PROBABILITY
AND
MATHEMATICAL STATISTICS

Vol. 24, Fasc. 1 (2004), pp. 165-172

ON ARMA(1, g) MODELS
WITH BOUNDED AND PERIODICALLY CORRELATED SOLUTIONS
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Abstract. In this paper, motivated by [2], we derive necessary
and sufficient conditions for bounded and periodically correlated solu-
tions to the system of equations described by ARMA (1, g) model.
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1. INTRODUCTION

We consider a system ARMAC(1, q) given by the formula
(1) ' Xn_ann—l =4a, §n+an—1énwl+-'-+an—(q—1)€n—(q—1):

where

e (X, is a sequence of complex random variables with mean O and finite
variance in the space with the inner product (-, -) and My = $p {X;: keZ},

e (b,) and (a,) are sequences of non-zero complex numbers,

e (£,) is a sequence of uncorrelated complex random variables with mean
0 and variance 1 and M, = $p {&: keZ}.

In a recent paper Hurd et al. [2] gave necessary and sufficient conditions
for boundedness in the general case of AR (1) model, and then specifically for
periodic and almost periodic coefficients (a,). The present effort is an attempt to
understand the situation in case of ARMA (1, ¢g) models which is important for
applications, see [1] and [3]. Such systems arise in climatology, economics,
hydrology, electrical engineering and other disciplines. In Section 2 we discuss
the relationship between existence of bounded solutions to the system equa-
tions described by ARMA(1, g) model and conditions on their coefficients
(Theorem 1). Next, periodically correlated solutions are examined (Theorem 2).
In Section 3 we simplify the consideration for g = 2.
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Let us put
=115
j=r

with the convention that By = 1 if r > s. It is easy to show that iterating k times
equation (1) we obtain:

k g—1
(2) Xn+k = B:i’an-l_ Z B:i_’;+1 Z §n+j—san+j—s;
ji=1 s=0
Xn k 1 qg—1

B,, _ZB,, k+j Z in —k+j— sQn— ~k+j—s"
n—k+1 j=1"p—k+1s5=0

(3) Xn—k =

2. THE ARMA (1, g MODEL
DermvaTIiON 1. A stochastic sequence is called bounded if
sup IX,]l = o

LemMma 1. If sup,|Bi| = o and system (1) has a bounded solution in ME,
then:

0 g—1+s 2 o |g—1+s 1 2
@ sup[ ) [ VRIS ol I S lan+s|2]<oo.
neZ | s=2—4| j=1 Bn+1 s=11] j=s Bn+1

Proof. If sup,|Bj| = oo, then there exists a subsequence k, of positive
integers such that

lim |BY¥| = o
r

So we have for all neZ:

11m |Bi 4 = o0,

If system (1) has a bounded solution, then from (2) we obtain

ky Bn+kr q—1 _X
ntj+ 1 ntke r
X + Z Bn+kr Z £n+j—-san+j—s = Bn+kr _)O'
J=1 n+1l s=0 n+1

Hence

kr 1 g—1
X,, = —11m|: 2 7 Z én+j—san+j—sj|'

n+ j
L4 j=1Bn+1s=0
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We obtain
kr 1 2
sup[llm Z ontj 2 €n+] sn+j—s :|
neZ r Jj= an+ls 0
0 g—1+s 2 w0 |g—1+s 2
AR e = e
neZ s=2-q| j=1 B,,+1 s=1| j=s Bn+1

Since X, is a bounded solution of system (1), we obtain

Ky 1 q—1 2
sup I:hm - Z ntj Z Cntj-sOn+j-s :|= sup [|X,|I* < oo;
neZ r j=1 Bn+1 s=0 neZ
hence
0 gq—1+s 1 2 w [g—1+s 1 2
Supl: Z Z ntj lan+sl + z Z ntj lan+s|2:| <. B
neZ | s=2-q| j=1 Bni1 s=1| j=s Bn+1

LeMMA 2. If sup,|BY| ! = oo and system (1) has a bounded solution in ME,
then:

© g—1-s
(5) Sup[ Z | Z B +J+1|2|an s|2+ Z | Z B:+j+1l2 |an*s|2] < .
§=0 j=-—s s=q—1 j=-—s

Proof. If sup,|B?|~* = oo, then there is a subsequence (k,) of positive
integers such that

lim |BY|~* =
r

For all neZ we have

lim B}, |™! = oo.
r

Since system (1) has the bounded solution, we get from (3):

kr q—1

n _ n r
Xy Z Z Brt+1+i8n—ktj—sOn—kp+j—s = Xn—k, Bn—, 41— 0.

j=1s=0

So we obtain

kr q—1
X, = Iim[ Z Z B:—k,+1+jfn—k,+j—san—k,+j—s]
F o j=15=0

—llm[ z 2 B; n+1— Jén —j—sn—- Jj- s]

j=—kr+t1s=0
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Since X, is the bounded solution of system (1) and &, is the orthonormal basis
in M&, we have

0 q—1
Snlel%) ”Xnnz = Sup[hm || Z Z B:+1—j in—j—sanfjfs“z‘]

j— —kr+1s5=0

w q—1-s
—Sllp[ Z | Z Bn+_7+1|2|an sl2+ Z | Z B:+j+1|2|an—s|2]'
s=0 j=—s s=q¢—1 j=-—s
We obtain then
=] g—1—s
Sup[ Z | Z Bn+J+1|2Ian s|2+ Z | Z Bn+_;—+-1|2|an sl ] <. m
ne; §s=0 j=-s s=q—1 j=-s

If sup,|B;| = oo and sup,|B?|”' = oo, then system (1) has a bounded solu-
tion. But there is a third possible condition, which gives a bounded solution of
equation (1):

(6) sup Bl <o and sup|BY|"'< .

Lemma 3. If condition (6) holds and system (1) has a bounded solution, then:
n+g—2 min(0.q—1—s)

(7) sup Z | Z B:+1+j12|an—s|2 < ®©

nezZ j=max(l—n,—s)

and
-n min(—n,g—1+s) 1 2
(8) sup Z Z T |an+s|2 < 0.
neZ g je=max(1,) Bn+1l

Proof. We use (2) and (3) (and provide n = 0). For all keZ and some
C we assume that |[B%| < C and |B%,|"! < C. For all k >0 we then have
n+g—2 min(0,q—1-5)

sup Yy, | Y B:+1-+—j|2|an—s|2

neZ  5=0 j=max(1—n,—5)

= sup | X, — B} Xoll* < sup IX,|I*(1+C)* < oo,

-n 2

sup Y,

min(—n,g—1+s)

)

| n+s|

neZ =24 Jj=max(1,s) B:ill
X 2
= sup||X_,— <sup IX 12 (1+C)* < 0.
neZ B_,,.+.1 neZ
The solution of system (1) is given by
BiX+Y7 By Yil &aays if k>0,
)] Xi=<X if k=0,

0 - -1 .
X/B’?'*'I_Zj:k-{-lBk"{lZ::O f,-_saj_s if k<0,

where X is a random variable in M¢. =
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THEOREM 1. System (1) has a bounded solution if and only if one of the
following conditions holds:
() sup,|BY| = o0 and

ol 3

neZ | s=2-—¢4

g—1+s

)

"+j
ji=1 Bn+1

2 0

|an+s|2 + Z

s=1

g—1+s 1

2
Z n |a,,+s|2i| < Q0.

n+j
j=s Bn+1

(I1) sup,|Bl|™ ! = oo and

-2 w g—1-s

Sup[z l Z B:+J+1|2]an s|2+ 2 | Z Bn+1+1|2|an Slz]<OO

neZ =0 j=-—g s=q—1 j=-—s

(III) sup, |Bj| < oo, sup,|B?| ! < 0, and

n+q—2 min(0,g—1—xs)

sup Z | Z B:+1+j|2|an—s|2< 00,

neZ =@ j=max(1-n,-s)

-n min(—n,g—1+5s) 2
2
sup Z Y —77| 1an+dd” < 0.
neZ s=3_4 Jj=max(1,s) Bn+ 1

Proof. If condition (I) holds, then the solution of system (1), given by the
formula
© 1 q—1

(10) Xn= - ntj Z €n+1 sn+j—s>

j= 1Bn+ls

is bounded.
If condition (II) holds, then X, defined by

© q—1
(11) Xn = Z B:+1~j Z én—j—san—j—-s
j=1 s=0 :

is the bounded solution of system (1).

If condition (III) holds, then X, given by formula (9) is bounded and is
a solution of system (1). In Lemmas 1, 2 and 3 it is shown that if X, is a bounded
solution of system (1), then one of the conditions (I), (II) or (III) holds. =

DEerFINITION 2. A stochastic sequence (X,) is called periodically correlated
with period T if for all k a sequence (X, 4, X,) is periodic in » with period T,
i'e' (Xn+k7 Xn) = (Xn+k+Ts Xn+T)'

THEOREM 2. If (b,) and (a,) are periodic with the same period T and
P=0b,b,...by, then system (1) has a bounded solution if and only if |P| # 1.
Moreover, the solution is periodically correlated with the same period T and:

@) if |P| > 1, then the solution is given by (10);

(ii) if |P| < 1, then the solution is given by (11).



170 A. Weron and A. Wylomanska

Proof. (i) If |P| > 1, then for all neZ, we have:

1] q—1+s 2 w [g—1+s 2
Z z Bn+j |an+s|2+ Z z B lan+s|2
s=2—¢q| j=1 n+1 s=1| j=s
0 g—1+s 1 0 T [g—1+w 2
= Y | X =5 |an+s|2+ Y 2| Y e et
s=2—¢q| j=1 Bn+1 N=0w=1 ji=w Bn+1
(4] g—1-+s 1 2 T |g—1+w i 2
= z Z n+j |an+s|2+ Z IPI 2N Z Z ,.+_, |an+w|
s=2—¢q| j=1 Bn+1 N=0 w=1| j=w Bn+1
0 g—1+s 1 2 T [g—1+w 2
= |an 15>+ Z —7| @l < 0.
2 gl L L e e

Therefore (4) holds and X, defined by (10) is the bounded solution of system (1).
(i)) If |P| < 1, then for all neZ we obtain:

q-2 0 N o q-1-s
Z | Z B:+j+1| Ian—s|2+ Z | Z B +]+1| Ian Slz
s=0 j=-s s=q—1 j=-s
qg—1—w
= Z | Z B:+]+1| |- ol*+ Z Z | Y Bn+NT+w+1| |G — 7wl
§=0 j=-—s N=0w=1 j=-w
qg—1—-w )
= z | Z B"+J+1I Ia" S|2+ Z |P|2N Z | Z B +w+1| |an—w|2
s=0 j=-—s w=1 j=-w
3 q—1-w 2
= Z | Z B:+j+1l |an—s|2 T D2 Z | n+w+1| |an—w|2< 0.
s=0 j=-s IPI w=1 1——w
Therefore (5) holds. X, deﬁned by formula (11) is bounded and satisfies for-
mula (1).

In the next section it is shown for g = 2 that (X,) defined by formulas (10)
or (11) is periodically correlated and the condition |P| = 1 violates the con-
ditions (I), (II) and (III) of Theorem 1. Therefore, system (1) has no bounded
solution if |P|=1. &

3. THE ARMA (1, 2) MODEL

For simplicity of the notation we consider here only the ARMA (1, 2) case:

(12) Xn_ann—l =anén+an—lén—1'

THEOREM 3. If (b,) and (a,) are periodic with the same period T and
P =b,b,...br, then system (12) has a bounded solution if and only if |P| # 1.
Moreover, the solution is periodically correlated with the same period T and is
given by (10) if |P| > 1 and is given by (11) if |P| < 1.
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Proof. We will split the proof into 3 cases.

(i) In view of Theorem 2 we infer that if |P| > 1, then for all ne Z condition
(4) holds. Hence there is a bounded solution of (12). The solution is given by
formula (10) for g = 2.

Now we want to show that the stochastic sequences (X,) in formula (10)
are periodically correlated with period T For any k > 0 and n we have

n+k+_]| 1 |2 1 1 )
B ( " " e

bn+k+j+1| buitjr1 butk+jr1

|a,.+k|2< I 1 |2)
i brores  [Benet] )

Byl \bpax+1
The correlation function is bounded, and since coefficients (b,) and (a,) are
periodic with period T, from (13) we obtain

(Xn+k! Xn) = (Xn+T+ks Xn+T)'

(ii) Similarly, from Theorem 2 we infer that if [P| < 1, then for all neZ
condition (5) holds. Hence there is a bounded solution of (12). The solution is given
by formula (11) for g = 2. The correlation function for k > 0 and n is given by

(13) (Xn+k: Xn) = pntk Z

Bn+1j 1

(14) (Xn+k: Xn)
1 2 n —_
=W Z |au+k—1Bnill§ ]+2|2(1+|bn+k—j+1|2+bn+k—j+1+bn+k—j+1)
n+1j=2

ian+k—1i2
+k
B3y

(lbn+k|2 +bn+k)'

Since the correlation function is bounded and (b,) and (a,) are periodic with
period T, from (14) we obtain

(Xn+ka Xn) = (Xn+T+k9 Xn+T)'

Thus, by the above conditions, (X,) is periodically correlated with period T.
(iii) If |[P| =1, then

| a2+ Z

2
|an+s|2

P "
b..+1 5= :+i B,1i
1 2
2 2
= iani + Z Z n+w+NT i TN |an+ N7 +ul
bn+1 N=0w=1 n+1 Bn+1
1 2 —2N ! 1 1 2 2
=1 ianl + Z |P| Y |\t =g 1anawl? = ©
n+1 N=0 w=1 Bn-+-1 Bn+1
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and

o0
|an|2 + Z |B:—s+1 +Bg—s+2|2 Ian—slz
s=1

0 T
= |a,|*+ Z |P|2N Z IBrsw+ 1+ Briwsal? lan—nr—ul> = 0,
N=0 w=1

which violates the conditions (I) and (II) of Theorem 1. Since

NT min(0,1 —5)
Z | Z B%%+1+j|2 layt -l
s=0 j=max(1~NT,—s)
NT-1
= 21 |BNT+ 1 -5+ BNT+2-l* layr -5 +lanrl® + |BYT|? |aq|
5=
N—1 N-1 ‘
Z kzl |B?1’VT—k)T+1+B?IIVT—k)T+Z|2 |a(N—k)T|2 = Z |P|k|1+ 1/171|2|‘10|2 - 0,
= k=1

the condition (ITT) of Theorem 1 is not satisfied. Therefore, in view of Theo-
rem 1, system (12) has no bounded solution if [P|=1. =
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