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Abstract. This paper consists of three parts: in the first part, we de-
scribe a family of generalized gamma convoluted (abbreviated as GGC)
variables. In the second part, we use this description to prove that several
r.v.’s, related to the length of excursions away from 0O for a recurrent lin-
ear diffusion on Ry, are GGC. Finally, in the third part, we apply our re-
sults to the case of Bessel processes with dimension d = 2(1 — «), where
0<d<20r0<a<l.
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1. NOTATION AND INTRODUCTION

1.1. Let ! : R — R, denote a Borel function such that

(1.1) Of(zz) dz < 00.

0

Without loss of generality, we assume that

(1.2) 7@ dz = 1.
0 z

With [ we associate an r.v. Y on R whose probability density fy is given by
o0
(1.3) fy(u)= [e " i(z)dz  (u>0).
0
Indeed, due to (1.2), we get
o0 oo oo o0 l(z)
(1.4) [ fr(wdu= [du[e*i(2)dz= [ === dz=1.
0 0 0 0o F

To emphasize the relation between Y and /, we shall (sometimes) write Y;.
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We denote by ¢; = ¢y, the Laplace transform of Y;:

(1.5) e1(N) = oy,(N) = B(e ™) = [ e fy, (u)du

I(2)
d
Az

o8

zZ.

I
o3

Thus, since fy; is the Laplace transform of [, ¢; is the Stieltjes transform of /.

1.2. A reminder about GGC variables. Let ;; denote a positive o-finite mea-
sure on R . We recall (see Bondesson [3]) that a positive r.v. Y is a GGC variable
with Thorin measure p if

(1.6)  E(eY) :exp{zo e ) (Zoe )Cff} (A>0).

Such an r.v. is self-decomposable, hence infinitely divisible.
The GGC r.v.’s Y whose Thorin measure y has a finite total mass, equal to m,
are characterized by (see [6])

(1.7) E(e_)‘y) = exp { m f —/\x _;,;G) dx}7

X

where G is an R, -valued r.v. such that E(log™ (1/G)) < oc. Such an r.v. is a
gamma-m mixture, i.e. it satisfies':
(law)

(1.8) Y =y, 2,
where 7, is a gamma variable with parameter m, independent of the R -valued
variable Z. We note that any r.v. which is a gamma-m mixture is also a gamma-m’
mixture for any m’ > m, since we have the identity

(law)
(19) Tm = TYm' 5m,m’fm7
where ~,,,/ is a gamma variable with parameter m’ and B, m'—m 18 a beta variable
with parameters (m, m’ — m) independent of ,,,/.

We also recall (see [3], p. 51) that the parameter m of a GGC r.v. Y, with
Thorin measure with total mass m, may be obtained from the formula

(1.10) m = sup {5>0; Jim 1Y% :0}.

wl0y ud—1

! It would be more correct to say that: the law of such an r.v. is a gamma-m mixture; however,
such an abuse is usual, and should not lead to confusion.
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2. A FAMILY OF GGC VARIABLES

The aim of this part is to present a sufficient condition on / which implies that
the associated variable Y; is GGC.

DEFINITION 1. A function ! which satisfies (1.1) belongs to the class C if
there exist a > 0, b > a, 0 > 0 and 0 : R — R U (+00) a Borel, decreasing
function, which is identically equal to +oco on [0, a[, such that

(2.1) [(z) = exp {J_{_j@(yy) dy}.
b

Of course, if (2.1) is satisfied with a > 0, then the function [ is identically 0 on
[0, a[. On the other hand, if [ is identically 0 on [0, a] and differentiable on ]a, oo,
then [ belongs to the class C if and only if the function

(2.2) y —y (log 1) (y) = 0(y)

is decreasing on [a, co].
The following properties are elementary:

(2.3) Ifl € C, then, forevery u > 0, z — l(ux) € C.

(.4) Ifly,lo €C, thenly -1y € C.

(2.5) For every « real, x — z satisfies (2.1) but not (1.1).
(2.6) Forevery k <0andv >0,z — (z+~)* € C.

THEOREM 2. Assume that [ satisfies (1.2) and belongs to C, and let Y; denote
the r.v. associated with l. Then: Y} is a GGC r.v. whose Thorin measure y has total
mass m smaller than or equal to 1. In other terms, there exists an r.v. G taking
values in Ry and satisfying E(log™ (1/G)) < oo and m < 1 such that

dx

(2.7  E(e ™M)= exp{ — mCZ(l — e MY E(eC) . } (A>0).

Proof. Our proof consists of three parts.

1. It suffices to show that Y; is GGC since, if so, then the total mass m of its
Thorin measure equals, by (1.3) and (1.10):

: 1% —uz
m:sup{5>0; lﬂgi F{e l(z)dz:()}

and, of course, m < 1 since, for 6 = 1:

<
p— [ e l(z)dz = [ e " (z)dz — [I(2)dz > 0.
0 0

u ul04 0
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2. To show that Y; is GGC, we shall use the following characterization (see
[3], Theorem 6.1.1, p. 90) of these r.v.’s:

Y is GGC if and only if its Laplace transform ¢y~ is hyperbolically completely
monotone, that is, it satisfies: for every v > 0, the function H,,, defined by

1

(2.8) Hy,(w) = oy (uv) - py (%), where w = v + e

is a completely monotone function, i.e., it is the Laplace transform of a positive
measure carried by R .

In our framework, this criterion becomes: for every v > 0, H, is completely
monotone with, by (1.5),

(2.9) Hu(w):{bf @ T ) gﬁy—gu/v) dedy (w=v+1/v),

and so

(2.10) Haw) = [ | — ) g g,
00

:c—l—v y+1/v)

(after the change of variables x = uz’, y = uy’).

Our aim is to show that the hypothesis [ € C implies that H,, is completely
monotone, and since  — [(ux) belongs to C if [ € C (by (2.3)), it suffices to see
that the function H defined by

(2.11) H(w):zoofozox y(—i-)l/ dedy (w=v+1/v)

is completely monotone.

3. We show now that H, defined by (2.11), is completely monotone.
(i) We write

TT 1(z)l(y)
(2.12) H(w) = {‘g(:c—i—v)(y—i—l/v) dz dy
159 1 1
=3 @0 Gy * e /oY
(by symmetry). Hence
10 z? -1 1
1) = 5 [ 11000 | 5 o
y? —1 1

: dzd
ry — 1 y2+yw+1] Y
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(after reducing both reciprocals to the same denominator and decomposing into
simple elements). Consequently,

H(w) = L ] [ 1))z dy
00
.’132 —1
X xy—l{eXp( b(m2+xw—|—1)db+ fexp( (y —|—yw—|—1))db]
1 oo 0
= 2{{l(m)l(y)d$dy[xy— 1 —fexp( bw — b(z + 1/z))db
o0 .2
y*—1 1 ]
+ —exp (—bw —b(y+ 1 db
{$y_1y D ( (y+1/y))
(after making the change of variables bx = ¥/, by = /). Therefore
o'} 00 00 2 _ 1
(2.13) H(w) = fe_bwdb[ffl(m)l(y)x exp (—b(z + 1/1‘))da:dy}
0 00 (xy — 1)z

after interverting the orders of integration.

We note that the preceding computation is a little formal: we have transformed
an absolutely convergent integral into an integral which is no longer absolutely
convergent; however, this does not matter for our purpose, as we shall soon gather
the different terms in another way.

(i) Thus, we need to show, by (2.13), that, for every b > 0

2.14) I := Ofofl(az)l(y) L__l exp (—b(a: + 1/$))dfn dy >0
00 (xy — 1)z

o Let us show (2.14). For this purpose, we define the four domains (Fig. 1)

1 1
./\/1:{0<a: 1, y>— }, Ngz{m}l,y<x},
1 1
Plz{x>l,y>x}, 732:{0<:U 1, y<— }

Let us define

(2.15) Y(z,y) = l(z)l(y)

x?—1
(zy — 1z
It is clear that v/ is negative on N7 and N5 and positive on P; and P,. We note

Ni = [[|¢(x,y)ldedy (i =1,2),
N

P, = ffw(x,y) dx dy (i=1,2).
Pi

exp (—=b(z + 1/x)).
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@ A xy =1
0 1 %
FIGURE 1

« To prove (2.14) it suffices to see that V; < P; (i = 1,2). To compute Ny
and P» (N1, P2 C {(z,y) € R%; x < 1}), we make the change of variables for
z €]0,1], t > 2:

so we have

We obtain

00 00 _ — —bt
2.16) Ni= [dt [ dyl(t r 4>l(y) ( -
y

2 (i) 2 2 —(t+ V2 —4)/2

Fafe (o)
(after making the change of variable y = (1 + 2)((t + V2 — 4)/2)) and
I O

To compute Ny and Py (N2, Py C {(z,y) € R%; > 1}) forz > 1, t > 2 we
make the change of variable:

t+Vt2—4
r=—;
2
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so we have
2 2
1 ¢ t 4’ x—l—izt, T 1dx:dt
T 2 T 2
We obtain
! t+\/ t2—4 et
(2.18) Ny = fdtfd l< > << 5 )(1—z)>z,
) t t2_4 —bt
(2.19) fdtfd z< v ) << . >(1—|—z)>ez.

We shall now use the hypothesis that [ belongs to C to show that
P1 = N 1 and P2 NQ,

which will complete the proof of our theorem.
o Comparing (2.19) and (2.16), it suffices to prove that P, > N; to show that

(= (=)o)

()

2
i.e.

(2.20) l (i) llcx) > l(x)l(i) withz < landc >

If a > 1 (a being featured in the definition of C), the relation (2.20) is trivially
satisfied since /(x) = 0 for x < a (and z < 1).

We now examine the case 0 < a < 1.

If z < a, the relation (2.20) is again trivially satisfied. Thus, let us assume that
1 > x > a. The relation (2.20) is equivalent to

1
log 1 <> —log I(z) > log l<c> —log (cx)
x x

or also to
1/x 0 c/x 0
2.21) I (yy) ay— [ "y

(since log I(x) = 0 + fb (9 /y) dy by (2.1)). Thus, (2.21) is equivalent to

1/xz 1/x 1z _
(2.22) I e(yy)dy —c [ 0(c¢;y) dy = [ by) = (cy) y9(cy) dy > 0,

which is satisfied since 6 is decreasing (and ¢ > 1). We have shown that P; > Nj.
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We now show that P, > Ns.
This time, using (2.17) and (2.18) it suffices to show that

l<t_‘/52ﬁ>l<t+\/;2ﬁ(1z))

>l<t+‘/;2i)l<t_\/;2ﬁ(1—z)>

or, equivalently,

Cc

1
(2.23) I(x) l() >1 () l(cx) withz<landc<1.
x T

The relation (2.23) is trivial for z < a (since cx < aand [(cz) = 0). It remains
to examine the case = > a, a < 1. The relation (2.23) is then equivalent to

c/x 1/.% 1/I —
fe(y)dy_fe(yy)dy>07 ie., IQ((:y)yG(y)dy>0.

The latter relation is obvious since 8 is decreasing (and ¢ < 1). This completes the
proof of Theorem 2. m

REMARK 3. Recall (see (2.8) above) that a function ¢ : Ry — R, is said to
be hyperbolically completely monotone (HCM) if, for every u > 0, the function
of w:

1
v =w— ¢(uv)¢<“> (with v > 0),
v v
is completely monotone. Thus, by (1.5), our Theorem 2 may be stated as follows:

if [ belongs to C, then its Stieltjes transform is HCM.

3. APPLICATION TO SOME R.V.’S RELATED TO RECURRENT LINEAR DIFFUSIONS

3.1. Our notation and hypotheses are now those of Salminen et al. [11] to
which we refer the reader. (X, ¢t > 0) denotes an R -valued diffusion which is
recurrent; we denote its speed measure (assumed to have no atoms) by o, and
its scale function by S. (L, t > 0) denotes the (continuous) local time at 0 and
(Tu, u > 0) its right-continuous inverse:

(3.1 Ty = inf{t > 0; L; > u}.

(Tu, u > 0) is a subordinator whose Lévy measure admits a density (see [11])
which we shall denote by v:

(3.2) E(exp(=Ar,)) =exp{ — uzo(l - G_Am)l/(l‘)dSU}.
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In fact, v may be expressed in the form
o0

(3.3) v(z) = [ e " K(dz),
0

where K, the Krein measure (see Kotani and Watanabe [8] and Knight [7]), satisfies

2 K(d 2 K(d
(3.4) [ R R L L
0 2(1+2) 0 2
3.2. Let, forevery t > 0:
3.5) gt i =sup{s <t; X, =0}, d;:=inf{s>t; X;=0},

and denote by e, (p > 0) an exponentially distributed variable with parameter
p, i.e. with density f. (u) = p e P"1y>0; ¢, is assumed to be independent of
(X, t > 0). We define

3.6) Y;D(l) =€ — Jeps Yp(2) = de, — ¢p, Y;D(?’) = de, = Gep-
It is shown in [11], Theorem 18, that for i = 1,2,3, ¥;'") is infinitely divisible.
More precisely, concerning Yp(g), it is shown that Y})(S) is a gamma-2 mixture, and
consequently (see Kristiansen [9]) that Y};(g) is infinitely divisible.

The aim of the following Theorem 4 is to improve, if possible, the results we
have just recalled. More precisely, we shall prove that under certain hypotheses the

LV.’S Y},(i) (1 =1,2,3) are GGC r.v.’s whose Thorin measures have total masses
m < 1. Thus, these variables are:
« GGC, hence self-decomposable, and a fortiori infinitely divisible;

« gamma-m mixtures, with m < 1, and not only gamma-2 mixtures (see iden-
tity (1.9)).

THEOREM 4. We assume that Krein’s measure K (defined by (3.3)) admits a

differentiable density k.
1. Assume that
K 1 6
(3.7 —(z)=—-+ M with 0 decreasing;
k x p+x

then Yp(l) is a GGC r.v. whose Thorin measure is a subprobability.
2. Assume that

K 1 0(x) ) )
(3.8) %(;13) = T+p + — with 0 decreasing;

then YP(Q) is a GGC r.v. whose Thorin measure is a subprobability.
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3. Assume that

%(Z) G(Zz) for z < p,
G K(z)—K(z—p)  6(2)
K —kG—p) 2 PP

with 0 decreasing; then Yp( ) is a GGC rv. whose Thorin measure is a subproba-
bility.

Proof. We denote by fyu) the density of Yp(i). From [11], p. 115, we have
P

oo k _
(3.10) Fyw(u) = Cu(p) [ e z=p) dz,
P =P
o k
G R = T
(3.12) Fygo (u f e "% (k(2) = 1zzp) k(2 — p))dz,

where C;(p), i = 1,2, 3, are three normalising constants. We shall now use Theo-
rem 2 with, successively:

(3.13) 1M (z) = C1(p) R Losp,
k(z)
(2) _
(3.14) 1¥¥)(z) = Ca(p) z+p
(3.15) 1O (2) = C3(p) (k(x) — Lysp k(z — p)).
We have already noted that, fori = 1,2, 3,
% 10 (x)
{T dxr < oo.
Indeed:
210 () T k(z —p) 7 k(x)
dx =C de =C d
<oo (by(3.4)),
1@ (z) L k(x)
{ ——dr = Ca(p) jo’ @t dr < oo (by (3.4)),
2 16)(x) B s 1 1
{ . da:C?’(p){k(x)(x_x—i—p) dx
_  k(z)
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Finally, it remains to observe that hypothesis (3.7) (respectively, (3.8) and (3.9))
implies that {(1) € C (respectively, ) € Cand [®) € C). =

4. APPLICATION TO RECURRENT BESSEL PROCESSES

4.1. The notation is the same as in the preceding part, but now (X, ¢ > 0)
is a Bessel process with dimension d = 2(1 — «) with 0 < d < 2 or, equivalently,
O<a<l

THEOREM 5. For any o €|0, 1[ and for any p > 0 the r.v.’s

Y;’(l) = €p = YGep) Yp(2) = dep — &, Y;?(g) = dep ~ Jep

are GGC r.v.’s whose Thorin measures have the same total mass 1 — « = d /2 (less
than 1).

Proof. We have already noted that since, by (3.3),
o0
v(a) = f e ¥ K(dz)
0

and, by [5], p. 213,
1 1
v(a) = 20T () a0+l Ha>o0y

the density k of Krein’s measure equals here

1 (0%
~ 20T (@)l(a+ 1) Lz>0p-

4.1 k(z)

1. We begin by proving Theorem 5 for the r.v. Yy (@), (To simplify the notation,
we write Y (?) instead of Yp(z) )

To see that Y@ is GGC, it suffices, by Theorem 2, to show that {(?) € C,
where

«

@) () =
4.2) '“(z)=C o (from (4.1) and (3.14)).

Thus

log (PY(@)=a— — =a—-1+-2
z(log I'9) () = « s o' oy

is a decreasing function of x, hence [ 2) € C from (2.2). It remains to see that the
total mass of the Thorin measure of Y (?) equals 1 — a.. Now, by (1.10), this total
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mass m equals

1
(4.3) m = sup {(5 > 0; ulim —— fy® (u) = O}

d:n—O}

However, since the function z — z/(x + p) decreases for = large enough and is
equivalent to z*~! when & — oo, the Tauberian theorem implies

C/
4.4) fyow) ~ —.

u—0 U

— . —uxr
_sup{5> ; I%n yr 1f

It is then clear that (4.3) and (4.4) imply m =1 — a.
2. We now prove Theorem 5 for the r.v. Y1), For this purpose, we shall use a

more direct method than that relying on Theorem 2. Indeed, from (1.5), (3.13) and
(4.1) we have

45) B = = a-l
*3) Bl ) {A+zd'z Cf)\-i-z —p)tdz
00 1 . . 00 (ipta)
— = arlg, o a=lyg pH2)u g
C{)\—f—p—l—zz z Cj(;;: z{e U
:Cf ()"”’)“dufe_zuza_ldz
0

= CTI'(a fe A+P>“d“ = A +p)* 0T (a)T(1 - )
0

()"

since the Laplace transform E(e*AY( )) equals 1 for A = 0. Thus
law) 1
(4.6) ym R

where v1_,, is @ gamma r.v. with parameter 1 — «, i.e., with density

e—’LL

frica(w) == m
It follows clearly from (4.5) that

(4.7) Bl = exp {—(1 —a) log (1 + ;) }

u 1u>0-
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Thus, by (1.7), formula (4.7) shows that Y is a GGC variable with Thorin mea-
sure (1 — a)dp.

3. We now prove Theorem 5 for the r.v. Yp(g). In fact, the result that Y3 is
a GGC variable whose Thorin measure has total mass equal to 1 — « has already
been proved in [2] (with p = 1, but this involves no loss of generality). The proof
we shall give now is a totally different one from that of [2]. We also assume here,

for simplicity, that p = 1 and we write Y ®) instead of Y1(3). Following the argu-
ments of the proof of Theorem 2, we need to show, by (2.16)—(2.19) that, for every
x €]0,1]:

@48 A= 7: {l (1) (1 +2)) = Ua) (iu = z>> } &
+ Z {l(x)l <i(1 - z)> —1 (i) [(z(1 -~ z))} ‘i—z >0,

where the function [ (= 1(3)) equals, by (4.1) and (3.15),

4.9) y)=y* =Ly (y—1)*  (y=>0).

Thus, we need to show (4.8). For this purpose, we have to compute the integrals
featured in (4.8), hence, given (4.9), to discuss, owing to the positions of (1 + z),
27 (14 2), 2751 — 2) and (1 — z) with respect to 1 (see Fig. 2). We consider
the first integral in (4.8) for #(1 + 2) > 1 (hence, a fortiori x~1(1 + 2) > 1 since
x < 1). The first term equals

s = T - (G-1) | (aror - eara-1)7)

(1/z)-1 (LT
e [(;(Hz)a) - (i(1+z) - 1)1 }iz

R [(l—i—z)o‘—(l—i-z—l)a]

X



194 B. Roynette et al.

Let us examine Agl) (z):

2 1\*] d
A= T [are-or- (142 1) ] %
(1/z)—1 z z
00 1+z—2x
= dz au* du.
(1/2)—-1 % 14+2—(1/x)
u=z+1-x
uA 1
u=z+l - —
X
! |
et 2 f
X I
0 1 .
X
FIGURE 2
Now, we apply Fubini’s theorem:
(1/z)—1 ut(1/z)—1 d I ut(1/z)—1 d
Agl)(x) = f au* tdu f L f au® tdu f i
0 (1/z)-1 % (1/z)-1 ute—1
(1/z)-1 1— 0o -1_1q
— ' au o <+) dut | aulog (+>d
0 1—x (1/2)—1 ut+x—1

Thus we compute each term of A(x) and we obtain, after some simple, although
tedious, computations:

A(z) = A (2) + A (x) + A7 (2),

(1/x)—1 (1/z)—a _
A (z) = [ log (1> au*du + [ log <uw—|—lx) au® Ldu,
—r 0 1—2
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. ] -1 _ 1
AQ(ac) = [ log <uu—i——;c$_1> au® du
(1/z)—x
2 w/(l—z)+2x -1 o
— f log( /(u/(lzx)—l )au Ldu,
(1/z)-1
z(1—zx)
-3 l—2—u _
A (x) = log <> au®du
{ (1—2)2
(1/z)—1 1— -1_1
— f log <u/( a_c)l—i— v ) au® tdu.
0 =1
We note that, since = €]0, 1|, we have
1 1
z(l—z)<l—-z2z<—--1<—-—=x
x x

and that all the integrals in F(aﬁ) are positive. For example, we have

-2 o ur + (1 —x) 1
A (z) = log [ 2T 7)) qye
(x) (1/2[)_36 og (uw+(1—x)2>au du

and this last integral is positive since (1 — x)? < 1 — z. Gathering thus all the
terms in A(x), we obtain

2 ur+1—x 1
4.1 Alz)= |1 _ .
(4.10) (x) ‘of og (ua: §l )Q)Qu du

(1/z)— 1—=z (1-2) l—z—u
_ (1/1; X log (;E(’U,—{—x—l)) au ldu + ‘g‘ 10g ((1—{1,‘)2> au ldu

(1/z)+1 1 v — 1 a—1 p2a
—a(l - z)® log [ ——— _av—1 I
0 o) (%) area

(- i)) R

after making the changes of variables:

ur+1—x 1
ur+(1—-2)2  z(v-1)
u=(1-2z)v,

l—-z—u 1

1-2)2  ax(v-1)

in the first, the second, and the third integral of (4.10), respectively.
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Thus, to conclude, it remains to show that, for every v € [x_l, x4+ 1],

@.11)

_ aw—1 \*' 1 x aw—1\"" 1-2
,UOL 1 < + - =
l+z—av b (142 —av)? z(v—1) x(v—1)2

or, equivalently, that

4.12) zv—1 1_a< x +1—x 1
’ v S (14— av)ot! x  (v—1)>t"

Now, this last inequality is obvious. Indeed, since

fi(v) == (m — 1)1a and  fo(v) = r

v (142 —av)ot!

are increasing, it suffices to verify that

f1<1+1><f2<1).
T T
! T C\1+2z SN2 x)  ao

since = €]0, 1]. This shows that Y3) is GGC.
Finally, it is not difficult to prove that the total mass of the Thorin measure
equals 1 — . Indeed, since [®)(z) = C(z* — 1p21(x — 1)*), we have

We have

1®(z) ~ Ca® .

T—00
Hence, by the Tauberian theorem,

o) ~

u—0 u®’

and we finally use (1.10). =

4.2. Description of the r.v.’s G\ (i =1,2,3; 0 < a < 1). In the sequel, it
will be convenient to assume that p = 1 and we write simply Y@ for the r.v.’s

Yl(i) (¢ = 1,2,3). Theorem 5 implies, by (1.7), the existence of r.v.’s G (1 =
1,2,3; « €]0,1]) such thatE(long(l/G((;))) < oo and
(4.13)

E(exp(—)\Y(i))) = exp {— (1—-a) C>{O(l — ef’\x)d% E(exp(—ng)))}.

The aim of this section is to identify the (laws of the) r.v.’s Gg ) and to describe

some of their properties.



A family of GGC variables 197

(i) The case i = 1.

Formula (4.6) implies that the r.v. G((ll) is a.s. equal to 1, i.e. its distribution is
01, the Dirac measure at 1. In particular, this distribution does not depend on «.

(i) The case i = 3.

In [2] a complete study of the r.v.’s GS), denoted by G, in [2], has been un-
dertaken. We refer the reader to formula (1.17), p. 318, in [2] (note that in formula
(1.50), p. 322, exponent « is missing). In particular, it is shown there that the den-

sity fG(g) of GQ) equals

asin(ma) w1 — u)o !
(1—a)r (1 —u)? —2(1 — u)*u® cos(ma) + u

4.14) fo@(u)= Lo (w)-

Thus, Gg% is arc-sine distributed:

1 1
(4.15) fo@ (u) = —

—1
v T Va(l—u) 0,1 (w)

and ther.v.’s G(a?’) converge in law, as o — 0 and o — 1, respectively, towards G(()?’)
and Gf’), where

(3) (law) 1
4.16 = —
(4.16) Co 1+ exp(7C)

@.17) G 7 with U uniform on [0, 1].

with C' a standard Cauchy r.v.,

(iii) The case ¢ = 2.

THEOREM 6. For every a €]0,1]
(1) (1) we have

. Y1—a (lgv) ﬂlfoz,a

4.18 y@ ), :
( ) Yo 1- ﬁl—a,a

where ¢,Y1_q, Yo are independent, with respective laws the standard exponential
and the gamma distributions with respective parameters (1 — o) and o, and where
¢ and 1—q,q are independent with respective distributions the standard exponen-
tial and the beta distribution with parameters (1 — o, «);

(ii) for A = 0 we have

4.19) E(exp(-AY @) = AA _11 (=a if \=1).
2) Y is a gamma-(1 — «) mixture, i.e.
(4.20) Y =y o DY,
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where v1_q is a gamma (1 — «) variable, independent of the positive r.v. D@a.

Furthermore:

4.21) p Ut &

Za Yo

[e’e] _ y oo e
422)  E(exp(-AD? ) o) {e el ah[ T

« -y

1

The density f ) ofD@a equals
et

(423) Fo@, (0 = gt Toael(®)

1+u
(3) (i) The density fo) of G equals

asin(ma) T

(1—a)r u?> —2ucos(ma) + 1

(4.24) fo@(u) = Lj0,00[(1)-

(ii) The rv.’s Gg) are related to the rv.’s G&S) via the identity in law:

(2) (3)
(4.25) G7a2 (faw) G®)  or, equivalently, G2 (law) &3
1+GY 1-G®

(ii1)) We have the identity

(2) (aw) 1
(4.26) G VL el

(iv) Asa — 0and o — 1, G((f) converges in law towards, respectively,

(4.27) G(()Z) (o) exp(nC) and GgQ) (fa) %

with C' a standard Cauchy r.v. and U uniform on [0, 1].
(4) Let p €]0, 1] and T, denote the positive stable r.v. with index . whose law
is characterized by

E(exp(—AT,)) = exp(=M) (A >0).

Then

(1-a)/a
(2) taw) (Ti—a
(4.28) G < o ,

where T} _, is an independent copy of T _q.
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An equivalent way of writing (4.28) is

1/a
(2) taw) [ Mi—q
(4.29) G, <M{a ,

where Mi_,, and M]_, are two independent Mittag-Leffler r.v.'s with parameter
1 — «, whose common law is characterized by

E(exp(A M) = go L(1+n(l—a)’
*30) I(n+1) 1

11—«
n (law)
E|M = Mi_o = | =—
[ l—a] F(l—l—n(l—a)y 1 (T1a>

(see [4], p. 114, Exercise 4.19).

Proof. We prove (4.18). Denoting by (R, t > 0) a Bessel process with
dimension 2(1 — a) (0 < o < 1) starting from 0, we have by scaling:

law law R2
y ) :de—e(:)e(dl - 1)(:)3 <271a)

(see [2]), where R? is the value of R7 for t = 1. Hence

y@ @) Yo Pi-a,a
Vo 1- Blfoz,a

(from the classical “beta-gamma algebra”).
We prove (4.19). We have from (4.1) and (4.2):

sin(ra)

1@ (1) = >
(=TT s,
noting that
oo 71(2) : oo a—1 :
T 19 () dp — sin(ma) Ji AN sin(ma) Bla1—a)=1
0 0 o 1+ 7r

(see [10], pp. 3 and 13). Hence, by (1.3), fy-(2), the density of Y 2, equals

sin(rar) %7 _,,
fy(2)(u) = {6 m dx

(we might also have derived this formula from (4.18)).
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We now compute the Laplace transform of Y @:

sin(ma) o o

E(exp(— AY 2)) )) = - Je “dufe 172 dx
0
sm(7ra o x®
d
T ‘Of (1+2z)( A+ ) v
1 SlIl(?TOé) 2 1
= d
-1 o« { [1 e )\—l—m] v
A o A/A o
= lim sin(ra) i T dr— e Ik T dz
 ASeoA—1 1+ 0 1+=z

2\ oo$a—1
— — (A/ N+ )\ d
A e T e

= d

A—1 T j0‘1—|—£L' v

A¢ — 1 sin(ra) A¢—1
= B(a,1 -

o1 q Plel-a)=5

since (see [10], p. 3) B(a,1 — o) = T()T'(1 — o) = 7 /sin(ma).
Let us show (4.24). By taking the logarithmic derivative of (4.19):

E( exp(—)\Y(z))) =

we obtain

1 1 1 a e 1
(4.31) E[)\_FG((J{?)}_l—a [1—/\_/\6“—1}

Thus, we have just computed the Stieltjes transform of the r.v. Gg). The inversion
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formula for the Stieltjes transform (see [12], p. 345) leads us to

LI 1 a(—u —in)*!
= lim — ‘
217‘((1 — a) n—0|1— )\(—u — 277) (_u _ ln)a -1
1 — i)a—1
_ » o(—u+in) (u> 0)
T Autin) | (e -1
—a _ua—l 6—7L7ro¢ ua—l ei7ro¢
- 4 - >0
2Z7T(1 — O[) |:u01 e~ ] + ue elmta _ 1:| (’LL )
— _u20¢—1 + ua—l 6—i7ro¢ + u2a—1 _ ua—l eiﬂ"a
= 2i7T(1 — a) |: u2e — @ elima _ g p—imor 4
_ asin(ra) u
(1 —a)m u?® —2u®cos(ma) + 1

foo ()

] (u>0)

a—1

Liu>0)-
We now show (4.25). For every h Borel and positive, we have

(2) : o) a—1
E{h( Ga : )] _ asin(ma) fh( u > : u s
1+Gg® 1-—a)r 3y \1+u/) u?> —2u*cos(ra)+1

a

using (4.24). Thus, making the change of variable u/(1 + u) = z, we get

GY
el om)]
= M } (z) dx 21/ (1— z)o!
—a)r g (L=2)? a2 /(1 =) = (2cos(ra)a®) /(1 = 2)* +1
_ asin(ma) .o 211 — g)oL )
= (1 — 05)71' {h( );U?oc — 2.%0‘(1 _ 3})0‘ COS(Tra) n (1 — x)za d

= E[MGP)]  (by 4.14)).
We now prove (4.26). It is shown in [2], p. 319, (1.27), that

4.32) G® 121 _gW®),

which is, indeed, obvious. Thus, from (4.25) we get

g G a1-62  (1+G —6)/(1+C) a1
“ 1-6¥ G¢ GY/1+GY) GY

The relation (4.27) follows immediately from (4.25), (4.16) and (4.17).
We prove (4.28). It is shown in [2], p. 320, that
(4.33)
G®) (IaZW) (Tl—a)(lfa)/a G® (la:w) (Ml—a)l/a
o (Tll_a)(l—a)/a + (Tl_a)(l—a)/a’ «a (Ml_a)l/a 4 (M{_a)l/a'
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Thus, from (4.25) and (4.33) we get

3
434) G? (law) ﬁ
W G T

(T )0 (T ) O ()0, \ (e
(T )= e/ ((T]_)(A=0)/a 4 (Ty_,)(A-a)/a) — \ T} :

-«

We note that (4.34) implies (4.26) and that (4.29) may be obtained from (4.34)
in the same manner.

We now prove point (2) of Theorem 6. The formula (4.21), DgQ_)a (12\’) e/Yous
is an immediate consequence of (4.18) and (4.20):

after observing that, in the latter formula, we may “simplify by v1_,” (see [4] or
[6], point 1.4.6, for a justification of this “simplification”). The value of the den-
(2) (law)

= e/ Vo

l-a —

sity of D which is given by (4.23), now follows easily from D

1-a
Finally, we have

(435) E(exp(-AD?,)) = E<exp (—A;))

1 1

_ T T a—1 _ T o @ < —z(Avy)
= — exp —A—x—y)y dedy= —— [ e Yy%dy | e dz
T(a) {{ < Y I(a) { {

after making the change of variable :/y = z. Consequently,

1 > ya B

4, E ADP )y = Ydy.

(4.36) (exp( A 1_a)) (a)bf/\_’_ye dy

The formula

4.37) E(exp(-ADP ) =a [ e W
11—« 0 (1+y)a+1

follows immediately from (4.23) and it is easy to verify that

1 o 3 ya %) _)\ dy
e Y dy=ca [ eV —-"T—.
I‘(oz){ Aty { (1 +y)ott
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Indeed,
o Y- 1 SOy
— [e7Y dy = —— ydy | e *NTYdz
a) ‘£ Aty (@) { f
1 o0
=— [e™dz [e v+ yqy
o]
_F(a+1)°°e,)\ dz B j? dz
- F(Oz) 0 (1 + Z a+1 - 0 1 + Z)aJrl'

This completes the proof of Theorem 6. =

(law)

REMARK 7. 1. From the relation Y(?) "= ’yl_aDgz_)a we deduce that

E AY)) = E ~AMi_a - D? ) = E( L )
(exp( ) (exp(=In 12a)) 1+ ADP )i-a
14+ Mz dx
_O‘f<1+m> A+ap V@2

S
=1 { y Ty
after making the change of variable (1 + Az)/(1 + z) = y. Consequently,
A —1

A—1"

E( exp(—)\Y(2))) =

This is another way to obtain (4.19).
2. Here is now another way to obtain (4.22). It is clear from (4.24) that

E(|log G?|) < o0

aw)

and, since G(? 1/G'?), that E(log G(Q)) = 0. Thus, from Theorem 2.1 (ii)
in [6] we have

u—Oé

fye(u) = =) E(exp(—u D@a))

(this is formula (2.7) in [6], with ¢ = 1 — o, E(log G) = 0 and G "2 1/@).
Hence, since

fro (1) = sin(ma) Ofe*“x T

(67

dr — u”*sin(mwa) Ofoe*y Yy dy

T 0 14z T 0 u+y
(after the change of variable uz = y), we obtain
3 Oé Oé
B D@ Yy _ Sln(wa) y y
(exp(cu D) == 11— ) Jerv Py s T P



204 B. Roynette et al.

3. Furthermore, we remark that from Theorem 2.1 of [6] we get
fpe (u)= U_a_lng_)a (1/u).

This formula follows also from (4.23).
4. Finally, we also observe from Theorem 2.1 in [6], as a consequence of

6P " 1/6D and B(log G') = 0, that

(4.38) fyo(u) = E[(Y(Q)/u)o‘/zj,a@ uY @),

where J_,, denotes the Bessel function with index (—a).
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