approximation.
A similar argument shows that si(T;,t > 0)=5s1(R;, 1 >0). =

The following characterization of strong invariance via the infinitesimal
generator has its counterpart in the description of strong invariance in terms of
a Dirichlet form which can be found in Oshima [12], Theorem 1.5.1, pp. 23-24,
or Fukushima et al. [5], Theorem 1.6.1, p. 47.

THEOREM 26.- We have Aesi(T,, t > 0) if and only if for all ue D (W) the
function 1,ueD(W) and 1, Nu = WA, u).

Proof If Aesi(T;, t > 0), we have by definition T;(1,u) =1, T;u for all
t >0 and all ueD (). Therefore,

7;(1Aut)—1Au _ 1, T,ut—lAu _ lAT'ut_u—ﬂAQI“ as t >0

strongly. This shows that 1,ueD () as well as W1, u) =1, u.
Conversely, assume that 1, D (W)= D(A) and W1, u) = 1,Wu. Then we
have for all A >0

(A—-QI)(IARAQ) =1, A—WRu=1,u=A—UWR,(1 ).
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Since A—9 is injective, we conclude that 1, R, u = R; (1 ,u) for all A > 0. This
proves that Aesi(R;, A > 0) and, by Lemma 25, Aesi(T;,t>0).

We will now show that (strong) invariance with respect to one operator in
the scales {T;};>0 or {R;};>0 is enough to establish (strong) invariance with
respect to the semigroup, resp. resolvent. This is straightforward for {R;}; 0.

THEOREM 27. We have i(R;) =t(R,) and si(R;) = si(R;) for all 1> 0.

Proof. It is well-known (cf. Hille and Phillips [6], p. 184) that the resol-
vent z+— R, is a holomorphic function for all z in any one component of the
resolvent set g (4) and that for all z, we g (A4) with |z—w|-||R,|| < 1 the formula

(12) R, =R,(id+ ) (z—w)*R¥)

k=1
holds. Assume that Aei(R,). By induction we find
Ri(14u)=1,RE(14u), keN,

so that Aei(R,) for all weg(A) satisfying [z—w|-||R,|| < 1. For all other w (in
the same component of ¢ (4)) we can find a finite chain of open balls such that
in each of them we have a local expansion of the type (12). Repeating the above
argument we get i(R,) < i(R,,). Since z and w play symmetric roles, we conclude
that i(R;) = i(R,) whenever z, w are in the same component of g(4).

Since (0, o)< g (A) is necessarily in a single component, the assertion
follows. The proof for strongly invariant sets is similar. =

For the semigroup {T;},5, the situation is more complicated since we do
not have a good substitute for the resolvent equation. The basic idea of the
following proof is a relation of the type T; = T}, i.e., where we recover the
semigroup {T;};5, as (fractional) powers of T,. A major difficulty is the defini-
tion of a unique fractional power of a rather general operator.

Before we consider the general case, let us outline the argument for sym-
metric (hence, self-adjoint) semigroups on I?. Using spectral calculus we can
rigorously prove T, = T{, t > 0 (see [15], no. 141, pp. 390-392): if E, (dA), resp.
E,(d?), denote the spectral families of T;, resp. T,, one can see that

Tu= [AE,(d)u= [ A E,(d)u= T{u.
0 1]

On the other hand, the spectral measure of any open interval (a, b) can be
calculated as resolvent integral
b—o

(13) E,((a, b)) = limlimi_ } (R(z—ei; T)—R(t+s¢i; T))dr,

610 40 2T ;5 5

where R(z; T;) is the resolvent operator for T; at z, and the limits exist in the
strong operator topology. Since T; is a strongly continuous semigroup of sym-
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metric operators, a(T;) = R, which means that g(T;) is connected. With the
argument in the proof of Theorem 27 we conclude that for n > ||Tj||, ne N,

i(R(z; T)) =i(R(m; T)) Vzeo(T).

For n > ||T}||, however, R(n, T}) = (n— T,)”! has an explicit representation as
a Neumann series,

R(n, T)= Y n *Tr 1,
k=1

which, in turn, implies that i(R(z, T)) = i(T}) for all zeg(A).
Since the limits in (13) are in the strong operator topology, we see that for
Aei(T) and uel?

(14) E((a, b))(14w) = 1,E,((a, b)) (14u)

holds. The converse assertion, that (14) implies T;(1,u) = 1, T, (1, u), that is,
Aei(T), is clear from the spectral theorem. We have thus proved

LemMa 28. Let {T;},50 be a strongly continuous semigroup of symmetric
sub-Markovian operators on I?. Then Aci(T,) if and only if (14) holds for the
spectral family {E,(dA)};,»o and all open intervals (a, b)cR.

Since we can express E; (d4) and E,(d1) as image measures of each other
(see [3], Chapter XI1.2, Theorem 9, pp. 1200-1202) — for f;(x) := x*, x > 0, we
have

E(d)=E(f (@A) and E,(dA)=E(fyi(dh)

— we see that (14) holds for the family {E,(dA)};>o if and only if it holds for
E,(d4). This and Lemma 28 finally prove

THEOREM 29. Let {T;},5 0 be a strongly continuous semlgroup of symmetric
sub-Markovian operators on I?. Then i(T) = i(T)).

As already mentioned, it is in general not clear how to define a (unique)
fractional power of T;. Since T; comes from a semigroup, the mere existénce of
fractional powers is clear; it is the re-embedding into the scale {T;},» o which is
the problem: why should 7f coincide with T;? For exponentially bounded,
analytic semigroups in the half-space Rez > 0 we can overcome this difficulty.
The key ingredient is the following result of Hille (see [6], Theorem 17.6.1,
p- 489), which is a consequence of a deep result on Newton interpolation series
due to Norlund [11], VIIL6.122, pp. 236-237.

THEOREM 30 (Hille). Let {T;: Rez > 0} be an analytic strongly continuous
sub-Markovian semigroup on I? such that ||T)||1o-1» < €97 for some x > 0 and
all Rez > 0. Then

(15) f ( )(n-l



62 R. L. Schilling

The assumptions imposed on {7,: Rez > 0} in Theorem 30 are non-
trivial. Typically, the opening angle of the region of analyticity is smaller than
7 and the exponential boundedness condition means that the spectrum of the
infinitesimal generator is in a horizontal strip of finite width.

Due to a result of Stein [17], IIL§1, Theorem 1, p. 67, we know that
symmetric strongly continuous sub-Markovian semigroups on I? are analytic
for Rez > 0 and satisfy || T,|| 22 < 1; hence the conditions of Theorem 30 are
met for such semigroups.

CoROLLARY 31. Let {T;},», be a strongly continuous semigroup of sub-Mar-
kovian operators on I¥ which is, in some I3, ge[p, o0), analytic on the half-space
Rez > 0 and satisfies there ||T,||pemre < €7, k = 0. Then i(T;, t > 0) = i(T})
and si(T;, t > 0) = si(Ty).

This holds always for symmetric strongly continuous I?-sub-Markovian
semigroups.

Proof. If Aei(Ty) and ue LY n L%, we find
(Ty— 1)j+1 (Mw)=(T;— l)j {IA (-1, ”)},

and, by induction, (T, —1) (1 ,u) = 1,(T; — 1)/ (1 4 u) for all je N,. We conclude
from (15) that

0 @0

z . z .
T(1au)= ), <.>(T1—1)’(14u) =) <.>1A(T1—1)’(1Au) =1, T.(14u),
j=o\J i=o\J/

ie, i(Ty) <) 1> o 1(T1); hence i(T}) = i(T;, t > 0). The proof for strongly inva-
riant sets is similar. &

Remark 32.(A) The representation formula (15) allows us to get uniform
(in the parameter z) exceptional sets for expressions of the type “T,u=...
almost everywhere”.

(B) Assume that {T;},> is a symmetric and recurrent I?-sub-Markovian
semigroup. If u is a positive measurable function which is supermedian with
respect to Tj, ie., Ty u < u, then u is already excessive for {T;},>, — that is
sup,>o Tu=u — and even {T;},5,-invariant.

This follows easily from a combination of Lemma 19 showing first
Ty u = u, (15) and Corollary 31 which gives T,u = u, t > 0, and (A) which allows
us to choose a uniform exceptional set for all ¢t > 0.

We remark that, if T; (hence, by Corollary 31, all T;) is irreducible, this
entails that all supermedian functions u > 0 are almost surely constant.

EXAMPLES

One can often associate a Markov chain or Markov process with a sub-
Markovian operator, resp. semigroup. In the discrete time setting every sub-
Markovian operator T yields a Markov chain {X,},y with transition semi-
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group {T"'},.x. In continuous time, we get a Markov process {X,},» if, for exam-
ple, {T;};> is Feller (ie., maps continuous functions into continuous functions), cf.
[4] and [7], or if {T;};50 is an I?-sub-Markovian semigroup, cf. [5] and [12].

The advantage of this is the following intuitive understanding of (strict)
invariance. To keep things simple, let us assume that the state space is X = R".
By construction we know that T;1,(x) is the probability for the process to start
at X, = x and to be in 4 by epoch ¢, i.e., T;1,(x) = P*(X,€ A) for every (resp.
quasi-every, in the I?-setting) x € R". Thus the set A is invariant if and only if for
almost all x and all t>0

1 if xeA,

= P~ <
’It'lA(x) P (XtEA) = {0 if x¢A.

This means that the process X, cannot enter an invariant set if it is started
outside of 4, X, = x¢ A, but that X, may, if started in A4, leave A at any time
with positive probability. On the other hand, if 4 is strictly invariant, so is A°
and the above interpretation shows that a process X, can neither leave nor
enter a strictly invariant set.

This allows us to give many examples where invariant sets and stnctly
invariant sets do not coincide. Here is the prototype for such constructions.

ExampiLE 33. Let {B,},5, be a Brownian motion on R and let {N,},, be
a Poisson process on [0, co) with jumps of size 1 and starting point Ny = 0.
We denote the corresponding Markovian semigroups by {P,},> o, resp. {S:};>0-
Without loss of generality we can assume that B. and N. are stochastically
independent. Denote by

7o :=inf{s > 0: B, > 0}
the first entrance time of the Brownian motion into [0, o) and consider the
process
Xt:=Bt/\‘L'0+N(t—‘E0)V0’ t>0:
which is the concatenation of a Brownian motion on the left half-axis (0, o0)
and a Poisson process on the right half-axis [0, o). A simple direct calculation

(see also the book by Sharpe [16], §I1.14, pp. 77-84, for a more general ap-
proach) shows that {X,},>, is a Markov process with transition semigroup

Lu(x) = E*u(X,)
= 110,x) (X} E* (u (Ni—) l{t?to}) +1(- 0,0 (%) EX (u (B) 1<t u(Ni—y) l{t?to})
= 10,00 (%) S: (0,00 U) (9) + 1 00,0 (%) [P (1= co,0) )+ E¥ (L2153 St—2 (10,0 u))].
In particular,

if x>0,

T - =PxX =
A0 () X, <0) {P"(t<'co)=P’°(sups<tBs<0) if x<0,
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so that T;1(—,0) = L w.0) Tt }(= 0,0y Ut T;1(_ gy # L~ ,0). This shows that
(— o0, 0) is invariant but not strongly invariant.

Similar considerations prove that, modulo null-sets, si(T;, t > 0) = {J, R}
while i(7;, t > 0) = {J, (— 0, 0), R}.

If the semigroup is not analytic, it may happen that the invariant sets
depend on the parameter ¢ > 0. This implies that Corollary 31 need not hold
for non-analytic semigroups.

ExampLE 34. Consider on the half-line [0, o0) the semigroup of right-
translations

Tu(x):=u(t+x), uel? or ueC,.

It is obvious that z— T, u is not analytic. The process corresponding to {T;},»q
is a deterministic uniform motion to the right, X, = X, +t. Consider now the
interval [a, b) = [0, o) and let ¢ > b. Then

Tl (X) =lgpn(x+8) =1p-1p-y(x)=0 Vx> 0;

hence, T; 1,3 < 11,5 and we see [a, b)ei(T;, t = b). On the other hand, if
0<s<b,

Ty (x) = gy (X +8) = Lia—gv 0,0 —5) (%)

but 1[(“_—3)\/.0,[,75) < l[a,b) is Only pOSSiblC if a=0. Thel‘efore [a, b)¢i(];, O0<t< b)
for all 0 <a<b.

Corollary 31 also fails in genuinely discrete situations.

ExaMpPLE 35. The proof of Corollary 31 can be modified to give si(T;) =
si(T?). This is, in general, wrong in discrete situations. To see this, let P be
the transition operator of a simple random walk on Z,

PA()=3(fG+D+f(-1), {f(D}ezel (@),

and observe that P? is the transition operator of a two-step random walk.
Clearly, P is self-adjoint and si(P) = {&, Z} while si(P?) = {0, 2Z, 2Z), Z}!

This does not contradict (the modification of) Corollary 31 since P has not
only positive spectral values, while a sub-Markovian semigroup is necessarily
spectrally positive. Indeed, T, = T7, while

0

(Pf,f)zz—§ Z (f(j—l)f(j)—f(j+1)f(j))=_Z FG=D10)
J=—
is strictly negative for, say, f(j) = (—1)"'a; and {a;} €/?, a; > 0. This means
that P can never be embedded in a semigroup — but this was crucial for
Corollary 31.
The four-step random walk still satisfies st (P*) = {@, 2Z, 2Z), Z} = si(P?)
but in this case we do have P? = \/F in the sense of Corollary 31.
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APPENDIX

We claimed in Remark 17 (B) that m is an invariant measure, ie., that
fudm = j Tudm. This follows from yet another variant of Lemma 19.

PROPOSITION. Let (X, o/, m) be a o-finite measure space and assume
that T and T* are sub-Markovian and T recurrent. Then m is an invariant
measure for T.

Proof. Since T* is sub-Markovian, we have | Tudm = [uT* 1dm < [udm
for all ue L1 n L%, which means that m is sub-invariant. Using the left-action
notation, mT (4) := [T1,dm, we can rewrite this in the form mT <m.

Since T is recurrent, we find some feL¥n L}, f >0, such that
Z:; 0 T*f = oo both m-a.e. and mT-ae. (because of mT < m). Therefore we
have for the positive measure m—mT and all NeN

0< (m-mT, 1> < {mmT, ¥, Ty = {(m—mT) ¥’ T
k=0 k=0

={m—mT"* f><{m, )= N lTzrgm < 0.
This implies m(A) = mT(A) for all m(4) > 0, and hence m = mT. &
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