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1. INTRODUCTION

We are concerned with the Central Limit Theorems for a certain class of two-
parameter stochastic processes. This class has been proposed by Hensz-Cha-
dzynska et al. in [5] and [6] as a stochastic model of a stain of pollution. The
stain is assumed to spread out radially from the center of its initial source (the
origin) and to have a random shape at each moment. Moreover, many little
“springs” of the further expansion of the stain appear irregularly on its edge.
Therefore, the evolution in time of the edge of the stain may be treated as
a realization of a two-parameter stochastic process £(-, -} parametrized with
time and direction. For fixed moment ¢t and direction a, £(t, ) is 2 random
distance from the origin of the boundary point of the stain at moment ¢, with
radial coordinate a. The process £(-, ) will be called a random stain. 1t is
natural to assume that with probability one, for each direction o, the trajectory
&(-, o) is a non-decreasing continuous function of time and the velocity exists;
moreover, the “springs” of expansion appear in Poissonian way. Therefore, the
stain £(-, ') is defined by formulas (2.1) and (2.2) in Section 2.

In [5] and [6] the asymptotic shape of the stain has been investigated and
suitable Laws of Large Numbers are proved

In this paper the asymptotic behavior in time of the distribution of the
stain is studied.

In Sections 3 and 4 we consider one-dimensional distributions of the stain
in a fixed direction. Under the natural assumption that the intensity function of
increase has polynomial growth we prove the Central Limit Theorem: first for
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the stain with discrete time (Theorem 3.1) and then for the stain with
continuous time (Theorem 4.1). Moreover, under the assumption of Theo-
rem 3.1 we obtain a uniform estimate of the rate of convergence to the stan-
dard normal distribution function (Corollary 3.3). It is also shown that if the
intensity function of increase has exponential growth, then the stain (even with
discrete time) does not satisfy the Central Limit Theorem in any direction
(Theorem 3.4).

In Section 5 we consider multidimensional distribution of the stain in fixed
directions «;, ..., ®,. Under certain additional assumptions we prove that the
multidimensional Central Limit Theorem holds (Theorems 5.1 and 5.2) and we
obtain explicit formulas for the limit covariance matrix (Theorem 5.2).

2. NOTATION AND PRELIMINARIES

We follow the notation used in [5] and [6]. By S, = {¢*: ael}, where
I =10, 2n), we denote the unit circle on the plane. We shall often identify
points of S with elements of I, in a natural way, with addition modulo 2r in I.
Let f be a Borel nonnegative function defined on S; and y be a continuous
nonnegative function defined on [0, c0). We denote by (=, t > 0) the Poisson
process with parameter 4 > 0 and let f; be the time of occurrence of the j-th
event for the process (m,, t > 0), j =1, 2, ... Moreover, let (a;);=;,,,.. be a se-
quence of independent random variables uniformly distributed on §,, indepen-
dent of the process (x,, t = 0).

As in [6] we define the following two-parameter stochastic processes:

2.1 Vi, a)= Z V(E) fa—o), t=0, ael,
and
2.2) E(T, a) = fV(t, @dt, T=0, ael.

(1]

Following [5] and [6] we call the process ({(T, o), T > 0, x€ 1) a stain with
continuous time. V (t, o) is called a velocity of expansion of the stain & at the
moment ¢ and in the direction a. The function f is understood as a ‘spring’ of
further expansion of the stain. Finally, i is called the intensity function of £.
Therefore, it is natural to assume that  is increasing in time. We consider two
types of the growth of y: polynomial and exponential.

A stain with discrete time is defined in [6] as follows:

(2.3) V(t,a)=2tjw(r) Y fle—w) fort=0,1,2,...,

{iirsfi<t+1}
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where Y (1), 7 =0, 1, ..., is a fixed sequence of positive numbers (describing the
intensity of expansion of the stain). We set
T—-1
2.4) LT o)=Y V(t, w),
t=0
hence
T-1
(2.5) STay= ) (T-9)Y () X (o),
=0
where
(2.6) X(@= )  fle—a).
{i:t<fi<t+1})

The process X,(a) can be represented equivalently (in the sense of prob-
ability distribution) in the following form (see [5] and [6]):

N:
eX) X0 3 fa-n)

where (N,),-¢.1,... is a sequence of identically distributed independent random
variables with Poisson distribution (with parameter 4 > 0) and (;);=1,2,....c=0,1,...
is a matrix of independent random variables uniformly distributed on I and in-
dependent of (N,).=o.,1,...

Remark 2.1. In both cases (2.6) and (2.7), X,(®),t =0, 1, ..., is a sequence
of independent stochastic processes with the same finite-dimensional distribu-
tions stationary with respect to a.

3. CENTRAL LIMIT THEOREM IN A FIXED DIRECTION
FOR A STAIN WITH DISCRETE TIME

THeorReEM 3.1. Let £ =E&(T,a), T=0, 1, ..., be a stain with discrete time
defined by (2.5) and (2.6) and let Yy (t) =", r = 0. Then the stain satisfies the
Central Limit Theorem in an arbitrary fixed direction a, that is

(3.1 ET=§(T’ ?)—EL (T “)]i>m(0, 1) as T— .

VD*E(T, )

In the proof of the theorem we use the following simple lemma.
LEMMA 3.2. For r=0and T=1,2,... let

T—-1 T
ct= Y (T—t)*t* and Jrp=[(T-t)*t*dt.
t=0 0
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Then
(3.2) c¢2/Jr—>1 as T— .

If (3.2) holds, then we say that the asymptotic behavior of the sequences
(c})p=, and (Jr)g—, is the same and we write c% ~ J; as T — oo.

Proof of Theorem 3.1. Let us put, for a fixed a, Y7 =(T—t)" X,,
where X, is defined in (2.7). Then

T—-1
(o= 3 ¥

Recall that X, t =1, 2, ..., are mutually independent and identically dis-
tributed random variables and let us write E[|X,—EX,|*]:= B. Then B < «©
and

E[|YT—EYT]?] = (T—1)® > B.

Hence for any T the random variables Y7, ..., Y5_, are independent.
To prove (3.1) we shall show that Liapunov’s coundition holds, i.e.
1 T-1
(3.3) — >, E[|YT—EY[P]->0 as T o,
CT t=0
where C% = ZL_OI D*YT. We first need to estimate
T-1 T—1
B4 Y E[Y—EY[P]= ) (T-t)’tB
t=0 t=0
T 33 3 Tﬁr+1 Tﬁr+3
S B(T+H1—p)’tdt < T+1 3(T+1
jre-or s (Tt T
4r+2
< 13 T3 +1, h — )
BO(r(T+1)°T where Q(r) GriDe+D

Now we want to find the order of Cy:

T-1

Tr—-1
Ci= )Y D*Yl= ) (T-1)*t*o?
t=0 t=0
where we write 6> = D?X,. Then, by Lemma 3.2,

T T _ T T
Cim o [(T—t)*t¥dt = o [T? [ > dt—2T [ >+ dt+ [ 7+ 2 dr]
0 0 0 0

= P [Q2r+ ) (r+1)2r +3)]7 L T3,
Hence
(3.5) C3xHMa®>T>*%2,  where H(r) = [(2r+ 1) (r+1)(2r+3)]32.




Central Limit Theorems for random stain 325

Now, from (3.3}-(3.5) we get

1 T—1 T—-1
E[Y —EYPla—— . 3 E[JYT—EYT?]
C Z H(r) T3 +9/2 t:zo t t

g((:; (T+l)3T'”2—+0 as T — oo,

This means that the Liapunov condition is satisfied, which implies that the
Central Limit Theorem holds. =

In Corollary 3.3 below we give a uniform estimate of the rate of con-
vergence in Theorem 3.1. This is a consequence of the result by Berry and
Esseen [2].

COROLLARY 3.3. Let @ be the standard normal distribution function and
F1(x) denote the distribution function of the random variable Er defi ned in (3.1).
Then we have the following asymptotic bound:

B

Sup [Fr(x)—®(x)| €3 G T 172,

xeR
where c is an absolute constant, B = E[|X,—EX *], 6> = E[|X,—EX/|*] and
G(r)=0(@F"?).

Proof. The rapidity of convergence can be evaluated by the Berry and

Esseen theorem ([2], p. 7; [3], p. 515), where we put Y, = Yf —EY] and Y7,
k=0,..., T—1, is defined in the first line of the proof of Theorem 3.1. Then

T
SupiFT(x)_¢(x)| é CS]—‘S z ﬁSks —0 <X KW,
xeR k=1
where
-1

s = E[IYF—EY[P1< o, o2=DY, and Si= Y of=C.

k=0
Therefore, by (3.4) and (3.5) we obtain
_ BO(#)(T+1) T3 +1 B )
Sx};ll? |F7 ()= (x) "s‘ c O'3H(r) T3r+972 é C? GnT 1/2,
where G =Q/H@ =010 =0(¢"?). =

THEOREM 34, Let ¢ = E(T, a), T=0, 1, ..., be a stain with discrete time,
f =1, and Y (t) = €. Then the stain does not satisfy the Central Limit Theorem in
any direction.

Proof. Let us put, for a fixed «, Y = (T—1) ¢ X,, where now f =1;then

X, = E fla—a)=N,
i=1

8 — PAMS 24.2
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and N, has Poisson distribution with parameter .. We assume for simplicity
that A = 1. Recall that

ETa= 3 TT.
t=0

We shall show that the characteristic function of
5. LT )BT o)
T
VD*E(T, w)

does not converge to the characteristic function of .4 (0, 1).
We have

1 T—-1 r-1
Zr= Z (T—t)e'(N,—1), where p3=D*((T,0)= Y (T—1)*e™.
ﬂT = t=0
Then
'32 S K2 e~ 2k _ e 24e?
k2 2k __ T
; _)kzl ey ®IT7
and B} ~ y?e®”, where 72 = (e"2+e (1 —e2)q.
We can write
ye yeT
Zy:= , Where — —1,
! ﬁT “r Br
and
s E(T 0)—EE(T,a) 1 TR v
ZT:= ( )yeTé( __T Z T___t)el(Nt_l).

Then the sequence (Z) is convergent in distribution if and only if so is (Z7) (see
e.g. [1], Ex. 257, or [7], p. 141), and in this case

0z (5)

=1 for each seR.
T-w @z, (5)

By properties of characteristic functions we have
s T-1 /s e
Pzp(8) = Qyerz | =7 | = H ¢(N,—1)<—(T—t)e (r=n
ye t=0 Y
since

= i (T—t)e' (N, —1).
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Recall that @y,—;(s) = exp(e*—is—1), and then

T—-1

@z:() = [] exp |:exp (%(T— t)e“T“’) —%S(T— e T=0— 1]

t=0

=t is T ¢
= exp[ Z exp (;(T_t)e_(T‘t)>—i Z ;(T—t)e_(T_‘)—T},
t=1

=0
Consider the exponent in the above characteristic function

T-1

is T_IS
(3.6) Y CXPI:;(T—t)e"(T“)jl—i ¥ ;(Tmt)e""‘"“’—T.
t=0

t=0

Since € = cosf@+isinf, the imaginary part of (3.6) has the form

T s T (s
Z Sin(—ke—")- Z (—ke_k) = S2,T(S)_S1,T(S)'
k=1 Y k=1\7

‘Note that the series ). ke™* is convergent (as the derivative of geometric
series), and hence, as T — oo,

s} s 1 271
Sir()—>81(5)= ) (—ke"‘) =-s[ye(1 ——) ] for seR.
k=1\7 e .

Also, by the comparison test (the Weierstrass theorem),

o0

So7(8) = 82(8):= ) siner"‘) ~as T- o0
k=1 .
and the series is absolutely convergent almost uniformly in s (ie. for any
M > 0, the convergence is uniform in se[—M, M]).
Consequently, S; and S, are continuous functions. Cleatly, S; (0) = S,(0) = 0.
But for s > 0 we have

S1(9—S2(s) = ), (Eke"‘>— Y sin(fke"‘> > Ee'l—sin<§e'1> > 0.

k=1\7 k=1 Y Y Y

Therefore, the imaginary part of the exponent (3.6) converges, as T — o0,

to the continuous function g (s) = S, (s)— S, (s), which is different from 0 for s in

a certain neighborhood of 0 and g(0) = 0. Hence, as T — oo, the characteristic

functions ¢z,.(s) cannot converge to exp (—s?/2), the characteristic function of

standard normal distribution .#"(0, 1). This implies that the sequence (¢z, (s));o= L
does not converge to exp(—s2/2). m
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4. THE CENTRAL LIMIT THEOREM
FOR A STAIN WITH CONTINUOUS TIME

In this section we investigate the limit theorems for a stain with con-
tinuous time, defined by formulas (2.1) and (2.2).

THEOREM 4.1. Let & = (T, a) be a stain with continuous time and define
Y(t)=1, r=0. Then the stain satisfies the Central Limit Theorem, that is

{(T,0)—EL(T, o) ,
VD*E(T, o)

The simple analytic lemma below will be needed in the proof of Theo-
rem 4.1. ‘

LemMma 4.2. Fix r 2 0. Then

0,1} as T o0.

@ Nil (N—9)[@+1y -] < O(N""Y),
v=0
(i) S (N—tP [0+ 1y T < OV,
v=0

Proof of Theorem 4.1. The proof of the Central Limit Theorem for
a stain with continuous time can be reduced to the Central Limit Theorem for
a stain with discrete time. We have

E(T, a) = ?V(t, wydt, T=>0, and V({, 0= y@Efla—ow), t=0,

fi<t

ET = | Vi, oydt+ | V(t,0)de

[0,N} [N,T)

N—-1 .
=Y [ (Y v@f@—a)— Y ¥@f(@—a)d
k=0 [kk+1) O<fi<[]+1 1SH<[f]+1

+ | Vi, de

[N,T)

N-1

Y S Y @S e

k=0 [kk+1) v=0psi<v+1

- f ¥ yv@f@—o)+ [ V(E 0d

[0.N) S <[f]+1 [N,T)
N-1 &k

=X X X Y@

k=0 v=0v<ii<p+1

- Y y@fe—-w+ [ Ve, o).

[0,N) < <[t]+ 1 IN,T)
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Now we put

N-1 k

V.= T Y U0, = T N-0y@X.,

k=0 v=0
where

X, = ) flo—aw).
v<fi<v+1

Then E(N, o) is the stain with discrete time as in Theorem 3.1, and (X,) is
a sequence of independent identically distributed random variables. For sim-
plicity we shall assume that EX, = 1. We can write

N-1 &k

FL)=EN,0+Y Y Y @@-v0)fe—2)

k=0 v=0vsii<v+1

- Y vEf—a)di+ | Vi, a)dt

[0.N) t<fi<[t]+1 [N,T)

= E(N, )+ —{Ra + -

Let us put (T, o) = E(N, a)+ A (T), where A(T) = (R0 — (R o+ {7 and
N =[T] (the entire of T).
We want to prove that

E(T, ))—EL(T, a)
VDPE(T, a)
From Theorem 3.1 we have

E(N’ “)_EE(N’ a)

4.1) 4LH/0,1) as T— 0.

4.2 45 40,1 N - 0.
4.2) DTN, %) 0,1) as o0
Note that
43) §(T, )—E(T,0) _ (EV, 9)—EE(N, %)+ A4(T)—EA(T))/D*{(N, o)
' VD E(T, ) JD?EN, ) JD*ET )
By (4.2) and (4.3), the convergence (4.1) will be proved if we show the following:
_A(M)—EA(T) . |
(44) ZT'——DZ_\/“ET—N'_’—(X)_—)O m )b as T — oo,
and

@45) VDPEW. ) o
JD?E(T, %)
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We first prove (4.4). Since f is nonnegative and  is non-decreasing, we
have the estimate

0<tly=3 3 Y WE-v0)f—a)

k=0 v=0v<i;<v+1

N-1 k
<Y XWe+)—yw) Y fle-a)
k=0 v=0 vEfj<p+1
= T T Wo+r)-wmIx
which gives
N-1
(4.6) SNy < Y, N=0)(v+1)—0")X,.
v=0

.Let us put EX, =1; then by Lemma 4.2 we obtain

N-1
4.7 0<Elffy< Y N—)(v+1y—v)<ON*Y).
v=0
Similarly, we find
N-1
0<{Pw< | Y v+)fl—a)dt= Y +1yX
[O,N) v<ii<v+1 v=0
Consequently,
(48) 0 S EC&ZV},a} S O(Nr+1)a
and

N-1
0<la<s )Y V@fe—w)= Z Z nb(t")f(a %)< ) @+1yX,,
0<H<N+1 v=0 v =0

which yields

(4.9) 0 < Elfy <ON™™).
From (4.7)+(4.9) it follows that

4.10) E[A@I<OW™Y).

Since (N, ) = ::01 ZLO ¥ (v) X, is a stain with discrete time, from the
proof of Theorem 3.1 we have :

(4.11) D?*E(N, o) = O (N**3),



Central Limit Theorems for random stain 331

From (4.10) and (4.11) we obtain
E
M»O as T — oo,
DE(N, )

which implies (4.4).

Now, we want to prove the convergence (4.5). To this end, we investigate

the asymptotic behavior of the variance D* A (T) as T — co. From (4.6) we have
N-1 N-1

4.12) 0t Y N=RIk+1)—KI1X,= Y a.X,,
k=0 k=0

where a, = (N—k)[(k+1)—k"], k=0,..., N—1, are positive numbers

and X,, k=0, ..., N—1, are nonnegative independent identically distributed

random variables. Hence, assuming EX,; =1 and using the notation

b:=E(X?)=D?X,+1=0¢2+1, we have

N-1 N-1 N-1
E(Y aX.))= Y a#EX}+ Y  aaEX EX;=Ji+J,.

k=0 k=0 kj=0k#]

Note that from (4.7) we get the estimate

N—-1 N—-1 N—-1
J2= Z akaJ'.EXkEXj< Z a Z [0(Nl‘+1)]2 0(N2r+2)
kj=0,k#j k=0 j=0
We also have
N-1 N-1
Ji= Y &EXi=b Y (N=k?[(k+1y—K]*< O(N*™h,
k=0 k=0
where the last inequality follows from Lemma 4.2. Hence, from (4.12) we obtain
(4.13) ' E[(®a)"1 < O(N>2).
Analogously, we have
(4.14) E[(CR)* 1 <O(N>*?)
and ,
(4.15) ' E[((Ro)*1<ON*>*2).

The estimates (4.13){4.15) imply the inequality
E[4*(T)] = E[(C#a+ o +{Ra)]
S HEMCE ) 1+HELCR ) 1+ E LR )]} < O (NP2,
and hence

(4.16) D?[A(T)] <E[A*(T)] < O(N**2).
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We have

D*¢(T, o) = D*[E(N, 0)]+D?[A(T)]+2Cov [E(N, o), A(T)],
and

—-DXDY < Cov(X, Y) < DXDY.

Therefore, using (4.11) and (4.16) we obtain the estimates:
D*£(T,0) _ D*[E(V, @)l +D[A(T)] , 2D[EN, 0] DIA(T)]
D*E(N; o) D*&(N, o) D*&(N, o)
0(N2r+2) O(Nr+3/2)O(Nr+1)
O(N*+3) O(N**3)

1 1
om o~

@.17)

<1+

<1+ 1 as T—>oo and N=[T],

D*{(T, o) _ D*[E(N, &)1 +D*[A(T)] _2D[E(N, )] D[A(T)]
D*EN, 0~ D*E(N, o) D*E(N, a)
oqp L 1
~om ow ™
It follows from (4.17) and (4.18) that

D* (T, o) 1
D?*E(N, o)

(4.18)

1 as T— oo and N =[T].

as T—oo and N=[T],

which implies (4.5). Thus, the proof is complete. =

5. MULTIDIMENSIONAL CENTRAL LIMIT THEOREM

_In this section we investigate the convergence of finite-dimensional dis-
tributions of random stain to multidimensional Gaussian distribution.

THEOREM 5.1. Let (E(N, 0)), N =1,2,..., 0S8, be a stain with discrete
time, where s (t) = t" (r = 0) and fis a nonnegative bounded Borel function on S, .
Let

COV(& (Na 01): é(Na 02))
DE(N, 0,)-DE(N, 0)

on (01, 05) =

Assume that for any 0., 0,€S, there exists

(5.1 1\1’13}0 on(0y, 02) = (0, 62).
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Then the sequence of stochastic processes (E(N,*))y=,, where

EIN, B)—EE(N, 0)
DE(N,0)

converges weakly in the sense of finite-dimensional distributions to a Gaussian
process with zero mean value and covariance function g (-, *): 81 x 81 — R which is
defined in (5.1). This means that for each m=1,2,... and any fixed angles
0, 0,, ..., O,€ S, the distributions of the random vectors (E(N, 0,), ..., E(N, 0,)),
N=1,2,..., converge weakly as N — co to /" (0, X), where ¥ = [s;,1j1=1,....m
with s;; = ¢(0;, 0)) (in particular, s;; = 1).

E(N, 0)=

In the proof of Theorem 5.1 we use the Normal Correlation Theorem from
[4] which we quote below.

NORMAL CORRELATION THEOREM (Gikhman and Skorokhod [4]). Let {1}
denote a sequence of random processes 1,(0) = :': o (0), 8€0,n=1,2,...
Suppose that the following three conditions are satisfied:

(a) For any fixed n, the random variables t,; (01), %42(83), - .., tym, (0,) are

independent for arbitrary 84, 0,, ..., O,,,, have second order moments and
Eo, (0) =0, EoZ(6) = b (0),

where max; b2 (0) =0 as n— o0.
(b) The sequence of covariance functions R, (0, 0,) = E[1,(01)1.(0,)] con-
verges as n— oo to some limit
lim Rn (01’ 02) = R(els 02)
(c) For every 0, the sums n,(0) = :: , %ni(0) satisfy Lindeberg’s condition:
For an arbitrary positive &,

1 ™
= ¥ | x*dll,(0, x) -0,

Bn k=1 |x|>eBn

where IT,. (0, x) is the distribution function of the random variable o, (6) and
BZ= Y b%(6)= R, (0, 0).
k=1

Then the sequence {n,(0)} converges weakly in the sense of finite-dimen-
sional distributions as n — o to a Gaussian random function with expectation
zero and covariance R (04, 6,).

Proof of Theorem 5.1. First, we verify that the assumptions of the
Normal Correlation Theorem are satisfied.
Put

nw () = EN, 0) = DEN. B) , where feS;.
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Recall that
N—-1 .
EN, 0) = Z YY and DéE(N, 0) = Cy,
t=0

where Cy is defined in Theorem 3.1 and Cy does not depend on . Then under
the notation of the Normal Correlation Theorem

we =y LEO—EYi©)

k=0 Cy
that is
YY (0)—EY} (6)

ok (0) = Cx

The first part of the condition (a) of the Normal Correlation Theorem is
satisfied because, for fixed N, the processes Y3 (-), ..., YN_,(-) are indepen-
dent. Next, by Theorem 3.1 we have

D2(YY (6 N —k)? k* ¢
b3 (0) = By (0) = 2 O) RO
N N

where

O.2

@r+1)(r+1)@2r+3)

2r+3

e>=D*X;) and Ci=

Then
) (N2r + 2)

b—m—)() as N - oo.

max b3, (0) <
k

Concerning the condition (b), note that

on(0y1, 02) = E[ny(8)nn(0)] = E [f_(N, fy) E(Na 0,11,

and hence (b) is satisfied by assumption (5.1).
Consider the condition (c). We verify that Liapunov’s condition with § = 1
holds for the random variables (otyy).
We have
N-1 N-1 1 M-t

By = ) bw(0)= ) Eou=1; Y ENYE—EY{P]=1
k=0 k=0 ‘N k=0
and, by Theorem 3.1,

1 N—-1 N 9 N 9
BN Z E[|°5Nk_E°°Nk|3]_ Z EI:Y O—EYe ()!:l

=_1~i E[IYY(O)—EYY(0)P]>0 as N - co.
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Hence Liapunov’s condition holds for the random variables (o). Con-
sequently, Lindeberg’s condition holds for (ay;). This means that, for an arbi-
trary positive ¢,

1 N-1
— j x2d (0, x) -0,
By k=0 |x| > B
where Iy, (0, x) is the distribution function of the random variable ay,.

Therefore, all the assumptions of the Normal Correlation Theorem are
satisfied and we conclude from this theorem that for each m=1, 2, ... and
any fixed angles 0,, 0,, ..., 0,,€ S, the distributions of the random vectors:
(N, 0), ..., E(N, 6,)), N=1,2,..., converge weakly as N — oo to nor-
mal distribution 4°(0, Z) with zero mean and the covariance matrix
X =(s;ji=1,..m With s;; = 0(8;, 0;) (in particular, 5;; =1). =

Below we show under an additional assumption that condition (5.1) is
satisfied and we obtain an explicit formula for the limit covariance matrix.

THEOREM 5.2. Let (E(N, 0)), N=1,2,...,0€S;, be a stain with discrete
time, where Y (t) = 1 and f = 1jo4. Then for each m =1, 2, ... and any fixed
angles 0< 0, <0,<...<0, <2rn the distributions of the random vectors:
(E(N, 0y),...,E(N, 0,), N =1,2, ..., converge weakly as N — oo to 4 (0, Z),
where X =[s;/);1=1,..m With s;;=s,; and for j <l

.....

S: =Q(9' 9)= (ﬂi—(ez—@j))n if0<9l_0j<n’
il i O (6,—8)—m)/n  if n < 6,—0; < 2m,

and Sj,j =1.

Before proving the theorem some preliminary calculations and two lem-
mas are needed.

Remark 5.3. Assume that a random variable R has the uniform dis-
tribution on the unit circle ;. For f = 19, we have

(5.2) E[f(R)] =12
and
(53) ELf(®)-f (R+p)] =n;_11lfl for pe[—m, x].

LEMMA 5.4 (Wald’s identities). Assume that (Z;){~, are independent iden-
tically distributed random variables on (Q, #,P) and ©: Q—{0,1,2,...} is
a random variable independent of (Z;)j,.

() If Z, is nonnegative, EZ, < o and Et < 0, then

E(3 2) - EQE@).

J
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(ii) Let h, g be Borel nonnegative functions on R such that h(Z,) and g(Z,)
have the same distribution. If E(h(Z,)) < co and E(z%) < oo, then

T

E( Y hZ)g9(Z)=[EG)~ E(r)]( (h(Z1))"

iL,j=1,i#j

LemMA 5.5. Let (N, o) be a stain with d:screte time, where W)= 1 and
f = 1liom. Then for fixed aeS;, fe[—n, n] we have

i— B\ N(N+1)2N+1)
2n 6 )

| Cov(¢(N, a), E(N, a+p) = l(

Proof. From the form of &(7, a) in (2.4H2;7) we get
Cov(¢(N, a), E(N, a+p))

N-1 N-1 -
=E[Y W-0(X~EX@)][ ¥ N-)(X:(@+h—-EX,(x+)]

N-1
= _% (N—t)(N—5) E({X, () — EX, (@)} {X,(a+ ) — EX, (2 + B)})
+N21(N t)ZE{X,(a)X,(oc+ﬁ) EX, () EX,(a+p)}:=J1+J,.
=0

Since (X,(*)),., are independent processes, J, =0 and

Q
N-1

=) (N— t)z[M1 —-M,],
t=0
where
M, =E[X, () X,(x+f)] and M,=EX,(0)EX,(a+p).

By (2.7) we have

(54) M, =E[{ z' f(a—ai)}{i flatp—a))]

—E[thx o) f@+B—o)]+E[ Z f@—a) f @+B— o)].

Li=1,i#j

Note that the random variables Z; —f(oc—cxj)f(oz+ﬁ—a,), i=1,2,...,
and 7 = N, satisfy the assumptions of Lemma 5.4 (i) and, consequently,

N
E[;of(“—aj)f(a+ﬁ—“j)] =E[f(a—u)f(@+pf—a)]E(N).

By (5.3) we have E[f(a—oy) f(x+f—0ay)] = (n—|B])/2n.
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Consider the last term in (54). Put Z; =a;, j=1,2,.., k(") = f(a—"),
g(:)=f(x+pB—-) and t = N,. Then the assumptions of Lemma 5.4 (ii} are
satisfied and from this lemma the equality follows:

E[ Z fa—a) f @+ B—a)] = [E(N?)—E(N)] (Ef (2 —a))*.

Li=1,i#j
Moreover, Ef(x—a;) =% by (5.2). Therefore,
_n—|Bl 1 2 _n—|pl
M; = —CEWN)+; [END)-EWN)] = — =4+

because N, is a random variable with Poisson distribution (with parameter 4).
Similarly, using Lemma 5.4 (i) and (5.2) we find

My =E[Y fe—]ELY. ot B—2)] = (BN = 274

j=1

Therefore,
_$ L(n—1Bl, A A —IBl\ X
- T () () B
_A<n—lﬁ| N(N+1)(2N+1)
B 2 6 ’

and hence

Cov(E(N, a), E(N, a+f)) = A(n;lﬁl) (N(N+ 1;(2N+ 1)>. ]

Proof of Theorem 5.2. We verify that the assumptions of Theorem 5.1
are satisfied. We have

_ Cov(((N, 0)), £(N, 0))
on (05, ) = DE(N, 6;): DE(N, 0))
If 6, =6, then gy (6, 0) = 1, limy.o,en(0), 6) = 1.

If 6; < 6, and 0 < 6,—60; < =, then we can use Lemma 5.5 with § = 6,—0,,
and then

and  gy(0;, 0) = on (0, 0)).

sj0=on(0;, 0) = i (il ])
If © < 6,—0; < 2=, then
0,=0;+(6,—0)"%"0,+p, where f=—2rn—(6,—8))
and we also use Lemma 5.5 to obtain

0,—06)—=
;1= on{0;, 0) = L"L—ni)_ a8
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