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A PROOF OF GRABINER’S THEOREM
ON NON-COLLIDING PARTICLES
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Abstract. A detailed proof of Grabiner’s theorem [1] on the
exact asymptotics of the time to collision for n independent Brownian
motions is given.
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1. INTRODUCTION

Let X, = (X}, ..., X7) be a standard n-dimensional Brownian motion, and
let Xo = x = (xy, ..., X,). For simplicity, assume that x has ordered compo-
nents, so xe W, where

W={xeR" x; <x; < ... <Xp}.
We define collision time
t=inf{t > 0: X} = X{;i#j}.
Denote the Vandermonde determinant h(x) by 7 -
h(x) = det [{x{ *}2;=,]. -

Grabiner in his work [1], Theorem 1, stated the following theorem, with
a short descriptive proof using the reflection argument In this note we give an
elementary proof of this theorem.

TueoreM 1. We have
(D) lim P (t > t)t"®~ V4 = Ch(x),

t—

—nf2 2
(27:) - 'S' p( |y| )h(y)dy

j= o’

where
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2, PROOF

We divide the proof into parts.
Following Karlin and McGregor [2] the density function for the Brow-
nian motion starting at x to be at y at time t without having left W is

b.(x, y) = det [{d’t (xi—J’j)}?,jﬂ],

where

e L F
. b= en(-3)

We can factor out b,(x, y) by

For the asymptotics of (2) as t - o0 we need to study the asymptotic of the
determinant

3) ‘ det Hexp (xityj)}'j 3 :|

By writing every element of the matrix into an exponential series we get

0wl ) e

where

sgn (o)
’II'c = Zs T(xIYCr(l)'l' .. +xny¢r(n))k'

As usual, S, denotes the set of permutations of {1, 2, ..., n} and sgn (o) is the

sign of permutation ¢. The following lemma holds true:

LemMa 2. For i=0,1,...,n(n—1)/2—1 we have T,=0 and
h(x) h(y) ‘

’1-;1("—1)/2 = W -
Proof. Note that :
sgn (o) k
T.= ), 'k—'(xl Yoy + --- +xnyo'(n))
oeS,, '
sgn (o) k! . i
= —(x Yo )1"'(xnya'n)"
ZS k! k,;k kil k7w ™
ky otk =k
1
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Now we use the observation that if k; = k; for i # j, then the pairs of per-
mutations (o, (i, j)© o) will cancel the inner sum above. This happens because
signs of these permutations are opposite and factors are the same. Using this
remark we infer that the coefficient 7, vanishes unless there exists a decom-
position of the number k into a sum of n nonnegative integers ky, ..., k, such
that k = ky+ ... +k,, and k; # k; for i # j. The smallest number for which
such a decomposition exists is n(n—1)/2 =0+1+ ... +n—1. This completes
the proof of the first part.

To compute the coefficient T, - 12, Wwe must notice that decomp051t10ns
of the number n(n— 1)/2 into a sum of nonnegative integers are only permuta-
tions of the set {0, 1,..., n—1}. Thus

Tan-1y2 = Z ol ! Z sgn (o) (x, yc:u))k1 o (X ya‘(n))k"
k ,,,,, k 1 ven n+ G'ES"
Yk; =n(n 1)/2

1 _ e
R R Yl Y 2, sgn(o)(x Yo’V (o1 o)™

H] 0] 0eS,, aes,,

(1 1 O(n)— 1 a(1)—-1 0
-1 ' Z X1 = . xn(n) z sgn (O-) ¥y cr((l)) -y a(('rg
j= 0 ' 0eS,, oeS,,

In the last expression we recognize a determinant, so we obtain

1 _ ) N
’1-;1("—1)/2 = n—I' Z x‘i(l) T xg(n) 1 det [{y?m 1}“_:1]
H AT =S
Jj=
1 ) ) o
= ' Z x‘i(l) v xg(n) 1sgn(0)det [{J’{ 1}i!j=1].

H, of* 0esn

Hence we get

MRh)
M- '

Proof of Theorem 1. Using Lemma 2 we write

T;:(n —-1)2 =

P (t > )t~ D4 = jb (x, y)dy

2 2 1. n
— prn—1)4 j‘ (21tt)_"/zexp<_|xl + |yl )det I:{exp<ﬁ>} ]dy
W k 2t t ij=1

tn(n—3)/4 ( |x|2+|y|2> [
=—— f[exp{ ——— Tt~ *dy.
@m)2 3 2t kgo ’
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Since the first coefficients vanish, we get

t"(" 3)/4 |x|2+|y|2 [+']
P(x>ptn W =" [exp| ————— Y  TitT*dy
Q2my"? i‘;' 2t k=n(n—1)/2

tn(ng3)/4 |x|2+| |2 _ _
' tn(n /4 x|+ |y)? @ N
6 — _ T.t™*dy.
L (2 )/2 J ex 2t k=n(n§)/2+1 * :

Considet the first element (5) of the sum above:

tn(n—3)/4 , |x|2+lyI2 t—n(n—l)/z
() WieXP(‘ 2% H,f_;j! h(x)h(y)dy
j=

—n(n+1)/4 h 2 2
S H,,(_’?J, ( ")5 ex ( il )h(y)dy.

Since h(ax) = """ 12 h(x), we see that (7) is of the form

1 h 2 2
. H,,(’? . xp( 8 ) f exp( L )h(y)dy

We now show that (6) tends to 0 as t — co. After some simple calculations we
infer that (6) is equal to

1 i =1y || lyl*
— g4 "/zexp(—— exp{ —— | Trdy,
(2m)y"? k=n(n—zl)/2 +1 2t v{/ 2 )"

and it tends to O as ¢ — oo. Thus we have (1). =
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