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Abstract. Maximal inequalities for U-processes are required in order
to achieve a reduction to the first nonvanishing term in their Hoeffding’s
decomposition, which is the relevant quantity for statistical inference. This
paper proves new maximal inequalities under strong mixing for U-processes
in some function spaces. As an application we derive a uniform central limit
theorem.
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1. INTRODUCTION

This paper establishes maximal inequalities for U-processes of arbitrary fi-
nite order. A U-process is a U-statistic whose U-kernel belongs to some class of
functions. The simplest example is an empirical process, which corresponds to a
first order U-process. Many statistical estimators can be written as U-statistics (e.g.
quadratic forms) and the extension to a U-process is often considered, especially
for nonparametric estimation (e.g. Han [13], Honore and Powell [14], Cavanagh
and Sherman [7], Ghosal et al. [12]). Unfortunately, for technical reasons, inde-
pendent observations are usually assumed, some exceptions being Fan and Li [10],
Fan and Ullah [11] and Denker and Keller [8].

We derive uniform bounds for U-processes when the underlying observations
are strongly mixing. Because of dependence, well-known results in the literature
for U-processes (i.e. Arcones and Giné [3]) do not apply. Some maximal inequali-
ties for U-processes under 3 mixing have been established by Arcones and Yu [4]
using Berbee’s coupling method for 5 mixing sequences, but this approach requires
some lengthy technical details and is not applicable in the strong mixing case (see

* 1 thank a referee for comments that improved the content of the paper and, in particular, the
proof of one of the lemmata. I also thank Oliver Linton for suggesting some references.
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also Borovkova et al. [6]). Recall that strong mixing is a weaker condition than 3
mixing (see Rio [16] for details). The goal of the paper is to establish some familiar
results of U-processes in the unfamiliar context of strongly mixing random vari-
ables. As in Rio [16] we use a representation of functions in some space by means
of wavelets (see also Birgé and Massart [5]).

The result of this paper only applies to U-processes indexed by classes of
functions in some Besov space, hence in this respect it is less general than the result
derived in Arcones and Yu [4]. The main motivation of the paper is the reduction
to the first nonvanishing term in Hoeffding’s decomposition of a U-process. The
first nonvanishing term in a U-process is the one that determines the asymptotic
distribution of the process. Hence, for statistical inference it is required that we
find such a reduction. To this end, maximal inequalities for U-processes are the
necessary technical tool. An example of such application will be given. Since in
practice observations might not be independent, the extension to dependent random
variables should be pursued. The results are stated in such a way that we can easily
bound the reminder terms in a U-process and obtain explicit rates of convergence.

The proof of the result makes use of wavelets representation of functions in
some Besov spaces and the idea of Arcones and Giné [3] to rewrite U-statistics
in terms of powers of partial sums. Moment inequalities for powers of strongly
mixing partial sums can then be applied (see Rio [16]).

The plan for the paper is as follows. Section 2 provides some background
definitions and states the result of the paper. Section 3 contains further notation
and proves the result.

2. MAXIMAL INEQUALITIES FOR U-PROCESSES UNDER STRONG MIXING

We will use ||...||,p and [|.. .||, | to denote, respectively, the L, norm with
respect to the underlying probability measure [P and the Lebesgue measure A, while
|...| is the Euclidean norm. The symbols < and < mean inequality and equality up
to some finite absolute constant of proportionality. We now turn to the definition of
U-processes.

2.1. Definition and notation for U-processes. Consider a stationary sequence
of random variables (X;),., with values in R. Let 0, be the point measure at z,
ie. 05 (A)=1ifz € ACRandJ, (A) = 0 otherwise. Suppose f : R™ — R is
a symmetric function of its arguments. Let P := law (X;) for all 7. Borrowing the
notation from Arcones and Giné [3] and Arcones and Yu [4], define ﬂ]l;m as an
operator on f such that

Q1) 7w f (@, ak) = (62 — P) .. (6, — P)PTFF (X1, .., Xi),
where Q1 ... Qumf = [... [ f(21,...,2m) dQ (z1) ... dQu, (2,) for any mar-

ginal measure Qj, (= 0, , P, above) and P" =P. Pisthem—k product of
the marginals. Given a function g : R™ — R, we call g a P-canonical function if it
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is symmetric and Eg (21, ..., 2pm—1, X;n) = 0 forany x4, ..., 2zm,—1. Then W,fmf
is a P-canonical function in k variables (k = 1,...,m). If f is not symmetric, we
may write

1

Sf=— oo (@i T,)

for its symmetric version. To ease notation assume f is symmetric.
Let § be a class of symmetric measurable real functions on R™. A U-process
of order m with U-kernel in § is defined as

(u'r(zm) (f))feﬁ = (

(n—m)!
n!

S I X €5)
(%1,enstm ) €T,

where I}, := {(i1,...,im) : 1 <1i; < n,ij # i, if j # k} (see Serfling [17] and
Arcones and Giné [3] for details on U-statistics and U-processes, respectively).
Hence, (Z/{,(Lm) (f))feg is a collection of U-statistics. Then (L{,sm) (f))fes has the
following Hoeffding’s decomposition:

ey U (=5 (uaan =erie s (7 Ju ek,
k=1

k=0

P

where Thm

f (k=1,...,m) are P-canonical functions.

2.2. U-kernels in Besov spaces. The U-kernel f € § of the process will be
restricted to the Besov space By (R™), a smoothness subspace of L, (R™). To
define this space, let us define the r*" difference in the direction of h € R™:

AF (fuz) = 3 (—1) <;)f(fc+jh),

=0

so that A} (f,z) = f (x + h) — f (x) and higher differences are obtained by in-
duction. The modulus of smoothness of order r of f is given by

wr (1,6 3= sup (] 145 (f2)l" )7, ¢ 0.
~ Rm

Let s > 0 and r = |s| + 1, where |s] is the integer part of s. The Besov space
Bp® (R™) is defined as the set of all functions in L, (R™) such that

2.3) ([ 1% (f, )P da) /P < M)
Rm

for all h € R™ and some finite M. This space is equipped with the seminorm
Flgy = Suppag t~wy (£, ), and the norm || s = | fls + ], Note
that |.. .| By is a seminorm because if f is a polynomial of degree less than 7,
then A} (f,z) = 0, implying ]f\B;,oo = 0. A discussion of Besov spaces and their
relation to Sobolev spaces can be found in Adams and Fournier [1].
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2.3. Dependence condition. We introduce notation for the weak dependence
condition satisfied by the stationary sequence (X;), ;7 - Let Fi := 0 (X;,i < k)
and F* := o (X;,i > k) be the sub-c-algebras generated by (Xi)icr and (Xi);>p
respectively. We say that (X;), ., is a mixing if lim,, o (Fo, F™*) = 0, where

(2.4) a(Fo, F") :=sup|Pr(ANB) —Pr(A4)Pr(B)|
AB

= sup |Cov(la, IB)|,
AB

and A € Fy, B € F" (I 4 and Ip are indicator functions of A and B, respectively).
We call v, := o (Fo, F") the strong mixing coefficient of (X;);c7.

2.4. Statement of the result. We have the following equicontinuity inequality
for U-processes.

THEOREM 2.1. Suppose that (X;). ., has strong mixing coefficients satisfyin,
pp i€ g g g
Sup,sq J"'aj < 0o. Let § be a class of symmetric functions such that

F C BY® (R™) N Ly (R™),

where s € (m/p,00) and p € [1,2]. Then, forall J € N and v > 0,
I sup U (F) = U™ (9)] |2

f9€¥
||f—9H2,A<’Y

< n—1/2(§u§ 11l ggoe 270/P5) 4 y277/2)
(S

and

I fsuepg \L{T(Lk) (Wll:mf) - Ur(Lk) (Wll;mg)’HZlP’
7g
If=gll xSy

< n”“”(?él; £ ]| pg.oe 27MIP=5) 4 52 Im/2),

REMARK 2.1. Clearly, Theorem 2.1 implies

I sup L™ (£)]
feF

2P S n—1/2<§“1§ £l o0 27275 || £, 2772).
S

REMARK 2.2. Note that B,’*° can be embedded into B;:’Oo aslongasp < p/
and s —m/p =" —m/p’ > 0 (see, e.g., Theorem 2.7.1 in Triebel [18]). Given
that the statement of Theorem 2.1 depends on s — m/p > 0 only, we could choose
p = 2 with no loss of generality. To simplify reference to some results to be used,
we do not make use of this embedding.
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2.5. Application: Donsker theorem for U-processes. As an application of The-
orem 2.1 consider a U-process with non-degenerate first term in its Hoeffding’s
decomposition. Then

=1m nu(l) 7TP f + n m Z/f(k) 7TP .
< f w b ) szzz (k> w k’mf))feﬁ

Under the conditions of Theorem 2.1, for § C By (R™) N Ly (R™) the U-
process is stochastically equicontinuous (setting ~ =< 27(m/P=m/2=5)y and has the

same limiting distribution as (m/n UM (! mf))fes because

no(m
Uk < =12
A E (3l s

by Theorem 2.1. By Theorem 2.1 we also know that (m./m UM (rP ) feg 18
stochastically equicontinuous. Then, if § is totally bounded with respect to (the
metric induced by) [|. .||, , , to show that V(U (m) (f) — me)fe& converges to
a Gaussian process with ||...[|,  continuous sample paths, we only need finite-
dimensional convergence of m+/n Ut )(7['1 ‘m/) (see, e.g., Van der Vaart and Well-
ner [19], Theorems 1.5.4 and 1.5.7). This follows by an application of the central
limit theorem for strongly mixing sequences (e.g., Rio [16], Theorem 4.2). Hence
we have easily proved the following

COROLLARY 2.1. Suppose § is a symmetric totally bounded (with respect
10 ||...|l5.,) class of functions in By™ (R™) N Ly (R™), where s € (m/p, 00)
andp € |1 2] Suppose the strong mixing coefficients satisfy sup;~q j" a; < oo.

Then \/n ( ( )—Ppm f) reg converges weakly to a mean zero Gaussian pro-
cess ((G (f )) s with a.s. continuous sample paths and covariance function

EG (f) G (9) = m*Cov (1, f(X1), 71 mg (X1))

+m? [COV(M mf (X1), meg (X144))

+COV( f) Xl—f—z UE] mg(Xl))]

3. PROOF

The proof of Theorem 2.1 relies on multidimensional wavelet representation
for functions in B;Z"OO. Details on this can be found in the book of Meyer [15]
and the review article of DeVore and Lucier [9]. Since || f|, , < oo, f : R™ — R
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admits the following multiresolution representation via wavelet expansion:

3.1) f= > b </>9+Z S ady,

oezm™ Jj=00€0;

where ©; := 27771Z™\279Z™ and {pg: 60 € Z™}, {1y : 0 € ©;,j € N} are
functions which can be chosen to have a compact support in R™. In particular,
{pp : 0 € Z™} is a father wavelet, while {¢g : 6 € ©;, 7 > 0} are mother wavelets
(see, e.g., Meyer [15], Chapter 3.1). The multidimensional wavelets can be con-
structed from wavelets on R by the tensor product method (Meyer [15], Chap-
ter 3.3). Let ¢ and v be wavelets on R at a resolution level j = 0. To ease notation
define ¥° := ¢ and ¢! := 4. Hence,

(3.2) Yo (T1,...,Tm) = > 2]/2¢E’C (272 — qr)
(e1,rem)€{0,1}™\{0}™

= >
(€1,--,em)€{0,1}™\{0}™
when 0 = 277 (q — 61, oy Gm — €m) € ©j, ¢ € {0, 1} with Y L€k > 1, and
qr € Z. (Recall that ©; := 27771Z™\27I7™ 50 the point = 277 (q1,. .., qmn)
must be excluded.) On the other hand,

Il ,':]3 Ii ,':]3

2]/2¢§Sk($k)

(3.3) 0o (T1,...,%m H 2/2p(2 1y, — q1.)

when 6 = 277 (q1,...,qn) € 277Z™. The functions ¢ and 1/ are bounded and
have compact support. While in (3.1) the father wavelet is computed at a resolution
level j = 0, in the proof we will need to consider the father wavelet at the resolution
level J > 0, where J is as in Theorem 2.1. In fact, we recall the following identity:

(3.4) S bhog + Z S a) S bl

9ezm™ j=006€0; eeszZm

When f € B,™, the wavelets coefficients can be related to || f|| B> by appropri-
ate choice of the father and mother wavelets ¢ and 1. In this case, the wavelets
are chosen to be r = [s| + 1 regular (an index of smoothness for the wavelets;
Meyer [15], Chapter 2.2) so that there exists an integer M < oo (growing lin-
early in ) such that the support of ¢ and ¢ is in [(1 — M) /2,(1 4+ M) /2], im-
plying that the support of (27 — ¢;) and ¥ (272 — gi) (in terms of z) is in
277 [qp + (1 — M) /2,qr + (1 + M) /2], g € Z. Then, it follows (see Meyer [15],
Chapter 6.10, with the aid of Lemma 8.1 in Rio [16]) that if f € By (R™) and
p € [1,2], then
(X 105" < I fll gy

0czd



U-processes 161

and

(3:5) (3 laf2)"? S |1 fllggoo 27m/omsmmr2),
96@]'

The goal is to substitute the kernel f with its wavelet representation essentially
given by the sum of (3.2), where (3.2) is the sum of products of univariate func-
tions. Hence, the most right-hand side in (3.2) will be used as kernel in the proof.
Then, as in Arcones and Giné [2], we will represent the U-process as the product
of powers of partial sums. To control these powers of partial sums, we will then
use moment inequalities for powers of strongly mixing partial sums (Rio [16]). The
proof of Theorem 2.1 relies on a sequence of lemmata that formalize the mentioned
ideas.

LEMMA 3.1. Let § be a class of symmetric functions such that
§C By (R™) N Ly (R™),

where s > m/pandp € [1,2]. Then, forall J € N, and v > 0,

I sup ™ () = U™ (DI,

f,9€8
I1f=glla x<y
< sup [ ggoe 270/ (27 1)
fes i
m
X max max ulm eq, Yk
g>J ec{0,1}"\{0}™ H " (kl;ll QkZGZ qk%qk)HQ’P

m

+72Jm/2Huvgm)( IT> er¢BQk)}|2 P’
k=1gqL€Z ’

where ;gk is as in (3.2), € := (€1,...,€m), and {(egz))qkez; k=1,...,m} are

i.i.d. sequences of Rademacher random variables (i.e. eg],z) € {—1,1} such that
Pr(e(gi) = 1) = 1/2) independent of each other and independent of (X;);cz.
Proof of Lemma 3.1. Using the notation above, define
J
Mf =3 bleo+ > Y ajte.
oezm j=00€0,
Clearly,
L™ (1) = U™ (9)
<™ (f) = U (T )]+ ™ (9) = U™ ()
+ ™ (T f) = U™ (Tg)].
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Then
um U
I sup L™ () D[lp
1f=gllo xSy
< 2| sup U™ (f) — U™ HJf|H2P+2H sup (U™ ( HJf|H2[P
fes I fllo A<y
=1+1L

Control over I.By the Cauchy—Schwarz inequality,

U™ (f) = U™ @)l = | X X ahu™ ()

j>J 0cO;
1/2 m 1/2
<Y (S 1) T Ul () ?)
i>J 96@]' 969]'

Therefore, from (3.5), we have

(3.6) |[sup U™ (f) — U™ (TMarf)|]]y p
fEF 7

m s —Jim m 1/2
swwwmzw/pWZ2fm%Mwmﬂ
fes i>J 9€®j

Let (eq,),, ez (k =1,...,m)beasin the statement of the lemma. Then, from (3.2),
we get

> 27MEUT™ (vo)]?
96@]'

(X )z ([ 2P

(q1ye-yqm ))EZ™ (€15e.y6m)€{0,1}™\{O}™

)

which (by using (3.2), the sum over 6 is equal to the sum over (qi,...,Gn)) is
equal to

IR 91 AL

(€15.-,6m)€{0,1}™\{0}™

by Lemma 3.2 (stated at the end of the proof) and noting that the 277/ simpli-
fies with the 27™/2 inside the squared absolute value. Hence, substituting the last
display in (3.6), we obtain



U-processes 163

1< Supllfllgm 3 2/tm/ems)
fes i>J

x > ™ (IT X e Mo
k=1q,eZ

(€15e-,6m )€{0,1}™\{0O}™
S sup [ fll gy 270777 (27 = 1)
fes !

(m)
e L 5 s

because Zj>J 21(m/p=s) = 9J(m/P=5) when m/p — s < 0, and there are 2™ — 1
elements in the sum over (eq, ..., €p).

Control over II.Note that II;f is the projection of f onto the space
spanned by the father wavelet ¢y at the J*? resolution level, i.e.

HJf = Z 559097
fe2—Jzm

so that, by the Cauchy—Schwarz inequality,

U™ A =] X BUs™ (v)|
ge2—J7m
1/2 m 1/2
<X BT U (en))
gec2—Jzm gec2—J7m

Hence, using the same notation and argument as in the control over I, together with
the last display and (3.3), we have

n<~( Y EuU™ (po))"?

ge2—Jzm
— A (T X eB27/265, )|, 5
k=1q,cz

because (Y yco—izm |b(’;|2)1/2 <y if || fllgn < 7, by (3.1) and (3.4) (recall that

the wavelets are orthonormal functions with respect to the Lebesgue measure \). =
The following is used in the previous proof.

LEMMA 3.2. Suppose that {(eg],:))qkez; k=1,...,m} arei.id. sequences of
Rademacher random variables (see Lemma 3.1) independent of each other and
independent of (X;);c. Then

Z IEV/{(m Hl qu)‘QZE‘uf(Lm)(kl;[ Ze J’lk)"

(ql"“iqm)ezm :
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Proof of Lemma 3.2. By the definition of the U-process we have

n! 2

Ei (HZ (Ik JQk)

(n —m)! k=1g,€7

—E Y X byt (x,)

(i1, nyim ) €I k=1 q€Z

Hence,

B Y 1Y e (x)f

(’il, ,lm)EI"k 1qrLeZ

:E‘ > e((ﬁ) -~~€((17Z) > H quk ‘

(ql,‘..,qm)EZm (7:17 ,’Lm)eln k=1
_ 1) (1) m) ,(m)
= > E[egl)eq,l . .eém)e(;,;Z

(q1sensm @ T ) EZ2™

(X Hw X)) > Hw ir))]

(i17 Zm)EI'm - (Zl lm)ejn =1
= > Eeg})eéi) .. .e((]m) ém)

(ql7“'7qmzq/1r"7q4n)ez2m

xE( X Hw (X)X Hwe’“ i)

(le Jm)EIHk 1 (ilv ,Zm)E["k‘ 1

which (by independence of the Rademacher r.v.’s and the Xs) is equal to

ZE\ZHw

(Q17~~,qm)€Zm (7’1, ,zm)EI" =1

)

because the Rademacher variables are independent of each other and have variance
one. The term on the right-hand side of the last equahty is, by definition, equal to

(m €
> E Uy, H%Zk

) (n—m)

The U-statistics on the right-hand side of the bound of Lemma 3.1 can be
bounded using the fact that the U-kernel is the product of functions on R.

LEMMA 3.3. Define

(3.7) O (k) = 3 eWyst (wx), k=1,...,m,
qLEZL

where 5% and (eélz))qkez are as in Lemma 3.1. Then
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e e 1 00) e

2k (1 -P) i, (Xi,)

1

s=1 n

:| 1/2

Proof of Lemma 3.3. Let m%(ml,...,mm) = ¢ (r1)...0 () for
some bounded function ¢. Then

= (Pgy)"™ " [ > E

1<i1,.i25 <0

T mbo (1, k) = 0z, = P) ... (0n, — P)P™F 62 (X1,..., X0n)

: = (0s, — P) 6 (X1)... (05, — P) ¢ (X) (P (X1))" "
and
(3.8) TE kil (X1, Xi) = kD (X0, X)) (P (X)) ™
Define

noting that n_kZ:{y(Lk) = L{T(Lk). Then

BUM PO =k Y [[10-P)é(x.)]]

(i1,ig) €Ly s=1

< > EH%[ (1-P)o(Xi,)

(i15iog) €{1,in} 2 571

)

where we have expanded the square and taken absolute values so that the terms
in the summation are positive allowing us to change the indices of summation
from I3, (recall we are taking squares) to {1, ... ,1@}2/7€ (I3, C{1,... ,n}2k). This
inequality together with (3.8) gives the result. m

The last final step is to bound the &*" power of the partial sum of the function
in (3.7).

LEMMA 3.4. Suppose that the strong mixing coefficients of (X;);c, satisfy
SUp;~q j¥a; < oc. Then

S E 12—’“[ (1-P) i, (Xi,) <nk

1<in i <n 1 s=1 n

where ¢; is as in Lemma 3.3.
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Proof of Lemma 3.4. At first we show that
sup |¢; (z)| =sup | 3 el (27z — g;)| S 1,
zeR z€ER  ¢,e7Z

recalling the definition of ¢; (z) in Lemma 3.3 and using the notation in (3.2). In
the remarks about wavelets we mentioned that there is a positive integer M < oo
(depending linearly on the index of regularity ) such that

P Pr—q) ST ifre2 g+ (1-M)/2,q+ (1+ M) /2],
V9 (2z —q;) =0  otherwise.
Hence,

|0 (@) = | 22 efv (Pa —a)| < X W (Pe - qi)| < Msup ¢ (2)] S 1,

G EL qi €L z€R

because the wavelets are bounded and, for arbitrary but fixed z, there are at most
M non-zero elements in the summation of the above display. Clearly,

Y E 12—k[ (1_P):j)is (Xi,) _ > E 12—k[ (1-P) g, (X;,)

1<t eyiop<n | =1 1<i1 <o Sigp<n. | 5=1 n

(e.g. eq. (2.16) in Rio [16]). Then, for bounded ¢;, the right-hand side of the above
display is of order n=k if SUp;~q jkaj < oo (see Rio [16], eq. (2.16), (2.23) and
Lemma2.2). m

Since 7rk m does not affect the wavelets coefficients, Lemmata 3.1, 3.3 and 3.4
imply the lemma from which Theorem 2.1 follows as a corollary.

LEMMA 3.5. Under the conditions of Theorem 2.1,

I fS;lepS |U7§k) (F/Em (f - 9))‘“2,11@
1 =gll A<

S M oup |l ggee 27 4 42,
€

We can prove Theorem 2.1.

Proof of Theorem 2.1. From (2.2) we deduce

H sup (1 —P™ U™ (f_g)‘Hz,IF’
.96
If- g||2 ASY

< (D s (5En (- 9) e
£ =gllax<v

Hence, applying Lemma 3.5 to each term in the summation gives the result. m
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