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Abstract. An explicit formula for the Skorokhod type reflection map
for real-valued cadlag functions is developed in the general case of con-
straining set [, 3], where a and (3 are not constant but change with time. In
addition, a number of properties of the reflection map, including continuity
and Lipschitz conditions under uniform, J; and M metrics, are studied.
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1. INTRODUCTION

The original Skorokhod map was introduced in [7] as a tool for solving stochas-
tic differential equations.

DEFINITION 1.1 (one-sided Skorokhod map). Let « and 1 be real-valued
cadlag functions on [0, c0). A pair of real-valued cadlag functions (¢, n), where 7
is nondecreasing, is said to be a solution of the Skorokhod problem (SP) on [a, 00)
for v if the following two properties are satisfied:

(i) Forevery t € [0,00), ¢ (t) = ¢ () +n(t) > «aft).
(i) 17(0-) = 0,7(0) > 0and [ Irp(s)>a(s)ydn (s) = 0.

Themap D'y, : D[0,00) — D4 [0, 00) defined by ', (v0) = ¢ is called the one-
sided reflection map or Skorokhod map (SM) on [a, 00), and the pair (¢, 1) is called
a solution of the Skorokhod problem on [, 00) for 1). The condition n(0—) = Oisa
traditional convention indicating merely that 77 has a jump at 0 whenever 1(0) > 0.
In the above, D[0, c0) denotes the set of real-valued right-continuous functions
having left limits (usually called cadlag functions). Similarly, we shall use 1[0, c0),
C10,00), BV[0,00) and ACI0, c0) to denote subspaces of D[0, co) consisting of
nondecreasing functions, continuous functions, functions of bounded variation and
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absolutely continuous functions, respectively. The plus sign as a subscript will in-
dicate nonnegative functions.

The work presented in this paper was inspired mainly by [4], where Kruk,
Lehoczky, Ramanan and Shreve provided an explicit formula and studied the prop-
erties of the two-sided Skorokhod map (reflection map) I'g, from D [0, c0) to
D, [0,00) constraining the process in D[0, c0) to remain in the interval [0, a,
where a is a positive constant. From the applications point of view, it is desirable
to allow the reflection boundary to be dependent on time. Therefore, we are go-
ing to generalize their results by replacing the constant O and a with a function
a, B € D |0, 00) such that «(t) < ((¢) for every ¢t > 0.

The concept of Skorokhod map with time dependent boundaries has been stud-
ied recently by Burdzy et al. in [2]. In fact, their analysis includes a more relaxed
version of the Skorokhod map called the extended Skorokhod map. By using dif-
ferent methods based on the approach in [4] we provide in Section 2 a somewhat
different and independently derived explicit representation formula for the two-
sided Skorokhod map with time dependent boundaries. In Section 3 we establish
the so-called non-antiparticipatory property of the SM. In Section 4 we study con-
tinuity and Lipschitz conditions for the SM under three metrics on D[0, c0).

The original Skorokhod map developed in [7] was a one-sided map with
a = 0, i.e. I'g. Its existence and uniqueness are well known. The following result
provides an explicit formula for a one-sided SM with a general boundary o.

LEMMA 1.1. Let o € D|0,0). Then
(1.1) Io(¥) =To(¢ —a)+a foreverytp € D]0,00).

Proof. Lett’ =1 — « and consider the SP for ¢/’ on [0, 00). Let (¢', 1) be
its solution. Then

o
QZS/ = 1/)/ + ’17/ >0 and f I{¢/(s)>0}dn/ (S) =0.
0
It suffices to show that (¢, 7) defined by ¢ = ¢’ + o and 7 = 7/’ is the solution of
the SP for ¢ on [a, 00). Indeed,
¢p=¢+a=y' +n+a=9+n>a
and

{I{qﬁ(s)m(s)}dn (s) = {I{¢'(s)>0}d77’ (5)=0. =

REMARK 1.1. It follows immediately from Lemma 1.1 and equation (1.4) in
[4] that

(1.2) La()(t) = 9 (t) + sup [a(s) —o(s)]" .

0<s<t
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DEFINITION 1.2 (two-sided Skorokhod map). Let o, 3 € D [0,00) be such
that a(t) < (t) for every t > 0. Given ¢y € D]0, 00), a pair of functions (¢, 7) €
DJ0,00) x BV[0,00) is said to be a solution of the Skorokhod problem on [« 3]
for ¢ if the following two properties are satisfied:

(i) Forevery t € [0,00], §(t) = (t) +7(t) € [a(t), B(1)].
(ii) 7(0—) = 0 and 7 has the decomposition

N =m0 — Nu,

where 7, 7, € 1[0, 00), and
(13) f I{$(8)>a(s)}dﬁl (S) =0 and f I{(E(s)<ﬁ(8)}dﬁu (8) =0.
0 0

To show the uniqueness of the solution of the Skorokhod problem when « and
( are functions of time we will need the following result. It generalizes part (i) of
Lemma 2.2 in [8].

LEMMA 1.2. Assume that 3,141,109 € D|[0,00), 3(t) > 0 foreveryt > 0 and
let (&1, 7_]1) and (d_>2, 772) be the corresponding solutions of the Skorokhod problems
for 1 and b3 on [0, B. Let iy = 7} — 71, and fj2 = 7 — 712 be the corresponding
decompositions satisfying (1.3). Then for t € [0, 00) the following inequality holds:

(14) |$1(t) — po(t)|?
< Ja(t) — o (t)* + 2{ (1(t) — a(t) —i(s) +1ba(s)) (7 (ds) — 72(ds)).

Proof. It follows from (1.3) that

(¢1(s) — da(s))mj (ds) <0,
P1(s) — Pa

(

$a(s)) 7 (ds) > 0,

t
/
(1.5) ‘2
/
0

Therefore

(1.6 ? (B1(5) - Ba(s)) (s (ds) — 7(ds)) < 0.
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and

(1.8)  (v1(t) — va(t)) (1 (t) — M2(t)) = { (1(t) — 2(t)) (71 (ds) — 2(ds))
= z (1(t) — Wa(t) — hi(s) +a(s)) (M (ds) — 72(ds))

[ (01(5) = 02() (m(ds) = Ta(ds)).
Using (1.7) and (1.8) we get

|p1(t) — g2(t)]?
= |th1(t) — o (t)]* + 2(1(t) — ¥a(t)) (1 (t) — 72(t)) + |70(t) — H2(2)]?

<wmw—wxwﬁ+2zwﬂw—wxw—wa$+wxﬁﬂmw$—nxw»

t

+2 [ (1(s) — pa(s)) (M (ds) — 7a(ds))

0
< | (t) — 2 () + 2z (1(t) = a(t) — hi(s) + Pa(s)) (M (ds) — 72(ds)),

where the last inequality follows from (1.6). =

We provide now sufficient conditions for the existence of the solution to the
Skorokhod problem. Later, in Example 2.1, we will establish that the conditions
are not redundant.

THEOREM 1.1. Let o, 8 € D[0,00) be such that inf;> [5(t) — «(t)] > 0.
Then for every 1) € D[0, c0) there exists a unique solution of the Skorokhod prob-

lem on |« (] for .

Proof. The existence will follow from Theorem 2.1 and we postpone this
part of the proof till then. To establish the uniqueness of the solution, suppose that
(¢1,71) and (o2, 72) are two solutions of the Skorokhod problem on [c, 3] for ).
Then it is easy to see and it will be verified in Lemma 2.2 that (¢; — a,7;) and
(2 — a, 712) are two solutions of the Skorokhod problem on [0, 8 — «] for ¢ — av.
Therefore we can assume without loss of generality that o = 0.

Leti = ﬁll —nland 7 = 7712 — 72 be the respective decompositions satisfy-
ing (1.3). Then, by (1.4), for any ¢ € [0, c0),

_ B t

wmw—¢xﬂﬁ<0+2gowmw@—ﬁx%n=o,

and so ¢1(t) = ¢a(t). =



Skorokhod map with time dependent boundaries 33

Suppose that the pair (¢,7) is a solution of the Skorokhod problem on [c, 3]
for 1. Then the map ', 5 : D[0,00) — D[0, oc) defined by I'y, 5(1) = ¢ will be
called the rwo-sided reflection map or Skorokhod map on [«, §]. Throughout this
paper « and 3 will always denote cadlag functions possibly satisfying some addi-
tional conditions as indicated. S[0, co) will denote a subspace of D[0, co) consist-
ing of piecewise constant functions with a finite number of jumps and S [0, 00) =
S[0,00) N D4 [0, 00). We use the projection maps 7,5, : R — [a, b] defined by

a ifz <a,
Tap =2 ifa<z b,
b ifz >0

Note that each 7, j is monotone and Lipschitz continuous with constant 1. The fol-
lowing is a simple example of a Skorokhod map with a time dependent boundary.
It is based on (28) in [3].

EXAMPLE 1.1. Let ¢ € S[0,00), let a, 8 € S[0,00) be such that «(t) <
B(t) for every t > 0 and let 0 =ty < t; < ... < t be all the jump points of
either function. Define ¢(0) = 7(0),3(0) (+/(0)) and then, recursively, ¢(t;11) =
Tatien) Bltin) (O(t:) + U (ti1) — ¥ (t:)). Finally, we set ¢(t) = ¢(t;) for any t €
(ti,tip1) and @(t) = P(ty,) for t € (t,00). Then ¢ is a well-defined function in
510, 00) and it is easy to verify that conditions (i) and (ii) of Definition 1.2 are
satisfied so that ', (1)) = ¢, i.e. ¢ is the Skorokhod map for ).

To remain consistent with the notation used in [4] we define the mappings
R?’ﬁ, Ca,8, Mo g: D[0,00) — DI0,00) as follows:

(1.9) RMP(8)(s) = (6(s) — B(s)) " A inf (¢(r) —a(r)) for0<s<t,

s<r<t

(1.10) Cap(d)(t) = C2 4(t) = sup [(¢(s) = B(s))" A inf (4(r) — a(r))],

0<s<t s<r<t
(11D Aap(@)(1) = 6(t) — sup [(6(s) = B() " A inf (6(r) —alr))].

Using (1.9) we can obtain the following equivalent expressions to (1.11):

Mas(@)(t) = 6(t) — sup RFP(@)(s) or  Aap(e) =0 —C2 4.

0<s<t

Note that

(1.12) $1 < o implies C7'5 < C22,.
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As we are often going to consider the special case when oo = 0, we shall also use
the abbreviated notation

R (¢) = R)7(¢), Cs(d) =Cs  Ms(0) = Aos(0).

PROPOSITION 1.1. Let 3 be a function in D [0, c0). Then:
(i) Ag maps D0, 00) into D [0, c0).
(ii) If B € C4[0,00), then Ag maps C.[0,00) into C [0, 00).
(iii) If B € ACL|0,00), then Ag maps AC [0, 00) into AC [0, 00).
Before we prove Proposition 1.1 we recall the definition of a cadlag function.
¢ € D,[0,00) if and only if the following two conditions hold for any £ > 0:

for each 6, > O there is 62 > 01 such that sup |¢(s) — ¢(r)| < g,
s,r€(f1,02)

for each 6y > O there is 0 < 01 < Oz suchthat  sup |¢(s) — o(r)] < e.
s,m€[61,02)

Note that for 3, ¢ € D0, c0),

(1.13) given §; > 0 and € > 0, we can find 6> > 6; such that

sup  [¢(s) —o(r) <e and  sup |B(s) - B(r)| <e.
8,7‘6[01,92) S,T€[91,92)

Similarly,

(1.14) given #» > 0 and € > 0, we can find 0 < 01 < 65 such that
sup  [¢(s) —¢(r)]<e and  sup |B(s) —B(r)|<e.

S,T‘E[@lﬁg) S,TE[91,92)
The following lemma is a generalization of Lemma 2.1 in [4].

LEMMA 1.3. Let ¢, 3 € D.[0,00). Then:

@) Cg(h) - Cg(tl) < sup |p(s) — o(t1)]

t1<s<ta
+ sup |B(s) = B(t1)| for0 <ty < to;
t1<s<to
(ii) sup  |Ag(@)(t1) — Ap(@)(t2)| <2 sup  [¢(t1) — d(t2)|

t1,t2€[01,02) t1,t2€[01,02)

+ sup  [B(t1) = B(t2)| for0 < O < s
t1,t2€[01,02)

Proof. From (1.9) we infer that for every ¢t > 0

(1.15) (6(t) = B() " = (d(t) = B(1)) " A () < sup R)($)(s).

0<s<t
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Let 0 < t1 < tg; then, by (1.9),

sup Ry (¢)(s) < sup (o(s) — B(s)) "

t1<s<ta t1<s<tg
< sup [l0() = @(t1)| + (6(t) = B(1)) "+ |8(s) = Bt

< (¢(t) = Bt)) "+ sup |o(s) — ¢(t1)|+ sup [B(s) — Blt1)].

t1<s<ta t1<s<ta

Therefore, by (1.15),

C(ta) = sup Ry (9)(s) = sup R ()(s)V sup R (6)(s)

0<s<t2 0<s<t t1<s<ta

< sup R (6)(s)
0<s<ty

V[((t) = B(t)) T+ sup o(s) = d(t)|+ sup [B(s) = B(t1)]]

t1<s<ta t1<s<ta

<CYt)+ sup |¢(s) — d(t1)|+ sup [B(s) — B(t1),

t1<s<to t1<s<ta

which completes the proof of part (i).
To prove part (ii) let ¢1,ty € [61,02) and assume without loss of generality
that t; < t9. By part (i),

A5()(t2) = Ap(@)(t1)] < [(t1) — d(t2)] + |CG (1) — C(t2))]

<2 sup  [o(t1) —o(t2)|+  sup  [B(t1) = B(t2)| =
tl,t2€[91,92) t1,t2€[91,02)

The arguments from the proof of Lemma 1.3 can be used to show the follow-
ing, slightly different version.

REMARK 1.2. If ¢, 8 € D4[0,00) and 0 < 01 < 02, then

(1.16)  sup  [Ag()(t1) — Ag(9)(t2)]
t1,t2€[01,02]

<2 sup  [P(h) = @)+ sup [B(t1) — B(E2)]-

t1,t2€[01,02] t1,t2€[01,02]

Proof of Proposition 1.1. Part (i) follows directly from (1.13), (1.14)
and Lemma 1.3. Part (ii) follows directly from (1.16). Part (iii) can be obtained
from (1.16) via arguments used in the proof of Corollary 2.3 in [4] with vy ,(4) (e) =

vs(e/3) Avs(e/3). m
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2. THE EXPLICIT REPRESENTATION OF THE SKOROKHOD MAP
AND ITS CONSTRAINING TERM

Burdzy et al. worked out in [2] a representation formula for a generalization
of the Skorokhod map called the extended Skorokhod map (ESM), which is the
solution of the extended Skorokhod problem (ESP). In the definition of the ESP
(see Definition 2.2 in [2]) 7 is not required to be of bounded variation and (1.3) is
replaced by the following weaker conditions:

Forevery 0 < s < t,

nt)—n(s) >0 ifp(r) < B(r) forallr € (s,t],
n(t) —n(s) <0 if ¢(r) > a(r) forall r € (s, 1],
(t) = 7(t=) >0 if o(t) < B(2),
nt) —qat—) <0 if ¢(t) > a(t).

The ESM is denoted by I'y g. Thus ¢ = _a,,@ ). Burdzy et al. established in
Theorem 2.6 of [2] that for any a, 3 € D[0, c0) such that « < 3

(2.1) Lap(¢) = ¢ — Ea,p(¥),
where =, 3(¢) : D[0,00) — D[0, c0) is given by

(22) Eap(®)(t) = max {[(¢(0) = (0)) " A inf (4(r) —a(r))],
sup [(%(s) = B(s)) A_inf (v(r) —a(r))]}.

0<s<t s<r<t

They obtained their result first for simple functions and then extended it by the
limiting process. The results of this paper are based on the approach developed by
Kruk et al. in [4] and are independent of [2]. The following is our generalization of
(1.13) in [4].

THEOREM 2.1. Let o, 3 € D[0,00), o < 3, and let I, and I, 3 be the Sko-
rokhod maps on [, 0) and [a, (3], respectively. If inf>o [B(t) — a(t)] > 0, then

(2.3) Top=ANAagol,.

We shall break the proof of Theorem 2.1 into several intermediate results. By
a similar argument to the one used in Lemma 1.1 we will show that to solve the SP
for ¢ on [, (] it is enough to solve the SP for ¢ — v on [0, § — . Therefore we
focus first on the case of oz = 0.

LEMMA 2.1. Forany 3 € D1[0,00) and ¢ € D[0, o)

(2.4) 0 < AgoTg(¢h) < To(t) A B.
In particular, for t € [0, c0),

(2.5) To(v)(t) = 0 implies Ag o To(1)(t) = 0.
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Proof. From (1.9) we get Ag(¢)(t) = ¢(t) — suppc sy RP(¢)(s) >0, and
since p =p A B+ P A(¢p—B)T, we have

Ap()(t) < o(t) — (o(t) — B(£)) T A d(t) = ¢(t) A B(t).

Let us define two increasing sequences of times {af | k=0,1,2,...} and
{T,’f | k=0,1,2,...} as follows. We set

(2.6) 70 =0, oo=min{t > 0]|¢(t)— B(t) >0}

and for k > 1

eN  m=min{t> o] s (6l - A6 > 60}
(2.8) o =min{t > 7% | ¢(t) — B(t) > Tki<an<t o(r)}.

The right continuity of ¢ and (8 guarantees that 7, and oy are well defined. It is
easy to see that

2.9) ¢(00) — B(og) = 0.

Furthermore, for k > 1,

(2.10) sup [p(s) — B(s)] < ¢(t) foreveryt € [og—_1,Tk),
orp_1<8<t

(2.11) sup  [p(s) — B(s)] = o(7),

Ok—1<8<Tk

(2.12) o(s) — B(s) < i<nf< ¢(r) forevery s € [, 0%),
(2.13) o(on) ~ Blow) > _inf o(r).

It follows from (2.10) that ¢(s) — B(s) < ¢(t) whenever 05,1 < s < t < Ty,
k > 1. Therefore

(2.14) ¢(s) — B(s) < inf ¢(r) whenever o1 < s < 7.
SKr< T
Note that 0 = 19 < 09 < 711 < 01 < Ty < 09 < ... unless one of the times
equals oo, at which point all the following times are also co. Also note that the
time sequences depend on both ¢ and (.
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PROPOSITION 2.1. Let ¢, 3 € D4[0,00). If inf;>0 5(t) > 0, then

lim 7, =00 and lim o, = co.
k—o0 k—o0

Proof. The conclusion follows from arguments used in the proof of Propo-
sition 3.1 of [4] with @ = inf;> 3(t). =
Note that if inf;>0 3(t) = 0, then it is easy to construct ¢ and ) such that

lim 7, = lim o = v < .
k—oo k—oo

The next result generalizes Proposition 3.2 in [4].

PROPOSITION 2.2. Let ¢, 3 € D4[0,00). If infy>0 B(t) > 0,and k > 1, then

C’g(t) = sup [b(s)—B(s)|t  foreveryt € [oh_1, ).

or—1<8<t

Proof. Both the lower bound and the upper bound can be established by
the same arguments that were used in the proof of Proposition 3.2 in [4] with C'¢
replaced by Cg and a replaced by 5. =

The next result corresponds to Proposition 3.3 in [4]. We repeat the steps of
the proof from there indicating the necessary changes.

PROPOSITION 2.3. Let ¢, 3 € D[0,00) and infi>o 5(t) > 0. Then
CHt)=0 for0<t< oy,

C‘g(t) = inf &(r) foreveryt € |1y, 01)andeveryk > 1.

Tkg'l’gt
Proof. For0 <t < oy we get C(g(t) = 0, by (1.10). To get the upper bound
fork > 1 welett € [y, o) and write Cg(t) = 51 V Sy, where

S1 = sup [(qb(s) —ﬁ(s))+A inf gb(r)}

0<s<Tk s<r<t

and

So= sup [(6(s) = B(s)) " A inf ¢(r)].

T <<t ssrst
Then S} < inf;, <,<¢ ¢(r) trivially and S < inf,, <<t ¢(r) by (2.12). To prove

the lower bound it suffices to show that for every positive €

(2.15) CH(t)> inf ¢(r)—e.

TEST<E
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Let € > 0 be arbitrary and let p € [0%_1, 7] be such that

(2.16) sup  [0(s) — B(s)] < 6(p) — Blp) +e.

Ok —1<8<Tk

For t € [1y, 01) by (1.10) we have

2.17) Cot) > (¢(p) = B(p)) " A inf @(r) A inf ¢(r).

PLTr<T) TEST<E
By (2.11) we obtain
(2.18) (¢(p) = B(p)) " = p) = Blp) > él(7) —
and by (2.14) and (2.11) we get
(2.19) dnf (r) > é(p) = B(p) > ¢(1k) —&.
PETr<Tk
Thus
2200 CR) > (d(m) —e) A _inf o(r) > inf o(r) —e,

and so (2.15) holds. =

The following result generalizes (3.24) of [4]. It combines the statements of
Propositions 2.2 and 2.3 into one representation formula.

THEOREM 2.2. Let ¢, 3 € D4[0,00) and inf;>o 5(t) > 0. Then C’g(t) has
the following representation:

0 if0<t <oy,
Q221)  CH(t) = { supy,  cocild(s) = BT if o1 <t < Tk > 1,
inf;, <r<t @(1) ifm, <t<op k>l

Proof. The formula (2.21) follows directly from the prior propositions. m

REMARK 2.1. From (2.21), (2.13) and (2.9) we obtain immediately the fol-
lowing:
1) Cg(Tk) = ¢(1y) forevery k > 1,

(ii) Cg’(ak) = ¢(or) — B(oy,) for every k.
REMARK 2.2. It is clear from Theorem 2.2 that, for every k > 1, C’g 18 non-

decreasing on [0}_1, T;) and nonincreasing on |7y, o). It can be shown as in [4]
that C’g has a possible upward jump at o;_; and a possible downward jump at 7.
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The next remark corresponds to (3.33) and some following observations in [4].
REMARK 2.3. Ifop_1 <t < 73 for some k, then

(2.22) o(t) >0,

(2.23) Co(t) < o().
Proof. Suppose that o1 <t < 73, for some k. Then, by (2.10) and (2.13),

¢(t) > sup [d(s) = B(s)] > ¢(ox-1) = Blok-1) > 0,

or—1<8<t

which proves (2.22). From (2.22) and (2.21) we get

CHt)= sup [¢(s)—B(s)]T = sup [p(s) — B(s)] < b(t),

Or—1<8<t op_1<s<t

which proves part (2.23). =

REMARK 2.4. If 1, < t < oy, for some k > 1, then
(2.24) CH(t) > ¢(t) — B(t).

Proof. Let7; <t < oy forsome k > 1; then, by (2.21) and (2.12), Cj(t) =
infr crcr @(r) > o(t) — B(t). m

The following is a generalization of Theorem 3.4 in [4].

THEOREM 2.3. Let ¢, 3 € D[0,00), infy=0 B(t) > 0 and let ¢ = ¢ — C.
Then
(i) C§ € BV[0,00),
(i) ¢ € D[0,00) and 0 < ¢(t) < B(t) for every t € [0, 00),
t
(i) [CE)] =[5 Lre)=0 or a(s)=a(s)y A CH1(5),
. t t
@) C5(1) = = Jy La=opdICE1(5) + Jy Tiae)=pendICE1(s).
Proof. Part (i) follows directly from (2.21) and part (ii) follows from the

definition of Cg. To prove (iii) we can easily adopt the arguments from the proof
of (3.28) in [4]. It is enough to show that

(2.25) [dIC) =0, where A= {t>00|g(t) € (0,5(t)}.
A

As in [4], for every t € A, we define a(t) = inf{s € [00,t]|(s,t] C A} and
b(t) = sup{s > t|[t,s) C A}. Then a(t) < t < b(t), where b(t) ¢ A while a(t)
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might or might not be in A. Also the open interval (a(t),b(t)) is nonempty and
is contained in A. It can be shown that A is a countable union of such open non-
overlapping intervals and some of their left endpoints. That is, A = UZ c (@i bi) U
{a;|j € J}, where I is a countable set and J C I. Consider a; € A, where j € J.
Then, by Remark 2.1, a; must be an interior point of either (o;_1, 7%) or (7%, o)
for some k. By extending the argument from [4] we can show that Cg is continuous
at a;. To show (2.25) it is enough now to prove that fab: d|Cg[ = Oforevery: € I.
For this it suffices to show that C(g is constant on (a;, b;) for every i. Since ¢(t) €
(0, B(t)) for every t € (a;,b;), it follows from Remark 2.1 that either (a;, b;) C
(0k—1,Tk) or (a;, b;) C (%, 0y) for some k. We shall consider only the latter. It is
enough to show that C"g is constant on every closed interval [¢;, d;] C (ai, b;), while

Cg(t) = inf,, <<t ¢(r) for every t € (a;, b;). Let p = inf{t € [¢;, d;] | C’g(t) <
Cg(cz)} Suppose that p < oo. Since Cg is right-continuous and, by Remark 2.2,
nonincreasing on [¢;, d;|, we must have C’g) (t) = C’g(ci) for every t € [c;, p). Atp
we would have C‘g(p) = ¢(p), which is impossible for p € A. Therefore p = oo,

and so C’g’ is constant on the interval [¢;, d;].

To prove (iv), first consider ¢ such that ¢(¢) = 0. By Remark 2.3, 7, < t < oy,
for some k. Thus, by Remark 2.2, C’g’ is nonincreasing on {t > 0 | ¢(t) = 0}.
Similarly, Cg is nondecreasing on {t > 0 | ¢(t) = 3(t)}. Therefore (iv) follows
from (iii). m

We are now ready to complete the proofs of Theorems 2.1 and 1.1.

Proof of Theorem 2.1 for a=0. Suppose that a = 0. Let 9 €
DI[0,00), ¢ =To(¢)), n = ¢ — 1 and let ¢ = Ag o Tg(¢)), 7 = ¢ — ). Then ¢ =
¢ —C§ =1 +n—Cjandfj =n— Cj. Since € I[0, 00), by Theorem 2.3 (i),
n— Cg € BV[0,00). Also, by Theorem 2.3 (ii), ¢ € D[0,00) and 0 < ¢ < f3.
It follows from Lemma 2.1 that ¢(¢) = 0 whenever ¢(t) = 0. Consequently, by
Definition 1.1, fooo I{d-)(s)>0}d77(s) = 0. It is enough, therefore, to define

t t
m(t) =nt) + [T 59-0dCF(s) and  7u(t) = [ T(50-pdICHI(5)
0 0

and (1.3) follows immediately from parts (iii) and (iv) of Theorem 2.3. =

At this point the existence of a solution to the Skorokhod problem on [0, 3] is
established, and so the proof of Theorem 1.1 is also complete in the case of o = 0.
The next two lemmas will allow us to reduce the general case to the case of o = 0.
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LEMMA 2.2. Leta, 3 € D|0, 00) be such that inf;> [B(t) — a(t)] > 0. Then
(2.26) Fap(®) =Top-a(t —a)+a foreveryt € D[0,00).

Proof. Let 3’ = 3 — o and consider the SP for 7' = ¢ — a on [0, 3']. We
already know that it has a unique solution satisfying (2.3). Let (¢/,7) be that
solution. Then ¢' = ¢’ + 7' € [0, 4] and 77 = 7] — 7, where 77,,,7; € I[0,00)
and

(227) f I{(E’(s)>0}dﬁl, (8) =0 and f I{@’(s)<ﬁ’(s)}dﬁ; (S) =0.
0 0

Then (gfg,_ﬁ) defined by ¢ = ¢ + aand 77 = 7' is the solution of SP for v on [, 3].
Indeed, p = ¢ +a =/ +7 +a=0+7 = +17. Also 7 =7 = 7, — 7,
where

{ I(s)>a(sdm (s) = { I3 (sy=01d7 (s) = 0,

{I{é(skﬂ(s)}dﬁu (s) = {I{&(sk,@/(s)}dﬁ; (5)=0. m
LEMMA 2.3. Let o, 3 € D[0,00). Then

(2.28) Ao (@) =ANopg_a(d —a)+a forevery ¢ € D[0,00).

Proof. We have
Ao p(@)(t) = o(t) — al(t) — Oggt[(gﬁ(s) - ﬁ(s))”L/\Sg}i; t (¢(r) — a(r))] + a(t)

=Mop-ald—a)(t) +aft). =

Proof of Theorem 2.1 for general a € D[0,00). By using Lem-
mas 1.1, 2.2 and 2.3 we get

Lap(¥) =Topg-aly —a)+a=~Aggaolo(y —a)+a
= AO,B—& (Fa(w) - a) +a= Aa,ﬁ o Fa(¢)' u

With the completion of the proof of Theorem 2.1 the existence of a solution to
the Skorokhod problem on [, (3] is established, and so the proof of Theorem 1.1
is complete. Indeed, according to Theorem 2.1, ¢ = Ay 30 Ty (1)) and 7§ = ¢ — 1)
define a solution (¢, 1) for ).

COROLLARY 2.1. Ifa, 3 € D0, 00) and inf;>¢ [B(t) — a(t)] > 0, then T, g
maps BV[0, 00) into BV[0, 00).
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Proof. Let ¢,a,8 € D[0,00) and let infi>q [3(¢) — a(t)] > 0. By Theo-
rem 2.1, ¢ = I'y 5(¢) is the Skorokhod map on [«, 5] for 9. In particular 7 =
¢ — 1 € BV]0,00). Thus, ¢ = 1p + 7 € BV[0, 00) whenever ¢ € BV[0,00). =

The following example shows that without the assumption of inf;>q 3(¢) > 0
formula (2.3) of Theorem 2.1 does not produce the Skorokhod map as defined by
Definition 1.2.

EXAMPLE 2.1. Consider a function 1 defined for 0 < ¢ < 1 as follows:

b(t) = 2n+1)"1 iftel—2"2 12"ty 5 =0,1,2,.. .,
Sl =-@n)t ifte1—27CnD 1 972y =12 ...

and set ¢(t) = 0 for ¢ > 1. Let & = 0 and define 5 for 0 < ¢ < 1 as follows:
Bt) = () =n"tforte 1 —2""D 1 -2"") n=1,2..,and B(t) =1
for ¢ > 1. Note that inf;>o [3(t) — a(t)] = 0. We will show that if ¢ is defined by
(2.3), then = ¢ — 1p ¢ BV[0, 00). Using (2.7) and (2.8), it is easy to verify that
op=1—-27200t1 for n =0,1,2,...,and 7, = 1 — 2=+ D) for n = 1,2, ...
Applying the explicit formula (1.3) from [4] to calculate ¢(t) and (2.21) to calcu-
late C‘g we can obtain ¢(t) and 7(t) as follows:

Ifte[l—272"1—2"2D) for some n = 1,2,..., then $(t) = 27" +
(2n+1)71, C’g(t) =271 andso ¢(t) = (2n+ 1)~ and 7(¢) = 0.

Ift € [1 -2t 1 2720+ forsome n = 1,2, ..., then ¢(t) = 2~ 1 —
(2n +2)71, Cg(t) =271 —(2n+2)7!, and so ¢(t) = O and (t) = (2n +2)~L.
Since 27, [7(1 — 2") — (1 — 2= FD) = 23°°°  (2n)~! = oo, 7 is of un-
bounded variation.

We end this section with the following reflection property.

REMARK 2.5. Ifa, 8 € D|0,00) and infi>q [5(t) — a(t)] > 0, then for every
Y € DJ0, 00)

(2.29) Pas(—t) = —Tp—a(¥).

Proof. Let(¢,7) be the solution of the Skorokhod problem on [c, 3] for —1
with 7 = 7j; — 7, satisfying (1.3). Then —¢ = ¢ — 7, —3(t) < —¢(t) < —a(t) for
every t > 0, and

{ I{_§(s)>—p(s)}u (s) =0 and { I j(s)<—a(s)y@m (s) = 0.

Thus (—¢, —7)) is the solution of the Skorokhod problem on [—3, —«]| for ¢. m
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3. NON-ANTICIPATORY PROPERTIES

We shall use the shift operators T, Hy : D[0,00) — DJ[0, c0) indexed by d €
[0, 00) and defined by Td(f)( ) f(d+t) ( ) and Hd(f)(t) (d+t) for
)-71

t € [0,00). Let¢® = (w) 1% = Ty(7), 7 = Ta(7 = Ty(iju), % = Ha(9),
o’ = Hy(a) and 8% = Hy(3).

THEOREM 3.1 (non-anticipatory property). If (¢,7) solves the Skorokhod
problem for 1 on [a, 3], then (¢, 7%) solves the Skorokhod problem for ¢(d) + ?
on [, B%). In particular,

(3.1) Lo g()(d+s) = Tya ga((d) + Ta(¥))(s).

Proof. Let (¢,7) be a solution to the Skorokhod problem for ¢ on |a, J].
Then
O(d) +9(t) = (d+ 1) + ¢(d) — ¢ (d) = d(d + 1) — 7(d + 1) +177(d)
= ¢'(t) — 7 (t).

Also, ¢%(t) = p(d +t) € [a(d + 1), B(d +t)] = [a®(t), 3%(t)], which estab-
lishes part (i) of Definition 1.2. To establish part (ii) note that

ff{asd(s ad}dm ff{¢> y>ardin(t) =0

and

f I(ga(s)<pi(s)y AT (5) f Lia<pwydiu(t) = 0. =

As a consequence of the anti-participatory property of the Skorokhod map we
obtain the following property of the constraining term.

COROLLARY 3.1. Let ¢, v, 8 € D0, 00) be such that inf,>o (3(t)—a(t)) >0
and ¢ > a. Then for any d,h > 0

C? j(d+h) = C2 4(d) + sup [(¢(d+s) — C2 4(d) — Bld+5))"

0<s<h
A inf (p(d+7) = CZ 4(d) — ald +7))].

s<r<h

Proof. Let (¢,7) be the solution of the Skorokhod problem for ¢ on [a, 3].
Then, by Theorem 3.1, (¢%,7%) is the solution of the Skorokhod problem for
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o(d) + ¢ on [a?, 39]. Therefore

Czﬁ(d +h) - Cg,g(d) =n(d+h) —7(d) = C‘Z’(dH‘bd(h)

ad7ﬁd

= sup [ ((6(d) + 6ld+5) — 9(d) — Bld + s))+

0<s<h

A o (6(d) + o(d+ 1) — o(d) — afd + 1) |

s<r<h

— sup [((6ld-+5) - (@) - (d+ )

0<s<h
A it (6(d+1) = n(d) — a(d+1))]
= sup [(9(d+5) = CZ y(d) — Bd +5)) "

A inf (p(d+71) = CF 4(d) —a(d+7))]. =

s<r<h

4. THE CONTINUITY PROPERTIES
OF THE SKOROKHOD MAP AND THE METRICS ON DJ[0, T

In this section we need to consider functions on D[0, T']. The notation of A, g,
Lo, Tap, Ry B ,C? L that we used before in relation to D|0, oo], will be applied

«

now for D[0, T']. We discuss continuity and Lipschitz conditions for A, g and I, g
under three metrics: the uniform metric, J; metric dy and M7 metric d;. We begin
with the uniform metric.

PROPOSITION 4.1. For any 11,12, ¢1, p2, 1, a2, 51, B2 € D[0, T such that
aq < (1 and as < (B we have

4.1 [Tay (1) = Tay (¥2)ll7 < 2|91 — Y2l + [Ja1 — az|T,

@2 [|C2, —C2 ol < o1 — dallr + [llar — aallz V(181 — Ball7),

(4.3) ”Aalﬁ1 (d)l) - AOtQ,ﬁz (¢2)HT
< 2l¢1 = d2llr + [l — azl|r V [[B1 — B2l|7].

If also inf; >0 [51(t) — a1(t)] > 0, and inf;>q [B2(t) — aa(t)] > 0, then

(4.4) Hralﬂl (7/]1) - Fahﬂz (wQ)HT
< A1 — dollr + 2[|ar — aellr + [[lar — asllr V [|B1 — Bal|7]-
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Proof. We shall use the following easily verifiable inequalities:

4.5) |zo Aya — 1 Ayr| < |2 — 21| V |y2 — yil,

(4.6) [(y1 — 21)* — (y2 — 22) ™| < Jor — w2] + |y1 — v2l-

Let 1,2, ¢1, @2, a1, 0, B1, B2 € D4[0,T], 01 < 1,0 < B2 and lett € [0, T7.
Using (1.2) and (4.6) we get

Loy (1) (t) — Tay (102) (1)
< sup [¢i(t) —a(t) — sup (ai(s) —1/11(3))+ + sup (aa(s) —1/12(3))+]

0<t<T 0<s<t 0<s<t

< sup [Yi(t) — ()] + sup [(ai(s) —¢i(s)) T — (az(s) — va(s)) 7|
o<t<T 0<t<T

< sup [Y1(t) — ()] + sup [laa(s) — aa(s)] + [¢1(s) — 2(s)]]
o<t<T o<t<T

< 2|1Y1 — ollr + [Jag — az||T.

Taking supy<,;<p We obtain (4.1).
By (4.5) and (4.6),

Co (1) = C22 (1) < sup [REP(61)(s) — RE™ () (s)]
0<s<t

ACOR Bi()) T — (a(s) — Ba(s)) ]
V] nf (61(r) = aa(r) = inf (2(r) = aa(r)]]
< s {[161(5) — 6a(6)] + 91(6) — (o]
- v sup [161(r) = a(P)] + o () — as(r)}

s<r<t

< (1 = d2llr + 1161 = B2ll7) V ([[91 — P2l + [|ar — az|/T)
< |l¢1 = ¢allr + ([lar — callr V (|81 = BallT)-

Now, taking sup<,;<7 we conclude (4.2).
Since

1A 51 (61) = Ay, (D2)ll7 < |61 — d2llr + C21 5 — C22 4 Iz,

(4.3) follows immediately from (4.2). Finally, using (4.1) combined with (4.3) and
(2.3) we obtain (4.4). m

COROLLARY 4.1. Both mappings A, g and I, g are Lipschitz continuous in
the uniform metric with corresponding constants 2 and 4, respectively.
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The following scaling properties will be useful in dealings with Skorokhod
metric dg. Let M = {\:[0,7] — [0,7T] | A is increasing, continuous and onto}.
Then for every A € M the following properties hold:

“4.7) To(¥) o A=Thor(vb o M),

(4.8) Acorgor(@ o X) = A g(@) o A

Indeed, (4.7) follows directly from the definition of I',,. To prove (4.8) note first
that

49 C2,(\1)

= sup RyJ(0)(s) = sup REM(@o M) (s) = Co o (B).
0<s<A(t) 0<s<t

Therefore, Ao 5(6) (A(t)) = ¢(A(1)) = C% 5(A(1) = ¢ o A(t) — L3 4o (1) =
Aao)\,ﬂo/\(¢ © )\) (t)

Note that (4.8) holds also on [0, 00) with A\ being an increasing continuous
bijection on [0, o). The Skorokhod metric dy on D|0, c0) (D0, T'], respectively)
is defined by

do(f,9) = inf (JA =T V I — g o ),

where the infimum is over all strictly increasing continuous bijections of [0, o)
(D0, T7, respectively).

PROPOSITION4.2. Let T > O and let o, 5 € D[0,T] be such that o(t) < 5(t)
foreveryt € [0,T)]. Then:
(i) For any 11,12 € D[0,T]

(4.10) do (Lo (¥1), Ta(t2)) < 2do(1, 1h2) + S%)T]W)_a(s)\.
r,s€|0,

(i) Forany ¢1,¢2 € D[0,T]

@10 do(Aap(d1), Aap(¢2))
< 2do(p1,¢2) + sup |a(r) —a(s)| Vv sup |B(r) —B(s)|.
r,s€[0,T] r,s€[0,T]

(iii) Ifinfi>o [B(t) — a(t)] > 0, then for any 11,12 € D[0, T

(4.12) do(Ta,6(11), La,p(¥2)) < Ado(dh1,1)2) +2 i |a(r) — a(s)]
r,s€|0,

+ sup |a(r) —a(s)|V sup [B(r) — B(s)|.
r,s€[0,T] r,s€[0,T]
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Proof. We begin with (i). Let A € M. By (4.7) and (4.1) we have

IA=TIll7 V|Ta(t1) = Ta(2) o Mz = A= I|l7 V [Ta(t1) = Taor(¥2 0 N1
<A =TIllr VvV 2l — 2 0 A7 + |l = w0 A|7)
<

A=Tllr V21 — a0 A|r+ sup |a(r) —afs)].
r,s€[0,T]
Taking inf) we conclude (4.10).

To prove (ii) we can assume without loss of generality that ¢; # ¢o. Given
o1, 02 € D[0,T], ¢1 # ¢, for every § > 0 there is A € M such that

sup |A(t) —t| < do(¢1,d2) + 0[1 A do(1, P2)]
0<I<T

and

sup [p1(t) — g2 (A(t))| < do(1, d2) + 0[1 A do(¢1, p2)].

0<t<T
By (4.3),

(4.13)  [|[Aa,(d1) — Ao g(d2) o Allr = ||Aa,8(P1) — Aaor,gor(P2 0 A)||7
<2[¢1 — g0 A[|r + [[a —aoA|r VB —BoA|r

<2(¢1—g20A[r+ sup |ar) —a(s)|V sup [B(r) — B(s)]
r,s€[0,T] r,s€[0,T]

<2 [do(qbl, ¢2) + 5(1 A do(qbl, qbg))]
+ sup |a(r) —a(s)|V sup |B(r) — B(s)].
r,s€[0,T] r,s€[0,T]

Since (4.13) holds for every § > 0, we can conclude (4.11).

Part (iii) follows from (2.3), (4.11) and (4.10). =

The following example shows that the terms representing the oscillations of «
and 3, sup,. s¢qo,7) (1) — a(s)| and sup,. scjo 77 18(r) — B(s)|, appearing in (4.11)
and (4.12), cannot be omitted. In particular, the example shows that, in general,
neither Ag nor Iy g are continuous in dp metric.

EXAMPLE 4.1. Define
B=alpp +2alpNy,  ¢1=2alp_cn], P2 = 2alp N

Then it is easy to see that ¢; = aly_. njand o = g = 2al, n)- Hence do(o1, ¢2)
= a, while dy(¢1, $2) = €. Since ¢ can be chosen arbitrarily small, A is not con-
tinuous asamap Ag: (D4[0,00),dy) — (D4[0,00),dp) and neither is 'y 5. Note
that in this example the oscillation of (3 is the dominating term of the distance. By
applying (2.29) we could easily create an example with the oscillation of « as the
dominating term.
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We consider next the continuity of the Skorokhod map under M; metric d;.
The time dependent nature of the constraints o and (3 makes this issue somewhat
technically involved. We shall need a few technical results before addressing it.
The next result examines the monotonicity of the Skorokhod map.

PROPOSITION 4.3. Let ¢, 3 € D1[0,T] and ¢(0) < 3(0). Then:

(i) If ¢ is nondecreasing and there is S € (0,T) and a > 0 such that ¢ < (3
on [0, 5] and 3(s) = a < ¢(s) for s € [S, T, then Ag(¢) is nondecreasing.

(ii) If ¢ is nondecreasing, 3 nonincreasing and there is S € (0,T] and a > 0
such that ¢(s) = a < [(s) for s € |0, S] and 5(s) < a < ¢(s) for s € [S, T}, then
Ag(¢) is nonincreasing.

(iii) If both ¢ and (3 are nonincreasing and there is S € (0,T] and a > 0
such that a < ¢(s) < [(s) for s € [0,S] and B(s) < ¢(s) = a for s € [S,T],
then Ag(¢) is nonincreasing.

Proof. Suppose that the assumptions in (i) hold. Then inf <, <; ¢(r) = ¢(s)
+

> (6(s) — A(s)) ", and s0 C5() = suppe.ce[(s) — Bs)]* = (6(t) — a)* for
every t € [0, 7). Therefore Ag(¢) = ¢ — Co=¢—(p—a)t =¢Aa,and so it
is nondecreasing.

When ¢ is nondecreasing, and 3 is nonincreasing, then infs<,<; ¢(r) = ¢(s)
> (¢(s) — ﬁ(s))Jr and ¢ — (3 is nondecreasing. Hence, under the assumptions

.o +
of (if), C (1) = supoe,<il@(s) — B()T = (¢(t) — B(1)) " Therefore As(e) =
¢—C%=¢—(¢—B)F =¢AB=aAp,and so it is nonincreasing.

Finally, if the assumptions of (iii) hold, then

Ch(t) = sup [(#(s) — B(s)) " A (1],
0<s<t
and so Cg(t) =0fort € [0,S] and C’g(t) = ¢(t) — B(t) for t € [S,T)]. Therefore
Ag(p) = ¢ — C? = ¢ — (¢ — B)T = ¢ A 8 and it is nonincreasing. m

We shall use the following conventions: for ¢ € DI[0,T], ¢(0—) will stand

for ¢(0) and Gy = {(t,y) € [0,T] x B |y € [6(t—) A 6(t), 6(t—) V $()]} will
represent the graph of ¢ ordered by the standard relation < defined as follows:

(4.14)  (t1,11) < (t2,92)
if either t1 < t9 or t1 = t9 and ’¢(t1—> — y1] < |¢(t2—) — yg‘.

For cach ¢ € [0, 7], G, = {(t.) | y € [6(t=) A 6(1), B(t—) V $(1)]} repre-
sents a vertical segment of the graph if ¢ is discontinuous at ¢ or a point (t, ¢(t))
otherwise. Then, Gy = Uo <t<T sz). A continuous nondecreasing mapping (r, g)
from [0, 1] onto G4 will be called a parametric representation of G4, and I1(¢)
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will denote the set of all parametric representations of G 4. The M7 metric d; is
defined for ¢1, ¢2 € DI]0, c0) by

di(¢1, ¢2) = inf{|lr1 — rafl7 V [lg1 — gellT | (13, 9:) € H(¢s), i = 1,2}.

Before we examine Lipschitz conditions under this metric we need to under-
stand how graph parameterizations are being transformed by Ag. For ¢ € D|0, T,
D, will denote the set of all points of discontinuity of ¢ in [0, 7.

LEMMA 4.1. Let ¢1,¢2,3 € D[0,T1], let (r1,g1) € Iy, and let (r2,g2) €
I1y,. Then there is a continuous, nondecreasing mapping & from [0, 1] onto [0, 1]
such that for every i = 1,2 and t € Dg there are 0 < uy < vy < 1 such that the
following conditions hold:

(4.15) vl < ul whenever s < t,

(4.16) (ri o & g0 &)~ H(GY,) = [ui,v}].

Proof. Since Dg is a countable subset of [0,7], for each t € Dg we can
choose [ug, v¢] C [0, 1], so that uy < vy for every ¢ € [0,7] and vy < u; for s < t.
(Remark 12.3.3 in [9] describes such a construction.) For each ¢ € Dg let [a}, b}] =
(ri, 9i)~H(GY,). We define &; = [0,1] — [0, 1] by setting &1 (ur) = ay, &1 (v) = b}
and extending it by linear interpolation onto [u;, v for every t € Dg. Then we
extend it to a continuous function on the closure of [ J, €Ds [ut, v¢]. Finally, we set
£1(0) =0, & (1) = 1 and extend it onto the rest of [0, 1] by linear interpolation.
Similarly, we let [c7,d?] = £ ([a7,b?]) and define & : [0,1] — [0, 1] by setting
&(0) =0, &(1) = 1, &(uy) = ¢, &2(vy) = dF for every t € D and extending
it onto [0, 1] by continuity and linear interpolation. Finally, we define £ = &; o &o.
Then

(r10€,9106)71(G5,) = € (lad b)) = &7 (&7 (lak b)) = & ([ues ve))
and
(ry 0692071 (Gh,) = & (&7 (o, 07))) = & ([F. dF]) = [, .

Therefore it is enough to take [u},v}] = & *([us, v¢]) and [u?,v?] = [us, v¢] and
(4.16) is satisfied. Because € is nondecreasing, (4.15) follows. =

LEMMA 4.2. Let ¢1,¢2,3 € D[0,T1], let (r1,g1) € Iy, and let (r2,g2) €
I1,,. Then there is a continuous, nondecreasing mapping & from [0, 1] onto [0,1]
such that for every i = 1,2 and t € Dg there are 0 < a} < b} < ¢} < di < 1 such
that the following conditions hold:

4.17) di. < al whenever s < t,
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(4.18) (ri0&,9i0€)"H(GY,) = [a}, di],
(4.19) (gi0 &)~ (¢it—)) = [ay, bf],
(4.20) (gi 0 &)~ (i) = [c, df].

Proof. Let [uj,v] = (ri, gi) "' (GY,). We assume first that
(4.21) ul < vl foreveryt e Dgandeach: =1,2.
We define &; : [0, 1] — [0, 1] by setting £;(0) = 0, &1(1) = 1, and foreach t € Dg

Glup) =& ((2u; +v)/3) =u; and & ((uf +201)/3) = &1 (vp) = 0.

Finally, we extend it onto [0, 1] by linear interpolation
For each t € Dg, let [a?,d?] = & *([u?, v?]). We define & : [0,1] — [0, 1]
similarly to ;. We set £2(0) = 0, {&2(1) = 1, and for each t € Dg we set

&(af) = &((2af +d7)/3) =af  and  &((af +2d7)/3) = &(dF) = d7,

and we extend it onto [0, 1] by linear interpolation. Then we define £ = &; o &.
Since both &; and &5 are continuous nondecreasing mappings from [0, 1] onto [0, 1],
so is &. We define aj, d so that [af, d}] = & ' ([u}, v}]).
Consider s < t. Since foreach: = 1,2, r; is nondecreasing, we have U' < ut
Because ¢ and & are nondecreasing, we also have d" . Since [ui,vs] and
1

[u},v}] are disjoint, so must be & *([ul,v}]) and & ([ut,vt]) Thus we have

established (4.17). The remaining properties will be shown separately for i = 1, 2.
If s = 1, then

(r1o&g108) 1 (Gh,) = (€10 &) ([ug, vi]) = & ' (Jug, v/]) = lag, dj].
Similarly, if ¢ = 2, then
(rg0&,9208) 1 (GY,) = (€10 &) ([uf, 7)) = & ([0, d7]) = [af, 7).

We define b, ci by (gi o §)"'(¢i(t—)) = [a},b}]. and (gi 0 &) (4:(t))
= (¢}, d}] so that (4.19) and (4.20) hold. Then

[0l bl = (o€, 06) 7 ({(L 6 (1) })
5 (€ 0&)  ({ulh) = &1 (1wl (20} +})/3)),
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and so a} < b} . Similarly,

e}, di] = (ro& g Of)_l({(t,¢1(t))}>
D (&10&) (o)) =& ([(uf +2v1)/3,0})),

so that ¢ < d}. Finally, because the mappings (r1 o &, g1 0 &)™ ({(t, ¢1(t—)) })
and (r10&,g10&) 1 ({(¢t,01(t))}) are disjoint, we get by < c{.
Analogously, a? < b7, because
[a, 0] = (r20&,g206) 7" ({(t, ¢2(t—))}) D (Gr0&)  ({uf}) D & ({af})
= [af, (24} + d7) /3],

and ¢? < d?, because

¢ df) = (120692007 ({ (1. 02(0) }) > (&10&) " ({oF)) > & ()
= [(a7 + 2d7)/3, d].
Thus the proof is complete in the case when ui < v} for every t € Dg and
1 = 1, 2. If this is not the case, then by Lemma 4.1 there is &y such that (4.21) holds

for (r; 0 &, gi © &). Then we can apply the already proven part to (r; o &p, g; © o)
and so there is ¢ and 0 < a} < b} < ¢ < d} < 1 such that (4.17)—~(4.20) hold for

(riokpo&,giofpol). m

REMARK 4.1. If ¢, 8 € D [0, T, infogs<r B(t) > 0,1 € (0,T] and ¢(t) <
B(t), then ¢(t) — ¢(t—) = o(t) — d(t—).

Proof. Note that

[6(t) — o(t=)] = [¢(t) — d(t—)] = [o(t) — b(1)] — [d(t—) — (t—)]
() — Ch(t—).

I
Q

Therefore, it is enough to show that Cg(t) = Cg(t—) = 0. Suppose that Cg(t) =
C§(t—) > 0. Then

C(t) = RY()(t) = (6(t) = B(1)) " A (1) = (8(t) = B(1) " >0,
which contradicts our assumption. m

REMARK 4.2. If ¢, € D[0,T], infogsct B(t) > 0,t € (0,T] and ¢(t) —
B(t) > ¢(t=) — ¢(t=), then ¢(t) = B().
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Proof. Let ¢(t) — B(t) > p(t—) — #(t—). Then, by (2.4), ¢(t) — 1)>0.
Suppose (t) < f(t). Then C§(t) — Cf(t=) = [6(t) — $(t)] — [6(t—) — B(t—)]
> [B(t) — ¢(t). Thus, as in the proof of Remark 4.1,

R} (9)(t) = sup R}($)(s) = ((t) — B(1)) T A b(t) = b(t) — B(t),

0<s<

and therefore ¢(t) = ¢(t) — suppc ;s Rf (¢)(s) = B(t), which contradicts our as-
sumption. m

LEMMA 4.3. Let ¢1,¢2, € D4[0,T] be such that infoci<r 5(t) > 0, and

let (r1,91) € Iy, and (r2,g2) € Ig,. Then there is a continuous, nondecreas-
ing mapping § from [0, 1] onto [0, 1] and parametric representations (rf , gf ) and

("“g ) 92’3 ) in g such that
(4.22) rioé = T’f and r90& = rég,

4.23) (7“1 o§,Ag?(gl o§)) € Ilpy(g,) and (7"2 o&, A (gg of)) € py(g0)-

Proof. By Lemma4.2 thereis {(a, bi, ci,d})|t € Dg, i = 1,2} and a map-
ping & such that (4.17)—(4.20) hold. For i = 1,2, let 7; = r; o £ and g; = g; o &.
Then (fi,gi) S H@..

Fori = 1,2 we let Al = ¢;(t—) — ¢;(t—). Then we define parameterizations
(r ZB , glﬁ ) € Ilg so that parameterizations (7;, g;) and ( zﬁ , gﬁ ) are synchronized in
a particular way.

We define 7‘? so that riﬁ = 7;. We define giﬂ first on each [al, d}] for t € Dg by

setting giﬁ(ai) = [(t—), gf(d@) = [(t). If, furthermore,

@24) [(i(t=) = A A (6:(t) = AD), (dilt=) = A1) V (9u(t) — A7)
N[B(E=) A B(R), B(t—) v B(E)] # 0,
then we require further synchronization of g; and gf that will depend on a particular

configuration of ¢;(t—) — AL, ¢;(t) — AL, B(t—), B(t). Therefore, we consider
several cases.

(A) If ¢i(t—) — A < B(t—) < ¢i(t) — AL < B(t), then we define g (s) =
(3i(s) — AL) v B(t—) for s € [af, ¢}] and extend it by linear interpolation on [ci, di].
Note that in this case §; — A is nondecreasing and g; — Al < g” on [al, di].

(B) If ¢;(t—) — AL < B(t—) < B(t) < ¢i(t) — Al then we let
= inf{s € [af, ]| gi(s) — AL > B(t)}

and define giﬁ(s) = (gi(s) — AY) v B(t—) for s € [a}, s}] and g, ( ) = ((t) on
[s, di]. Note that in this case §; — Al is nondecreasing, i — Al < g” on [af, 1]
and giﬁ =p6(t) < g — Aﬁ on [si,dé].
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(C) Ifi(t—) — A < B(t) < B(t—) < ¢i(t) — Al or ¢i(t—) — A} < B(t) <
¢i(t) — AL < B(t—), then we let st = inf{s € [al, d!]| §i(s) — AL > (3(t)}, define
g7 (s) = B(t) for s € [si, d] and extend it by linear interpolation on [aZ, s¢]. Then
i — Al is nondecreasing, §; — Al < g7 on [af, si] and g° = B(t) < §i — Al on
[st, di.

(D) If B(t) < ¢i(t—) — Al < ¢4(t) — A} < B(t—) or B(t) < ¢i(t—) — Al <
B(t—) < ¢i(t) — AL, then we define g7 (bi) = ¢;(t—) — Al and extend it by linear
interpolation onto [ai, b{] and [bi, di]. Then §; — Al is nondecreasing and g? is
nonincreasing, ¢;(t—) — Al = g;(s) — Al < gf(s) for s € [al, bi] and giﬁ(s) <
¢i(t—) — A} < gi(s) — Al for s € [b}, di].

(E) If B(t) < ¢i(t) — Al < ¢i(t—) — Al < B(t—), then define g = g; — Al
on [b}, c;] and extend it by linear interpolation onto [a}, b}] and [c}, df]. Then both
i — Al and g7 are nonincreasing, ¢;(t—) — Al = gi(s) — AL < gP(s) for s €
[af, b) and g (s) < gi(s) — AL = ¢i(t) — Al for s € [}, d]].

(F) If ¢;(t) — AL < B(t) < ¢i(t—) — Al < B(t—) holds true, then we de-
fine g° = (§: — A) v 8(t) for s € [b},di] and extend it by linear interpolation
on [aé, bi]. Note that in this case §; — Al is nonincreasing and g§; — Al < gf on
[ai, dy).

If (4.24) does not hold, then we simply extend g onto [aZ, di] by linear inter-
polation.

Outside  J, €D, [us, vi] we extend riﬂ so that 77 =

U=
giﬁ(s) = (3(t) whenever 7 (s) =t and t ¢ Dg. Note that if rf(s) = t, then we
have giﬂ(s) € [B(t—) AB(t),B(t—) v B(t)]. In fact, it can be easily verified that
(T?,giﬁ) S Hﬁ.

In order to prove (4.23) we need to show that

7; and we extend g? so that

(4.25) (ri o&, Ag@ (gio 5)) is continuous,
(4.26) (rio¢, Ag? (gi ©&)) maps [0, 1] onto Gay(g:)» and
4.27) (ri o0&, Ag@ (gi o f)) is increasing in a sense of (4.14).

The easiest to establish is (4.25). It follows from Proposition 1.1 (ii) since
r;o&, g; o0&, and gf are all continuous.

We show next that (rl- o€, Agp (gio& )) is increasing in a sense of (4.14). Let
0 < s1 < s2 < 1.Thenr;0&(s1) < 7;0&(s2) because r; and £ are nondecreasing.

It remains to show that

(4.28) (rio¢, Ag@ (i 0 &) is increasing on [al, dl].
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While doing that we will, at the same time, establish (4.26) by showing that

(4.29) Ay (gi 0 €)(ar) = dit-),

(4.30) Ay (gi 0 €)(dh) = di(t).

Consider a fixed 7 and ¢ € Dg. Applying the non-anticipatory property (Theo-
rem 3.1) to g; o £ and g?, we get Ag@ (gi 0 &)(al + s) = Ax(7)(s), where y(s) =
gi 0 £(ai 4+ 5) — Al and A(s) = g7 (ai + s). Note that v(0) = g; o £(ai) — Al =
¢i(t—) — ¢i(t—) + ¢;(t—) and \(0) = giﬁ(ai) = ((t—), hence, by (2.4), we have
~(0) < A(0), which means that A)()(0) = ~(0), and so (4.29) holds.

If ¢;(t—) < ¢i(t), then  is nondecreasing on [0, di — a]. On the other hand,
if p;(t—) > ¢;(t), then vy is nonincreasing on [0, di — a}]. Similarly, \ is either non-
decreasing or nonincreasing depending whether 3(t—) < 3(t) or B(t—) > B(t).

If (4.24) does not hold, then v < A on [0, d: — a!]. Hence A, (7) = 7, and so
(4.28) holds. Also, by Remark 4.1, Ay (v)(di — a}) = v(di — al) = g; 0 &(dL) —
Al = ¢i(t) — ¢i(t—) + ¢i(t—) = ¢;(t), and so (4.30) holds. Therefore we can
assume (4.24).

Further analysis depends on the particular relation among points: ¢; (t—) — Al,
¢i(t) — AL, B(t—), B(t). We need to consider all configurations possible under
(4.24). Since ¢;(t—) — Al = ¢;(t—), by (2.4), we must always have ¢;(t—) —
Al < B(t—). That leaves eight possible ordered arrangements.

If ¢;(t—) — AL < B(t—) < ¢i(t) — AL < B(t), then, by (A), 7y is nondecreas-
ing and v < A on [0, d} — ai]. Similarly, if ¢;(t) — Al < B(t) < ¢i(t—) — AL <
B(t—), then, by (F), 7 is nonincreasing and v < A on [0, d: — at]. Therefore, in
both cases (4.28) and (4.30) follow, by the same argument we used above, when
(4.24) did not hold.

If ¢;(t—) — Al < B(t—) < B(t) < ¢i(t) — AL, then, by (B) and Proposi-
tion 4.3 (i), A\(y) is nondecreasing on [0,d: — ai] and Ay(y)(di — ai) =
A(di — ai) = g7 (di) = B(t). Since, by Remark 4.2, B(t) = ¢;(t), (4.30) follows.

If ¢i(t—) — Af < B(t) < B(t—) < ¢i(t) — Af or ¢i(t—) — A} < B(t) <
¢i(t) — Al < B(t—), then, by (C), Proposition 4.3 (i) is applicable. Hence A (7)
is nondecreasing on [0, d% — a!] and, as above, Ay (7)(d: — ai) = B(t). Again, by
Remark 4.2, 3(t) = ¢;(t), and so (4.30) follows.

If A(t) < ¢ult—) — AL < ¢ilt) — AL < B(t-) or A(t) < Gilt—) — Al <
B(t—) < ¢i(t) — AL, then, by (D), Proposition 4.3 (ii), and Remark 4.2, A)(7)
is nonincreasing on [0, d — ai] and Ay (7)(d} — ai) = gzﬁ(di) = B(t) = ¢i(t).

If B(t) < ¢i(t) — AL < ¢;(t—) — Al < B(t—) holds true, then, by (E), Propo-
sition 4.3 (iii), and Remark 4.2, A, () is nonincreasing on [0, di — a?] and

A()(d; — a}) = g7 (d}) = B(t) = it).
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Thus we have shown that (4.28) and (4.30) hold in each case, and so (4.26)
and (4.27) are established, which completes our proof. m

The next result generalizes Corollary 1.6 from [4] for d; metric. Just like
Proposition 4.2 it involves the oscillation of the constraining function .

PROPOSITION 4.4. ForT > 0 let 3,1, ¢2 € D4 [0, T be such that

Oguz?iTﬁ(t) > 0.
Then
4.31) di (Ag(1), Ag(d2)) < 2di(¢r,d2) + sup |B(t) — B(s)l.

s,t€[0,T7]

Proof. Let ¢1,¢2 € D1 [0,T] and let (r1,g1) € Iy, (12, 92) € I1g,. Let

&, (2. g%, (5, 45) be as described in Lemma 4.3. Then, by (4.22), (4.23) and
(4.3), we have

di(Ap(61), Ap(@2)) < Irf =15l v 1A s (g1 0€) = A s(g2 0 &)l
<lrio&—raoélrV[2lgio& —gaotlr+ g — gblr)
<l —rollr V(2 g1 — g2llr + gt — g ll]
<2(|r —rallr Vg1 — gallz) + gt — g5l

Because the above inequality holds for any two parameterizations, (r, g1) € Iy,
and (72, g2) € Ilg,, we can conclude (4.31). =

Before we examine the distance between two Skorokhod maps in metric dy
we consider the effect of translation on d; distance.

PROPOSITION 4.5. For any 11,2 and o € D[0,T]

(4.32) di(1 + a, o + @) <di(Yr,92) + sup |a(s) — a(t)].
$,t€[0,T7]

Proof. Let 41,92, a € D[0,T] and choose arbitrary (r;, g;) € Iy, for i =
1,2. By Lemma 4.1 there is a continuous, nondecreasing mapping & from [0, 1]
onto [0,1] and intervals {[u,v}] | t € Dg,i = 1,2} such that (4.15) and (4.16)
hold. We can extend the definition of [u}, v{] to all t € [0, T] by insisting that (4.16)
holds for every ¢. Define g& : [0,7] — R by setting g% (ul) = a(t—), g (vf) =
a(t) and extending it linearly on each [u¢, v{] for each t € [0,T] and each i = 1, 2.
Then (1;0&,g;0 &+ g*) € Iy, 4o fori =1,2 and

[rio&—raolllrV|(gr0&+g7) — (9206 +93)lT

< |lre = r2llr v (lgr 0 € — g2 0 &llr + llgt — g2ll7)

S
<l =rallr Vg —gallr + sup Ja(s) — a(t)].
5,t€[0,T
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Thus

di(Y1 +a, b+ ) < |[lrr —roflr Vilgr — g2llr + sup [a(s) —a(t)],
$,t€[0,T7]

and because (r;, g;) € Ily,, i = 1,2, were arbitrary, we conclude (4.32). =

THEOREM 4.1. For T > 0 let «, 3 be two functions in D[0,T] such that
infoci<r (B(t) — a(t)) > 0 and let 11,9 € D[0,T). Then

(4.33) di(Ta,s(¥1),Tap(t2)) < 4di(v1,12)

+ sup [(B—a)(s) = (B—a)(t)|+4 sup |afs)—at)].
5,t€[0,T] 5,t€[0,T]

Proof. By Lemma 2.2 and Proposition 4.4, we have
d1(Ta5(11), Tap(th2)) = di(Ts-a(tr — ), Ta—a(¥1 — a))
=d (Aﬁfa(PO(iﬂl —a)),Ag_a(To(th2 — 04)))
<241 (To(¥1 — @), To(y2 — @) + sup [(B—a)(s) = (8- a)(t)]-

s,t€[0,T]
Since, by Theorem 13.5.1 in [9], dy (Fo(wl), F()(l/)g)) < 2d; (1)1, 19), by applying

Proposition 4.5 we conclude (4.33). =

REMARK 4.3. Following the standard argument described in Theorem 12.9.4
in [9] we can conclude that the inequalities in (4.1)—(4.4) and (4.31)-(4.33) remain
true for ¢1> ¢27 wla 1/)2, Q, B € D[O’ OO)

EXAMPLE 4.2. Let 3, ¢1, ¢2 be the functions constructed in Example 4.1.
Then d;(¢1, ¢2) = a while dy(¢1, ¢2) = €, and since € can be arbitrarily small,
neither Ag nor I'y g are continuous in metric d;.

We want to make a couple of useful observations about the projection 7,
introduced in Section 1 and used in Example 1.1.

REMARK 4.4. Let a,b € R be such that a < b. Then for every x,y € R
(4.34) | (Tap(7) = map(v) = (@ = )| <l =yl

Proof. Firstnote that 7, ;(x) < x provided 7, ;(x) # a. Similarly, we have
Tap(x) > « whenever 7, () # b. Therefore

(4.35) 7"'a,b(l‘) - 7Ta7b(y) < (l’ - y)I{wayb(a:)yﬁa and g 5 (y) #b}
<(@—y)+lz—yl

and

(4.36) Tab(%) = Tap(Y) 2 (€ = Y)(x, , (@)7b and w4 b (y)#a}

AVARVY,

(z—y)—lz—y|l =
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REMARK 4.5. Let ¢, o, 3 € D[0,00), infy> (B(t) — a(t)) > 0 and t > 0.
Then

(4.37) $(0) = o (0),8(0) (¥(0)),

(4.38) O(t) = Ta@) p) ((t=) + (L) — p(t-)).

Proof. Since ¢(0) = I'o(10)(0) = 9( b ,
C3 5(0) = (6(0) = B(0)) " A (¢(0) — a(0)) = (¢(0) — B(0)) " and (0) = ¢(0)
—CH0) = ¢<0> (6(0) = B(0)) " = $(0) A B(0), we get

$(0) = (1(0) V a(0)) A B(0) = Ta0),5(0) (¥(0)).

It is clear from Example 1.1 that (4.38) holds true when v, e and (3 are piece-
wise constant. For general ¢, o« and (3 with possible discontinuities at ¢ we can find
sequences 1" o™ and 5" in S[0, co) such that

%r>1£ (B"(t) — a™(t)) > Oforeveryn, ¢" — T, o "=F o and "= 3

uniformly on compact sets. Taking the limits on both sides of the equation bn(t) =
Tan(t),6 (¢) ((bn(t—) + P (t) — ¢n(t—)), by (4.4), we obtain (4.38). =

In a special case, when @ = 0 and 5 = a > 0, the statements (4.3), (4.4),
(4.11), (4.12), (4.31), and (4.33) coincide with Lipschitz conditions given in Corol-
lary 1.6 in [4]. As it is stated there, it is well known that the smallest Lipschitz con-
stant when (3 does not depend on time is 2. In the following results we will lower
our constant to 2 for time dependent constraining functions « and 3 by means
similar to those used in [9], Theorem 14.8.1.

PROPOSITION 4.6 (Lipschitz continuity). Let 11,9, a, 3 € D0, 00) and let
inf;>o (B(t) — «(t)) > 0. Then

(4.39) ITas(¥1) = Tap(2)]| <291 — ol

Proof. We assume first that ¢;,%9,, 8 € S[0,T] and let 0 =ty < t; <
. < tg be all the jump points of ¥1, 19, o or 3. We will show by induction that
forj =0,1,2,...,k

(4.40) |(D1(t5) — da(ty)) — (W1(ty) — va(ty))| < o1 — al|.

Since, by (4.37), ¢;(0) = Ta(0),8(0 (wz( )) for i = 1,2, it follows immediately
from Remark 4.4 that (4.40) holds true for j = 0.
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Suppose (4.40) holds for j. By Remark 4.5, for « = 1, 2 we have

(4.41) Gi(tjs1) = Lap (¥i) (tj+1)
= Ma(tjt1),68(tj+1) (¢z<t1) + wz(tj—&-l) wz(tﬂ)

By (4.35) we obtain

G1(tj+1) = P2(tjt1) = Ta(t; 1),855) (91(8) + Y1(tj+1) — di(ty))
T Ta(tjs1),8(tj41) (¢2( )+ Va(tjr1) — wQ(tj))
< {0_ . if p1(tj+1) = a(tjs1) or pa(tjr1) = B(tj41),
(¢1(t5) — @2(ty)) + (V1(tjs1) — Y2(tjs1)) — (Y1(ty) — va(t;)) otherwise
< (Yr1(tjsn) — Y2(tjer)) + 1 — 2]

by the inductive assumption.
Similarly, applying (4.36) we obtain the lower bound:

D1(tjr1) — P2(tjs1) = Ta(t;1),8550) (@1(E5) + Ui(tjer) — Pi(ty))
Taltye1),8(t 1) (92(t5) + P2(tjsr) — Pa(ty))
S {0_ ) if ¢1(tj41) = B(tjp1) or da(tjp1) = altjsr),
(D1(t;) — d2(tj)) + (V1(tj+1) — a(tjr1)) — (V1(t;) — th2(t;)) otherwise
> (Y1(tj1) — Ya(tjzr)) — I — 2.

Thus the proof of (4.40) is complete, and so (4.39) holds true when 1, V2, a, 3 €
510, 00). Consider now general 1,12, o, 5 € D[0, 00) such that

inf (B(t) — a(t)) > 0.

>0
As in the proof of Remark 4.5, we can find sequences ¢}, ¥4, a", " € S]0, c0)

converging uniformly on compact sets to ¢1, 12, o and 3, respectively. Since (4.39)
holds true for 7, ¢35, a", 3", applying (4.4) and Remark 4.3 we conclude (4.39)

for ¢y, Y9, , 5. m
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