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1. INTRODUCTION

In this paper we consider approximations of solutions (Y, Z, K) of the fol-
lowing reflected backward stochastic differential equation (RBSDE for short) with
almost surely finite random terminal time 7 in a given convex domain D C R%:

T T
(L.1) Yinr = g(XT) + f f(S,XS, Ys, Zs)ds - f ZsdWs + K; — Kipr
tAT tAT
for t € R, where X is a given diffusion process, g: R™ — D = D U 0D
is a continuous function and f: Rt x R™ x D x R¥*™ — R? is a continuous
function satisfying the monotonicity condition with respect to y and is Lipschitz
with respect to z (precise definitions are given in Section 3).

Existence and uniqueness of RBSDE (1.1) was shown by Pardoux and Réscanu
[16]. They proved that the solution of (1.1) may be approximated by a sequence
of non-reflected BSDEs with a penalization term. Moreover, they pointed out con-
nections between RBSDE (1.1) and variational inequalities.

There are many papers about approximations of BSDEs and RBSDEs (see
e.g. [1]-[3], [13], [14], [21]). However, it is worth pointing out that, up to now,
the discrete approximation of RBSDEs was investigated only in one-dimensional
case (see [1] and [14]).
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The aim of this paper is to prove convergence of discrete approximations
of a solution of RBSDE (1.1) in a general convex d-dimensional domain D. We
present both weak and strong convergence of the discrete scheme to the solution of
(1.1). The important point to note here is that our approximating sequence can be
computed by simple recurrent formulas, and therefore is easy to implement. Our
approximation methods correspond to the so-called projection scheme, which is
a well-known method of approximation of classical stochastic differential equa-
tions (see e.g. [18]). Additionally, we give applications of the numerical scheme in
solving partial differential equations (PDEs) and the viability property of BSDE.

The paper is organized as follows. First, in Section 2 we give an approxima-
tion scheme for RBSDE with fixed terminal time and formulate its properties. This
is used in Section 3, which contains an approximation scheme for RBSDE with
random terminal time and in which we formulate the main theorem of this paper.
Section 4 is devoted to applications of the numerical scheme in solving PDE and
the viability property of BSDE. Finally, Section 5 contains proofs of theorems from
Sections 2 and 3.

Throughout this paper we will use the following notation. D(R*,R9) is the
space of all mappings x : R — R? which are right continuous and admit left-hand
limits endowed with the Skorokhod topology .J; (see [10]). By || we mean the Eu-
clidean norm in R%, & € R?, ||z stands for (trace(z*z))"/?, x € R™>*™ If K =
(K',...,K%) is a process with locally finite variation, then |K|; = Zle |Ks,
where | K?|; is a total variation of K% on [0,]. If Y = (Y'!,...,Y%) is a semimar-
tingale, then [Y]; = Zle [Y?];, where [Y"] is a quadratic variation process of Y.
For a stopping time 7, by Y7 we mean the process stopped at 7, i.e. Y = Yiar.

Finally, ”, and 2 denote convergence in probability and in law, respectively.

2. APPROXIMATIONS OF RBSDEs WITH FIXED TERMINAL TIME

Let (2,G,P) be a complete probability space carrying a standard m-dimen-
sional Wiener process W = {W,};,cr+ and let F = {F;};cg+ be the usual aug-
mentation of the filtration generated by W. In this section we assume that
7 =T = const and RBSDE has the form

T T
2.1) Y, = g(Xr) + [ f(s, X5, Y5, Zs)ds — [ ZsdW; + K1 — K,
t t

for ¢t € [0,7T], where X is the solution of the following stochastic differential
equation (SDE for short)

t t
(2.2) Xe=xz+ [b(s,Xs)ds + [o(s, Xs)dW,, teRT,
0 0
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where b : RTxR™ — R™ and ¢ : Rt xR™ — R™*™ are continuous functions
such that

b(t,x) — b(t,2)| + ||o(t,z) — o(t,2))|| < Llz — 2|, teRT, z,2’ € R™,

for some L > 0.

By a solution of (2.1) we mean a triple (Y, Z, K) of F progressively measur-
able processes in D x R¥™ x R satisfying (2.1) and such that

T

(a) E(supth |V, |2 + fo HZtHth) < o0

(b) K is a continuous process of bounded variation, such that Ky = 0, and
f OT EY} — A;)dK; < 0 for every F progressively measurable process A with values
in D

Letg: R™ — D, f: Rt xR™xDxR¥™™ — R? be continuous functions
which satisfy the following conditions:
(i) there exist g, k > 0 such that for any x € R™

()] < K1+ []9);

(ii) there exists L > 0 such that for any t € R*, 2 € R™, y,4/ € D and
Py ZIERde

[f(t 2y, 2) = f(t 2y, 2 < Lly = o'+ (12 = 2'l]);

(iii) f(-,-,0,0) is bounded.

It is known that under assumptions (i)—(iii) RBSDE (2.1) has a unique strong
solution (see [8]).

The discrete scheme we propose in this paper is based on approximation of

a Wiener process W by a scaled random walk. Set W}* = (y/n) ™! Zﬁﬂ el
teR™, where for eachn € N, {ay} jen 18 a sequence of independent symmetric
Bernoulli random variables, and by 7" = {F]'};cgr+ denote the natural filtration
of W™.

Let us first consider the approximation scheme for SDE (2.2). Set zj = « and
forj=0,...,[nT] — 1 define 27, ,,, by

1 . n 1 . n n
(2.3) Tlit1)m = Tim + ﬁb(]/n,xj/n) + %J(]/n, T/ )Ef 41

Notice that, for each j, 27, is F7, -measurable. Moreover, if we put of' = [nt]/n
and define X{* = a7,/ . t € [0, 77, then X™ is a solution of the discrete SDE

t t
Xp =+ [ bl X2 )de} + [ o(el, Xi)dWy, € [0,T).
0 0
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By Donsker’s theorem, we have W 2W in D(R*, R™). Consequently, since
supy<r(t — o) — 0, T € RT, it follows that

(X", W™ -25(X, W) in DRT,R>™).

Moreover, if the processes W", W are defined on the same probability space

and sup,<p |W/" — Wt\LO, then sup,cp [ X} — Xt|i>0, T € R". In fact,
the convergence in probability can be strengthened to convergence in IL” norm for
every p € N (see e.g. [17]).

Now, consider the discrete version of RBSDE (2.1). In our scheme we com-
bine some ideas from [2], where BSDE without reflection is considered, and from
[18], where SDE with reflection is considered. For j = [nT] puty7},, = g(z7),).

Z /n =0, Ak@ )0 = = 0 and solve the equation

@A Y =YGvn T UM T s 2in) = 2 a1+ ARGy

forj=[nT]—1,...,0.

By a solution of (2.4) we mean a triple (Y, 2", K") = (Y", Z{", Ki")ic(o,1]
of F" adapted processes in DxR?*™xR? such that |K"|7 < oo, K = 0, and
f OT (Yr — A} )dK] <0 for every JF™ adapted process A™ with values in D, where

_ _ [nt]
Y= Yy 28 = g e KT = 220500 ARG,
Since (2.4) can be written in the equlvalen‘[ form

T
2.5) Y'=g(X})+ [ flol, X1, Y], Z! )do? f ZL dW! + K} — K{'
t

for ¢t € [0, T, one can deduce from Lemma 5.2 below that (2.4) has a unique solu-
tion. Therefore, solving (2.4) is equivalent to finding the solution to the following
iteration problem. The first step is to choose

Zjn/n = \/ﬁE(y&—l—l)/nE?Jrﬂf}l/n)?
then to find
n n 1 . n n n 1 n _n
hj/n = y(j+l)/n + Ef(]/nvxj/nﬂr(hj/n)v Z]/n) - ﬁzj/ngj—&—la

where w(h) = mp(h) means the projection of h € RY on D. Notice that for n
large enough (n > L), h;.‘/n is well defined since f and 7 are Lipschitz. Now we

put y?/n = w(h;.‘/n). Observe that h;‘/n and y]’f/n are .ﬂ”/n—measurable. Indeed, by
the representation theorem (see [22], the Lemma on page 154),

mn 1 n n n
Y(i+1)/m — %Zj/ngj”rl - E(y(j+1>/n’f37n)'
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Finally, we take Ak:( 1) = y}‘/n — h;? I which is also .;Ej T‘/n—measurable. There-

fore, Y" and Z™ are " adapted, and K™ is an F" predictable process. Since D is
a convex set,

(2.6) (m(h) —2',m(h) —h) <0, heR% z'eD.
Hence, in particular,

for any z’ € D and j = 1,..., [nT] Therefore, for any F" adapted process A"
with values in D,

T [nT)
(2.8) SO = ALYAEY = 3" Y1) jn — Alj—1yjms AR < 0.
0 j=1

THEOREM 2.1. Assume that (1)—(ii) hold. Then:
(a) We have

(XY™, [ 2 dW?, K™ W) 25 (X, Y, [ ZdW,, K, W)
0 0

in D([0, T],R™x DxR2IxR™).
(b) If supyr W — Wi|-250, then

T
E(sup |Y;* = Yi|* + [||Z]- — Z,||*dt + sup | K} — K,|*) — 0.
t<T 0 t<T

The proof of Theorem 2.1 is deferred to Section 5.

Let us consider now another numerical scheme for RBSDE (2.1), which is
simpler to simulate then the scheme described above. In this method in each step
we take only once projection on the set D and do not look for a fixed point of
a function. For j = [nT] put 4" S = g(x ]/n) =0, Ak( 11y =0. For j =

[nT] —1,...,0 first choose 27, fE( 951y /m el ]/n) then find

n . n -n 2N 1 zn n
hj i/n (J+1)/n + ﬁf(j/n’ xj/n’yj/n’zj/”) - %Zj/"€j+1’

= By 1)l 7)) Finally, take 7, = w(fz, ) and AKp, ) =

g);l/n — ﬁ] In In a similar manner as before define processes Y" = y[m] In Zt =

Kt = Z[nt] Ak:”/n, = [nt] o which satisfy

T
V= g(X2) + [f(ol, X, Y, 2 Yol — fZQ_dW§‘+K§‘~—KF
t

fort € [0,T7.



46 K. Janczak

PROPOSITION 2.1. Assume that (1)—(iii) hold. Then
A T A A
E(sup|Vy" = Y"* + [ 12 — Z{|*do} +sup | K} — K{'f*) — 0.
t<T 0 t<T
The proof of Proposition 2.1 is deferred to Section 5.

3. APPROXIMATIONS OF RBSDEs WITH RANDOM TERMINAL TIME

In this section we will consider the case where the terminal value of RBSDE
is given by an F stopping time 7 such that P(7 < oco) = 1. We will assume that
(i)—(iii) hold and, additionally,

(iv) there exists a constant u € R such that for any t € RT, z € R™,
y,y € D, z € R&>X™

<y - yly f(ta z,Yy, Z) - f(ta 95,?//7 Z)> < /’L|y - y/|2;
(v) there exists A > 2u + L? such that

EeM (14 X, %) < co.

By a solution of RBSDE with random terminal time we mean a triple (Y, Z, K)
of F progressively measurable processes in D xR?*™ xR satisfying (1.1) and
such that

(a) E(supsc, exp(At)|V:]* + fOT exp(At)[| Zy||2dt) < oo;

(b) K is a continuous process with locally bounded variation, such that
Ky =0,and fOT(Yt—At)th < 0 for every F progressively measurable process A
with values in D. Moreover, Y; = &, Z; = 0, K; = K, on the set {t > 7}.

In [16] it is proved that under the assumptions (i)—(v) there exists a unique
strong solution of (1.1).

As in the previous section we shall approximate a Wiener process W by
a scaled random walk W". We follow [21] and start with approximation of the
stopping time 7 by a sequence of bounded stopping times {7"},. Since, for
every n € N, 7" is bounded, we can find 7T}, € N such that 7" < T,.

First let us introduce the approximation scheme for the forward equation.
Write 7' = (j/n) A ([n7"]/n), j € N, and note that 7" is an 7" stopping time.
Now put z = x and for ¢ € [0, T},] set X" = :):Z[T:n , Where z™ is given by (2.3).

In order to define the discrete RBSDE with random terminal time we take
j = nTy,...,0 and on the set {7" < j/n} we put y’ =yl =g(al), 20 =
At = 0, AkZh = 0. Next, on the set {[n"] > j} = {[nm)/n > jjn} € 1,
we consider

1 .. 1
(3.1 ?/%n Zy%nﬂ‘Fﬁf(J/nva?%uy%m Z?Jn)l{[m"bj}_%Z%ngyﬂ +Ak¢]n+1.
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By a solution of (3.1) we mean a triple (Y™, 2", K™) = (Y}, Z{*, K" )1c(0,13,]
of F™ adapted processes in DxR¥™xR? such that |K"|.» < oo, K} = 0,
and fOTn (Yr — AP )dK] < 0 for every F" adapted process A" with values in
D, where Y = y?{z " 4y = Z:'L[Zt]’ K} = Z["t Ak” Moreover, on the set
{t>7"},wehave Y" =Y, Z' =0, K" = K.

Observe that (3.1) can be written in the equivalent form

(3.2) Y2 o= g(X%) + f flos—, X3, Y1, Z Yoy

tAT™

— [ Z}dW} + KW — K},

tAT™

teRT,

T

and that (Y™, Z™, K™) is a unique solution of equation (3.2) (see Lemma 5.4 (b)).
To solve (3.1) we first set
ZT]n = Z nl{[nT” >]} = fE(yTn €]+1| /n)l{[nTn]>]}7
and next we find a solution A\, of the equation
J
1,
h%ﬂ = y%”ﬂ + Ef(]/n,x%m,ﬂ(hﬁf), Z%n)].{[nTn]>j} szns

Note that since f and 7 are Lipschitz, h" is well defined for n > L. Now put

yr, = m(h?») and Ak” =yl — h" Observe that h"n,yTn and Ak:"+l are
J J J J

F ”/ -measurable. Slmllarly to Section 2 it can be shown that, for any F" adapted

process A™ with values in D,

" [nT™]
[ — ALY = X (4l — Ay AR <0
0 j=1

THEOREM 3.1. Assume that (i)—(v) hold. Let {1} be a sequence of F" stop-
ping times such that sup,, E exp(A7™)(1 + | X |?9) < c0.
(@) If (W™, )" (W, ), then
(X" Y™, [ Z0dWr, K™ W) 25 (X, Y, [ ZdW,, K, W)
0 0

inD(RT,R™x D xR2xR™).
(b) If supyr Wi — Wi| 250, T € RY and m"Lr, then

T
(sup Y™ = Y7 |+ [1Z7" = Z7|2dt + sup | K} — K] [)2> 0.
t<T 0 t<T

The proof will be given in Section 5.
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Similarly to Section 2, we may consider another numerical scheme for RBSDE
(1.1), which is easier to simulate. For j = nT),,...,0, on the set {7 < j/n} we
put g% = g(al), 24 = 0, Ak’;‘ﬂ+1 = 0. On the set {[n7"] > j} we first take

J J J J

éfjn =./nE (QZJnHE? 11 ]]fj 7.1/71), and then find a solution hZ;L of the equation

h"_yT

y+1

(]/n7x7 7y7-“ )1{[n7”}>]} \/>Z7”5]+17

where 177’_‘]@ = E(yT 1| j"/n) Next, put gfjn = TF(Ah?}L) and Ak:gn+1 = g)ﬁjn - hﬁ}l.
Finally, let us define processes on R™ by setting Y;* = @Z[n ’ A 277}[n ’ K =
nt nt
1 Adn o _
SO Ak, ¥ =g so that

}A/;/l\Tn:g(X:}n)‘i_ f f(Q?,, Yn Zn dQS f Zn de+ Ktn/\Tn

tAT™ tATT
fort € RT.

PROPOSITION 3.1. Assume that (1)—(v) hold. Let {7"} be a sequence of F"
stopping times such that sup,, E exp(At™)(1 + |X™.|?9) < oo and assume that
(Y™, Z", K™, (Y™, Z"™ K™) are given as above. Then, for every T € RT,

T
E(sup [V, =Y P4 [ 207 = 2T |[Pdof +sup |KT — KT P) — 0.
t<T 0 t<T

The proof of Proposition 3.1 is deferred to Section 5.
We end this section with a simple example of a sequence of stopping times
{r"} satisfying the assumptions of Theorem 3.1.

EXAMPLE 3.1. Leta € R*. Define
T =1inf{t > 0; |W;| >a}, 7" =inf{t>0; |W/| >a}An.

By [19] it is known that (W",T")A(W, 7). One can show that there exists
a constant C'(a) such that, for every A < C(a), sup,, F exp(A7") < oo (see Sec-
tion 5 for details). On the other hand, it is not true that sup,, £ exp(A7") < o0
for every A > 0. It is a consequence of the fact that F exp(A7) < oo only for
A < C(a) (see e.g. [12], Lemma 1.3).

4. APPLICATIONS

4.1. Discrete RBSDE and the obstacle problem for parabolic PDE. In this
section we will consider the case where D = [a1,b1] X [ag, ba2] X ... X [ag, bg] and
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7 =T € RT. For each (s,z) € [0,T] x R™ let X** denote the solution of the
SDE

t t
@4 X[ =az+ [b(0,X,7)d0+ [o(0,X,")dWy, te€[s, T,

s

and let (Y**, Z%% K*7) denote the solution of the equation
T

42) Y = (X5 + [ £, X, Y, Z)do fZ”dW9+K” K)*
t

for t € [s,T]. Under the assumptions (i)—(iii), u(s,x) := Y;" is a continuous
function of (s, x), which is a viscosity solution (see [7], p. 35, for a definition) of
the following obstacle problem:

min (uz(t z) — a;, max (u;(t, x) — by, —F.(t, :E))) =0,

(4.3) tels,T), reR™,
uw(T,x) = g(x), x € R™,
fori =1,...,d, where
; du; 1 d%u; T
E.(t,z) = E(t’ x) + 3 1@%@1 Da;008 (t,x)(oo” );k(t,x)

du;
+ 3 U )bt x) + fi(t @t x), (Vuo) (¢, z))

1<5<d 33'

(see e.g. [23]). The approximation of the solution of parabolic PDE using the dis-
crete scheme for BSDE (without reflection) was considered in [2]. Here, we pro-
pose a numerical scheme for the obstacle problem (4.3) which uses the discrete ap-
proximation of RBSDE (4.2). Fix v € R™ andset 2%, = z,j =0,..., [ns]. Next,
define X;"*" = af, , where 27, , is given by (2.3), j = [ns],..., [nT] — 1.
Observe that X **" is a strong solution of the SDE

t
X”"—Jr—i—fb (05, X5 )doy + [ o(0f, Xg"™) AWy, t € [s,T).
S

Furthermore, (X%, W”)L(Xs’x, W), where X** is given by (4.1). The next
step is to solve the discrete RBSDE. To do this we put yg 1, = g(:z;ﬁLT] /n) and
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solve (2.4) for j = [nT] — 1,..., [ns]. Let us put

Dhutie) =y u (G a2 b(ifna) + o (/o))

_l’_

gu(ios Lot/ - o),
D™ u(j,x) = % u (j, a:—l—%b(j/n,x) + \}ﬁa(j/n,a;)>

_ lu <j7 x+;b(j/n,x)—10(j/na$)>-

2 vn
LEMMA 4.1. Assume that v":NxXR™ — D, n> L, is a function such that
v ([nT),z) = g(x) and, for j = [ns],...,[nT] — 1, v"(j,x) is defined as

a unique solution of the equation
1

4.4) v"(j,2) —7r<D1v”(j+1, ac)+—f(j/n, z, 0" (4, ), v/n D" v (5 +1, x)))
n

Then y;?/n = U”(jvx?/n)’ z;‘/n =./nD™ v"(j + l,x?/n).

Proof. We proceed by induction. First note that since f and 7 are Lip-
schitz functions, the solution of (4.4) is unique for n > L. By definition we have

U"([nT],mﬁm /n) = g(:cf;LT] /n) = Uit /- Suppose that

Yir1ym ="+ 1241y )
As
Dy (j+1,23,) = E(v"( + 1,200 ) [ Ff/m)
and
D" (j +1,27,,) = B(" (5 + 1,2, 11y €511 F )
we have z]T.L/n =/nD™v"(j + 1, x?/n) and

n n,n(; n 1 ; n n "™ "
Wi = D" (G4 L) 4 — f (3@ (1), /0 D20 (4 1, 25,))

Since y;?/n = W(h’]?/n) and the solution of (4.4) is unique, the lemma follows. =

PROPOSITION 4.1. Let u"(t,z) = v"(j,z),t € [j/n,(j +1)/n),z € R™,
n > L. For each fixed s € [0,T], the sequence u"(s,-) converges uniformly on
compact sets in R™ to u(s, -), where u is a solution of the system (4.3).

The proof of this proposition runs analogously to the proof of Theorem 5.2 in
[2], so we omit it.
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REMARK 4.1. Suppose that 0" satisfies 0" ([nT],z) = g(z),

1
0" (7, x)—w(D_’ﬁ@"(j—i—l,:r)—i—n f(j/n,x, D" (j+1, x), Vn D" (41, x)))

for j = [ns],...,[nT] — 1. Then we have

and
é;l/n =/nD"d"(j + 1,x§‘/n),

where 37?/” satisfies

~n 1 . n 1
G = GG+ G0 T Ui Zin) = e + ARG 1) /m

for j = [nT] — 1,...,[ns]. Moreover, if we define 4"(t,x) = 0"(j,z),
teli/mn,(j+1)/ ) xeRm then 4" (s, ) — u(s,-), where w is a solution of
the system (4.3).

Observe that the equahty Y51y /m o (j + 1, Tl /n) implies that 77, =
( G+1) /n\}' o) = Dho™(j + 1, , /n) Therefore the result follows by Proposi-
tions 2.1 and 4 1.

4.2. Discrete RBSDE and the obstacle problem for elliptic PDE. As in the
previous section let D = [ay,b1] X [ag,ba] X ... X [ag,bg] and let, moreover,
assume that the functions b, o, f do not depend on time. For each x € R™ let X*
denote the solution of the SDE

4.5) Xf::v—l—be“’ds—i—f (XZ)dW,, teR*.

Let G be an open bounded set in R™. Define 7¥ =inf{t>0; X ¢ G} and assume
that sup,ca E exp(AT%)(1 + | X;=|??) < co. It can be shown that the mapping
x +— 7% is a.s. continuous ([15], Proposition 4.1). Consider now for each x € G
the following RBSDE:

Tac
4.6) Y. =g(X%)+ [ f(XZYE Z2)ds — f ZgdWs + K7 — K{j e
tATZ tATT

for t € RT. Under the assumptions (i)—(iii), u(z) = Y, = € G, is a continuous
function, which is a viscosity solution of the following obstacle problem:

4.7) {mm<uz($) — a;, max(u;(x) — by, —Fi(x))> =0, xr € G,
u(@) = g(), v € 0G,
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fori =1,...,d, where
Fi(z) = fi(z,u(z), Vuo(z)) + Lu;(z) = fi(z,u(z), Vuo(z))
1 82'1111‘ T au’b
+ = x)(oo” ) j(x) + x)b;(x

(see [16]). In what follows we propose a numerical scheme for (4.7) which uses
the discrete approximation of RBSDE (4.6).

Let us fix z € G. As in Theorem 3.1, we need to approximate the stopping
time 7% by a sequence of bounded stopping times {7%"}. We also assume that
(Wn, 72025 (W, 7%). Let Ty €N be such that 79" < T, and let 757" =
(7/n) A ([nT™"]/n), j € N. We set 2 = x and

1

forj=0,1,...,nTy, — 1. Observe that X" defined as X;" = z" .. satisfies

T[nt]

tATTE™ tATE™

X" =z 4+ fb ™M dol + f (XZ™Maw?r, teRT.

Furthermore, (X", W™, Tf”’”)i(Xz, W, "), where X7 is given by (4.5).
The next step is to solve the discrete RBSDE. Assume that

SupEeXp(/\Tz’”)(l + | X702 < oo

Put y"%n = g(z™.n z e = 0, Ak:”zn = 0 on the set {7%" < j/n} and as in
Yren = 9(@7an), e { j/n}
Section 3 solve the equatlon

y z,n = y z,n + f($ zn,y z,n Z:;z,n)]_{[nTL,n]>]} \/>Z7_z nE j+1 + AkT

on the set {T[ntm] > j}forj =nTy,,...,0. Let us put 1
Dlu(z) = ; <x+ —b(z )—i—\/lﬁa(a:)>+ ;u<x+ib(:r)—\/150(:c)),
D u(z) = % <x+112b( )—1—\/150(:0)—;u<m+;b(:n)—\/lﬁa(a:)>.

LEMMA 4.2. Assume that v™:G — D, n > L, satisfies u"(z) = g(z) for
x € 0G and, for x € G, u"(x) is defined as a unique solution of the equation

@8  un(x) = 7T<D7j_u”(x) + % f (o (@), \/ﬁmuw)))

J J

J
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Proof. We proceed by induction. Since z7,» € 0G, we have 7w n=g(27n)
= u" (2. ). Note that it is enough to consider the case {[n7®"] > j}. Suppose

that " » = u" (2", ). Then
T T
Jj+1 J+1

On the set {[n7*"] > j} we have E(u"(:ﬁ%ﬁ) ) = Diu”(xﬁfn) and

1
n _ n n n n n
hT;c,n = E(U (x,r;:ﬁﬂff/n) + Ef(l‘T;‘c’"’ ﬂ-(hTf’n)’ ZT;c,n)
1
= D?_u"(xzjx,n) -+ gf(x%c,n, W(h?f,n), \/ﬁDEU”(LE?Jx,n)) .
Since yzn = W(h?qg,n) and the solution of (4.8) is unique (functions f and 7 are
Lipschité), the proo% is complete. =

PROPOSITION 4.2. Let u™(x), x € G, n> L, be as defined above. Then
u™(x) — u(x), where u is a solution of (4.7).

Proof. Observe that if x € JG, then u"(z) = g(z) = u(x). Take z € G.

We have u"(z) = u"(zf) = yj = Yy"" and u(z) = Y. Since Y;"", Y are
constant, by Theorem 3.1 we get the result. =

REMARK 4.2. Assume that 4" (x) = g(z), « € 0G, and
1
0" (z) = W<D1a"(x) + ﬁf(:c, Dha™(z), ﬁD’j@”@))),

0,..., Ty n, where g", 2" are as in Section 3.
Moreover, for every x € G, 4" (x) — u(x), where u is a solution of (4.7).

4.3. Backward stochastic viability property. In this section we investigate
a viability property in a general convex domain D C R¢ for solutions of non-
reflected BSDEs with random terminal time

(4.9) Yinr = 9(Xo) + [ f(8, X5, Ys, Zs)ds — [ ZgdW,, te R
tAT tAT

We recall that a stochastic process {Y; };cg+ is viable in D if and only if for each
t e RT B
Yi(w) € D P-as.

Following [4], we assume that the generator f satisfies
(4.10) (h—m(h), f(t,z,m(h),z)) < Cd*(h) P-as.

for every (¢, z,2) € RT x R™ x R¥™ and for all h € R? such that d?(-) is twice
differentiable at h, where d(-) denotes the distance function from the set D.
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COROLLARY 4.1. Assume that (1)—(v) and (4.10) hold and that T is an F
stopping time of the form T = inf{t > 0; |W;| > a}. Then the process {Y;};cr+
being the first component of the solution (4.9) is viable in D.

Proof. Consider the sequence of stopping times 7" as in Example 3.1, i.e.

= inf{t > 0; |W}| > a}An.Put7) = 7 AM and (M) = 7" AM, M € N.

Define X™, Y™, Z" K" as in Section 3 but with 7" replaced by 7). By (2.6)
and (2.7), forevery j = 0,...,[nT,] — 1 we have

m, (k)

7! T!
J J

|Ak¢n+1|2: (hifn —m(h7
J
o n 1 . e n 1 n _n h. e
- yTJn +Ef(j/n,7'(( T;L)7ZT;L)_%ZT;L€]+1 yT A _7T( 7']")
C
(v, v = Jstetastiy = m0) )+ Sy — w3y )P

C
n n n 2
< < \/72’7_n€.7 15 T" — T (hTJn)> + *n |AII€TJTL+1| 5

where the first inequality follows by (4.10) and the second one by (2.7). Thus,
for sufficiently large n, E]Ak” \2 0, and hence K™ = 0. Since 7M) is
bounded unlformly in n, sup,, E exp()\T”’(M (1 + | X7 o) |?7) < 0o. Moreover,
(Wn, r (M)) —(W, 7™M)). Therefore, by Theorem 3.1,

(X", Y™, [ 20 dw?, K*, W) 2 (XD y D[ 20D gy o, W)
0 0

in D(RT,R™x DxR?¥xR™), where (Y (M) Z(M)) is a solution of the equation
F(M) (M)

Y(M) g(XT(M))+ f f(37Xs7Y:9(M)7 Zs(M))dS_ f ZgM)dWsa le R+7

tAT(M) T
tAT(M) tAT(M)

such that, for every M € N and t 6 RT, Yt(M) € D P-as. Since ™) — 1 as.
and (X, o) — 9(X;) as., YT — Y, a.s., where Y; is the first component of
the solution (4.9). Hence Y; € D P-ass., i.e., Y is viablein D. =

5. PROOFS

Before proving main results from Sections 2 and 3 we will give four technical
lemmas.
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LEMMA 5.1. Assume that ()—(iii) hold. For every T >0 and p>1 there ex-
ists a constant C' > 0 such that for everyn € Nand a € D

T
B(sup V" — o + ([ 12} |*dep) + K" 7)
t<T 0
T
E(Ig(X7) = af* + [ (-, Xi-0,0) % dof).
0

Proof. Let us first show that

(5.1) E(sup [Y"[* + || Z]]|*) < oo.
t<T

To prove it, we proceed by induction. For j = [nT] — 1,
By 1)l = Blg(af 1)) < £ B+ X7 < oo,

Therefore, ||z PP < anE lly j+1)/n5]+1H2 | Fr in H is integrable. Since

|y;L/n| - | ( j/n)| = ‘h’j/n| - E(y(]+1 /n| /n) + f( /nﬂxj/n7yj/n’ ]/n)
n oy, L 1 o

E |y 2P < oo for n such that n > L. It implies also that £ |Al<:n 2P
Inductlvely, E(|Y"? + |KP|?P) < oo, t € [0,T], and hence

ji+1)/n < 0.

[nT]
Esup [Y]'** < E Y [y _qynl < o0
t<T j=1

Moreover, observe that z =.nE ( ( (i+1)/
any p € N

J /n) P alF /n) implies that for

[nT]-1

T » 1 p
52 B([1Z2 gy = B(C L 5 ) <o B0

j=[nt]
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Fix a € D. By It6’s formula,

T
(53) 1Y) —al +p(2p 1) [ Y —a/*2d[Y"]
t
< |g(XF) — af*?

T
+2pf ‘Y:snf - a|2p72(Y:gn7 - a)f(gqslfa ngv YZana Zg,)d@?
t
T
+2pf |Y;r — a|2p72(YS", —a)dK7
t
T
—op [ VI — a2V~ a)Zn W
t

In the rest of the proof C' will denote a constant the values of which may change
from line to line but do not depend on n. By (2.7) and the fact that |Y* — a|??—2
is nonnegative, the third component on the right-hand side of the above inequality
is less than or equal to zero. By the Burkholder-Davis—Gundy inequality and by
Holder’s inequality,

s

T
(5.4) Esup| [V —a|* (Y] —a)Z!_dW?|
t<T ¢

T

n n — n ny1/2

< C(Esup Y7 — )2 (E [ Y7 — % 27 |2der)
0

t<T

1 T
< Eswp V) —al? + Cp B [ Y] —a*%| Z1|Pdgl < oc.
P i<T 0

(It follows by (5.1) and the fact that the last component of (5.4) is bounded by
C(E fOT Y — a|2pdg7;)(2p_2)/2p (E fOT ||Z§L,H27’d‘g?)1/p < 00.) Therefore, tak-
ing the expectation and using Young’s inequality from (5.3) we obtain

T
E([Y"=al* +p(2p = 1) [ Y — a2 Z¢_|*del)
t

< Elg(XR) — a|?
T T
+OE [[1f(e5-. XI.a,0)Pdg} + O [ |Y]" — af*"d}
t t

2p—1) T
AL [y — a2z Pt
t
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Hence, by Gronwall’s lemma,

T
5.5 BV —al+ [V — a7 2L |Pdel)
t

T
< CE(lg(X7) —al* + [ f(ef_. X{,a,0)[*de}).
t

Combining (5.3) with (5.4) and (5.5) we get

Ef‘j? Y" —al* < CE(|g(X}) — a]* + f |f(oP, X, a,0)|*dol).

Now, observe that by (5.3)
T
V™7 <lg(Xp) —al* +2 [(Y —a)f (b, X, Y, Z2 )do!
0
T
=2 [(Y{ —a)Z} dW!.
0
Therefore, by (5.2) and arguments used previously, we obtain
T T
E([ 2L |Pde})" < CE(lg(X7) —a* + ['|f(ef_, Xi_,a,0)[*dg}).
0 0

To complete the proof note that since E(y (+1)/m ]f ,) € D and

im =BGy mlFim) + G s )

we have
[nT) [nT] B
K" |r = ZIIA Pl = Z |dist(R(j_1) - D)
J
[nT]

//\

1*|f(3—1)/” T (G-1)mo Y1) /0 Z(j=1) /)|

|f(os_, X Y, Z )|doy

< SV —al + 121D + £ (05, X&', a, 0)])do.

ot—HN o—~ “

Therefore, by previous estimates we obtain

T
E|K"[7 < CE(lg(XF) — al* + [|f(di_. Xi,a,0)[*dg}). m
0
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Before proving the second lemma we introduce some notation. We denote by
M?l(O, T;+) the set of F progressively measurable d-dimensional processes X

such that £ fOT e X¢|?dt < oo, and by /\/12’2(07 T;+) the set of F" adapted d-

dimensional processes X" such that £ fOT exp(vol)| X7 |?do} < oo. Moreover,
we set
B? = M3(0,T;7) x M3y, (0,T57)

and
By = My*(0,T;y) x My2,,(0,T;7).

Clearly, if we set
2 i’ 2 2
1Y, 2)I5 = B [ exp(yt)(IVi]* + (|1 Z]|*)dt
0

and

(Y™, ZM)I5, = E [ exp(yel) (Y + 1 Z1]1%)de}

o—H

then (B2, || - [l5) and (B7, || -

n,) are Banach spaces.

LEMMA 5.2. (a) Define ®: B> — B? by putting ®(U,V) = (Y, Z), where
Y and Z are the first two components of the solution (Y, Z, K) of the following
RBSDE:

T T
Y = g(X7) + [ f(s,Xs,Us, Vi)ds — [ ZdW + Kp — K.
t t

Then, for v > 4L + 1, ® is a contraction in (B2, || - ||)-

(b) Define ®,,: B2 — B2 by putting ®(U"™, V") = (Y™, Z"), where Y™ and
Z™ are the first two components of the solution (Y™, Z" K™) of the following
RBSDE:

T T
Y = g(Xp) + [ oo, Xo UL, VL )doy — [ Zi_dW] + K — K7'.
t t

Then, for v > 4L* + 1, ®,, is a contraction in (B2, || -

n?’y)'

Proof. We will only give_the _proof of (b). The proof of (a) follows by the
same method. Let (U™, V"), (U™, V") € B2 and set (Y",Z") = ®,(U", V"),
(Y™, Z") = ®,(U™, V™). Using 1td’s formula for any v € R we get

Eexp(ye} )Yy = Y/

T T
+9E [exp(yef)|YL — Y [’ds + E [ exp(ye)d[Y™ — Y7
t t
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T
=2F [exp(yol) (Y =Y (f(oh X1 UM, V)
t

- f(Q?77 X;L’ U;l’ Z@))d@?

T
+2F [exp(yed) (Y — YL)d(K{ — KY)
t
T —
<AL'E [exp(yel)[Y — Y [*dgg
t
+ EE}GX (v (UL = UL + [V = VL |1*)doe
2 } p ’YQS S— S— S— S— QS'
Notice that exp(vo?) < exp(ys) for s € [(j —1)/n,j/n). Since
T — —
E [|Z - Z;_|*ddy < E[Y™ = Y"]r,
0
putting v = 4L? + 1 we obtain
T on |2 on (|2
E [exp(yed) (Y = Y1 + 122 — Z|1*)dot
0

E

VAN
N

exp(yed) (UL = UL P + |V = VI |*)dek,

o—H

which completes the proof. m

LEMMA 5.3. Assume (Y, H, K) are continuous and (Y™, H", K™), n €N,
are cadlag processes satisfying Yy = Hy + K — Ky and Y = H' + K} — K",
where Y, Y take values in D, K, K™ are processes of bounded variation such
that Ko = K = 0and [ (Y, — A)dK, <0, [,/ (Y" — A)dK} <0 for every
process A with values in D. Then

Y -YviP+ Y JAK)?
t<s<T

T
< |H}' = Hif* +2 [ (H] = He — (H{ — Hy))d(K{ — K).
t
Proof. By Itd’s formula and assumptions,

|Kf — Kf — (Kr — Ky)|?
T
=2 [ (K} — K — (Kp — Ky))d(K} — Kg) = Y. |AK] — AK[?

t t<s<T
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=2 [ (Y —H' —(Y,— Hy))d(K! - K;) — Y |[AK!]

S
t<s<T

="

T
< -2 [(HE - Ho)d(K] - Ko) = 3 |AKTP.
t

t<s<T
Since
Y* = Yi|? = |Hf — Hi|* + |K} — Kf' — (K — Kp)[?
+2(H{" — Hy, Ki — Ki' — (K1 — Kt)),

by the above inequality, we have

Y=Y [P+ X |AKD?
t<s<T

T T
< [HP — HP =2 [(H] — H)d(KT — K,)+2 [(H - H)d(K - K.),
t t

which completes the proof. =
LEMMA 5.4. Assume that (1)—(v) hold and
sup E exp(A\7™) (1 4 | X2 |%7) < oo.
(a) There exists a Cnonstant C > 0 such that for everyn € Nand a € D

Tn

E( sup exp(At)|Y;" —al” + [ exp(Ae} )1 Z;L |*dof + |K"[20)

t<Tn 0 ™
Tn

< CE(exp(Ar™)|g(X0) — al? + [ exp(Adf)|f(ef, X7, a,0)[2do}).
0

(b) The solution of (3.2) is unique.
Proof. (a) Similarly to the proof of Lemma 5.1 one can show that

E(sup exp(M)[Y;" [ + (| 271 + | K}']?) < oo.
t<rn

By Itd’s formula,

exp(MtE AT [Viken —aP + X [exp(As)|Y- —aldgl + [exp(Ael)d[Y"],

tAT™ tAT™

<exp(A\T")|g(X%) — a* +2 [exp(Ao?) (Y~ a) f(ol_, X1, Y, Z2 )do?
tAT™

T

~2 fexp(Agl)(YZ — )20 AW

tAT™
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<exp(AT")[g(X7h) — al* + (2 + L? /e +n)  [exp(Ae})|YE — af*do}

tAT™
T 1 T
+e [expAo)IZ0 [Pl + = [exp(Aol)|f(2 . X7, a,0)]do?
tAT™ n tAT™

™

—2 [exp(Al)(YT — a)Z AW,

tAT™

Choosing ¢ < 1 and i > 0 such that 2p + L? /e + 1 < ), by (5.2) we get

E(exp (MEAT) Vi —a? + [ exp(rel)|Z2|2do?)

tATT

TTL
< CE(exp(AT")|g(X7n) —al* +  [exp(Ael)|f (i, XI-, a,0)|dol).
tAT™
Using similar arguments to those in the proof of Lemma 5.1 we complete the proof
of part (a). o
(b) Suppose that (Y™, Z" K™) and (Y™, Z™, K™) are two solutions of (3.2).
By Itd’s formula,

T’l’L
exp(A(EAT")) [ Yihpn — Vi P 4+ A [ exp(hs)| VI — V7 [2dg!
tAT?

n

+ [exp(Ael)dY™ - Y7,
tAT™

n

<@u+L*/e) [exp(Aap)|YL =Y Pdo} + & [exp(he})|| 25 — 27 |*do}

tAT™ tAT™

—2 [ expA) (YD — V)20~ 2 )Wy

tAT™
Now, we choose £ < 1 such that 2 + L? /e < \. Integrating the above inequality,
by (5.2) we prove the lemma. =

Proof of Theorem 2.1. (a) Note that (b) implies (a) e%sily. ]3y the
Skorokhod representation theorem there exists a probability space (Q,G,P) with
a Wiener process W and Bernoulli symmetric sequences {é;‘ }jen such that

sup W} — W[50,
t<T
where Wt” =n1/2 Zgnjl €}, te R™. Then, by part (b), as n — 0o, we get

T
E(sup Y —Yi|* + [||Z{~ — Z,||*dt + sup | K} — K,|*) — 0.
t<T 0 t<T
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Since L(X™, Y™, [ Zm dWD, K", W") = L(X",Y", [ Z0 dW], K", W")
and E(X',f/,fo. ZdWs, K, W) = L(X,Y, fo. ZsdW,, K, W), part (a) easily
follows.

(b) We will follow the proof of Theorem 2.1 in [2]. Consider the decomposi-
tions:

yr—Y = (Y" —y™@) 4y _y@y 4 (y@ —y),
(5.6) 7" —Z=(2" - Zm(q)) + (Zn,(q) _ Z(q)) + (Z(q) - 7),
K'"— K = (K" — Kny(q)) + (Knv(Q) _ K(Q)) + (K(Q) - K),

where the superscript (¢) stands for the approximation of the solution to the

RBSDE by the Picard method. More precisely, set Yt(o) = E(9(X7)| ), Ytn’(o):
0 ,(0

B(g(xp)|7p), K= K= 0,

ZOdW, = g(Xr) — E(9(X1)|F),

T
[ 2 Oawr = g(X3) — E(g(XP)|FP),
t

and then define (Y@t z(a+D) [latD)y and (ym(atD) zm(etl) fn(a+l)) ag
solutions of the equations

T
(5.7) Y = g(Xp) + [ f(s, X, Y9, 20))ds
t
T
_st(q+1)dWs +K§f1+1) _ K1£(q+1)
t

and

T
(5.8) v = g(xp) + [ el X, YD, 20 D)t

§—1 7 s— 1 “s—
t

T
— f an(q""l)dW’n + K;’(Q"'l) _ K:"(‘Z"Fl)

s— s
t

Y

respectively. Norms || - ||, and || - [|o are equivalent, so by Lemma 5.2 it follows that

T
E [V —Yi]> + 129 - z|»)dt — 0
0
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and

T
sup B[ (V2 = VL2 + 12020 = 2 |*)dof — 0
ne 0

as ¢ — oo. Since, by the Burkholder—Davis—Gundy inequality,

(19 = Va2 + 122 = Z,|»)dt

—~

Esup |V — V|2 < CE
t<T

+E [V = v |2 — Z,)?)de

o—H~ °

and

N

Esup V" =Y < OB [V =YL+ 122 — 21 |*)dof
< 0

T
-1 -1
B [V =y P2 - 2| Pdey
0
we have
E sup \Y;(q) — Y| 4 sup E sup ]Y;n’(q) ~Y"? -0 as q— oo,
t<T neN  <T

which implies also that

Esup ]Kt(q) — K> =0 and supFEsup |Ktn’(q) —K'*=0
t<T neN  t<T
as ¢ — oo. Hence the first and the third components of the decompositions (5.6)
converge to zero. The convergence of the second term will be shown by induction
on q. Let ¢=0. Recall that K™(©) = () =0. Since {IWW"} is a sequence of pro-

cesses with independent increments such that sup,<p |Wy* — W LO, we obtain
(5.9) sup |E(H|F{) — E(H|F)| =0
t<T

for every Fr-measurable integrable random variable H (see, e.g., [6], Proposi-
tion 2 and Remark 1). From (5.9) and the maximal Doob inequality it follows that
if E|H|P < oo, p € N, then

(5.10) Esup |[E(H|F]') — E(H|F)P -0, peN.

t<T

(0) _ }/;(0)‘2

Hence, in particular, £ Sup;<p ]Yt" © tends to zero and

T 0
E 129~ 20245 — .
0
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Now, assume that the convergence holds for fixed g. We will prove it for ¢ 4+ 1. To
simplify the notation we drop the superscript (¢), so that equations (5.7) and (5.8)
become
T T
Y= g(XT) + ff(st& Uw‘/s)ds - f stWs + Kp — Kt7 te [O,T],
t t
and

T T
Y;fn = g(X%) + f f(Q?—vX;l—v Usn—7 ‘/sn—>dgg - f Zg—de + Kglz - Kfa
t t

respectively, where
(U, V)= (Y@, z@) (v,z)= (vt za+D)y,
(Un7 Vn) _ (Yn,(Q), Zn,(Q))7 (Yn, Zn) _ (Yn,(q+1)7 Zn’(q+1)).

By assumption, (U™, V™) converges to (U, V'). We have to prove that (Y, Z™, K™)
converges to (Y, Z, K'). We begin by studying the convergence of K7 to K7. By
1t6’s formula,

|Kr — K>+ 3 |AK}?
t<T

T
2 [ (Kr — Ky = (Kf = KiL)d(Kq — KT')
0

T
(Ye = Y2)d(K, — K7') — 2 [ (9(X7) — g(X7))d(K: — K7')
0
T
f(s, X5, Us, Vs)ds — [ f(oh, X7, UL, Vit )dol ) d( Ky — K7')

t—

=2

o—H
+ ="

T T
([ ZedW,s — [ Z} dW])d(K, — K}").
0 t t—
Due to (2.7) the first term on the right-hand side of the above equality is less than
or equal to zero. On the other hand, by Lemma 5.1, sup,, E|K"[}. < oo, pe N,
and by the arguments from the proof of Lemma 5.2 in [8] (pp. 122 and 126)
E|K|}. < oc. Therefore, the convergence of (X", U™, V") to (X, U, V) implies
that the second and the third terms converge to zero in probability. What is left
is to show that the fourth component of the above equality converges to zero. To
simplify the notation let us put Ny = fot ZsdWg and N{* = f Ot Z} dW?. Now the
fourth component is equal to

T T
(Nt — N)dK; + [(Nf — NiL)dK} — [(Np — N,)dK}
0 0

o—

T
— J(NE = N )dKy =1 + Iy — I3 — Iy,
0
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Clearly, E|Nt|P +sup,, E|NZ|P < oo, p € N. Since N is a continuous martingale
with respect to F and K is a continuous process of finite variation,

T T
El = ENpKr — E [ N;dK; = ENrKp — E(NpKr — [ K dNy) = 0.
0 0

Similarly, since N is a martingale with respect to 7" and K" is a process of finite
variation,

T
El, = EN}K} — E(NAKS: — [ K" dN]' — Y ANJ'AK}) = 0.
0 t<T

To estimate E'l3 set B} = E(Np|F}"). Since B" is an F" martingale,

T T T
E [E(Np|F)dK} = E [ BldK' = E Y. AB}AK]'+ E [ B{ dK]'
0 0 t<T 0
T
=E Y ABIAK}'+ E(BpK} — [ K dB} — Y AB]'AK})
t<T 0 t<T
T
= EB}Ki} = ENrK} = E [ NpdK]'.
0
By the above and (5.10),
T T
El3=E [(Ny — Ny)dK}' = E [ (E(Np|F{*) — N)dK}!

0

=F

o~—~ o

(E(N7|7i') — E(Nr|Fy))dK}

< (Bsup |[E(N7|F}) — E(N7IF)P) P (EIE B = 0

t<T

as n — oo. It remains to prove that FI; — 0. Let us write thn = K/, for

te[j/n,(j+1)/n)and G} = E(Kfn|.7:[”) Since N/* is F{'-measurable,

EN(”.

1) m = ENG

-1/ G/mo

ENG_1y K (-1)/m = ENG_1ynGli-1)
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and, as a consequence,

T [nT] T
E [N dK;=E Z NGy (Gl = Gy ) Eth”_dG?
0

[nT]
= E(N}G} — fG?_dN” Z AGY,, AN,
0

[nT]

= EN}G} — E Y. AGY, ANT,..
j=1

Since EN}GY}. = ENJE(Kr|F}) = ENJKr,
[nT)]
El,=EY. AGY, ANT),
j=1
[nT) o 1/2
(E Z ‘ ]/n ] 1)/n| ) (E Z ’GJ/H_G(J 1)/”‘ )

< (Sgp E[N”]T)m( 6"V,

o 1/2

The first term on the right-hand side of the above inequality is bounded, so we
need to prove that the second one converges to zero. Since K¢" is a process of
finite variation, it can be decomposed into a difference of two increasing processes
K" = K"t — K¢~ such that K2t < |K?"|p and K2~ < |K¢"|7. More-
over, the processes GI'" = E(KZ V|F1), G}~ = E(K? 7|F),t € [0,T), are
submartingales, so from [6], p. 317, and by Lemma 5.1 in Section 5 it follows that
forany p € N

sup |G" || gr(s) < sup G sy + sup G (v (s)
<G sup(Esup|G”+\p)1/p+ Cp Sup(Esup|G” P)1/p
n t<T t<
<20, sup(E|K2"[5)/7 < 2C,(EIK )P < o0,

where || - || z7»(g) means the norm of a special semimartingale X with a canonical

decomposition X = M + A which is defined by || X ||gn(s) = H[M]lT/QH]Lp +
Il|A|7||Le . Therefore, G™ satisfies the (UT) condition considered in [11]. Moreover

supycr |G — Kt\LO. To see this we first note that from Theorem 1 and the
Comment on p. 319 in [6] we have

sup |E(K¢|F') — Kt\LO.

t<T
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Next, by Doob’s inequality,

Esup |G —E(K|F")|*< E sup ’E sup \KQ —K| |.7:”)} < 4FEsup |thn—Kt]2.
t<T t<T <T t<T

Since K is a continuous process, G"&K Hence, by Theorem 1.4 in [9] (see
also [11]) we deduce that also Z[nT \AG]/RP = [G”]TL[K}T = 0. Moreover,
since E[G™)% < ClG™|| sy < C(E|K?"|3)Y/* < 0o, we obtain E[G™]7 — 0.
This implies that E| K% — Kr|? — 0.

In order to complete the proof notice that the process

t
MP =Y+ [ e, Xi, UL, VL )dol + K7
0
is an F™ martingale, which satisfies
¢
(5.11) M= Mg + [ Z} dW}.
0
Set My = Y; + [ f(s, Xy, Us, Vi)ds + K;. Then we have

T
|Mf — Mr| = |M = Yr — [ f(s, X, Us, Vi)ds — Kr|
0
< |9(X7) — 9(X7)| + | KT — K|
T
+‘ff(g?_,Xg_,U” VI )dol — ff s, X, U, Vs ds‘
0
Since we have already known that K7 — K7 in L2, from our assumptions on
X", U™, V™ it follows that M7 — Mr in L2. Hence, by (5.10) we deduce that

E supycp |M{* — M;|> =0 and, in particular, Yj' — Yj. By (5.11) and by Theo-
rem 3.1 in [2],

T
E [|Z — Z|)?dt — 0,
0

where M; = My + fot ZsdWs. Thus, Esupuer [V" = Yy + K" — Ki* — 0.
Now, set H}* = g(X7 +ftT flol , X2 UM VI )do? — ft Z} dW and H; =
9(X71) + ftT (s, Xs,Us, V5)d ft Z dW. Since we have shown that

sup |H} Ht]%() and E]K\T+supE\K"\T<oo
t<T

by Lemma 5.3 it follows that sup, < | Y;" —Y}| .,0. Hence supycr [ K} — Ky 0.
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Moreover, by Lemma 5.1, E sup,<7 [Y;|* + sup,, E sup,<7 [¥;"[* < oo, which
implies that
Esup(|Y" — Yol + |K}' = K¢f*) — 0
t<T
and the proof is complete. m

Proof of Proposition 2.1. Similarly to the proof of Lemma 5.1 one
can show that

T
(5.12) supE(sup lY;" — a]2 + f HZt",H2dQ? + sup |Kt"|2) < 0.
n t<T 0 t<T
By Itd’s formula and (2.8),

T
(5.13)  exp(yo)|Y;" — Y12+ [ exp(ys)|YI — Y |2ds
t
T A~
+ [exp(yol)d[Y" =Y,
t

T
<2 [exp(yvel) (Y=Y ) (foh, X1, Y, Z1)
t
— flor XD Y, 20 ) do?
T A A
+2 [exp(vol) (Y — Y )d(K! —K?)

t
T

=2 [exp(yel) (Y —Y) (2~ 2] )dw
t

T
4L2fe><p (Vo)L — Y Pdol
1 . n|2 on (2
+ 5 [ exp(ref) ((VE-YLIP + | 25 —Z %) doy
t
T A
f 795 s Yn )(Zg— - Z;L_)de
t
Note that for s = j/n, j € N,
BIY? — V7P <2B|Y] — V224 2B]Y] - V7P
N 2 _ A
< 2E|Ytsn— - Y;’n_|2 + ﬁEV(Q?—»X?—a Ytsn—7 Z?—)‘Q,
where the last inequality follows from the fact that

} 1 _
V=V L XY 2 ).



Discrete approximations of RBSDEs with random terminal time 69

Moreover, E|Y" —a|?> = E|E(Y" — a|F7)|? < E|Y* — a|2. Therefore, setting
~ = 4L? + 1 and integrating (5.13) we have

. 1 T .
Eexp(ye] )l = Y{'* + 5 E [ exp(ved)| 25 — 2| *dog
t
1 T _
< 5B [exp(yel)|f e, X{, VL, 2 )[*dog
t
c T : :
< 5E Jexp(vol) (VI — al* + || Z2-|* + | f(or_, X!, a,0)[*)do?
t

c T N .
< 5B [exp(yed) (1Y) = al” + 122 |° + 1 £(ef-, Xi-, 0, 0) ) def.
t

By (5.12) it is obvious that the right-hand side of the above inequality tends to zero.
Moreover, since

T
2B sup | [exp(yol) (YL = YL )(Z] — Z7)dwy|
t< t

T

n n %0 n 5n n\1/2

< CE( [exp(2ye)|VE — V2| 20 — 2 |2de?) "
0

1 . T )
< GEswp e[y — ¥ + CE [exp(yoi) |12 - 23 |Pdai.
t< 0

in the same manner as before one can prove that

Esupexp(yo))|Y;" — Y'[* — 0.
t<T

It implies also that F'sup,<p |K{" — KM?—0. m

Proof of Theorem 3.1. (a) Note that (b) implies (a) similarly to the
proof of Theorem 2.1. To see this it is sufficient to use the arguments from the
proof of Theorem 2.1 and to observe that if £(7, W) = L(r, W) (respectively,
L(7", W) = L(r™, W™)), then 7 is a stopping time with respect to the natural
filtration generated by a Wiener process W (respectively, 7" is a stopping time
with respect to the natural filtration generated by a Wiener process W™) (see e.g.
[20], lemme 1.1.21).

(b)Step 1. Let M €N and let &y :E(g(XT)U-'M). Since &py is Fy-
measurable and f satisfies (i) and (ii) it follows by results of [8] that there exists
a unique solution (Y;, ZM KM )te[o,m) of the following RBSDE:

M M
(5.14) YM =&+ [ 1.(s) (s, X5, YM, ZM)ds— [ ZMaw,+ K} — KM
t t
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for t € [0, M]. Notice that on the set {t > 7} we have £y = g(X,) = Y™ and
ZM =0, s0 (5.14) can be rewritten as

MAT MAT
Y;fM =&m + f f(87X87Y;M7Z§]\/[)dS_ f Zé\/[dWS—i_K%/\T_Kg\/{T'
tAT tAT

Moreover, note that

MAT MAT
}/t = YM/\T+ f f(37X87Y97Z5)dS_ f ZSdWS+KMAT_KtAT7 te [07 M]
tAT tAT

Now, similarly to the proof of Theorem 3.1 in [15], using 1t6’s formula we have for
t €0, M]

MAT
exp(AEAT))[Yinr = Yo P+ [ expQs)AYs = YMPP + 12, — 2M%)ds
tAT

— exp(MM A7) [Yarnr — Vit
MAT

+2 [ exp(As)(Ys — Y (f (5, X5, Y5, Zo) — f(s5, X, Y, ZM))ds
tAT
MANAT
-2 [ exp(\s)(Ys — Y)(Zs — Z)")aw,
tAT
MAT
+2 [ exp(As)(Ys — YM)d(K, - K})
tAT
MAT
<exp(MM A7) |[Yarar —Eul* + @Qu+ L /e) [ exp(As)|Ys — YM|?ds
tAT
MAT MAT
+e [ exp(Ns)||Zs — ZM|Pds—2 [ exp(\s)(Ys — Y M) (Zs — ZM)aW.
tAT tAT

Choosing ¢ such that ¢ < 1 and 2 + L? /e < )\ we get

MAT
(5.15) Eexp(A(tAT))|Yinr — Y12+ E [ exp(Xs)||Zs — ZM|%ds
tAT

< CEeXp()\(M A 7’))|YM/\T - £M‘2-

Analogously, choosing ¢ < 1 such that 2p 4+ L% /e = X < X we get (5.15) with X/
in place of \. Since

Eexp ()\(M A 7')) [Yarnr — §M|2
< 2E sup exp(At)|Y;|? + 2E exp(A7)[g(X,)|? < o0

t<T
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and

Eexp (N(M AT))|[Yaar — Em]?
< exp (()\' — )\)M)Eexp ()\(M A ’7’))|YM/\T —&nl?,

we have
MAT
Bexp (N(EAT)Yine = YL+ B [ exp(X's)|1Z — ZM|2ds — 0
tAT

as M — oo. Moreover, by the Burkholder—Davis—Gundy inequality,

Esup exp (N (tAT))[Yinr — Y120
t<M

and, as a consequence,

Esup |Kiny — KM P =0 as M — oo.

t<

Step 2.Let & = E(g(X%)|Fyy). For j=nM let us puty:];lM:%:
E( (X7 )|7:n) nM—O Ak:nff—()and as in Section 3, solve
.7

1
Mo n,M M M
y:]” - y:]n-‘rl (j/n’xT ’yT 72'%1 V(g /n) = f Z” ej1 + Akn

for j = nM-—1,...,0. Defining Y;”’M =M ZmM - zf[h]\f, and Kt"’M =
nt

Tﬁﬂ7 t

> i<ing AK%M we see that
< J

MAT™
G16)  YEM g+ [ ol XYM 2 Mg
tAT™
- f ZeM AW + Kjinn = Kijgn, 1 € [0, M].
tAT™
By (3.2) we have
MAT™
Y =Yiiam + [ flob X2 Y], Z] )dot
AT
MAT™

[ Z dW] + Kjjpm — Kjan,  t €[0,M].

tAT™?
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Therefore, using the fact that E f(f/\TnHZLZL — ZSLMHQdQ? < EY™ — Y™ M, n
and

sup Eexp(A(M A7) |Yitpzn — g2
n
< 25up B exp(A(M A7) [Vl + exp(ANM A7) [E(g(X75)|175)[)
n
< 2sup E sup exp(At)|Y;*|? + 2sup E exp(Ar")|g(X™)]? < 00
n

n t<Tn

(see Lemma 5.4 (a)) and arguing as in Step 1 we conclude that

sup B (sup exp(N't A 7")[Vihn — Yol 2
n t<M
MAT™ M M
+ [ exp(Ns)||Z1 — Z7 |[Pdol + sup | Kfhm — K{in]?) — 0
tAT™ t<M

as M — oo.
Step 3. By the same method as in the proof of Theorem 2.1 (b) we show that
forany M € N

M
M M M M M M P
( sup Y = Yol + [ 11 Z{ 0 — Zi|Pdt + sup |K [ — Kiny|)—0.
~ 0 ~

Combing this with results from Steps 1 and 2 completes the proof. =

Proof of Proposition 3.1. The proof runs similarly to the proof of
Proposition 2.1, so we omit it. m

Proof of Example 3.1. Obviously, it suffices to consider the case
where A > 0. It is known (see [5], [20]) that P(W; € [-A, A]) < 24/v/27t
forany A > Oand P*(7" > t) < P(|W'+z| < a) = PW} € [-a—z,a—1]),
where P* is such that P*(W{J' = x) = 1. Since

sup |[PW{ €|-a—z,a—x])— PW;€|-a—z,a—1x])| =0
z€[—a,a]

as n — oo, there exists ng € N such that for any n > ng

[\

sup P*(t" >t) < a

z€[—a,al vt ‘
Moreover, forn > ngand k € N

P(r" > (k+ 1)t) = P(t" > kt, sup |W <a)
s€(kt,(k+1)t]
< E1{7n>kt}PW/?t( sup |[W]'| < a)
s€(0,t]

. 2
< Bl PV (7" > 1) < P(7" > ki)~

\/7rt7
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so iterating the above inequality yields P(7" > kt) < (2a/V/7 ) for n > ny.
Therefore, for v > 1 we have

Eexp(At™) fP( < exp(At"))da
1 uk 1
= {P(a < exp(A"))da + Z J P(a <exp(Ar"))da
k=0 ok

1+Z (u—1)P(uF < exp(AT™))
1+Z (u—1)P(t" > klnu/\)

<1+ (u—1) i (u 2a\f)\/\/7rlnu)k,

k=0

where the last inequality follows from the previous calculations for ¢ = Inu/A\.
Hence sup,, E exp(A\") < oo if 2uav/A/vVrlnu < 1. w
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